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Abstract

We consider the inverse backscattering problem for a biharmonic operator
with two lower order perturbations in two and three dimensions. The inverse
Born approximation is used to recover jumps and singularities of an unknown
combination of potentials. Numerical examples are given to illustrate the
practical usefulness of the method.

1 Introduction

This work is devoted to inverse backscattering problem for the perturbed biharmonic
operator

Hyu= A*u+q-Vu+ Vu, (1)

where A is the Laplacian and - denotes the dot-product. The bi-Laplacian is per-
turbed by first and zero order perturbations ¢ and V' which we allow to be complex-
valued and which will be specified below. We are looking for solutions to the scat-
tering problem

H4u = ]{34u7 U= Uy + Use, UQ(ZL’, k,’ 9) — eik(wﬁ) (2)

which are outgoing in the sense that they satisfy an analogue of Sommerfeld’s radi-
ation condition at the infinity [24]. Here § € S" ! = {z € R" : |[z| = 1} and k € R
are the angle and wavenumber of the incident wave, respectively.

Our interest in scattering problems for (1) stems from the corresponding prob-
lems for the Schrodinger operator and the magnetic Schrodinger operator. Indeed,
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the latter operators have received quite extensive interest in the frame of inverse scat-
tering. To this end, we refer to the works [3, 4, 5, 13, 14, 15, 16, 17, 18, 19, 21, 22|
and the references therein. The main idea in these works is to extract information
about the unknown potentials from the knowledge of scattering amplitude. Most
prominently, limited scattering data is considered in the form of fixed energy, fixed
angle or backscattering data.

Higher order operators can be met, for example, in the theory of vibrations of
beams and study of elasticity [8]. Biharmonic operators, such as (1), are not so
familiar in the inverse problems literature but they have recently gained attention
from several authors. In [2] the following boundary value problem

(A2 + q)u =0, in 9,
u=f, Au =g, on 0f2

for the biharmonic operator with Navier boundary conditions was studied. They
consider the recovery of ¢ from partial boundary data (Dirichlet-to-Neumann map)
and proceed to prove certain stability estimates for this problem. In [25] the goal
of the problem is the same as in the present paper: to recover both ¢ and V in Hy,
however from partial Cauchy data on some subset of R™.

In terms of scattering problems for higher order operators we are only aware of
[1, 11, 23, 24]. This work is a continuation of [24] and a multidimensional counterpart
of [23]. We investigate the inverse backscattering problem for (1), which means that
our data is limited to measurement angles which are opposite to the incident angle.
By considering the backscattering amplitude we define the inverse backscattering
Born approximation and prove that it recovers jumps and singularities of a potential
combination. As is always the case, the main difficulty in this approach is to obtain
good enough estimates for the first nonlinear term in the backscattering Born series.

Next we recall the main ingredients about direct scattering for (1) from [24]. Let
Hy := A? — k*. By using the equality Hy = (—A — k?)(—A + k?) we see that H,
consists of two parts; one corresponds to the Helmholtz operator and the other is
non-singular. A fundamental solution to Hj is given by

i kT 2i
Gilel) = gz (o) (E 0kl + ZHsa k) )

where H ) no2 is the Hankel function of the first kind and K n-2 is the Macdonald

function, both of order “=2. By applying this fundamental solutlon to (1) we obtain
so-called Lippmann— Schwmger integral equation

u(z, k,0) = ™0 — | Gi(lr —yl) [qly) - Vuly, k. 0) + V(y)uly, k,0)]dy.  (3)
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The equivalence of (2) and (3) has been shown in [24]. If we denote the latter
integral operator in (3) (including the minus sign) as Liu(z) the equation can be
equivalently written as

sel) = T + Li(une), @ = Lytio (4)
This integral equation can be solved by iterations defined as

uj(x,k,0) = Liuo(:p, k,0), j7=0,1,....

Moreover, the following main results concerning the direct scattering problem are
proved in [24].

Theorem 1.1. Let ¢ € W, ,5(R") and V € Lis(R™), where n < p < oo and
20 > n —mn/p. Then there exists ko > 1 such that the function

Uge(, K, 0) = Zuj(x, k,0) (5)

solves (4) uniquely in H? ;(R™) for k > k.
Theorem 1.2. Let ¢ and V' be as in Theorem 1.1. Then for n = 2,3 and for fixed
k>0 the solution u(z, k,0) to (2) or (3) admits the representation

ie—i(n—l)w/él k(n—?)/?eik|a}|

u(z,k,0) = uo(z, k, 9)_4@#)(%1)/2 || (n=1)/2

Ak, 0,0 +o(|z|=/2),  |z| = oo

where
A(k,0,0") = / e kO (7. Vu 4 Vu)dy

n

and ¢ = x/|z|. Theorem also holds in any dimensionn > 4 if § and V' are compactly
supported.

It was also shown that
j
il ey < Cglys G=12,.0 )
for some constants C,Cy > 0 depending on n,p,d and the coefficients ¢ and V' (see
[24, proof of Corollary 4.3]).

This work is organized as follows. In Section 2 we define the inverse backscat-
tering Born approximation and expand it in several terms. The smoothness of the
remainder term ¢ is analyzed in dimensions n > 2. Section 3 is devoted to the
first nonlinear term ¢;. We distinguish it in two terms and carry out the analysis of
its smoothness in dimensions n = 2 and n = 3 separately. The reason for this is that
we do not need to assume real-valuedness of the potentials in the two dimensional
case. The main results from Section 2 and 3 are collected together in Section 4.
Finally, in Section 5 we give numerical examples in two dimensions to illustrate the
main results.



2 Backscattering Born approximation

Let us start by fixing some notations. We define the Fourier transform of a Schwartz
function f as

~

F(f)(&) = f(&) = (2m) 2 /n e 62) £ (2)dx.

The Fourier transform is extended to tempered distributions by duality. Let 1 <
p < oo and § € R. We denote by LE(R™) the weighted Lebesgue spaces defined by
finiteness of the norm

gy o= [ 0+ el 0Par)

We say that f belongs to the Sobolev space W, ;(R") if f,Vf € L§(R"). If fis
vector valued, then we say that f € VVpl’(S (R™), if each component of f belongs to the

Sobolev space in the above sense. Similarly the vector valued Fourier transform f of
f is to be understood coordinate-wise. As usual, we denote by H*(R™) the L?-based
Sobolev spaces, defined by the norm

ey = ([ (4 P10 oo

We denote the characteristic function of the interval [—kq, ko] by x(k). Finally, the
letter C' will be used to denote a positive constant whose value can change from line
to line.

Let us now turn to the backscattering problem and set #/ = —6. In this case the
backscattering amplitude becomes

1
2

/]

Ab(ka 9) = A(k’ 9’ _9) = / eik(@,y) [Cf(y) : Vu(?/? ka 9) + V(y)u(ya ka 9)] dy

n

For simplicity we set A(k,0, —0) = 0 when 0 < k < ko, where kg > 0 can be chosen
so large that that all the relevant quantities are well-defined and unique. If we
substitute here uy instead of v then we have the approximation

Ap(k, 0) = Ao(k, 0) ‘:/ MO [ik6 - gly) + V (y)] dy

n

) 1 S
_ / 2ik(0.9) [_gv “qly) +V(y)| dy

= (2m)% F~(B)(2k0), (7)



where we denote )
B(x) == —§V ~q(x) + V(z)

and where the divergence theorem was applied to integrate by parts once in the first
term.

The approximation (7) suggests us to define the inverse backscattering Born
approximation ¢g of the potential combination £ by

L 1 > n—1 —ik(0,x) E
() = s /0 K /Se Ay (5.0 dear (8)

in the sense of distributions.
In view of the series representation (5) it is possible to expand

Ap(k, 0) = iAj(k,G),

Jj=0

where
Aj(k,0) ::/ O [qy) - Vuy(y, k,0) + V(y)u;(y, k,0)] dy, 5 =0,1,....

Note that Ay, only depends on the product k6. Moreover, we can write gg = qo +
G1 + Grest, Where Grest := Z;’iQ ¢; and

1 = —ik(0,) k -
; = " WP A = =0,1,....
q;(z) @n) /0 k /Sn1 e i\g 0 )dodk, j=0,1, 9)

It is straight-forward to confirm that ¢o = 5 + ¢, where

1 2ko ] )
q(z) = —/ k:"_l/ e_‘k(e’x)/ O 3 (1)) dydhdk € C*°(R™).
(2m)™ Jo sn-1 R"

In what follows we consider the remaining terms ¢; and ¢t Our aim is to prove
that they are more regular than [ itself is.

Lemma 2.1. Let n > 2 and ¢ and V' be as in Theorem 1.1. Then ¢ € H*(R™)
for any s < G*T".

Proof. We start by estimating Avesi(k,0) 1= >_72, A;(k,0). For k > ko we have by
Cauchy-Schwarz inequality that

Ak, < 3 [ 1901+ VIl
j=2 7R"

[e.e]

C
< [HﬂL§(Rn)|W%|’L35(Rn) + HVHL§(RH)HUJ"|L35(W) < e

=2



where we applied (6) and estimated the emerging geometric series. Then Fourier
transform of gy is estimated by |Grest (k0)| < Cx(k/2)k™3. It means that

et sy = / B / (14 k2)*|Goums (k8) 26k < © / kR SdE,
0 sn-t 2ko

where the last integral converges if and only if s < 6_7". O]

3 Analysis of the first nonlinear term

In this section we perform the more delicate investigation of the first non-linear term
q1. Most of the following results hold in any dimensions n > 2, but our main results
have their useful range of applications in dimensions n = 2,3. Let us introduce a
shorthand notation B

V=V.qg-V.

As ¢y is given by (9) we study A; first. By integrating by parts we see that it can
be expanded as

ik0 _ | ik
Ai(k/2,0) = —/ - qy)e 2(9’y)u1(y, k/2,6)dy
Rn

_/ ‘N/(y>ei§(9’y)u1(y, k/2,0)dy.
Since
u(y, k,0) = —/ G (ly — z|) [ik0 - 4(2) + V (2)] e*0dz,
Rn

then by the symmetry in variables of integration we have

JE k0 - qly) ik - ¢z
w20 = [ [ Gty oo [ 2 TR0
R JRe

"0 qz) '25(2) +V(y)V(z)| dzdy.

+V - qly)
Let us denote
Gy (|z]) =: GY(J]) + G (|]),

where G is the oscillating main part corresponding to Hankel function and the
exponentially decaying part GY corresponds to Macdonald function. It means that



we can separate A; into two parts

Ay(k/2,0) = //Gm (ly — 2])e'4 0

[11{:9 q(y) ik0 - q(z )—f—V W) k0 - (=)

2

5 5 + YN/(y)V(z)} dzdy

[ [ Ghally - aperton
n Rn
y [ik:@ - qy) ik0 - q(2) k6 - q(2)

+V-qy)

5 5 5 + V(y)V(z)] dzdy

In view of this splitting we write ¢, as

¢(z) = 1 / K"y (k/2) / e k0D Ay (k/2,0)d0dk
(2m)™ Jo sn-1
1 [ .
+ = / k" (k/2) / e 0D Ap(k/2,0)d0dk =: quu(z) + que().
(2m)™ Jo sn—1

First we analyze the latter part which has better behaviour.

Lemma 3.1. Let n > 2, ¢ and V' be as in Theorem 1.1. Then ¢1x € H*(R"™) for
any s < S_T".

Proof. We will show that the Fourier transform of ¢; g belongs to L2(R™). To do
this, we divide Ag into three parts

Ao(h/2.0) = [ [ GBIy 2eton
n ]Rn

. [1k0 - () ik0 - =)
2 2

ik - q(z)
2

VW) n V<y>v<z>} dzdy

=AY + AY + AP

We can interpret the double integral appearing in these formulas as a 2n-dimensional
convolution at (0,0) € R™ x R™. Therefore, let us consider

T(f.9) = (GEplly — e 50« (f @ 9)) (0,0)

formally for some functions f and g.
For the 2n-dimensional Fourier transform F we have F (¢ x ¢) = (2m)"Fp Fo
and so

~

T(f,g) = @) F ™ (F (GEally = e 5O (1, 1) Fm)5(n)) (0,0).



Because for £ > 0 we have

e 1 1

G (lz))(€) = WP+ 2

then we may calculate

F(Gally = 2De 500) (n, )

(2m)~ / / ) AGE (Jy — 2[)e "2 2092 dyd
g

/ efl(Z 77+N+k0) B 2(271')% 5()(77 + M + ke)
. o I+ 2Pk R I+ 2Pk
in the sense of distributions. Here dy is the Dirac delta distribution. This means
that
2(2m)z So(n+p+kO) ~
dnd
T(f,9) = // 3 m+k_9|2+k2/4f(77)9(u) ndp
)2 [ f(=p— k0)g(u)
- 2 k6 d
= oo I+ 22+ k24
_20m)3 [ f-p—5)5n— )
R e PR
where we have changed the variables p — p — % in the last step. The above

calculations give us a way to represent the terms of AE as

-~ ~

A0 _ 2(27)? / B a—p =) dp - %)d
PR e W+ 12/ a
q _ 2278 / Vodlop - 5 a5
B 2 Jon ul? + k2/4
and
22m)% [ V(—p—2)W(p-%)
AG) — ( 2) / 2V du.
k " > + k2 /4

By integration by parts ﬂ(@ =i E(ﬁ) and we have

AP + AD = —

22m)% [ ip-q(—p— )G — 1)

k? |ul? + k2 /4



The part of ¢; g corresponding to AS ) 4 Ag Vs

— B g — 2

o 2 /OO k,n—l/ e—ik(@,x)i/ llu ’ J(_N 5 )9
o T S R L WP + k27
; > E\iE S £
€ n |uf? + €2 /4

dpdodk

T @F Jigsan 1€
Then the Fourier transform of q&lg 2 is
L9 X(€/2) / i q(—p = §)i€ - qlp — 5) ”
h €7 Jrn |l + 1€]2/4
Following [18] we write here
s - N £\ = £\ . £\ = £
i q—p = NGl —5) = 5 |~ = 3)  q—p = 5) +ile = 5) - dl—p —3)
: &, g, . & > §
it == it T - $)
This allows us to integrate by parts and expand to obtain
e xXE/2) [V ed—p =5V g §)
ql,E (5) - 2 2 2 d/’L
211> Jge |ul? + [€]7/4
x8/2) [ Ejpm Oy = D01 = 5) |
|ul? + [€]2/4

+
2117 Jge
Now instead of combinations of V' and ¢ it suffices to consider functions f and
g from L(R™). A simple application of Cauchy-Schwarz inequality and Parseval’s

equality gives
x(el/2) | 1 Fl=n—550— %) ax(1¢]/2)
dy| < £H~—>L 72 2 2(R) .
‘5’2 - ‘M|2 + ‘6’2/4 = ‘5’4 HfHL (R)HQHL (R)
This means that
1
(1+ |§|)28Wd§

@72 @ < C
€1>2ko

and this integral converges if and only if s < 877".
9



Next we consider the more complicated part of ¢;, namely, ¢; . In order to
estimate the smoothness of this term we first derive an alternative form for it closely
following the proof of Lemma 3.1.

Lemma 3.2. Let n > 2. If ¢ and V are as in Theorem 1.1, then

em? (X(Iu+nl/2) ﬂ(n)ﬂw) (©.2)

aule) = 2 |+ 12 (p,m) +10

emt (x(\u+n\/2> 21 Oy Oht o )> (z,2)

2 |1+ 12 (p,m) +10

s+ 11/2) V)V (u)
w4+ (u,m) +10

—2(2m): F! (2, )

in the sense of distributions. Here™ denotes the Fourier transform in n dimensions
and F~1 is the 2n-dimensional inverse Fourier transform.

Proof. We split

—lkex) G . 2G'y—i—z)
—m L e [ Gl e

k6 kO ko
{1 251( y)i 2q )—i—V%f( )%4—1/(3/)‘/( )] dedydfdk =: I + I + I3.

Q1M

As in |7, 13] we start from the expression

I3 =
R xR™

which can be understood as a 2n-dimensional convolution Iy = (27)™"(G * (V &

V))(x,z), where

k,nl

Gy — 2RO R0 () (2)dyd,

Glu)i= [ K (k/2) [ Glfally = e 00 g

To obtain the claimed formula we consider the 2n-dimensional Fourier transform of

G as

Femw =0 [ )
nxR™ JO
/ Giyo(ly — 2[)e "2 20w +2) g =19 o=i2) 49 d kdyd 2.

10



Recall that the Fourier transform of GY(|x]) is given by
1 1
22 €2 — k2 — 10

Hence, by the change of variables y — z = &, we obtain

FG(n, p) = (2m)" /Oo K (k/2) /S 5 Gy (J€])el(F )

0
X / o~ 1R0F+1En2) 4 2 dedOdk

:227r3/ k"Ssz/

_ oy XnEnl/2) 1
lw+nl* (p,n) +i0

in the sense of distributions. Applying F(f % g) = (2m)"F f Fg we obtain

~

_ gomyi et (Xl VeV |
fy=—2m): 7 o o) &0

Proceeding analogously for I; and I, and by using symmetry in n and ;1 we may

combine them as in the proof of Lemma 3.1 to obtain
2) 3 N(y—n)-a e
o A CLI LR x(|u+n|2/ ) =) q)etm-aw) o
2 |1+ ) (k1) +10

B (QW)%ffl X +11/2) V- @)V - dlp) (2. 2)
a PEXE (1, m) +10 ’

2
_eni o (/) B S dase)
2 |+ 1|2 (k,m) 410 ’
O

as claimed.
According to Lemma 3.2 it suffices to study the regularity of

gt [ Xetal/2) Foaw
I=@n'r ( |1+l (u,n)+10)(’)

for functions f,g € LYs(R), n < p < oo and 20 > n — & We use Sokhotski-Plemel]

formula (see e.g., [12])
L v i (10)
0 = PV Fimdo

11



to expand

. 2) £(n)a
[:p‘v'/ el(x,n+ﬂ>x(lu+n|§ )f(n)g(u)dndu
Rr xR" 1+ ) (1, 1)

. i(z X + 2 iy ~
B ”/ et XL 12 550500, ) = O)dndp = '+ 1"
Rn xR™ |+ 1]

The analysis of the terms I’ and I” is next carried out separately in two and
three dimensional cases.

3.1 Two-dimensional case

Lemma 3.3. Let n =2 and f,g € L5;(R?) with 2 < p < oo and 26 > 2 — ]23. Then
1" defines a bounded and continuous function.

Proof. We follow [13] and change variables 1 = ¢y to obtain

—c [ [T [ et X Fgen)anlaltn/ bl ) = o)t

Since d(aH) = £6o(H) if o > 0 then we find that

i@ +tnt|/2 N _
C/ / ety XA+ )/ )f(n)g(tnl)lnl 'dtdn
RQ

P

i tvt/2) ~
:C/ /Sl/ el(w,r'y+t’yi)X(|7“'7+ 7L|/ ) (m)ﬁ(ml)dtdfydr,
0 0

|y + ty ]2

where n' is the unit vector perpendicular to 1 chosen according to any specific
orthogonal reference.

Note that |ry + ty1]? = r? + t2. Since f and g are integrable their Fourier
transforms are bounded and therefore this integral has no singularities at origin.
Hence, if we integrate over fol for t and/or r the integral is bounded by the L!-
norms of f and ¢g. So it remains to consider the integral floo. By Cauchy-Schwarz
inequality

* ey Xy 0y /2) =
e( Ty +ty ) |r7+t,yJ_}2 ) (7,, )g(T/yL)dtd,ydr

L 1
NGRS gt N2
/ / (Sl T W) L Tred) dd

12
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The above integrals are well-defined because fand g are continuous. Now it suffices
to estimate

/1 ( [ |J1£<_Tr)2|2dv)édr
s(/w%) (/ [ ”dd)éscnfnma-

Since I” can be split in parts each bounded by the norms of f and g we may use
Lebesgue’s theorem about dominated convergence to obtain the claim. O]

By Holder’s inequality
Lgé(Rn) - L%(Rn)> n > 27

where p and § are as in Theorem 1.1. Further analysis is carried out in the larger
space L?(R™).

Lemma 3.4. Let n =2 and f,g € L3(R?). Then I’ belongs to H*(R?) with s < 2.

Proof. We will proceed analogous to [19, Lemma 4| and [13, Proposition 3.1]. Our
aim is to prove that I’ € L?. Changing first variables as n — 1 — p and then taking
the n-dimensional Fourier transform of I’ in & we get

oy oo xnl/2) = g
I'(n) =p. '/Rz ME CEYND dpu.

Then changing variables as p +— n/2 — p yields,

Sy oo [ xUnl/2) e tn/2)gm/2 - w
Py =pv. | X s

= (/ —|—p.v./ +/ )
lpl<Inl/2—-1 [nl/2—1<|pl< 0l /241 [ =[] /2+1

x(Inl/2)  flu+n/2)a(n/2 — ) d
2 (Inl/2 + [u)(nl/2 = [p])
=: ha(n) + ha(n) + hs(n).

It is rather easy to verify that

il ) < X0 [ 1R+ ke < X2

N Py

13



Next we turn our attention to hy. By switching to polar coordinates the principal
value integral becomes

~

. [ XUl Forw +nf2)m2 =)
el =] (Am—lysmn—e /Sl e

0+ > (nl/2+7r)(nl/2 =)

x(nl/2) Flrw +n1/2)g(n/2 — rw)
’ /|n|/2+agrsm/2+1r/81 2 (nl/2+r)(nl/2 —r) d“dr) :

Changing variables  — |n| — r in the latter integral we obtain

. o [ XUnl/2) Flrw +n/2)500/2 = rw) |
hal) = 1 </|n|/21§r§n/2€ /S ( et

e=0+ Il (nl/2+r)(nl/2 —r)

_ oy xUnl/2) Fllalw = o +0/2)5(0/2 ~ [l + 1)
[T R G- nnz—rn )

or

o (o2 i
CURRY R o -l € e o=

~

a o rw g — rw)dwdr
(3’ﬁ\/2—r)(|n]/2_r))f( +n/2)g(n/2 )dwd

+ fim /1( In| —r x(nl/2)

=0+ J iy j2-1<r<pnlj2—e Jst Bnl/2=7r)(Inl/2—=7) |n|?
x | Flre +n/2)g(n/2 = 1w) = Fllnlw = rw +0/2)5(n/2 = ol + rw) | dwdr
= Bl + Bg.

Here the term B; can be estimated by

x(Inl/2)

|By| <
n|*

11 22 g2y 19 22 ey -

In the term B, an elementary estimate gives

[l —r o r 1
Blnl/2=r)(Inl/2 =) = Inl & —

Next we use the Hajtasz inequality [9]

o(x) =y < Cle —yl[M(Ve))(z) + M([Vel)(y)]

14



for ¢ € Wpl(]R2), 1 < p < oo and for almost all x,y € R?, where

1
M(x) = sup

— e(y)|dy, ze€R”
r>0 m(B(l’,T)) /B(:E,r) | ( )|

is the Hardy-Littlewood maximal function. Here B(z,r) denotes the open ball of
radius r, centered at x with Lebesgue measure m(B(x,r)). Recall that M : LP — LP,
1 < p < oo, see e.g., [20]. For this purpose we expand

-~ ~

flro+n/2)g(n/2 —rw) = f(Inlw —rw+n1/2)g(n/2 — |njw + rw)

~

= flrw+n/2)[gn/2 —rw) = g(n/2 — |n|w + rw)]

~ ~

+9(m/2 — Inlw +rw)[f(rw+n/2) — f(Inlw — rw +n/2)].

In the next step we find it convenient to slightly expand the region of integration.
Now, since f,g € L(R?) then f,g € H'(R?) and we have

o < M2 [ T2 T2 - s

n|? |<laliq
1 X{nl/2) / Fn/2 + M (V) n/2 — € + €)de
n| lnl_1<je<lal g
1 X(/2) / 50n/2 — € + OIM(VF)(n/2 + €)de
l il _1<je<tal g
n M / 500/2 — [l + MV F (/2 + nfE — €)ae
il lnl_1<je<lal 41

= J1+J2+J3+J4.

Here the hat-notation is used for two meanings: hat on a function denotes the
usual n-dimensional Fourier transform, while a hat on a vector £ € R" is used to
denote the unit vector £ := £/|£]. The first integral above is easily estimated by
Cauchy-Schwarz inequality as

Cx(Inl/2) .
Ji < W Hf”L?(R?) HM<V9)HL2(R2) :
In the integrals J3, J3 and Jy we first use the Cauchy-Schwarz inequality and then
change variables as follows. We consider an orthogonal reflection ¢, (§) = |n|§ — ¢

in the annulus A4, := {£ € R? | |n]/2 —1 < [§] < |n|/2 + 1} with respect to the
circle of radius |n|/2 centered at origin. This mapping ¢, : A, — A, is bijective
with ¢, = ¢, and has Jacobian

Inl

Jo=1-— ’
? €]

15



which is estimated by 3 < |J,,| < 3 within the domain of integration (we take ko > 2
to obtain |n| > 4). This procedure yields for the term hy the estimate

~

x(nl/2 .
hal < XL (1l |91V ey + ol |9V P e

These estimates show that I’ belongs to L2(R?) with s < 2 which then implies the
claim. ]

3.2 Three-dimensional case

In this section we consider the first non-linear term ¢; for n = 3. For simplicity, we
assume that the coefficients ¢ and V' are real-valued. Next we define the solutions to
the scattering problem (3) for k& < 0 by requiring u(z, k, 8) = u(x, —k, ) and extend
the scattering amplitude by A(k,0,0) = A(—k,0,0") for k < 0.

It follows from (8) that

1 > . k
Regp(z) = @) Re ( /0 Ent /S 71e_‘k(9’x)Ab (5,9) dedk)

1 Oo -1 —ik(0,z) k
_ n k(0,x) A e . 11
2(2w)"/_oo|k‘ /Snle b (50 ) dodk (11)

Remark 3.5. Sometimes (11) is taken as the definition of the backscattering Born
approximation (see e.g., |14, 19]). However, the definition (8) is more general since
it allows the approximation of complex-valued f.

In the splitting
qB = 5 + Zj—i_ q1,M + q1,E + Qrest

we have already studied the terms ¢; g and grest- S0 it remains to examine

1 [ : k
= k|t RO Ay (5,60 ) dodk =: ¢f N

—0o0
where q{f v and gpp correspond to integrals over positive and negative k, respectively.

Lemma 3.6. Let n > 2. If ¢ and V are real-valued and if they are as in Theorem
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1.1, then

_ e (el dn Y aw)
lwtnl (uwn) £i0 ’

_emf o (xlptnl/2) Do e has)
4 b+ )2 (p:m) £10 ’
~omypet [ XA/ V@G |

l+n? (p,m) £i0

in the sense of distributions.

Proof. Literally the same as the proof of Lemma 3.2, but for the integral over nega-
tive k we use the definition Ay (k,0) = Am(—F,0). Tt is at this complex conjugation
where the assumptions ¢ = ¢ and V =V are used. O

Using the fact that ¢ and V are real-valued, (10) provides a convenient cancel-
lation of delta terms and it suffices to study

~

. 2 q
I p‘v./ itk X (1 + 77!2/ ) f(n)g(u)dndu.
R7™ xR" |N +77| (nv:u)

Lemma 3.7. Letn =3 and f,g € L?(R3). Then I belongs to H*(R?) with s < 3/2.

Proof. The claim is obtained by repeating the proof of Lemma 3.4 with minor
changes. The only relevant difference occurs when changing to polar coordinates
in the term hy(n), where the Jacobian brings forth an r?-multiplier. Fortunately
this fact does not affect any subsequent estimates and the proof can be carried out
in the same way as before. O]

4 Main results

Theorem 4.1 (Main theorem, n = 2). Let ¢ € W, ,5(R?) and V € Lj3(R?), where
2 <p<ooand2d > 2— ]%. Then the difference qg — [ defines a bounded and

continuous function. If in addition § and V are real-valued then Re qg — 8 € H*(R?)
(mod C*(R?)) for any s < 2.

Proof. Since
4B — 6 = ¢iMm + q1.E + Grest + a

then the first claim follows from Lemmata 2.1, 3.1, 3.3 and 3.4. For real-valued
potentials the second claim is based on the fact that I” = 0. H
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Corollary 4.2. If ¢ and V' are as in Theorem 4.1 then the jumps of 5 over smooth
(bounded) curves are uniquely determined by the backscattering data Ay, and can be
recovered from qg.

Theorem 4.3 (Main theorem, n = 3). Let § € W, ,5(R?) and V' € Li3(R®), where
3<p<ooand2d>3— %, be real-valued. Then the difference Re qg — [ belongs to
the Sobolev space H*(R?) (mod C=(R?)) for any s < 3.

Proof. The proof follows from Lemmata 2.1, 3.1 and 3.7. O]

Corollary 4.4. If ¢ and V' are as in Theorem 4.3 then the main singularities of
B over smooth (bounded) curves are uniquely determined by the backscattering data
Ay, and can be recovered from qg.

5 Numerics

In this section we present some numerical examples to illustrate the recovery of
singularities using the inverse Born approximation in two dimensions. We proceed
analogously to |6, 10] but outline the numerical scheme here for convenience.

We use synthetic scattering data computed from

4V21R 1

ie—im/4 |—5/20ikR

A(k,0,—0) ~ — ue(—RO.,k,0), R=10°.

To this end, we need an approximation for ug.. That is computed as the truncated
series Ug. ~ Z]Ail u; with M = 2. The integrals u; are calculated numerically over
the supports of ¢ and V.

Having the backscattering amplitude at hand the inverse Born approximation is
computed from (8). Indeed, we represent gg(z) in discrete form

qB(x) = Z ijTj (l’),

where r; are the subgrids of unit cube in R? and f; are the unknown values of g at
those subgrids. Substituting this representation into

/ HO5) 0 () = Ak, 0, 6)

yields

T

N
> / 00 dr = A(k,0,0),
i=1 J
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where the integrals are easy to compute in closed form. Evaluating the latter equa-
tion at several k = kg, 0 = 0, points leads to a linear system which we write as
Ef = g. We use the following parameter values:

N =6400, k=ks=s, s=1,2,...,12

and 40 values for # uniformly from the unit circle.

The right hand side g is corrupted with zero mean Gaussian noise with standard
deviation 1% of maximum value. The ill-posed linear system is solved for f using a
regularization method. Namely, we use the truncated singular value decomposition
(TSVD) as follows. Let E = USV™* be the singular value decomposition of £, where
S = diag(si,...,s,) is the diagonal matrix containing the singular values s; of E.
Then the reconstruction is

f=VLUYy,

where L = diag(1/s1,...,1/51,0,...,0) and where sy, is the last (smallest) singular
value exceeding a prescribed tolerance 1072,
We consider the following sample scatterers:

3
V(I) = ixﬂv(x)v
where Qy is an ellipse (Example 1) or rectangle (Examples 2 and 3). For ¢;,j = 1,2
we consider the smooth bump function

L et (@) exp(1/(Jf? = 1))

2
and scale the variables so that the supports (2; := supp g; are ellipses. Further, in
Example 3 we multiply the potentials V' and ¢y by the imaginary unit i to illustrate
the recovery of complex-valued potentials.

Figure 1 shows the contour plots of V' and ¢ with white lines indicating their
supports. The shape and location of real and imaginary parts of the potentials in
Example 3 are the same as for the real-valued potentials in Example 2. Figures 2
and 3 present the unknown function 8 for Examples 1 and 2 on the left and their
TSVD reconstructions on the right. These figures show that by using the inverse
Born backscattering approximation we are able to locate quite accurately the shape
and location of the support of the scatterers. Additionally, the height function of
B is recovered rather reasonably. Figure 4 presents the real and imaginary parts
of potentials in Example 3 on the left with their respective TSVD reconstructions
on the right. In light of this example we see that the Born approximation can be
applied numerically also in the complex-valued case.
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Figure 1: Potentials V' and ¢ for sample scatterers: Example 1 (left) and Example
2 (right)
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Figure 2: Example 1: Function §(x) (left) and TSVD reconstruction (right)

6 Conclusions

An inverse backscattering problem for the first order perturbation of the multidi-
mensional biharmonic operator was studied. We examined the problem of finding
the jump discontinuities and local singularities of the potential functions based on
certain scattering data. This data for the inverse problem is so-called scattering
amplitude, which can be obtained as the far-field data or, more precisely, as the
asymptotic of the scattered wave at || — oo [24]. In this text we assumed that
only part of the full data is known; namely, we assumed that the scattering ampli-
tude is only known for arbitrarily large wave-numbers k and for measurement angles
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Figure 3: Example 2: Function §(x) (left) and TSVD reconstruction (right)

which are opposite to the angle of the incident wave.

The method of choice, backscattering Born approximation, was studied sepa-
rately for the dimensions n = 2 and n = 3 of the ambient space. It was proved that
backscattering Born approximation can be used to recover the jumps and singulari-
ties of a combinations of the (possibly complex-valued) potentials in two dimensions,
and to recover main singularities in three dimensions. Numerical examples were
given to further illustrate this approximation method for several different scatterers,
including a complex-valued example.
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