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Abstract

We consider a class of Toeplitz operators with special radial symbols
on weighted holomorphic Orlicz space. For an operator from such class
we prove necessary and sufficient conditions of boundedness on holomor-
phic Orlicz space in terms of behaviour of averages of the radial symbol of
the operator. In the case when either symbol or its certain average is non-
negative, we obtain characterization for boundedness of the corresponding
Toeplitz operator.

1 Introduction
The weighted holomorphic Orlicz space AΦ

λ (D) on the unit disc D in the complex
plane C is defined to consists of the functions from the weighted Orlicz space
LΦ
λ (D) which are also holomorphics in D (for details see Section 2). This is a

direct generalization of the weighted classical Bergman space, sometimes called
Bergman-Jerbashian space. We refer to the books [8, 4, 24, 27, 28] for a general
modern theory of Bergman type spaces and operators on Bergman type spaces.
For the definition of Orlicz space and some properties we refer to the correspond-
ing section in this paper and also to the books [9, 13, 19, 18, 14].

Recently, the study of classical operators of complex analysis, such as Toeplitz,
Hankel and composition operators, has attracted considerable attention in the
framework of the holomorphic Orlicz spaces and their modification, see e.g. [2,
1, 12, 23, 11, 10].

Toeplitz operators form an important and much studied subclass of the clas-
sical operators. Given a symbol a ∈ L1

λ(D) on the unit disc and λ > −1, the
Toeplitz operator T λa is defined by the formula

T (λ)
a f = Pλ(af), (1.1)
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where

Pλf(z) =

∫
D

f(w)

(1− zw)2+λ
dAλ(w) , z ∈ D, (1.2)

is the classical Bergman projection; here, dAλ = (1 − |z|2)λdA and dA is the
area measure on the complex plane normalized so that the measure of the disc
equals 1. For an arbitrary a ∈ L1

λ(D) the operator T (λ)
a may fail to map the stan-

dard weighted Bergman space A
p
λ(D) into itself but anyway it is densely defined,

namely on the subspace H∞(D) of bounded analytic functions.
The question of characterizing symbols a ∈ L1

λ(D) such that the correspond-
ing Toeplitz operator is bounded in A

p
λ(D) is still open even in the simplest case

p = 2, λ = 0. There are however special cases, when a satisfactory or even
complete answer is known. Bounded Toeplitz operators with positive symbols on
A2(D) and more general spaces were characterized in [17] and [26]. An extensive
study of Toelpitz operators with (unbounded) radial symbols can be found in the
[5, 6, 7], see also the monograph by Vasilevski, [24]. Zorboska [29] considered
L1(D)-symbols that satisfy the condition of bounded mean oscillation and deter-
mined the bounded Toeplitz operators in terms of the boundary behavior of the
Berezin transform of their symbols.

The purpose of this work is to extend to weighted Orlicz space AΦ
λ (D) setting

certain results concerning the boundedness of T (λ)
a for radial symbols. It is well

known (see Theorem 7.5 in [28]), that the boundedness can be characterized in the
case of standard weighted Bergman spaces and positive symbols. In [15], gener-
alizing the results in [5], [24], the positivity requirement was considerably relaxed
by a much weaker assumption on the positivity of certain repeated integrals of
the (radial) symbol. The proof used certain estimates of the kernel of the Berezin
transform. Here, we will give a further generalization of this argument to the case
of Orlicz spaces, see Theorems 3.3, 3.4 and Theorem 3.5, where the result is for-
mulated as a characterization of the boundedness of the Toeplitz operator and its
Berezin transform.

The paper is organized as follows. In Section 2 we give some necessary def-
initions and collect auxiliary results. Section 3 is devoted to our main results. In
Theorem 3.3 we give sufficient conditions for boundedness of Toeplitz operator
with radial symbol in holomorphic Orlicz space in terms of behaviour of aver-
ages of the symbol under some additional conditions on Young function, which,
roughly speaking, allow power-like Young functions. We also notice that in that
case the Berezin transform of the Toeplitz operator is a bounded function. With-
out these power-like additional conditions for Young function, but under condition
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of positivity either of a symbol or a certain average of the symbol we prove the
necessity: i.e., boundedness of Toeplitz operator and finiteness of Berezin trans-
form imply certain behavior of average, see Theorem 3.4. In Theorem 3.5 we
collect the above information in one statement, so presenting a characterization
for boundedness of Toeplitz operators with radial symbols and with a condition
that either symbol or certain average of this operator is a nonnegative function.
We also present a reformulation for the weighted Lebesgue case, i.e. when the
Young function is given by Φ(t) = tp.

Acknowledgements Alexey Karapetyants is partially supported by the Russian
Foundation for Fundamental Research, projects 18-01-00094 and 18-51-05009.

2 Preliminaries

2.1 Notations
Given 1 ≤ p ≤ ∞ and −1 < λ <∞ we denote by Lpλ(D) the standard Lebesgue
space of complex valued functions on the disc D that are p - integrable with re-
spect to the measure dAλ. By A

p
λ(D) we denote the standard weighted Bergman

space, which is the closed subspace of Lpλ(D) consisting of analytic functions in
D. The index λ is suppressed from the notation, if it equals 0. By C∞0 (D) we
denote the space of compactly supported C∞-functions on the disc. Given an an-
alytic function f and m ∈ N = {1, 2, 3, . . .} we write f (m) for the m-th complex
derivative of f . By C,C1 etc. we denote generic positive constant(s), the value of
which may change from place to place but not in the same group of inequalities.
We use the Landau notation so that for example ”f(r) = O(g(r)), r → 1” means
that the quantity f(r)/g(r) remains bounded in the limit r → 1.

2.2 Orlicz spaces
Let us recall the definition of the weighted Orlicz space LΦ

λ (D) and some prop-
erties of Young functions Φ. For more details we refer the reader to the books
[9, 13, 19, 18, 14]. Let Φ : [0,∞] → [0,∞] be a Young function, i.e., a con-
vex function such that Φ(0) = 0, limx→∞Φ(x) = Φ(∞) = ∞. From the con-
vexity and Φ(0) = 0 it follows that any Young function is increasing. To each
Young function Φ one identifies the complementary function Ψ, which possesses

3



the same properties, by the rule Ψ(y) = supx>0{xy − Φ(x)}. Note that

t 6 Φ−1(t)Ψ−1(t) 6 2t for all t > 0. (2.1)

Let LΦ
λ (D) be the weighted Orlicz space consisting of all measurable functions f

on D such that ∫
D

Φ(k|f(z)|)dAλ(z) <∞, for some k > 0.

The functional

NΦ(f) = ‖f‖LΦ
λ (D) = inf

{
λ > 0 :

∫
D

Φ

(
|f(z)|
λ

)
dAλ(z) 6 1

}
defines a norm in LΦ

λ (D). By definition, LΦ
λ (D) is a lattice, i.e.

f ∈ LΦ
λ (D) and |g(z)| ≤ |f(z)| for a.e. z ∈ D ⇒

g ∈ LΦ
λ (D) and ‖g‖LΦ

λ (D) ≤ ‖f‖LΦ
λ (D). (2.2)

We will need the following indices

pΦ = sup{s > 0 : t−sΦ(t) is non− decreasing for t > 0};
qΦ = inf{s > 0 : t−sΦ(t) is non− increasing for t > 0}.

These indices were used first by Yamamuro [25] (see also [16]).
The following density result is a reformulation of Theorem 3.7.15 of [9],

where the unweighted version is presented, and it can be proved by the same
arguments as in the reference.

Lemma 2.1. Let Φ be a Young function and there exists q < ∞ such that Φ(t)
tq

is
almost decreasing. Then the space C∞0 (D) is a dense subspace of LΦ

λ (D).

Proof. Our space LΦ
λ (D) equals the space Lϕ(A, dµ) in Proposition 3.5.1 of [9],

when D, Φ and dAλ are taken as A, ϕ and dµ, respectively. Thus, according to
the citation, simple functions (see e.g. Section 3.5. of [9]) on the unit disc form
a dense subspace LΦ

λ (D). Furthermore, by classical, elementary arguments, sim-
ple functions can be approximated by functions of C∞0 (D) simultaneously with
respect to the norms of Lpλ(D) and Lqλ(D). Now, according to Lemma 3.7.7 of
[9], the space Lpλ(D) ∩ Lqλ(D) embeds continuously into LΦ

λ (D). This yields the
result.
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2.3 Classical operators
Along with the weighted Bergman projection Pλ, we will use the following oper-
ators, which are modifications of the classical Bergman projections:

P+
λ f(z) =

∫
D

f(w)

|1− zw|2+λ
dAλ(w), (2.3)

Ta,bf(z) = (1− |z|2)a
∫
D

f(w)

(1− zw)2+a+b
dAb(w), (2.4)

Sa,bf(z) = (1− |z|2)a
∫
D

f(w)

|1− zw|2+a+b
dAb(w). (2.5)

Theorem 2.2. ([3],[20]). Let λ, β > −1. Let Φ be a Young function and assume
that 1 < pΦ 6 qΦ <∞ and λ+ 1 < pΦ(β + 1). Then

1. Pβ is bounded in LΦ
λ (D);

2. P+
β is bounded in LΦ

λ (D).

The Theorem 2.2 was proved in [3] (and generalized to the weighted setting
in [20]) for the case of the Bergman projection and under some slightly different
assumption for Young function. In the citations the authors use the so-called lower
and upper indices, introduced and used first by Simonenko [21] in the context of
interpolation and extrapolation of Orlicz spaces. Here we use different Yamamuro
type indices pΦ, qΦ, and we do not assume continuity of Young function. But, the
proof of this modified version is the same as the proof in [20], moreover it clearly
holds for the maximal Bergman operator.

We also need some slight generalization of the above result.

Theorem 2.3. Let Φ be a Young function and assume that 1 < pΦ 6 qΦ < ∞.
Let a > 0, λ > −1, b > −1, and λ+ 1 < pΦ(β + 1). Then

1. Ta,b is bounded in LΦ
λ (D);

2. Sa,b is bounded in LΦ
λ (D).

Proof. There exists p0, 1 < p0 < pΦ, such that −p0a < λ + 1 < p0(b + 1).
Certainly, there exists p1 > qΦ such that −p1a < λ+ 1 < p1(b+ 1). Therefore by
Theorem 2.10 from [27] the operators Ta,b and Sa,b are bounded on Lp0

λ (D) and
on Lp1

λ (D). The rest of the proof follows by interpolation using Theorem 6.5, part
(c) from [16].
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Theorem 2.4. Let Φ be a Young function and assume that 1 < pΦ 6 qΦ < ∞.
Let λ > −1, m ∈ N and let f be an analytic function on D and denote

gm(z) =
m∑
k=0

(1− |z|2)kf (k)(z).

If f ∈ AΦ
λ (D), then gm belongs to AΦ

λ (D) and there holds the norm bound

‖gm‖LΦ
λ (D) 6 CΦ,λ,m‖f‖LΦ

λ (D), (2.6)

for some positive constant CΦ,λ,m depending on Φ, λ, and m.

Proof. Assume first f ∈ AΦ
λ (D). We choose b > 0 so large that λ+1 < pΦ(b+1)

and differentiate the reproducing formula

f(z) = Cb

∫
D

(1− |w|2)b

(1− zw)2+b
f(w) dA(w)

with respect to z under the integral sign several times to write for all k = 1, . . . ,m

(1− |z|2)kf (k)(z) = Ck,b(1− |z|2)k
∫
D

(1− |w|2)b

(1− zw)2+k+b
wkf(w) dA(w),

Here, the function zkf belongs LΦ
λ (D), by (2.2), hence the right hand side also

does by Theorem 2.3, since it is equal to Tk,b(zkf). The norm bound (2.6) is clear
due to (2.2).

2.4 Berezin transform
Recall that, on the unit disc, the weighted Berezin transform of a function f is
defined by

Bλf(z) ≡ f̃λ(z) =

∫
D
f(ϕz(w)) dAλ(w) =

∫
D
f(w)|kλz (w)|2 dAλ(w). (2.7)

Here

kλz (w) =
(1− |z|2)1+λ/2

(1− zw)2+λ
(2.8)

are the normalized weighted reproducing kernels of the classical weighted Bergman
space A2

λ(D) and ϕz(w) = (z−w)/(1− zw) is the Moebius transform of the unit
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disc. The (weighted) Berezin transform of a bounded operator T : A2
λ(D) →

A2
λ(D) is defined as

T̃ (z) = 〈Tkλz , kλz 〉λ =

∫
D
Tkλz (w)kλz (w)dAλ(w). (2.9)

The Berezin transform T̃
(λ)
a of the bounded Toeplitz operator T (λ)

a in A2
λ(D) with

symbol a coincides with the Berezin transform of the symbol ãλ. See [8, 27, 28]
for details.

If −1 < λ < ∞ and X is any Banach space of analytic functions on the
disc such that all bounded analytic functions are contained both to X and its dual
X∗ (determined by the integral duality with respect to the measure dAλ), and
T : X → X is a bounded operator, we define the Berezin transform T̃ of T by the
same formula (2.9).

Remark 2.5. It is known in the case of standard Bergman spaces that if the
Toeplitz operator T (λ)

a maps A
p
λ(D) boundedly into itself, then its Berezin trans-

form is a bounded function on the disc D. In fact, this follows directly from the
boundedness of T (λ)

a and the definition of T̃ (λ)
a , since the norm of kλz in A

p
λ(D),

respectively in A
q
λ(D) with 1/p+ 1/q = 1, is proportional to (1− |z|2)−1−λ

2
+λ+2

p ,
respectively (1−|z|2)−1−λ

2
+λ+2

q ; see also Theorem 7.5 of [28] and paper [22]. We
do not known in what generality this result extends to Orlicz spaces.

3 Toeplitz operators with radial symbols on AΦ
λ (D)

We start by an elementary technical statement, but we prefer to prove it explicitly
in order to show the dependence of the estimates on the constants.

Lemma 3.1. For w ∈ D, denote w = ρσ, where ρ = |w| and σ = w
|w| . There exist

a constant C such that

1

C(γ − 1)

1

(1− ρ|z|)γ−1
6
∫
T

|dσ|
|1− zw|γ

6
C

γ − 1

1

(1− ρ|z|)γ−1
(3.1)

Proof. If r = |z| 6 1
2

the two sided estimate (3.1) is obvious even with only
constants in the left and right side.

Let r > 1
2
. We have with the notation δ = 1− ρ|z| :

Iγ(z, ρ) =

∫
T

|dσ|
|1− zw|γ

=

∫
T

|dσ|
|σ − zρ|γ

= 4

∫ π
2

0

dα

(δ2 + 4r sin2 α)
γ
2

.
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For the estimate from below we note that sinα 6 α on [0, π
2
], hence

δ2 + 4r sin2 α 6 δ2 + 4rα2 6 (δ + 2
√
rα)2,

and

Iγ(z, ρ) > 4

∫ π
2

0

dα

(δ + 2
√
rα)γ

=
1

δγ−1

2√
r(γ − 1)

(
1−

(
δ

δ + π
√
r

)γ−1
)

>
1

δγ−1

2

(γ − 1)

1−

(
δ

δ + π√
2

)γ−1
 >

C1

γ − 1

1

(1− ρ|z|)γ−1
.

For the estimate from above we note that since sinα
α

is decreasing on [0, π
2
] one

has sinα > 2
π
α on [0, π

2
], and then we obtain

δ2 + 4r sin2 α > δ2 +
16

π2
rα2 >

(δ + 4
π

√
rα)2

2
.

Hence,

Iγ(z, ρ) 6 22+ γ
2

∫ π
2

0

dα

(δ + 4
π

√
rα)

γ
2

6
2
γ+1

2 π

(γ − 1)

1

δγ−1

(
1−

(
δ

δ + 2

)γ−1
)

6
C2

γ − 1

1

(1− ρ|z|)γ−1
.

Remark 3.2. It is a matter of calculus to show that

C1

(γ − 1)

1

(1− ρ|z|)γ+m−1
6

∂m

∂ρm

∫
T

1

|1− zρσ|γ
|dσ| 6 C2

(γ − 1)

1

(1− ρ|z|)γ+m−1
,

for m = 0, 1, 2, . . . .

We also make a remark that will be needed later: for all n ∈ N, and λ > −1
there exists a constant CΦ,n,λ > 0 such that

|f (n)(0)| ≤ CΦ,n,λ‖f‖LΦ
λ (D), (3.2)

for all f ∈ AΦ
λ (D). Indeed, for every 0 < r < 1 one has by the Cauchy integral

formula

f (n)(0) =
n!

2πi

∫ 2π

0

f(reit)

rn+1eint
reiti dt
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which yields for example for all 1/4 < r < 3/4

|f (n)(0)| 6 n!

2π

∫ 2π

0

|f(reit)|
rn

dt 6 C

∫ 2π

0

|f(reit)|(1− r2)λr dt

for some constant C > 0 depending on n and λ. Integrating both sides over (1
4
, 3

4
)

with respect to r, we obtain

|f (n)(0)| 6 2C

∫ 3
4

1
4

dr

∫ 2π

0

|f(reit)|(1− r2)λr dt

6 C1

∫
D
|f(z)| dAλ(z) 6 C1‖f‖LΦ

λ (D).

Here we used the Hölder inequality and the fact that the weight (1 − r2)λ is
bounded from below and above by positive constants for the given r-interval.

Now we are in position to formulate and prove our main results. Let us intro-
duce the averages:

B
(0)
a,λ(r) = a(r),

B
(1)
a,λ(r) =

∫ 1

r

a(t)(1− t2)λtdt,

B
(j)
a,λ(r) =

∫ 1

r

B
(j−1)
a,λ (t)dt, j = 2, 3, . . . .

Theorem 3.3. Let Φ be a Young function with 1 < pΦ 6 qΦ <∞. If there exists
m ∈ N ∪ {0} such that
(i) B

(m)
a,λ (r) = O

(
(1− r)m+λ

)
, r → 1,

then
(ii) the Toeplitz operator T (λ)

a : AΦ
λ (D) → AΦ

λ (D) is well-defined and bounded,
and its Berezin transform T̃λ is a bounded function.

Proof. We first prove the boundedness of the Toeplitz operator. By Lemma 2.1
we know that polynomials form a dense set in AΦ

λ (D), hence at least for f being
a polynomial we have:

T (λ)
a f(z) =

∫
D

a(w)f(w)

(1− zw)2+λ
dAλ(w)

=
λ+ 1

π

∫
T
|dσ|

∫ 1

0

a(ρ)f(ρσ)

(1− zρσ)2+λ
(1− ρ2)λρdρ
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=
λ+ 1

π

∫
T

[ m∑
j=1

B
(j)
a,λ(0)

(
∂j−1

∂ρj−1

f(ρσ)

(1− zρσ)2+λ

) ∣∣∣∣
ρ=0

+

∫ 1

0

B
(m)
a,λ (ρ)

(
∂m

∂ρm
f(ρσ)

(1− zρσ)2+λ

)
dρ

]
|dσ|. (3.3)

We note that

∂j

∂ρj
f(ρσ)

(1− zρσ)2+λ
=

j∑
k=0

Cj
k

(
∂k

∂ρk
f(ρσ)

)(
∂j−k

∂ρj−k
1

(1− zρσ)2+λ

)

=

j∑
k=0

Ak,j,λ(z, σ)f (k)(ρσ)
1

(1− zρσ)2+λ+j−k ,

where Ak,j,λ(z, σ) = Ck,j,λz
j−kσ2k−j with some constants Ck,j,λ. Therefore,

T (λ)
a f(z) =

λ+ 1

π

m∑
j=1

B
(j)
a,λ(0)

j−1∑
k=0

f (k)(0)

∫
T
Ak,j−1,λ(z, σ)|dσ|

+
λ+ 1

π

∫
T
|dσ|

∫ 1

0

B
(m)
a,λ (ρ)

(
∂m

∂ρm
f(ρσ)

(1− zρσ)2+λ

)
dρ

and the first double sum is nonzero only if j is even and k = j
2
.

Regarding the second term, taking into account that

(1− ρ2)m−k

|1− zρσ|2+λ+m−k 6 C
1

|1− zρσ|2+λ

uniformly in z ∈ D, σ ∈ T, we calculate

∣∣Im,a,λf(z)
∣∣ ≡ ∣∣∣∣ ∫

T
|dσ|

∫ 1

0

B
(m)
a,λ (ρ)

(
∂m

∂ρm
f(ρσ)

(1− zρσ)2+λ

)
dρ

∣∣∣∣
6 C

∫
T
|dσ|

∫ 1

0

(
m∑
k=0

(1− ρ2)k|f (k)(ρσ)|

)
(1− ρ2)λ

|1− zρσ|2+λ
dρ

= C1

∫
D

∑m
k=0(1− |w|2)k|f (k)(w)|
|1− zw|2+λ

dAλ(w)

= C1P
+
λ gm(z), (3.4)
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where P+
λ is as in (2.3) and we denoted

gm(z) =
m∑
k=0

(1− |z|2)kf (k)(z).

The function gm belongs to LΦ
λ (D) due to f ∈ AΦ

λ (D) and Theorem 2.4, and we
have the bound

‖gm‖AΦ
λ (D) 6 C‖f‖AΦ

λ (D), 1 < p <∞, λ > −1.

This, together with Theorem 2.2 imply P+
λ gm ∈ AΦ

λ (D) and

‖P+
λ gm‖AΦ

λ (D) 6 C‖gm‖AΦ
λ (D), 1 < p <∞, λ > −1. (3.5)

Gathering all estimates (3.3)–(3.5), we arrive at the conclusion that the Toeplitz
operator T (λ)

a is bounded,

‖T (λ)
a f‖AΦ

λ (D) 6 C‖f‖AΦ
λ (D)

since the constant C > 0 can be chosen independently of f ∈ AΦ
λ (D).

As for the boundedness of the Berezin transform, we have for all z ∈ D, by
the Fubini theorem and the reproducing kernel property,

T̃ (λ)
a (z)

=

∫
D

∫
D

a(w)(1− |w|2)λ

(1− ζw̄)2+λ

(1− |z|2)1+λ/2

(1− z̄w)2+λ

(1− |z|2)1+λ/2

(1− zζ̄)2+λ
(1− |ζ|2)λdA(w)dA(ζ)

=

∫
D

a(w)(1− |w|2)λ

(1− zw̄)2+λ

(1− |z|2)2+λ

(1− z̄w)2+λ
dw = (1− |z|2)1+λ/2T (λ)

a kλz (z) (3.6)

The estimate ∣∣∣ ∂k
∂wk

kλz (w)
∣∣∣ ≤ Ck

(1− |z|2)1+λ/2

|1− zw̄|2+λ+k
(3.7)

follows just by differentiating the formula (2.8). For a fixed z ∈ D, we take
f = kλz in (3.3)–(3.4) and apply this to (3.6) so that together with (3.7) we obtain
the bound

|T̃ (λ)
a (z)| = (1− |z|2)1+λ/2

∣∣T (λ)
a kλz (ζ)

∣∣
≤ (1− |z|2)1+λ/2

∫
D

m∑
k=0

(1− |w|2)k

|1− zw|2+λ

∣∣∣ ∂k
∂wk

kλz (w)
∣∣∣dAλ(w)
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≤ (1− |z|2)1+λ/2

∫
D

m∑
k=0

(1− |w|2)k

|1− zw|2+λ

(1− |z|2)1+λ/2

|1− zw̄|2+λ+k
dAλ(w)

= (1− |z|2)2+λ

∫
D

m∑
k=0

(1− |w|2)k+λ

|1− zw̄|4+2λ+k
dA(w). (3.8)

By the Forelli-Rudin-estimates∫
D

m∑
k=0

(1− |w|2)λ+k

|1− zw|4+2λ+k
dA(w) ≤ Cm(1− |z|2)−2−λ, z ∈ D,

so that |T̃ (λ)
a (z)| has an upper bound independent of z, as claimed.

Theorem 3.4. Let 1 < p <∞, let Φ be a Young function, and assume that there
exists m ∈ N ∪ {0} such that the average B(m)

a,λ is nonnegative a.e. in (0, 1).
If
(ii) the Toeplitz operator T (λ)

a : AΦ
λ (D) → AΦ

λ (D) is well-defined and bounded,
and its Berezin transform T̃a is a bounded function,
then we have
(i) B

(m+1)
a,λ (r) = O

(
(1− r)m+1+λ

)
, r → 1.

Proof. We assume that T (λ)
a maps AΦ

λ (D) boundedly into itself and the Berezin
transform T̃

(λ)
a is a bounded function of z ∈ D. We have by the definition of

Berezin transform

T̃ (λ)
a (z) = ãλ(z) =

∫
D
a(w)|kλz (w)|2dAλ(w)

=
λ+ 1

π

∫
T
|dσ|

∫ 1

0

a(ρ)|kλz (ρσ)|2(1− ρ2)λρdρ

=
λ+ 1

π
(1− |z|2)2+λ

∫
T
|dσ|

∫ 1

0

a(ρ)
(1− ρ2)λ

|1− zρσ|4+2λ
ρdρ.

Here we denoted w = ρσ, where ρ = |w| and σ = w
|w| . If m = 0, then using

Lemma 3.1 we estimate∣∣∣T̃ (λ)
a (z)

∣∣∣ =
λ+ 1

π
(1− |z|2)2+λ

∫
T
|dσ|

∫ 1

0

a(ρ)
(1− ρ2)λ

|1− zρσ|4+2λ
ρdρ

=
λ+ 1

π
(1− |z|2)2+λ

∫ 1

0

a(ρ)(1− ρ2)λρdρ

∫
T

|dσ|
|1− zρσ|4+2λ
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> C(1− |z|2)−1−λ
∫ 1

0

a(ρ)(1− ρ2)λρdρ

> C(1− |z|2)−1−λ
∫ 1

|z|
a(ρ)(1− ρ2)λρdρ

= C(1− |z|2)−1−λB
(1)
a,λ(|z|).

This along with the boundedness of the function T̃ (λ)
a on D implies the validity of

(i) for m = 0.
Let now m ∈ N. Integrating by parts and neglecting the outer terms when

ρ = 1, we have

Ja,λ(z, σ) ≡
∫ 1

0

a(ρ)|kλz (ρσ)|2(1− ρ2)λρdρ

= (1− |z|2)2+λB
(1)
a,λ(0) +

∫ 1

0

B
(1)
a,λ(ρ)

∂

∂ρ
|kλz (ρσ)|2dρ

=
m∑
j=1

B
(j)
a,λ(0)

(
∂j−1

∂ρj−1

∣∣kλz (ρσ)
∣∣2) ∣∣∣∣

ρ=0

+

∫ 1

0

B
(m)
a,λ (ρ)

∂m

∂ρm
∣∣kλz (ρσ)

∣∣2 dρ
≡ J

(1)
a,λ(z) + J

(2)
a,λ(z, σ)

The term

J
(1)
a,λ(z) = (1− |z|2)2+λ

m∑
j=1

B
(j)
a,λ(0)

(
∂j−1

∂ρj−1

1

|1− zρσ|4+2λ

) ∣∣∣∣
ρ=0

is bounded for each z ∈ D, and when |z| → 1 it behaves as

J
(1)
a,λ(z) = O

(
(1− |z|2)2+λ

)
, |z| → 1.

Further,∫
T
J

(2)
a,λ(z, σ)|dσ| =

∫
T
|dσ|

∫ 1

0

B
(m)
a,λ (ρ)

∂m

∂ρm
∣∣kλz (ρσ)

∣∣2 dρ
=

∫ 1

0

B
(m)
a,λ (ρ)dρ

∂m

∂ρm

∫
T

∣∣kλz (ρσ)
∣∣2 |dσ|

= (1− |z|2)2+λ

∫ 1

0

B
(m)
a,λ (ρ)dρ

∂m

∂ρm

∫
T

1

|1− zρσ|4+2λ
|dσ|.
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Hence,∣∣∣∣∫
T
J

(2)
a,λ(z, σ)|dσ|

∣∣∣∣ > C(1− |z|2)2+λ

∫ 1

0

B
(m)
a,λ (ρ)

1

(1− ρ|z|)3+2λ+m
dρ

> C(1− |z|2)2+λ

∫ 1

|z|
B

(m)
a,λ (ρ)

1

(1− ρ|z|)3+2λ+m
dρ

> C(1− |z|2)−m−1−λ
∫ 1

|z|
B

(m)
a,λ (ρ)dρ

= C(1− |z|2)−m−1−λB
(m+1)
a,λ (|z|).

Therefore, as above, we see that the condition (i) must be satisfied. This concludes
the proof of the necessity of the condition (i).

We reformulate the previous results as the following necessary and sufficient
condition concerning the boundedness of the Toeplitz operator. Of course, condi-
tion (ii) can be simplified in the (many) cases, where one can deduce the bound-
edness of the Berezin transform from the boundedness of the Toeplitz operator;
see also Remark 2.5.

Theorem 3.5. Let Φ be a Young function with 1 < pΦ 6 qΦ < ∞ and assume
that there exists m ∈ N ∪ {0} such that the average B(m)

a,λ is nonnegative a.e. in
(0, 1). Then, the following are equivalent:

(i) B
(m+1)
a,λ (r) = O

(
(1− r)m+1+λ

)
, r → 1,

(ii) the Toeplitz operator T (λ)
a : AΦ

λ (D) → AΦ
λ (D) is well-defined and bounded,

and its Berezin transform T̃
(λ)
a is a bounded function.

As a corollary we reformulate the Theorem 3.5 for the case of the weighted
Lebesgue space (i.e., Φ(t) = tp).

Theorem 3.6. Let 1 < p < ∞, and there exists m ∈ N ∪ {0} such that the
average B(m)

a,λ is nonnegative a.e. in (0, 1). Then, the following are equivalent:

(i) B
(m+1)
a,λ (r) = O

(
(1− r)m+1+λ

)
, r → 1,

(ii) the Toeplitz operator T (λ)
a : Ap

λ(D)→ A
p
λ(D) is well-defined and bounded.

The reader will have no difficulty to reformulate Theorems 3.3 and 3.4 for the
case of the weighted Lebesgue space with Φ(t) = tp.
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