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Abstract

We consider a class of Toeplitz operators with special radial symbols
on weighted holomorphic Orlicz space. For an operator from such class
we prove necessary and sufficient conditions of boundedness on holomor-
phic Orlicz space in terms of behaviour of averages of the radial symbol of
the operator. In the case when either symbol or its certain average is non-
negative, we obtain characterization for boundedness of the corresponding
Toeplitz operator.

1 Introduction

The weighted holomorphic Orlicz space A$ (D) on the unit disc I in the complex
plane C is defined to consists of the functions from the weighted Orlicz space
L% (D) which are also holomorphics in ID (for details see Section 2). This is a
direct generalization of the weighted classical Bergman space, sometimes called
Bergman-Jerbashian space. We refer to the books [8, 4, 24, 27, 28] for a general
modern theory of Bergman type spaces and operators on Bergman type spaces.
For the definition of Orlicz space and some properties we refer to the correspond-
ing section in this paper and also to the books [9, 13, 19, 18, 14].

Recently, the study of classical operators of complex analysis, such as Toeplitz,
Hankel and composition operators, has attracted considerable attention in the
framework of the holomorphic Orlicz spaces and their modification, see e.g. [2,
1,12, 23, 11, 10].

Toeplitz operators form an important and much studied subclass of the clas-
sical operators. Given a symbol a € L} (D) on the unit disc and A > —1, the
Toeplitz operator 77 is defined by the formula

TN f = Py(af), (1.1)



where

PAf(Z) = /D %CLA)\(M) , z€D, (1.2)

is the classical Bergman projection; here, dAy, = (1 — |2|?>)*dA and dA is the
area measure on the complex plane normalized so that the measure of the disc
equals 1. For an arbitrary a € L} (D) the operator e may fail to map the stan-
dard weighted Bergman space A% (D) into itself but anyway it is densely defined,
namely on the subspace H>° (D) of bounded analytic functions.

The question of characterizing symbols a € L} (D) such that the correspond-
ing Toeplitz operator is bounded in A% (D) is still open even in the simplest case
p = 2, A = 0. There are however special cases, when a satisfactory or even
complete answer is known. Bounded Toeplitz operators with positive symbols on
Az(]D)) and more general spaces were characterized in [17] and [26]. An extensive
study of Toelpitz operators with (unbounded) radial symbols can be found in the
[5, 6, 7], see also the monograph by Vasilevski, [24]. Zorboska [29] considered
L'(D)-symbols that satisfy the condition of bounded mean oscillation and deter-
mined the bounded Toeplitz operators in terms of the boundary behavior of the
Berezin transform of their symbols.

The purpose of this work is to extend to weighted Orlicz space A (D) setting

certain results concerning the boundedness of T for radial symbols. It is well
known (see Theorem 7.5 in [28]), that the boundedness can be characterized in the
case of standard weighted Bergman spaces and positive symbols. In [15], gener-
alizing the results in [5], [24], the positivity requirement was considerably relaxed
by a much weaker assumption on the positivity of certain repeated integrals of
the (radial) symbol. The proof used certain estimates of the kernel of the Berezin
transform. Here, we will give a further generalization of this argument to the case
of Orlicz spaces, see Theorems 3.3, 3.4 and Theorem 3.5, where the result is for-
mulated as a characterization of the boundedness of the Toeplitz operator and its
Berezin transform.

The paper is organized as follows. In Section 2 we give some necessary def-
initions and collect auxiliary results. Section 3 is devoted to our main results. In
Theorem 3.3 we give sufficient conditions for boundedness of Toeplitz operator
with radial symbol in holomorphic Orlicz space in terms of behaviour of aver-
ages of the symbol under some additional conditions on Young function, which,
roughly speaking, allow power-like Young functions. We also notice that in that
case the Berezin transform of the Toeplitz operator is a bounded function. With-
out these power-like additional conditions for Young function, but under condition



of positivity either of a symbol or a certain average of the symbol we prove the
necessity: i.e., boundedness of Toeplitz operator and finiteness of Berezin trans-
form imply certain behavior of average, see Theorem 3.4. In Theorem 3.5 we
collect the above information in one statement, so presenting a characterization
for boundedness of Toeplitz operators with radial symbols and with a condition
that either symbol or certain average of this operator is a nonnegative function.
We also present a reformulation for the weighted Lebesgue case, i.e. when the
Young function is given by ®(¢) = tP.
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2 Preliminaries

2.1 Notations

Given1 < p < coand —1 < A < oo we denote by L (D) the standard Lebesgue
space of complex valued functions on the disc D that are p - integrable with re-
spect to the measure dA,. By A% (D) we denote the standard weighted Bergman
space, which is the closed subspace of L% (D) consisting of analytic functions in
D. The index A is suppressed from the notation, if it equals 0. By Cg°(D) we
denote the space of compactly supported C'*°-functions on the disc. Given an an-
alytic function f and m € N = {1,2,3,...} we write ™ for the m-th complex
derivative of f. By C, (] etc. we denote generic positive constant(s), the value of
which may change from place to place but not in the same group of inequalities.
We use the Landau notation so that for example ” f(r) = O(g(r)), r — 1” means
that the quantity f(r)/g(r) remains bounded in the limit r — 1.

2.2 Orlicz spaces

Let us recall the definition of the weighted Orlicz space L (D) and some prop-
erties of Young functions ®. For more details we refer the reader to the books
[9, 13, 19, 18, 14]. Let ® : [0,00] — [0, 00| be a Young function, i.e., a con-
vex function such that ®(0) = 0,lim,_,. ®(z) = ®(c0) = oco. From the con-
vexity and ®(0) = 0 it follows that any Young function is increasing. To each
Young function ® one identifies the complementary function W, which possesses



the same properties, by the rule ¥(y) = sup,-o{zy — ®(z)}. Note that
t< O ()W (t) <2t forallt > 0. (2.1)

Let LY (D) be the weighted Orlicz space consisting of all measurable functions f
on D such that

/@(k\f(z)\)dAA(z) < o0, for some k > 0.
D

The functional

Na() = Ifllsgen = nt {2 > 0: [ @ (H2) aa <1}

defines a norm in L (D). By definition, L (D) is a lattice, i.e.

f € LY(D)and |g(2)| < |f(z)|forae.z €D =
g€ LT(D) and HQHL;P(D) < HfHLf\I’(]D))' (2.2)

We will need the following indices

pe = sup{s > 0:t°®(¢)is non — decreasing for t > 0};
go = inf{s > 0:¢t°P(¢)is non — increasing for t > 0}.

These indices were used first by Yamamuro [25] (see also [16]).

The following density result is a reformulation of Theorem 3.7.15 of [9],
where the unweighted version is presented, and it can be proved by the same
arguments as in the reference.

Lemma 2.1. Let ¢ be a Young function and there exists ¢ < oo such that 20 jg

tq
almost decreasing. Then the space C$°(D) is a dense subspace of L (D).

Proof. Our space L$ (D) equals the space L¥(A, du) in Proposition 3.5.1 of [9],
when D, ® and dA, are taken as A, ¢ and dpu, respectively. Thus, according to
the citation, simple functions (see e.g. Section 3.5. of [9]) on the unit disc form
a dense subspace L$ (D). Furthermore, by classical, elementary arguments, sim-
ple functions can be approximated by functions of C3°(ID) simultaneously with
respect to the norms of L (D) and L(ID). Now, according to Lemma 3.7.7 of
[9], the space L£ (D) N L% (D) embeds continuously into L$ (D). This yields the
result. ]



2.3 Classical operators

Along with the weighted Bergman projection Py, we will use the following oper-
ators, which are modifications of the classical Bergman projections:

Fw)

P{f(z) = /D #dmw)? (2.3)
Taf) = (=P [ et aa) 2.4
Supf(2) = (1—|2%)° /D %dm(m. 2.5)

Theorem 2.2. ([3],[20]). Let \, 3 > —1. Let ® be a Young function and assume
that 1 < pp < qp < ocand A+ 1 < pe(B + 1). Then

1. Pgis bounded in LY (D);
2. Py is bounded in L3 (ID).

The Theorem 2.2 was proved in [3] (and generalized to the weighted setting
in [20]) for the case of the Bergman projection and under some slightly different
assumption for Young function. In the citations the authors use the so-called lower
and upper indices, introduced and used first by Simonenko [21] in the context of
interpolation and extrapolation of Orlicz spaces. Here we use different Yamamuro
type indices ps, g3, and we do not assume continuity of Young function. But, the
proof of this modified version is the same as the proof in [20], moreover it clearly
holds for the maximal Bergman operator.

We also need some slight generalization of the above result.

Theorem 2.3. Let ® be a Young function and assume that 1 < pe < qp < Q.
Leta>0,A>—1,b>—1,and \+ 1 < pe(B+ 1). Then

1. T, is bounded in L% (D);
2. S, is bounded in LY (D).

Proof. There exists py, 1 < po < pe, such that —ppa < A+ 1 < po(b + 1).
Certainly, there exists p; > g¢ such that —pja < A+ 1 < py(b+ 1). Therefore by
Theorem 2.10 from [27] the operators T, and S, are bounded on Lf{o (D) and
on L' (D). The rest of the proof follows by interpolation using Theorem 6.5, part
(c) from [16]. ]



Theorem 2.4. Let ® be a Young function and assume that 1 < pe < qo < Q.
Let A > —1, m € N and let f be an analytic function on D and denote

(1= [z fO(2).

gm(z) =

IM:

If f € AY(D), then g,, belongs to A

>

(D) and there holds the norm bound

19mllL2@) < CormllfllLem), (2.6)
for some positive constant Cg » ,,, depending on ®, A\, and m.

Proof. Assume first f € A$ (D). We choose b > 0 so large that A+ 1 < pg(b+1)
and differentiate the reproducing formula

— lwl2)?
fe=a [ % F(w) dA(w)

with respect to z under the integral sign several times to write forallk =1,... ,m

_ lwl2)b
(1= P19 = Cun = 1) [ G ) dA),

Here, the function z* f belongs L$ (D), by (2.2), hence the right hand side also
does by Theorem 2.3, since it is equal to Tk’b(ik’ f). The norm bound (2.6) is clear
due to (2.2). ]

2.4 Berezin transform

Recall that, on the unit disc, the weighted Berezin transform of a function f is
defined by

Buf(2) = A(2) = [ Few)aaw) = [ fwlRwaa). @)
Here
(1 _ |Z|2)1+>\/2
(1 — zw)>+
are the normalized weighted reproducing kernels of the classical weighted Bergman
space A2 (D) and ¢, (w) = (z —w)/(1 — Zzw) is the Moebius transform of the unit

k2 (w) = (2.8)
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disc. The (weighted) Berezin transform of a bounded operator 7' : A3(D) —
A2 (D) is defined as

() = (ThY, k), = / Tk (w) X (@) dAx (). 2.9)

The Berezin transform 7. of the bounded Toeplitz operator 7V in A3 (D) with
symbol a coincides with the Berezin transform of the symbol a,. See [8, 27, 28]
for details.

If -1 < A < oo and X is any Banach space of analytic functions on the
disc such that all bounded analytic functions are contained both to X and its dual
X™ (determined by the integral duality with respect to the measure dA)), and
T : X — X is a bounded operator, we define the Berezin transform 7" of 7" by the
same formula (2.9).

Remark 2.5. It is known in the case of standard Bergman spaces that if the
Toeplitz operator e maps A% (D) boundedly into itself, then its Berezin trans-
form is a bounded function on the disc D. In fact, this follows directly from the
boundedness of 7. and the definition of 7.", since the norm of k) in AR (D),

respectively in A (D) With 1/p +1/q = 1, is proportional to (1 — |z|? )*1*A+¥,
respectively (1—|z[2) "'~ 2%"%"; see also Theorem 7.5 of [28] and paper [22]. We

do not known in what generahty this result extends to Orlicz spaces.

3 Toeplitz operators with radial symbols on A (D)
We start by an elementary technical statement, but we prefer to prove it explicitly
in order to show the dependence of the estimates on the constants.

Lemma 3.1. For w € D, denote w = po, where p = |w| and o = ruy- There exist
a constant C' such that

/ |do| C 1 3.1
Cly —1) (1—P|Z| P S h—swp Sy =10 =gl '
Proof. If r = |z| < % the two sided estimate (3.1) is obvious even with only

constants in the left and right side.
Let 7 > 1. We have with the notation § = 1 — p|z| :

do do
L) = [ A= [ |

r[1—zw]" Jplo—zpP

Wl

do
(62 + 4rsin” a)

7 -
2
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For the estimate from below we note that sina < a on [0, 7], hence

6% + drsin® a < 6% +4ra® < (0 + 2vra)?,

and

L(zp) > 4/05 (MQI;—AW = (5711 \/;(j— 1) (1 - (#)“)

o2 ) s\ _ G |
7 (y = 1) 0+ 2 Ty = 1(1 = pl2])

For the estlmate from above we note that since 2% is decreasing on [0, 7] one
has sinov > 2avon [0, 7], and then we obtain

S 16 5 (5+4fa)

6% + 4rsin?a >

W—roz —y
Hence,
. [ dov 2% 1 5 \7!
hizme) < 20 /0 (0 + %\/Fa)% S (v —1)071 (1 - (5+—2) )
Cs 1
Y11=l
]

Remark 3.2. It is a matter of calculus to show that

C 1 1
(v —1) (1 = plz|)rtm=t S 8p |1 — Zp(7|’Y do| < (v — 1) (1 — p|])rm—1’

form=20,1,2,....

We also make a remark that will be needed later: foralln € N, and A > —1
there exists a constant C'y 5, » > 0 such that

[FPO)] < Comnllfllze ) (32)
for all f € AY(D). Indeed, for every 0 < r < 1 one has by the Cauchy integral
formula ) "

! m i _
Fm(0) = S f(re”) re'idt

2711 0 rnJrl eint



which yields for example for all 1/4 < r < 3/4

o< | TN <o / e = 1) at

27r rn

for some constant C' > 0 depending on n and A. Integrating both sides over (%, %)
with respect to r, we obtain

1F™(0)] < 20/ dr/ (1 =73 rdt

e / £ dANE) < 1l Lz oy

Here we used the Holder inequality and the fact that the weight (1 — r?)* is
bounded from below and above by positive constants for the given r-interval.
Now we are in position to formulate and prove our main results. Let us intro-

duce the averages:

BR(r) = a(r),
1 a(t)(1 — t*)Mdt,

BY(r) = /B(jg”(t)dt, j=2,3,....

a,

Theorem 3.3. Let ® be a Young function with 1 < pe < qo < 00. If there exists
m € NU {0} such that

(@) B () =0 (1 —r)™), r—1,
then

(17) the Toeplitz operator T : AT (D) — AT (D) is well-defined and bounded,
and its Berezin transform T\ is a bounded Sfunction.

Proof. We first prove the boundedness of the Toeplitz operator. By Lemma 2.1
we know that polynomials form a dense set in A$ (D), hence at least for f being
a polynomial we have:

i = (1( )w()ZlAdA( )

z
Atl \
- [ i / T = Py



- [i (aj 1 e —f%w)

T

p=0

1
(m) o f(po)
+ /Ov Ba,/\ (p) (apm (1 _ Zp6)2+>‘> dp:| |d0’| (33)

‘We note that

Y ; Qih 1
30’@r—2p02+A E:(j ( )) (3ﬂf*(1-—Zp5V+A)

j
1
k
Z Az, U)f( )(PO) (1 — zpo) 2t ti—k’
k=0

where Ay ;1 (z,0) = Cy ;127 ¥ =7 with some constants Cy j ». Therefore,

7j—1
TOf() = “1230 03 £ /Akj ia(z,0)|do]
k=0

7j=1

o 2 Lo [ 5500 (g o e ) o

and the first double sum is nonzero only if j is even and k = %
Regarding the second term, taking into account that

(1 _ p2)mfk: . 1
|1 — zpg|2Hrtm—Fk = |1 — zpo|2+X

uniformly in z € D, 0 € T, we calculate
f(po)
d d
e [ < 1=z )
(1-p*)
e / o / ( 27 >|> T

1 _ Zw|2+>\
= ClP;L gm (2 (3.4)

|[m,a,/\f(z>‘ =

N

10



where Py is as in (2.3) and we denoted

=D (1= )P (2).

k=0

The function g,, belongs to LT (D) due to f € A (D) and Theorem 2.4, and we
have the bound

lgmllaz@) < Cllfllazmy, 1 <p<oo, A>—L

This, together with Theorem 2.2 imply Py g,, € A$ (D) and

||PA+9m||A§>(1D>) S COllgmllazmy, 1 <p<oo, A>—L (3.5)
Gathering all estimates (3.3)—(3.5), we arrive at the conclusion that the Toeplitz
operator Ty) 1s bounded,

TN fllag o) < Ol llaz o)

since the constant C' > 0 can be chosen independently of f € A% (D).
As for the boundedness of the Berezin transform, we have for all z € D, by
the Fubini theorem and the reproducing kernel property,

1_w _221+)\/2 1_221+,\/2 -
/ / e e - epraatwia

(1 — L 1.(2)2+A
- /D <1—zw|)éu+|k) ((1—|;|u>)2+xdw:“"Z‘z)m”Té”ki(z) (3.6)

The estimate i e
0 1-—

P ] < =D

Owk |1 — zw|> )tk

follows just by differentiating the formula (2.8). For a fixed z € D, we take
f= k? in (3.3)—(3.4) and apply this to (3.6) so that together with (3.7) we obtain

the bound

(3.7)

TV (2)] = (1 - |2]?) 1+A/2|T(A)/€A Q)|
(1-— |w\ 8"”

1+/\/2 N

Z‘ /DZ |1 — zw|*tA 8wk A ’d 3

11




2)1+)\/2

(1- |w| (1- |z|
2)1+)/2
= (1-[zP)* Z — |w]?)F+A i -
- DY |1 — |2tk : .

By the Forelli-Rudin-estimates

>\+k‘

w —)—
/DZ |1 — z’w”4+2,\+de(w) < Cu(1 =27, zeD,

so that |7~1§’\) (z)| has an upper bound independent of z, as claimed. O

Theorem 3.4. Let 1 < p < oo, let  be a Young function, and assume that there

exists m € N U {0} such that the average BL(:K) is nonnegative a.e. in (0, 1).

If
(i1) the Toeplitz operator T™ - AL (D) — AY(D) is well-defined and bounded,
and its Berezin transform T, is a bounded function,

then we have
(i) BT (r) = 0 (L — )™+, r— 1.

Proof. We assume that 7" maps A% (D) boundedly into itself and the Berezin

transform 7. is a bounded function of z € D. We have by the definition of
Berezin transform

TN = @) = [ alw)liw)PdAsw)
= AH/Idﬁl/ (0)|K2 (po)] (1—p2)Apdp
1

= okl 2+A/ |d0|/ zp0|4+2xpdp‘

Here we denoted w = po, where p = |w| and 0 = ﬁ If m = 0, then using
Lemma 3.1 we estimate

- M+ 1 P2

(N) _ AT 2+)\
)| = 2 [ aod [ ato Tt
A+1 |do|
— 1 2+)\/ 1 ERPVAP. d /
- ( |21%) . a(p)(1 = p”) pdp 11‘_|1 — z2po |2

12



> C(1— [op) / a(p)(1 — /) dp

> Ol |2 /| (o)1= dp

= C— ) BR(=D.
This along with the boundedness of the function e
() form = 0.
Let now m € N. Integrating by parts and neglecting the outer terms when
p =1, we have

on D implies the validity of

1
Jur(z0) = / a() I (p0) (1 — 9 pdp
0
1
19,
— (1 2B + / B0 55 K20

0

- S0 (22 )

1
om 2
+/ B (p)=— kX (po)|” dp
o M)apm! (po)]

j=1 =
= T2 + 3 0)
The term
m . 591 1
T (L) = (1 — [2]2)2+> BY o '
a,/\(z) ( 12]°) ; a,/\( ) pi—1 |1 — zpo |22 o

is bounded for each z € D, and when |z| — 1 it behaves as
Jaa(2) = O (L= [sFP7) Jol = 1

Further,

1
m am 2
[2cadol = [ 1dol [ B 05 800 dp
T T 0 P
' (m) o™ A 2
= ; Box (P)dpa—m ’@(PU){ |do|
1
— 1 — 2 2+/\/ B d / d .
=P [ B g [ sl

13




Hence,

(2) 2+)\ 1
/EJQ’)\(Z,O’)|CZU| > C(1—|zP) /0 B 1 — p’Z’)3+2)\+mdp
1
> C(1— 2“/ B d
> |2|? . 1 — p|2])FRrm P

> O |2 A/lBé??(p)dp
= O 2Py B (1),

Therefore, as above, we see that the condition (7) must be satisfied. This concludes
the proof of the necessity of the condition (). O

We reformulate the previous results as the following necessary and sufficient
condition concerning the boundedness of the Toeplitz operator. Of course, condi-
tion (77) can be simplified in the (many) cases, where one can deduce the bound-
edness of the Berezin transform from the boundedness of the Toeplitz operator;
see also Remark 2.5.

Theorem 3.5. Let ® be a Young function with 1 < pp < qp < 00 and assume
that there exists m € N U {0} such that the average B[(ff\ is nonnegative a.e. in
(0,1). Then, the following are equivalent:

() BS™ () =0 (1~ ), L

(17) the Toeplitz operator T : AT (D) — AT (D) is well-defined and bounded,
and its Berezin transform T(f ) is a bounded function.

As a corollary we reformulate the Theorem 3.5 for the case of the weighted
Lebesgue space (i.e., (t) = tP).

Theorem 3.6. Let 1 < p < 00, and there exists m € N U {0} such that the

average BC(:;\) is nonnegative a.e. in (0, 1). Then, the following are equivalent:

(0) B ) =0 (1= ), oL
(id) the Toeplitz operator T : A? Y (D) — AL (D) is well-defined and bounded.

The reader will have no difficulty to reformulate Theorems 3.3 and 3.4 for the
case of the weighted Lebesgue space with ®(t) = ¢P.

14



References

[1] D. Bekolle, A. Bonami, E. Tchoundja. Atomic decomposition and Weak
Factorization for Bergman-Orlicz spaces. arXiv:1805.03754

[2] S.Charpentier. Small Bergman-Orlicz and Hardy-Orlicz spaces, and their
composition operators. Math. Z. (2019). https://doi.org/10.1007/s00209-
019-02240-w

[3] Y. Deng, L. Huang, T. Zhao, D. Zheng: Bergman projection and Bergman
spaces, Journal of Operator Theory. 46 (2001), 3-24.

[4] Duren P., Schuster A. Bergman spaces. Vol. 100. Providence (RI): Mathe-
matical Surveys and Monographs; 2004.

[5] S.M. Grudsky, A.N. Karapetyants, N.L. Vasilevski, Toeplitz operators on the
unit ball in C™ with radial symbols. J. Operator Theory. 2003;49:325-346.

[6] S.M. Grudsky, A.N. Karapetyants, N.L. Vasilevski, Dynamics of properties
of Toeplitz operators with radial symbols. Integral Equations Operator The-
ory. 2004;50:217-253.

[7] S.M. Grudsky, A.N. Karapetyants, N.L. Vasilevski,Dynamics of properties
of Toeplitz operators in the weighted Bergman spaces. Siberian Electronic
Mathematical Reports. 2006;3:362-383.

[8] H. Hedenmalm, B. Korenblum, and K. Zhu, Theory of Bergman Spaces,
Springer Verlag, New York, 2000.

[9] P. Harjulehto and P.Hésto. Orlicz spaces and Generalized Orlicz spaces. Lec-
ture Notes in Mathematics, vol. 2236, Springer, Cham, 2019.

[10] A.Karapetyants, H. Rafeiro, S.Samko. Boundedness of the Bergman projec-
tion and some properties of Bergman type spaces. Complex Analysis and
Operator Theory. 1-15 (2018).

[11] A.Karapetyants, S.Samko. On mixed norm Bergman—Orlicz—Morrey spaces.
Georgian Mathematical Journal, Volume 25, Issue 2, 271-282.

15



[12] A. Karapetyants,S.Samko. On Boundedness of Bergman Projection Oper-
ators in Banach Spaces of Holomorphic Functions in Half-Plane and Har-
monic Functions in Half-Space. Journal of Mathematical Sciences. J] Math
Sci. (2017) Volume 226, Issue 4, pp 344-354

[13] M.A. Krasnoselskii, Ya.B. Rutitski. Convex functions and Orlicz spaces.
Translated from the first Russian edition. Noordhoff, Groningen (1961)

[14] A. Kufner, O. John, S. Fucik, Function spaces, Leyden, Noordhoff Interna-
tional Publishing. Monographs and Textbooks on Mechanics of Solids and
Fluids. Mechanics: Analysis, 1977

[15] W. Lusky, and J. Taskinen, Toeplitz operators on Bergman spaces and Hardy
multipliers, 2011. Studia Mathematica. 204, 2, 137-154

[16] L.Maligranda. Indices and interpolation. Dissertationes Mathematicae 234
(1985).

[17] G.McDonald and C. Sundberg, Toeplitz operators on the disc, Indiana Univ.
Math. J. 28 (1979), 595-611.

[18] L. Pick, A. Kufner, O. John, S.Fucik. Function Spaces, 1. De Gruyter Series
in Nonlinear Analysis and Applications 14 (2013).

[19] M.M.Rao, Z.D.Ren, Theory of Orlicz spaces, Monographs and Textbooks in
Pure and Applied Mathematics, 146, Marcel Dekker, 1991.

[20] B.Sehba. Derivatives characterization of Bergman-Orlicz spaces and appli-
cations. arXiv:1610.01954

[21] I. B. Simonenko. Interpolation and extrapolation of linear operators in Orlicz
spaces. Mat. Sb. (N.S.), 1964, Volume 63(105), Number 4, Pages 536-553.

[22] J. Taskinen and J. Virtanen, Toeplitz operators on Bergman spaces with lo-
cally integrable symbols. Rev. Mat. Iberoam. 2010; 26 (2): 693-706.

[23] E. Tchoundja, and R. Zhao, Weak Factorization and Hankel Forms for
Bergman—Orlicz Spaces on the Unit Ball. Integr. Equ. Oper. Theory (2019)
91: 16.

16



[24] N.L.Vasilevski. Commutative Algebras of Toeplitz Operators on the
Bergman Space. Vol.185: Operator Theory: Advances and Applications;
2008.

[25] S.Yamamuro. Exponents of modulared semi-ordered linear spaces. J. Fac.
Sci. Hokkaido Univ. Ser. I Math., Volume 12, Number 4 (1953), 211-253.

[26] K. Zhu, Positive Toeplitz operators on weighted Bergman spaces of bounded
symmetric domains, J. Operator Theory 20 (1988), no. 2, 329-357.

[27] K. Zhu, Spaces of Holomorphic Functions in the Unit Ball, Springer Verlag,
New York, 2004.

[28] K. Zhu, Operator Theory in Function Spaces, AMS Mathematical Surveys
and Monographs 138, 2007.

[29] N. Zorboska, Toeplitz operators with BN O symbols and the Berezin trans-
form, Int. J. Math. Sci., no. 46, (2003) 2929-2945.

17



