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Inverse scattering problem for quasi-linear
perturbation of the biharmonic operator on the
line

Teemu Tyni* and Valery Serov
Department of Mathematical Sciences

University of Oulu, Finland

Abstract

We consider an inverse scattering problem of recovering the unknown co-
efficients of quasi-linearly perturbed biharmonic operator on the line. These
unknown complex-valued coeflicients are assumed to satisfy some regularity
conditions on their non-linearity, but they can be discontinuous or singular
in their space variable. We prove that the inverse Born approximation can
be used to recover some essential information about the unknown coefficients
from the knowledge of the reflection coefficient. This information is the jump
discontinuities and the local singularities of the coefficients.

1 Introduction
We consider a quasi-linear differential operator of order four on the line defined by
Quu = u® + gy (x, [u))u + qo(z, |u|)u, (1)

where the complex-valued coefficients ¢; and ¢y are from function spaces defined
later. These coefficients depend on the spacial variable z and they are also allowed
to depend on the modulus of the function u. A linear counterpart of (4,

Lyu = u™® + g (2)u’ + qo(2)u,

has previously gained attention from several authors. In 1988 Iwasaki [5, 6] studied
the inverse problem of finding the unknown coefficients ¢y and ¢; as a Riemann-
Hilbert boundary value problem. The coefficients gy and ¢; were assumed to be
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real-valued with an exponential type of decay at infinity. Under the assumptions
that the operator has no spectral or non-spectral singularities and no negative
eigenvalues he was able to provide a uniqueness theorem for the inverse problem
when given the so-called reflection and connection coefficients R, and C for all
k # 0 in the rays arg(k) = 0 and arg(k) = §, respectively. More recently, in 2008
Aktosun and Papanicolaou [9] studied the operator L, with time-evolving coeffi-
cients. In that work the time-dependence in several related scattering coefficients
was discussed. This linear operator L4 has also been studied in higher dimensions
[11, 12]. In [10] the operator L, was generalized by adding a second-order perturba-
tion. The method of Born approximation was studied for this linear operator and it
was proved that Born approximation can be used to recover the local singularities
of the coefficients.

The motivation to study non-linear operators of order four can be found, for
instance, in theory of vibrations of beams and the study of elasticity. For example,
by looking for the time-harmonic solutions U(z,t) = u(z)e ™" to the non-linear
beam equation (cf. [1])

OU + 02U +mU + |UP'U =0, m >0,
we arrive at the equation
u™ + (m A+ uP N = W,

where the left-hand-side is of type (1) with ¢; = 0. Albeit real-valued, the following
simple model of a suspension bridge from [4] also uses a fourth-order non-linear
equation to model the downward deflection u(x,t). The bridge is understood as a
beam of length L with hinged ends. The deflection u(x,t) is subject to three forces
with the homogeneous Navier boundary conditions

O*u +y0tu = —kut + W + f(x,1),
u(0,t) = u(L,t) = 02u(0,t) = O%u(L,t) = 0,

where v, k and W are constants called Young’s modulus, the spring constant and
forcing constant, respectively. The function f(z,t) is an external forcing term and
ut = max{0,u}.

The present paper concerns scattering problems for the operator (), and we
study only one special set of solutions to the equation Q4u = k*u. More precisely,
the direct scattering problem for ()4 can be formulated by the equation

Quu = k'u, u=1uy+us, uo(z,k)=e*, keR, (2)

where ug. must be outgoing in some sense. Instead of studying directly the equation
(2) we apply the standard theory of ordinary differential equations to obtain an
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integral equation. For k£ > 0 the kernel of the integral operator

d N1 dz R 012 !

(or a fundamental solution to operator Lg := dx4 — k%) is given by

Gy () ==

4k3 (lelk|:c| —k|x\> )

This kernel is outgoing in the sense that it satisfies the radiation condition

(af| 1k)G+<rx\> o1), o] = 0.

Note that due to (3) our operator inherits some Schrédinger-like properties and this
allows us to use similar techniques as those used to study the non-linear Schrédinger
operator [13, 14]. By convolving this fundamental solution formally with (2) we
obtain the integral equation

u(z, k) = uo(z, k)

- /Oo G|z =yl (@ (y, [uly, B))v' (y, k) + qo(y, [u(y, k)u(y, k))dy. (4)

—00

As it turns out (see Section 3), the solution to this integral equation has the asymp-
totic representation

uw(z, k) = a(k)ug(z, k) +o(1), x— +oo,
u(z, k) = ug(x, k) + b(k)e ™ +0o(1), z— —o0,

where a(k) and b(k) are called the transmission and reflection coefficients, respec-
tively. They are defined by

i

k) i=1- / e (g, [l + qolys Jul)u) dy

and ) -
1 l
k) = =g [ @ )+ o )
for sufficiently large k£ > 0. This asymptotic representation can now be regarded
as a radiating solution to (4). It turns out that for our purposes it is enough to
study only the reflection coefficient for sufficiently large k£ > 0.
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In this paper we consider the inverse problem of recovering the potential func-
tions ¢; and gy by the Born approximation method. The reflection coefficient b(k)
is used to define the inverse Born approximation hg as the Fourier transform of

1’“3 (k /2). We show that this approximation recovers the jumps and local sin-

gularltles in the combination h(z) := —34;(z,1) + qo(z, 1), where the derivative
is taken with respect to . Our main result is that the difference hg — Re(h) de-
fines a continuous function (if the imaginary part is smooth enough) and hence the
singularities of hg coincide with those in h.

The following notations are used throughout this text. We use C' > 0 as a
generic constant when it is not important to keep track of its precise value. The
symbol LP(£2) is used to denote the p-based Lebesgue space over the set @ C R.
The space of continuous functions vanishing at infinity is denoted by C(R) and the
Sobolev spaces W;(R), for £ € N, are the spaces of those functions whose weak
derivatives up to order k are in LP(R). In the case where p = 2 and s € R we say
that f € H*(R) if the norm

) = (/Z<1+ 21 (e >|2ds)l

is finite. Here the Fourier transform pair of f is defined by the formulae

If]

7&) = F(f)© m / e % (z)
F)) = / o7 £(£)de.

This paper is organized as follows. In Section 2 we establish the existence of
solutions u = ug + ug to (4) with the property that us. € WZL(R). In Section
3 we study the asymptotic behaviour of u at * — —oo and define the reflection
coefficient b(k). We also motivate the definition of the inverse Born approximation
hg. Finally, Section 4 concerns the inverse problem of finding the jumps and
singularities of h. We also present a numerical example to demonstrate the Born
approximation visually.

2 Existence and uniqueness

In this section we prove that under quite general assumptions the integral equation
(4) has a unique solution u, when k > 0 is large enough. In the linear case
[10] a Neumann-type series could be used to construct the solution, but the non-
linearity disables this approach in the case of operator ()4. Instead, we apply
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Banach fixed point theorem to prove the existence and uniqueness of the direct
scattering problem. Our first assumption® is similar to that in [14].

Assumption 2.1. Let us assume that the coefficients q;, j = 0,1, have the follow-
mg properties

1. There exists functions a; € L*(R) such that for all a > 0 we find C;(a) > 0
with the property that |q;(x, s)| < Cj(a)a;(z), for all 0 < s < a.

2. The coefficients q; have the Lipschitz property in the second variable, that is,
there exists 3; € L'(R) such that for all a > 0 we find C(a) > 0 with the
property that |q;(x, s1) — q;(x, 2)| < C(a)Bj(w)[s1 — s2| for all 0 < 51,55 <
1+a.

Suppose u is a solution to (4) and denote
Sgﬂ(if) ik|x —k|x
Gilw) = (G} (Jal) = =B (@ — 7). )
Then

el k) = = [ GE = ) @0l e+ w0+ )
+ qo(y, |use + uo]) (use + ug)) dy (6)

and by the Leibniz integral rule
u,sc (37, k) =

- / G;(l‘ - y) (QI(Z% |usc + u0|)<uSC + UO)/ + QO(y, |usc + uOD(“SC + UO)) dy'

o0

Now solving (6) for ug. is equivalent to solving (4). To do this, pick any p > 0 and
consider the closed ball B,(0) := {f € WL(R) | [|flloc + ||/ 'lc < p}, where || - ||,

denotes the usual LP-norm on the line.

Theorem 2.2. Under Assumption 2.1, for any p > 0 there exists ko > 0 such that
the integral equation (6) has a unique solution us. in B,(0) C WL (R) uniformly in
k > k.

!We implicitly assume that the coefficients g;(z, |u(x, k)|) are measurable (which is the case,

for instance, when ¢; are measurable in the first variable and continuous in the second variable),
so that it makes sense to talk about integrability.
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Proof. Let us denote

T(u)(r) = - /_Oo Gy (Jz = yl) (@ (y, 1@ + o] ) (@ + uo)" + qo(y, [ + wol) (@ + uo)) dy

for any u € WL (R). Correspondingly,
(T(@) (=) = - / Grle —y)(qu(y, [t + uol) (@ + o) + qo(y, [t + uo|) (@ + uo))dy.

We will use Banach fixed-point theorem (see for example [2]) to prove this
theorem. Since B,(0) is a closed subspace in the complete metric space WL (R), it
suffices to show that 7" : B,(0) — B,(0) and that T is a contraction.

Let u € B,(0). From Assumption 2.1 we get

|9, (y, [T+ uol)] < C;(1+ pay(y), j§=0,1.

Using this fact we may estimate

~ 1 > ~ . ~ ~
T(u)(z)] < 2_k3/ (lg1 (y, [ + o) [ + ikuo| + |qo(y, [& + uo)|[& + uol) dy
Ci(L+ p)lealls ~ Co(1 + p)llaolls ~
<
< oTE: (k+ [[']lo) + oTE: (14 [luflo0)
< Ci(1+ p)[leuls + Co(1 + p)llaollr n ﬁp7
2k2 2k3

when k > 1 and where we denote C, := max{Cy(1 + p)|laall1, Co(1 + p)|laolls}.
Similarly, for the derivative of T'(u) we get

A/ Ci(L+p)lloall + Co(1 + pllawll | C,
[(T'(w)'(z)| < oF +5ah

when k£ > 1. Adding the above inequalities and taking the supremum yields

Ci(1+ p)llea s + Co(1 + p)llaolx
2k
Ci(1 + p)llealls + Co(1 + p)[laolls | ~ ( 1 L)p

IT@)lwy @ <

+ 202 M CTERETE

C
< f@ +p),

when £ > 1. To conclude that T' : B,(0) — B,(0) we need only to show that
|7'(@)|lwa, )y < p. But this happens when &k > 5p (1 + %)

6



It remains to show that T is a contraction. Let w,v € WL (R). Then we estimate

~ - 1 [ ~ - ~ ~t | s
1@ - TO < gz [ a0 [T+ wa)@ + ) = an(3: 5+ ) @+ o)y

L]
2k3 J_

<53 (Jq1 (y, [T + uo| )0 — q1 (y, [0 4 uo|)?'|
+ Elq1(y, [@ + uol) — q1(y, [0+ uol)]) dy

1 [ _ _ _ _
+@ (lqo(y, [u + uo|)u — qo(y, [V + ug|)v)|

+ 1qo0(y, |[u + uo|) — qo(y, [0 + uol)|) dy

and by Assumption 2.1

~ 16 Y Ci(1+ p)||a IS
7@ - 1@) < DO gy, SNl
il o -
+%annu—vnm
ol - Collt ol
+ GOl gy, o LMol gy,
Bl o~
+ SOl 5
1
< 2~ Tl

where

[ o+ )@+ ) = 007+ )@ + o)y

[l

(7)

Gy, := max {Co(L + p)llao]ls + (1 + p)(Co(p)1Bolls + C1(p)IIB1 1), Ca(L+ p)llen 1}

Derivatives are estimated similarly, and we obtain the estimate

B B co_
T(@) = T@)| < 2w —Vllwe @-
2k
It means that

1

_ . C,~ -
I1T(@) = T@)llwa,@ < Z71a = Ollwa, @)

(8)

Finally, fixing some ko > max{l,az, C, (1 + %)} gives that 7" : B,(0) — B,(0)

and is a contraction when k > k.



Remark 2.3. In the sequel we will let p > 0 denote a fixed constant, as in Theorem
2.2. In addition to the existence and the uniqueness of the solution, the proof of
Banach’s fixed-point theorem (see e.g., |2]) gives us an estimate in terms of the
first iteration. Starting the iteration scheme from ule) := 0 € B,(0), the definition
ud) = T(ugg_l)) for j =1,2,... yields

6;7>J ~
. (— 1 1 [OAY
Husc—uii)Hw ® < k) Hugi)H L) < Ci(1) a2 +~Co( )leoll « ( p)

LS g e e = o ol
k ko
for all 7 = 0,1,..., when k > ky. The second inequality above follows from the

definition of the operator T since we have

[ule) (2, k)| = |T(0)] = ‘/_oo Gy (lo = yl)(ikai(y, 1) + qo(y, 1))e™dy

< C1(D)[Jax][r + Co(1)|levolx
- 2k2

and similarly for the derivatives.

Corollary 2.4. Let us denote u; = u0+u£j). Under Assumption 2.1 the estimates

G o+ Coljanlls | (G

lv = ulloo <

_9 2ki+2’

ko
! — oy < Cr@lealls + Co()lleolh (O{l))j
Jllee — 1 c 2ki+1

" ko

hold uniformly in k > ko for j =0,1,.... In particular,

Cr(Dlells + Co(1)[laolls
k2 ’

Huscnoo <

when k > 2kg.
Proof. The estimates follow from inequalities (7) and (8) and Remark 2.3. O

3 Asymptotic behaviour of u at —oo

Having obtained a solution u to (4) with u,. € WL (R), we study its asymptotic
behaviour. Let us assume here that ¢ (x,1) € W} (R). To motivate the definition
of the inverse Born approximation in Section 4 we first formally define

u(x, k) :=u(z,—k) and u'(x, k) :=u(z,—k), (9)
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when k& < —ky. These functions are the unique solutions to

w=uo— [ GETe— o) (ool + ol ) dy

o0

for k < —ky. Here the principal part of the above integral operator has the same
behaviour as the Lippmann-Schwinger equation does.
Then as © — —oo we find that u has the asymptotic representation

u(w, k) = uo(z, k) + b(k)e ™ 4 o(1),

where b(k) is called the reflection coefficient and is defined by

i (0.9}

™ (q1(y, [u))v' + qo(y, Jul)w) dy,

when k > ky and due to (9)
i o

b(k) == 5 | (@ Ty, =R (0, k) + o Tuly, ~R)uly k) ) dy

i >
=~ o (ql(y, |ul)u’ + qo(y, IUI)U> dy,
when k < —ky. For simplicity we extend b(k) = 0 if —ky < k < ko. The property
(9) implies that b(k) = b(—k).
Due to Corollary 2.4 it is reasonable to approximate u ~ uy and u' ~ ikug for
large values of k > 0. Correspondingly, Assumption 2.1 gives for both j = 0, 1 that

165 (Y, [use + uol) — q;(y, )] < Cj(p)B;(y)uscl,

so, roughly speaking, ¢;(y, |u|) ~ ¢;(y,1) for large £ > 0. By integrating by parts
we can approximate

o
b(k) ~ =5 ™ (ikqi(y, 1) + qo(y, 1)) dy

= 2 (w1 - 1) 2

for large k > 0.

4 Inverse problem

We are now ready to turn our attention to the inverse problem of finding the jump
discontinuities and local singularities of the combination go(x,1) — 34¢{(x,1). By

9
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using Fourier inversion and our formal equality b(k) = b(—k) for £ < 0 on the

approximation
2T 1
o ()= 1)) 20

b(k) ~ e F 5

we are motivated to propose the following definition.

Definition 4.1. The inverse Born approximation of h(z) := go(z,1) — 2¢{(z, 1) is

defined by
i k
h =2Re | — RSy (2 ) dk
b(o) =2 ([ e (5) ae)

in the sense of tempered distributions.

It is worth noting that this definition only uses positive values of k. Recalling
the iterations u; := uy + u) we may define a new sequence b; by

P
bi(k) = s _Ooeky (a1 (y, ug])uls + qo(y, [uj|)uy) dy,

when k£ > ko and extend b; by zero onto the interval [0, ko].

Lemma 4.2. Under Assumption 2.1 we have

bk — (1) < O

=0,1,...

for some C' > 0 (depending on p and the coefficients) which is independent of k
and 7 when k > ky.

Proof. We start by estimating

1
bk~ b, < 535 |

lao(y, |u)u — qo(y, [us|)u;|dy

1
+ o3 | e e’ = aly, [w)uf|dy = To + ©.

By Assumption 2.1 we have

1 [,
Io< o5 [ (Colp)lBo(w)llu = usllul + lgoy, [us)llu — ;) dy
’ (5;))]
< 2 (Co@) 1Bl (14 p) + Co (1 + plaoll) lu — il < C—555

10
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In the same manner, by using Assumption 2.1 and Corollary 2.4 we can say that

1 > / /! / /
< s [ COIBGI=wll]+ Dl - ) dy

1

_1 (G
— 4k3

(CLONBlls(k + p)llu = jlloc + Co(1 + p) ol e’ = wjll) < CE
for some constant C' > 0. Combining the estimates for Iy and I; gives the claim. [J

Corollary 4.3. The reflection coefficient can be obtained as the limit b(k) =
im0 bj(k) uniformly in k > k.

Now the Born approximation is equal to the limit

hg(§) = lim hg ;(§)

J—00

in the sense of distributions, where

() = L - —iky 1.3y E
hg () =2Re (47r /Qkoe k°b; (2) dk‘)

is called the inverse Born sequence.

Lemma 4.4. Under Assumption 2.1, if qi(z,1) € W}(R), the first term in the
mverse Born sequence 1is

hgo(x) = Re(h)(x) + %p.v. /Z Wdy (mod C(R)).

Proof. By integrating by parts in the definition of by(k/2), we obtain for k > 2kq
that

) dy = 2\/%}7‘1(}1)(1@).

21 [ . ik
b0<k/2) = - elky (—QI(y7 1) + QO(ya 1) 1]{53

kB 2

Let X(a) (k) denote the characteristic function of the interval [a, b]. By using Defi-
nition 4.1 we obtain

hpo(r) = 2Re (ﬁ /2 :O e LD, (g) dk)
= 2Re [F (ool F ' (1)) (2)] + h(a).

where

(@) = —2Re [F (xpar F'(h)) (2)] € C¥(R)

11
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as the Fourier transform of a compactly supported distribution. Furthermore,
h € L*(R) gives that F'~'(h) € L®(R) and xpor, F~'(h) € L'(R). Invoking the

Riemann-Lebesgue lemma shows that A must vanish at infinity.
Next, recall that

— T 1 1

X[O,oo[(x): §5o—mp-"-;

(10)

in the sense of distributions [8], where X9, is the Heaviside function, p.v.% is
the principal value distribution of % and 0y is the delta distribution. The Fourier
transform of the product xjo co(F'~*(h) equals

F (Xpeo FH(R)) (2) = \%(X/@[ « h)(x).

Finally, calculating the above convolution by using (10) gives

i

1
hE,’O(ZE) = 2Re (5}1 - o

1 ~
p.v.— h) + h(x),
x

which simplifies to the claimed representation. O

It follows from Lemma 4.2 that
1 )

as k — 4oo. Since b; is extended by zero onto the interval [0, ko] then after
multiplying by &% the remainder term of b satisfies

o 1 2 o0 1
2\s 3 . 2\s
/%0(1—1-16) <k0(kj+4)> dk—/2k0(1+k)0<k2j+2)dk<oo (11)

if and only if s < j + 1. It is well known that ]?E H*(R) if and only if

/ T (11 P @) Pde < oo

—00

and due to the Sobolev embedding theorem H®(R) ¢ C(R), when o > . The
above calculations mean that any O(k~°)-terms in b;(k) correspond to continuous

terms in hg; for all 7 =1,2,.... We have now obtained the following result.

Lemma 4.5. Under Assumption 2.1 we have that hg — hg; € H*(R) for all s <
j+3andj=0,1,...

12
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Let us add more regularity to the assumption about the non-linearities.

Assumption 4.6. Denote hi(y) := q1(y,1) and ho(y) := qo(y,1). Suppose that
the coefficients qo and g, have the following representations:

Qo(z, 14 s) = ho(z) + g5 (2, 55)s,
2
* ok S
q1<x’ 1+ S) = hl(x) + ql(x7 1)8 + a1 (l’, 81)57

where |s§|,|st| < |s|. Here we assume that hy € W}(R), ¢;(x,1) € LY(R) N LP(R)
for some p > 1 and |q¢i(x, s5)| < hi(z), g7 (x, s7)| < hi*(x) uniformly in |s| < sg
for some 0 < s <1 and for some hi, hi* € L*(R).

Due to Corollary 2.4 the Maclaurin expansion (1 + w)” = 1 + rw + O(w?)
shows that we may write |ug + us| = 1 + %(uou_sc + Ugtse) + O(|uge|?). Combining
Assumption 4.6 with this expansion allows us to linearize the coefficients as

qo(, [uo + use|) = ho(z) + o (2, 55)O(|uscl),

1 ~
01(2, [uo + tse]) = () + 57 (2, 1) (ol + Wotse) + @1 (2)O(Jue?),  (12)

where ¢i(z) = ¢i (2, 1) + ¢i"(x, 51)-
We now state a helpful result, which will be used in the proof of Lemma 4.8.

Lemma 4.7. Let ® € L(R). Then the functions defined by

xl—>e_km/ eky(I)(y)dy and m|—>e]m/ e_kyq’(y)dy (13)

are bounded and vanish at |z| — 400 uniformly in k > ky > 0.

Proof. We consider only the left integral of (13), the right one can be analysed
similarly. We start with large x > 0 and split the integral as

ek / e'%(y)dy’ =

—00

ekg”/2 ekzq)(y)dijekx/ D (y)dy

o0 5T

[N

%x xT
saW/’@@mW— B(y)] dy.

1
oo 250

Since ® is integrable both of these terms vanish as * — +oo uniformly in k > k.
On the other hand, if x < 0 is large in absolute value, then we have directly that

e [ eaanl< [ el

and this integral vanishes as * — —o0. [

13
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Only the integrability of ® uniformly in k£ > kg is used in the above proof. This
means that we can let ® depend on k > ky as long as it is dominated by some
integrable function which does not depend on k.

Now we are ready to prove our main result, that is, the precise calculation
of the second term of the inverse Born sequence. Heuristically, our aim is to
show that most parts of b(k/2) for k > 2kq are O(k™"), which by (11) shows
that the parts of hp, corresponding to them belong to H*(R) C C(R) for all
% <s< % Additionally, the use of Assumption 4.6 results in a linearization that
yields precisely hpo and some additional terms that can be considered separately
by using properties of the Fourier transform.

Lemma 4.8. Under Assumptions 2.1 and 4.6 the second term of the inverse Born
sequence s of the form
1 > Im(h .
hg(z) = Re(h)(z) + ;p.v./ n;(f)g(/y)dy (mod C'(R)).
Proof. When k > 2k, we can write

21 [

ik
bi(k/2) = =05 [ € (aly, [m )t + oy, lwm])w) dy
21 [ ik s lu
== <" (—m% [ 4 ooy, Iull)) dy
% [

ik
kB Y (qu(y, lua ) (uld) + qo(y, [urhuld) dy = I + I,

where (see Remark 2.3)

WOy, k) = — / G (ly = 1) (@ (= Ly + ao(z, Do) 2

o0

and
o

(ul) (y, k) = / G (y — 2) (qu(z, Vg + qo(z, 1)ug) dz.

—00

It is easy to see that

C
luglloe < 5 and [|(ul) [l <

Consider first the integral I,. By definition

21 [ & 21 [ &
I, = yE] e2Yq(y, ]u1|)(ugi))’dy - ﬁ/ € 2y{]0<ya |u1])u§i)dy = [é + [g-

—0o0

14



Here I} is estimated by
2 [ C
1= 55 [ ool a1y <
for some C' > 0. Then by using the explicit form of (ugi))’ we write

/ / el G/ — 2)q1(y, |ua|) i (2)dydz

// GGG, (4 — Dai(y, |ua|Vho(2)dydz =: Hy + Hy.

»

Since |q1(y, |u1])| < C1(1 + p)ay(y) then the second integral Hy = O(k™). Next
we apply (12) to expand

Hi= 5 / / G (y = 2)hn(y)n (2)dyd2
2/{32 / / % erZ E - z)qi(yv 1)h1 (Z) <’U/0’LL£C) + uousc > dde
/ / 2HIG (y = 2)G () (2)0(|ul) P)dydz =: H] + O(k™),

»

where H; denotes the first integral and the rest are O(k™°). The integral H;
contains some convenient symmetry. Let us denote

Quly:2) = 156Gl = 25T () ).

Then Q) is (due to G},) antisymmetric i.e. Qk(y, 2) = —Qk(2,y) and is dominated
by some function in L'(R x R) uniformly in k > 2ky. This allows us to conclude

that o oo
_ / / Qu(y, 2)dydz = 0.

15
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I

It remains to consider the integral I;. We use (12) to expand

I = —E h ety <w

2 ol i) ) dy

2i°°

ik
TR < huly )+ho(y)) dy
1 o0
+ @ 1kyq1 (y’ 1) (Uougc) + Ug UQUSC ) dy

21 [

NE eiky(q;f(y,s@ () + H o) ) ay

=: by <§) +J+O(k™),

where J denotes the second integral of this expansion. As in the proof of Lemma

4.4 we have \/_
k 2V 27
w(5) = 2T ),

when k£ > 2ky. To conclude that J yields a continuous term in hg; we split the
integral into two parts

1 [e.9] o0

5, . 1
T= 5 | Mty Duguiedy + / Mg (y, Vagulddy =: Jy + Ja.

Then J; can further be split as

i oo

Jl = 2_k4 ei%yq’lk(y, 1)/ (ieig‘yfz| — 67%|y72‘> ql(Z, 1)ei§zdzdy

1 = TELIT = ik
~ g | D [ GEly - Dz ey

!
2kt
i

— g | € / e 2V Iy (2)e 5 dzdy + O(k™)

= Ji+J/ +O(k™).

¢ Hug (y, 1) / e~ =217 (2 ¥ ddy

Next the inner integral in J{ is divided into two parts with respect to the region of
integration on | — 0o, y] and |y, co[ and then integrated by parts with respect to z

16



1 [e.o] o0

1k;
JI =7 Mgt (v, 1)Q(y)dy + = e

1 > o _
o | i / T ey = Ji(K) + O(k),
- Yy

eMai(y, 1) (y)dy

1 where j{ denotes the first integral and

Q) = [ me)ax

—00

In the last step we used the fact that hy € W (R) C LY(R) N L>(R) to conclude
that the last two integrals are O(k™®). Because @ € L*°(R) then Assumption
4.6 about ¢;(-,1) gives that ¢{(-,1)Q € L'(R) N LP(R) and the Hausdorff-Young
inequality (see, e.g., [7]) implies that k*J](k) € L ([2ko, o0|) for some 1 < r < co.
Now Holder’s inequality gives that

BT (k) € L'([2ko, 00]). (14)

Next, dividing the inner integral in J{ into two parts and then integrating by
parts with respect to z gives

1

J{’(k)z—m / i (y, 1) (y)dy
. o .
ST / ¢ Egi(y, 1)e 5 / e2ve 137 ()dzdy
1=k )

—00

- m/_‘” lky%(yal)h (y)dy

i > iky k > 1 z
— m/_me 2yq1(y,1)e2y/y e BYe~ 271 (2)dzdy.
> The application of Lemma 4.7 in second and fourth integrals shows that all of the
s above integrals are O(k™°).
The term J5 can be calculated similarly. We first split

]. > ik * * iEly—z ikz
B g [ i) [ e ety
L by [ e (0 e 1+ O
+ 2_k4 e2Yq] (y’ 1) e 2 hl(z)e 2 dzdy + (k )

= Jb(k) + JU(K) + O(k™).

17
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As before, in J) we split the inner integral into two parts and integrate by parts
with respect to z to get

1 < * 1 > i *
o= o i (y,1)Q(y)dy — 2ik5 ™ (y, 1) (y)dy
1 > * > ikz 77 -
g [ @D [ H ey = Ty0) + O,
L A®D |

By the same argument as for J/ we have that k3.J; € L([2ko, o0[). The term J§
can be calculated similarly as J7 to obtain another O(k~°) term.
To finish the proof we combine the results into the formula

by (g) = by (g) + JH(k) + Jh(k) + O(k™®), k> 2k,

where k3.J! (k) and k3J}(k) are in L*([2ko, 0o[). Now using

hp(z) = 2Re (L/ e ke, <5) dk)
’ 47( 2ko 2

and Lemma 4.4 on the first term by gives the claimed explicit representation and an
additional C-term. Since k*J! (k) and k3.J}(k) are integrable outside the origin the
application of the Riemann-Lebesgue lemma shows that the corresponding parts of
hg1 are continuous and vanish at infinity. Finally, using (11) to the O(k~°)-part
of by completes the proof. n

Theorem 4.9. The inverse Born approximation hg of h is of the form

hi(x) = Re(h)(x) + %p.v. /_ ) wdy (mod C(R)).
Proof. Since b(k) = b;(k) +O(1/k’**), then Definition 4.1 and (11) imply for j = 1
that
hB(ilf) = hB71(5L‘) (HlOd HS(R))

for all s < % Then Lemma 4.8 gives the claimed representation. ]

The preceding theorem already gives us some information about the unknown
coefficients gy and ¢;. The principal value integral appearing in Theorem 4.9 is
precisely the Hilbert transform of the imaginary part of h. By using the mapping
properties of the Hilbert transform (see, e.g., [3]) one can recover information about
h even if the coefficients are complex-valued. If Im(h) has some regularity in the
sense that Im(h) € H"(R),r > 1, we can use the Fourier transform and Sobolev
embedding theorems to prove the following result, which justifies our claim about
the solution to the inverse problem of recovering jumps and singularities of h.
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Corollary 4.10. Let gy and g1 satisfy Assumptions 2.1 and 4.6. If Im(h) € H"(R

for some r > % or if h is just real-valued, then the difference hg — Re(h) i

s
continuous function. In particular, any jumps and singularities contained in Re(h
can be recovered by calculating hg.

)
)

Remark 4.11. The non-linearity is only present in this recovery at point 1. Suppose
that ¢i(x,1) = go(z,1) = 0. Then ug(x, k) = e** solves equation (4) uniquely and
reflection coefficient b(k) = 0, that is, there is no reflection. This shows that, e.g.
non-linearities of type q(z, |u|) = f(z)(1—|ul?), p > 0, give trivial results regardless
of f(x). Also scaling uy by a constant ¢ > 0 and doing appropriate changes to the
assumptions through-out the text changes the reconstruction to correspond to the
function h(zx,c).

Numerical example

Finally, to illustrate the method we give a numerical example. We consider the
operator

Juf?
T+ 2"
with two non-linearities, first-order cubic non-linearity and zero-order saturation
type non-linearity, both of which have applications in physics. Here we choose the
scatterers

Quu = u® + a1 lul*u’ + qo

: x—i—g, When—g<x<—2,

2X[0,%]<x>> Q1(«'E) i %, when —2 <z < —%7

Qo(x) =
0, otherwise

and note that ¢ € W(R), qo € L'(R), where qq is pure imaginary when it is
non-zero.

With these potentials we are able to calculate the required Hilbert transform in
closed form, thus we expect to recover the (discontinuous and singular) combination

Re(h)(z) + % /_00 —IH;(}i)?(Jy)dy
1

1 z

The numerical computation is done by following [10]. Figure 1 presents the un-
known coefficients with the red line indicating the real coefficient ¢; and the black
dashed line indicating the imaginary part qo. Figure 2 depicts the numerically
reconstructed combination of the coefficients in the red line compared with the

19



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

actual unknown value (15) plotted in the black dashed line. This example shows
that numerically we are able to recover the jumps and singularities in non-linear
complex coefficients quite accurately.

Conclusion

The direct and inverse scattering problems for the first-order quasi-linear pertur-
bation of the one-dimensional biharmonic operator in the frequency domain with
singular coefficients (in the space coordinate) were considered. It is assumed that
the non-linearities depend on the modulus of the wave and that they are complex-
valued. The linear case and many well-known (in physics) types of non-linearities
are included in the considerations. Under some additional regularity conditions
(Lipschitz with certain Taylor-type expansions) for the non-linearities the classical
inverse scattering Born approximation is justified for this non-linear operator of
order 4.

Note that in principle one could consider many types of data, namely (at least)
the transmission, reflection and connection coefficients in both directions +o00 on
the line. For our purposes only part of this data alone is sufficient for recovering es-
sential information about the unknown coefficients of our operator. More precisely,
the Born approximation only requires the reflection coefficient (which corresponds
to the asymptotic of the reflected wave at —oo) to be known for arbitrarily high
frequencies. Under this limited data we proved the recovery of the jump discon-
tinuities and infinite singularities of the coefficients in the space coordinate when
the non-linearity is at point 1. These results generalize the well-known results for
the linear and non-linear Schrodinger operator on the line. The considered method
(Born approximation) also has natural generalization for the multi-dimensional
case.
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Figure 2: Numerical reconstruction (red) and the unknown combination (black)
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