ON BOUNDEDNESS AND COMPACTNESS OF TOEPLITZ
OPERATORS IN WEIGHTED H*-SPACES.
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ABSTRACT. We characterize the boundedness and compactness of Toeplitz op-
erators T, with radial symbols a in weighted H°°-spaces H;° on the open unit
disc of the complex plane. The weights v are also assumed radial and to satisfy
the condition (B) introduced by the second named author. The main technique
uses Taylor coefficient multipliers, and the results are first proved for them. We
formulate a related sufficient condition for the boundedness and compactness of
Toeplitz operators in reflexive weighted Bergman spaces on the disc.

We also construct a bounded harmonic symbol f such that T is not bounded in
H?2° for any v satisfying mild assumptions. As a corollary, the Bergman projection
is never bounded with respect to the corresponding weighted sup-norms. However,
we also show that, for normal weights v, all Toeplitz operators with a trigonometric
polynomial as the symbol are bounded on H°.

1. INTRODUCTION AND PRELIMINARIES ON TOEPLITZ OPERATORS.

In this paper we consider the boundedness and compactness of Toeplitz operators
on weighted sup-normed spaces of holomorphic functions H;° on the open unit disc D
of the complex plane. By a weight v we mean here a continuous function D —]0, oo|
which is radial, vanishing on the boundary and decreasing with the radius, i.e. there
holds v(z) = v(|2]) for all z € D, lim,|1v(2) =0 and v(r) > v(s) if 1 > s> r > 0.
Moreover let p be the area measure dA on D multiplied with v as density, i.e.
du(re*?) = vdA = v(r)rdrde, where r, ¢ are the polar coordinates of the complex
plane. For 1 < p < oo consider first the spaces

LP = {g : D — C measurable : [|g||F, := / lg|Pdu < oo} and
D

AP = {h € LP : h holomorphic },

which are denoted by LP = (LP,||-||,) and AP, respectively in the non-weighted case
(v is replaced by the constant 1). The Bergman space AP is a closed subspace (see
below) of LP, and the Bergman projection P, is defined as the orthogonal projection
of L2 onto A2. In the non-weighted case it has the integral representation

Pots) =+ [ a0,

T 1—2¢)

For an integrable function f € L', the Toeplitz operator Ty with symbol f is defined
in the space A? > h by

(1.1) Tih(z) = By(fh)(2),

if the expression on the right-hand side makes sense. (We will soon comment this
in detail for our case.) If, for example, the projection P, is also a bounded operator

LF — AP 1 < p < o0, it follows that Ty : AP — AP is bounded, whenever f is a
1
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bounded measurable function. The question of the boundedness of T on AP with
unbounded symbols is a long-standing, still open problem. Examples of unbounded
symbols inducing bounded Toeplitz operators can be easily constructed, since the
behaviour of the symbol inside any compact subset of D is not important for the
boundedness of the operator. We refer to the papers [6], [7], [8], [10], [11], [16],
[17], [19], [21], [22], [23], [24], [25], [26], [27], [28], [29] for classical and recent results
on the boundedness and compactness of Toeplitz operators on Bergman spaces. In
particular a solution to the boundedness problem is known in the case of radial
symbols, if p = 2, also in many weighted cases and higher dimensional domains in
place of D. Also, the case of a positive symbol f(z) > 0V z € D can be treated with
the help of the Berezin transform. The references above mostly concern unweighted
Bergman spaces or spaces AP with standard weights like v(z) = (1 — |2]?)*, a > 0.
In the present paper, Theorem 3.6, we will provide a characterization of the
boundedness and compactness of T} in the case p = 0o and for a general class of
weights. Thus, in the case of radial symbols this question remains unsolved only for
1 <p<2and 2 < p < oo; however, our necessary and sufficient condition (3.7)
seems quite a lot more complicated for p = oo than for p = 2 (see (5.1)). Anyway,
both conditions involve the Hausdorff moments of the symbol on the unit interval,
see (3.23), (3.24). (We do not have an idea how to interpolate between the two
cases. The situation is somewhat analogous to the problem of describing the solid
hulls and cores of the spaces AP and H°, see [2]. Both of these objects can be
described in the cases p = 2 and oo, but for other p there are only partial results.
Actually, this phenomenon is not completely unrelated with Toeplitz operators.)
We define the Banach spaces to be considered by

hy? = {h:D — C: h harmonic, | A, := sup |h(2)|v(|z]) < oo}
zeD

and
H* ={h € h° : h analytic };

we use the standard notation H>* = (H*, || ||« ) in the non-weighted case. We need
to comment the definition of Toeplitz operators in the case of H2°. In the Hilbert
spaces L2 and A% we denote the inner product by

(r9) = [ tadn

Then, the functions ey (z) = F;kl/Qz"‘, where k € Ny ={0,1,2,...} = NU {0} and
1
(1.2) [y = 27?/ r*u(r)dr for k € Ny,
0

form an orthonormal basis of A2. We remark that the numbers T'), satisfy for all
0 < o < 1 and some constant (), , > 0 the following lower bound

(13) Fk Z Cv,ng

for every k € Ny. This follows from (1.2) by considering the integral e.g. over the
interval [o,1 — (1 — 0)/2] only.

Convergence in the space A?, 1 < p < oo, with respect to the norm || -||,,, implies
pointwise convergence (hence A? is a closed subspace of L?), and thus the point eval-
uation functionals at any point of D are bounded functionals on A?. Consequently,
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we find the reproducing kernel, i.e. a family of functions K, € A%, 2 € D, such that

(1.4) 9() = (g, K.) = / 9(w)F-(w) dyu(w)

D

for all g € A2. The integral operator defined by the right hand side can be extended
to L?, and it actually defines the orthogonal projection from L2 onto A2, i.e. the

Bergman projection P,; see [4], [5]. Using the orthonormal basis we can write for
all z € D

(15) Paglz) = - {g exdenz) = [ - Tglwdu(w)

k=0

Here, the order of the summation and the integral can be changed, because (1.3)
leads for any fixed z € D to the estimate

2.ty
> Cy,
L' No /"

and we can choose here p > |z| so that the sum on the right-hand side of (1.5)
converges well enough. Moreover, the estimate (1.6) implies that for every z € D
the Bergman kernel K, is a bounded function:

(1.7) | K. (w)] < C, for all w e D.
Now let f : D — C be a function which belongs to L'. We define the Toeplitz
operator Ty with symbol f on H;° by

(18) Ty(h) = / F(w)h(w)Ko(w) dya(aw).

(1.6)

It follows from (1.7) that the integral converges for all z € D and for all h € H®,
since by definition hv € L. Although T¢h of (1.8) is a well-defined holomorphic
function it might not be an element of H;° and T might not be a bounded operator
H> — H®. Actually it is an elementary consequence of the closed graph theorem
that T’ is a bounded operator Hy® — H{° if and only if Tp(H°) C H°. (We remark
that the a priori assumption f € L' is usual also in the theory of Toeplitz operators
in the reflexive Bergman spaces, but in that case this assumption does not guarantee
that the defining integral (1.8) converges for all h € AP. From this point of view,
the case p = oo is more simple.)
If h € H* is such that f-h € L2 we also have

o0

(Tyh)(2) = S0 - henden(2)

n

Il
o

— / Fw)h(w)@ v(w)dA |

[M]¢

(1.9)

S
I
o

where the series converges in L?. However, the formula also holds for all h € H®
(since we are assuming f € L') and the product fhv thus belongs to L', and one
can commute the summation and integration in (1.8), due to (1.6). In the latter
case, the sum (1.9) converges uniformly for z in compact subsets of the disc.
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Remark 1.1. Let us make some general comments on the definition of Toeplitz
operators. In the case of Bergman spaces with weighted L?-norms, the way of
defining Toeplitz operators is clear, namely, by using the uniquely defined orthogonal
projection from L? onto the closed subspace of analytic functions. Concerning the
definition of Toeplitz operators in Banach spaces which are not Hilbert spaces, one
naturally proceeds in the same way, if the orthogonal projection is still a bounded
operator in the space in question; see also the above remark on the use of the closed
graph theorem.

This is however not the case here: in [5] it was shown that for the exponentially
decreasing weight v(z) = exp(—1/(1 — |z])), the orthogonal projection L? — A? is
bounded in L? if and only if p = 2. We also extend this result here in Corollary
2.4. Moreover, in [14] the second named author proved that the mere existence of
a bounded projection from LI° onto H° is equivalent to Hy° being isomorphic to
the Banach space ¢*° which in turn is equivalent to v satisfying a so called condition
(B); see Definition 3.1, below. For example, the exponentially decreasing weight
mentioned above satisfies (B), but there also exist natural weights which do not, like
v(2) = (1—log(1—|z]))~! (see the statement after Theorem 1.2. of [14] and Example
2.4. of the same paper for other examples). Even if condition (B) is satisfied, there
does not exist a natural choice of a bounded projection from L{° onto H;°. The
result in [14] is basically an existence proof for the bounded projection and does
not contain an explicit formula. Formulas for these projections were presented in
[15], but apparently there is no obvious choice for a canonical one, which could
replace the orthogonal projection. In view of these remarks it is natural to consider
Toeplitz operators defined via the orthogonal projection of L2, since this can be
done in all H °-spaces and the definition is in accordance with the tradition in the
simple cases like the standard weights v(r) = (1 — )%, a > 0; see [28]. The symbol
needs to satisfy non-trivial, relatively strong conditions in order to make the Toeplitz
operator bounded, cf. Theorem 2.3.

As for the contents of this paper, we recall in Section 2 the known fact that
a Toeplitz operator Ty on H;° with holomorphic symbol is a bounded operator
H> — H*if and only if f is an element of H*°. The situation is completely different
if harmonic symbols are considered instead of holomorphic ones. In particular we
construct in Theorem 2.3 a bounded harmonic function f : D — C such that T}
is unbounded on H;° for every weight v. This result also has the consequence,
Corollary 2.4, that the Bergman projection P, is never bounded on L:°.

Moreover in Section 3 we give our characterization of the continuity and compact-
ness of Toeplitz operators with radial symbols in H2°, see Theorem 3.6. Toeplitz
operators with radial symbols are nothing but Taylor coefficient multipliers. They
are studied at first in Section 3. Our main result for multipliers, Theorem 3.4, is a
generalization of a result in [13].

The negative result of Theorem 2.3 motivates the further studies of Toeplitz op-
erators with bounded symbols in Section 4. We show, among other things that any
Toeplitz operator with a trigonometric polynomial as the symbol is bounded, at
least if the weight is normal. In Section 5 we put the condition (3.7) of Theorem 3.6
into a form which is natural for the Bergman spaces A?, 1 < p < 0o, and show that
the condition is sufficient for the boundedness of 7 in that case, see Proposition
5.1.
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As for the notation on analytic function spaces and operators in them, we refer
to [28]. All function spaces are defined over the domain I unless otherwise stated.
In addition we only remark that ¢, C', C, etc. denote generic positive constants the
exact value may change from place to place. We sometimes denote the pointwise
multiplication by f - h for clarity.

2. TOEPLITZ OPERATORS WITH HOLOMORPHIC AND HARMONIC SYMBOLS

Let us consider a symbol f : D — C which is holomorphic and integrable over
the disc, i.e. f € Al If h € H®, then f - h is holomorphic on I so that there are
numbers a,, € C with

(f - h)(re*¥) = io:anr"e“w.
=0

This implies in view of (1.8), (1.4) that Tf(h) = f-h. Hence T} is just the pointwise
multiplier with symbol f; we denote this operator by S; as the notation M will be
reserved for the coefficient multiplier, see Section 2.

The following result for multiplication operators is known, see [1], and by the
above explanation it can also be interpreted as a result for T, f € A'. This
seemingly simple result should be compared with Theorem 2.3, below.

Proposition 2.1. Let f : D — C be holomorphic. Then Sy is a bounded operator
H® — H® if and only if f € H>®. Assuming in addition f € A", the operator T}
is bounded Hy — H>*, if and only if f € H*.

v o

Since the reference does not contain a proof and since our weights are pretty
general, we prove the necessity statement for the multiplier; the other parts are
quite trivial. Indeed, if Sy is continuous on H;°, then its transpose map S} :
(H)* — (HZ®)* is continuous in the dual space ((H, l.). Clearly, given
z € D, the point evaluation functional ¢, : f — f(2) belongs to the dual, and we
have S +(02) = f(2)d, for each z € D. Therefore

[F () = 1570 /110= ]« < 157 llop = 115¢]lop

for all z € D, where we denoted by || - ||op the operator norm in the relevant spaces.
We get f € H™.

We have the following corollary.

Corollary 2.2. For any weight v there is an element f € H° N L' such that Ty is
unbounded on H:°.

For the same reason as above, let us sketch the proof that the set (H°NL')\ H>
is non-empty. First, the usual argument based on Montel’s theorem and the assump-
tion on the vanishing of the weight v on the boundary imply that the embedding
H> — H is compact. The sequence of monomials (2")22 ; is bounded in H* and
converges to 0 uniformly on compact subsets of D, hence ||z"||, — 0 as n — oo (see
[20], Section 2.4). Also [|z"]|; — 0 and ||2"||s = 1 for all n, by direct calculations.

If the space H>™ were equal to H° N L', the closed graph theorem would yield a
constant C' > 0 such that

(2.1) 1Allee < Cmax([[Rly, [[2]]1)
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for all h € H* (since the converse of the inequality (2.1) holds trivially). We get a
contradiction from the above norm estimates for the monomials 2".

We proceed to study the case of harmonic symbols, which is much more compli-
cated. Since the Bergman projection is known to be unbounded with respect to the
norm || - ||, for many weights v, one may expect that there are examples of bounded
symbols f € L* so that T is not a bounded operator from H;° into itself. While
we do not exactly know such examples in the literature, let us mention Section 5 of
[18], where possible pathologies of Toeplitz operators with bounded symbols were
considered in the case of reflexive Bergman spaces on polygonal domains. In the
following theorem we find a very strong negative example; cf. also Proposition 2.1.

Theorem 2.3. There is a bounded harmonic function f : D — C such that Ty is
not a bounded operator Hy° — H:° for any weight v on D.

Since the pointwise multiplication with a bounded function f is always a bounded
operator H° — Lg°, this result immediately implies the following conclusion.

Corollary 2.4. The Bergman projection P, is never (for any weight under consid-
eration) a bounded mapping L — L.

Namely, if P, were bounded, this would imply 7} : Hy° — H:;° is bounded for
every f € L*, which would contradict Theorem 2.3.

As was already explained in Remark 1.1, in spite of Corollary 2.4 the Banach space
H?* is quite often complemented in L;°, which means that there exists a bounded
projection P : Ly° — H>* different from F,. This happens, if and only if H;° is
isomorphic to £*°, and if and only if the weight v satisfies condition (B) of Definition
3.1. This is true for example for all normal weights, see [14] for details.

To prove Theorem 2.3 we need some lemmas. Fix a weight v on D. Let fo : D —

C be the map with

= 1, if —7/2<p<7n/2
fole ea):{ 0 /else(.p /

Then, the following is true.

Lemma 2.5. Let fy be the harmonic extension of fo on D. We have

1 1 = (_1)k 2k+1 =2k+1
k=0

Clearly, fy is bounded on the disc due to the maximum principle.

Proof. Let ay, k € Z, be the Fourier coefficients of f~0. Then we have

/2
1 / —ikt eikm/2 _ p—ikm/2  cilklm/2 _ p—ilk|m/2
2m 2kmi 2(k|mi
—m/2
—1)J . )
_ o k=241
0 else,

provided that k # 0. Moreover, ag = 1/2. This proves the lemma. [J



TOEPLITZ OPERATORS IN WEIGHTED SPACES 7

Lemma 2.6. Let

00
— E 2k+1
Z) — A2k+1< ) KAS ]D)a
k=0

for some ay. Put (Sf)(z) = (f(z)_— if(iz))/2. Then

2) = agpz* and lSTlp [(Sf)(2)] < |31|1p |£(2)]
k=0 o o

for all r.

Proof. The first assertion follows from

2 if k is even
.2k E_
1-8- 7 =14 (1) —{o if J s odd.

The second assertion is trivial. [J

Consider m > 0 and let 7, be a point where the function r™wv(r) attains its
absolute maximum on [0, 1]. We easily see that r,, > r,, if n > m and lim,,, , 7., =
1; see for example [12] for details.

Let us set for all m € Ny

rmezmgo

m i _—, ¥ e D.
gm(re’?) = T re

Then ||gml|l» = 1. Recalling the notation (1.2) for I'y we state the following result.

Lemma 2.7. Let f : D — C be harmonic, say f(re’) =3 o __ bpri*le®. For all
m € Ny we have

22)  THom)re?) = S b ;+ S bl
prd Lo rmo(r,,) W rma( rm)
Proof. This follows from
. A il il +m)p
F(re) - gu(re®) = 3,
; ’ Trrrrzlv(rm)

0 ,rkeik:cp 7,2m k zk:(p
P PR ="

and (1.9). O

Proof of Theorem 2.3. We take f;, of Lemma 2.5 and show that 7%, is un-
bounded on H;°. Put

(241 4 22!
; 2 + 1 + 271

It suffices to show that T} is unbounded since Ty, = Tj/5 + 7T_1Tf1 and Ti/p is
bounded. Fix a positive integer m, say m = 4mq for my € N. Then
) { odd if k£ is odd odd if 5 is odd
k—mis

even if k is even even if j is even.

and jJ —2myg is {
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Lemma 2.7 yields with by = 0, if k is even, and with b, = (—1)*/|2k + 1| if k is odd

m ) .
) FQm rkezktp Tkezktp
Tt (gm)(re'?) = Z bj— + Z by.—
1 (gm) (re”?) P " Do ™0 (1) Nt " rmy (1)
k odd k odd

Using Lemma 2.6 we obtain

SThign))re?) = 3 byiim

0<4j+1<m

Ty, riitleii+the

F8j+2 rmv(rm)

7”4j+1€i(4j+1)@

AP DL e

m+1<4j5+1<co

Recall that byji1_m = 1/|4(j —mo) + 1|. So if we take ¢ = 0 then all summands in
the preceding sum are non-negative. Hence

Tim 1 T = (74)7 =, pAitt
5 Og<1—r;;> > j _Z4j+1

J=1

_ ()
= Y b < S(T () ()0 (rn)

. o (rm)
m+1<47+1<oco
< 15(T5 (gm)llo < 1T, (gm) -

Since lim,, .o, 7, = 1, the left-hand side of the preceding estimate grows to the
infinity, when m — oo. Hence T}, and also T, cannot be bounded. [J

3. MULTIPLIERS FROM h;° INTO HJ° AND TOEPLITZ OPERATORS

Toeplitz operators with radial (thus in general non-harmonic) symbols on the disc
correspond to Taylor coefficient multipliers so we proceed to study them. At first we
mention some general results concerning the Banach space hi°. These are collected
from the references [12], [14] and [15]. We recall that the numbers r,, €]0, 1] were
defined above Lemma 2.7.

Definition 3.1. (i) The weight v satisfies the condition (B), if
Vby >1dby >1dec>0Vm,n >0

(r—m) v(rm) <b, and m,n,j/m—n|>c = (T—n) v(rn) < by.

T v(ry) Tm) v(rm)
(17) Also, v is called normal if
o(1—27") . v(1-2""")
ilelg m < oo and iirellfw hinj;ip m < 1.

Note that in (), m and n need not be integers. Condition (B) is crucial for the
structure, in particular for the isomorphic character of H°. Actually it is equivalent
to the fact that H;° is isomorphic to the Banach space ¢ of bounded sequences
(Theorem 1.1 of [14]). Examples of weights satisfying (B) are all normal weights, in
particular the standard weights v(r) = (1 — r)* (or v(r) = (1 — r?)®) where o > 0.
Moreover, for 3 > 0 and v > 0 the weight v(r) = exp(—7/(1 —r)?) satisfies (B) but
is not normal; see [14].
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Fix b > 2. We define by induction the indices 0 < m; < ms < ... such that

b — min (( T, )mn U(Tmn) : (,r,anrl)mm-l U<Tmn+1)) .
Tmpy1 U(Tmnﬂ) Tmp (T, )

This is always possible according to Lemma 5.1. of [14]. (Actually it suffices to
choose the indices such that the preceding minimum lies between b and some con-
stant by > b.)

Now let the numbers by € C, k € Z, be given and denote by h(p) = >, bre™?
a series which may or may not converge. We take the preceding numbers m,, and
put for all n € N

(th)(@) _ Z ’k| _ [mnfl] bkeikgp + Z [anrl] — ’k’ bkeikgp

[mn] = 111 [mnia] = [mn]

mn—1<|k5‘§mn

=: g Wybpe'?

kEZ

mn<|k|§mn+1

where mg = 0. Here [r] is the largest integer not greater than r. The operators W,
are also considered as acting on the harmonic functions by

oo o
W, : g brFletke E Wb e

k=—o0 k=—o00

For any function g : D — C and radius 0 < r < 1 we denote

Mu(g,7) = sup |g(z)|.

|z|=r

The Riesz projection P is defined by

(3.1) P<Zakr‘k‘eik¢> = iakrkeﬂw.

k€ k=0
Theorem 3.2. Let v satisfy (B). Then there are constants cy,cy > 0 such that,
forall g € hP,

(3.2) 1 sup Moo (Wog, T, )0(Tm,) < |9l < casup Moo (Wig, 7, )0 (7im,,)
neN neN

and
(3.3) 1Moo (Wi g, T, )0 (1, ) < IWaglle < coMoo(Wag, 7m,, )0 (7, )
for all n. Moreover,

(3.4) sgp(mnﬂ —mp) /(Mg —my_1) < 00.

Finally, the Riesz projection P : hi® — H° is bounded.

This is Theorem 1 of [15]. See also Propositions 4.1. and 5.2. of [14]. One can
even show that the boundedness of the Riesz projection in h{° is equivalent to (B)
(for details, see [14]).

Remark 3.3. If a sequence (by)72 _ . of complex numbers is given such that

oo
sup Moo< Z wnkbkr‘k|eikwarmn>v(rmn)

neN
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ko ik
g Whibgry, €7 (0(Th,, ) < 00,

mn71<|k‘§mn+1

(3.5) = sup sup
neN pe(0,27]

then the series defining the harmonic function g(re®) = 37 __ byrl*le?*® converges
in the compact-open topology, and g belongs to h® and ||g||, is bounded by a
constant times the expression in (3.5). For this statement, see Remark 1, (iii) of
[15].

Examples. If v is normal then one can take m,, = 2¥" for suitable fixed k > 0

(see [14], Example 2.4., and [12]). For v(r) = exp(—~/(1 — r)?) one can take
my, = B2(B/7) P n?T2/8 — 32n? | see [2].

We next turn to a theorem which was proven for a more restricted class of weights
in Theorem 4.1 of [13]. In the theorem we assume that a sequence ()52, of com-
plex numbers is given, and consider the formal series f(p) = > ;o e™* and the
multiplier My with

(3.6) (M;h)(re'? Z”ka rkethe

for harmonic functions h(re?) =377 bkr‘k‘elw. By definition, Mh is holomor-
phic, if the series (3.6) converges.

Theorem 3.4. Let the weight v satisfy condition (B). Then My maps hi® into H°
and is bounded, if and only if

(37) sup [ |(Waf)()lde < o
ne
Moreover, assume (3.7) holds. Then My : h{® — H3° is compact, if and only if
2w
(3.8) / (Wof)(p)lde =0 asn — .

Proof. Assume (3.7) holds. We first remark that M/ is a convolution operator,
i.e. at least in the case of only finitely many non-zero entries -, the expression (3.6)
can be written as

(M h)(re') /fgow (re™)dv.
So, if h € h°, then we have for all re’? € D
1 2
(3.9) (M, sh)(re')|v(r) < %/I(an)(w)ldwllhllv'

0
Hence,

Moo(Myy, ph; )o(r) < CllAfL

for all n and r, where the constant C' > 0 is the supremum on the left- hand side
of (3.7). This bound and Remark 3.3 imply that the series on the right-hand side
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of (3.6) converges in the compact-open topology, defines an element of Hy° and is
bounded by ||h||,. In other words, M; maps hJ° continuously into Hg°.

As for compactness of the operator My, let (h ) °, be a sequence Wthh converges
to 0 uniformly on compact subsets of D and Wthh is contained in the closed unit
ball of hi°. It suffices to show that M; maps such a sequence into a one converging
to 0 with respect to the norm; see for example [20], Section 2.4. Let ¢ > 0. If (3.8)
is assumed, we can fix N € N such that

(3.10) / (W f) ()l < &

for n > N. Moreover, we note that for every n € N, the operator

is bounded in the space h;’o when this space is endowed with the norm
(3.11) sup. [h(=);
|Z‘§T’m«n

to see this notice that every functional

2

g T / 9(rm, ™) Mdp g€ by,

0

is bounded with respect to the norm (3.11) on A°, and W, My is a finite linear

combination of these functionals. Consequently, due to the uniform convergence on
compact sets, we can choose a large enough J = J(N) € N such that

(3.12) sup [WoMhy(2)|v(z) < e

‘Z' Tmn

for all n < N, all j > J. For such j we obtain by Theorem 3.2

¢y | Mhjll
(3.13) < sup Moo(Wo, Mthy, 7, )0(Tm,, ) + sup Meo(Wy, Mghj, 7, )0(7im,,)
n<N n>N

The first term on the right-hand side of (3.13) is bounded by ¢ due to (3.12), and
the second one can be estimated in the same way as in (3.9), and (3.10) implies that
this term is bounded by e. Thus, M} is compact.

To prove the necessity of (3.7) for the boundedness, we fix an arbitrary 0 < ¢ < 1,
and n € N and ¢ € [0,27] and find, by, for example, the Fejer approximation
theorem, a trigonometric polynomial h, depending on n, v and ¢,

h(re') Zh rlklgike
kez
such that

an(dj - 90) ‘ €
(Wi (¥ — @) |v(rm,) (T, )

(3.14) h(rpm, €¥) —

for all ¢ € [0, 27|, in particular
(3.15) Moo (hy T, )0 (Ti,,) < 2.
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As a consequence,

27 27
1 1
o [1Wa)@lde = o (1070w - lde
0 0
27
< ol [ Oaf)w = hlrn, )| o) + 2
1 027r
- o f(l/} - ¢)(th)(rmnew)d9@ V(rm,) +€
0
(3.16) = |MWoh(rm, )| v(rm,) + €.
We obtain
1 2T
(3.17) o= [ 10V (@)ldo < ALy Wbl + =
0

For any r > 0, Lemma 3.3. of [14] implies

(3.18) Moo (Wiph, ) < 40%:]1]—_[75:2:]1]) (3 +4 [Tn’;;]l]__[r[”n’;n]ﬂ ) Moo (h, 7).

Due to Theorem 3.2 (in particular (3.4)) and (3.15) we find a universal constant
d > 0 such that

|Wahllo < coMoo(Woh, 7, )0(Tm,,) < cod Moo (hy 7, )0(T,,) < 2¢ad.

27

Hence sup, Of |(Waf)(@)ldp < 0.

Finally, to prove the necessity of the condition (3.8) for the compactness of My,
we first observe that given any k£ € N we have, for all » < ry,

(3.19) ( r >mn o(r) — 0 asn — oo.

To see this, fix k for a moment and denote for all m € N and r € [0, 1]

Gm(r) = <L)m o(r) and ¢ = sup Gg(r) < oco.

Tm/  0(Tm) r<rp
For all » < r, we get
G, (1) _( r >mn(rk+1>k+1 v(r) v(rger)
Gl (r) a r 0(T'm,,) (1)
_ (L)m"‘<k+1)7”km+’ﬁv(m+1) << r >mn—k—1
rrev(rm,) ’

T,

Tk4+1 Tk+1

where the last inequality follows from the definition that r,, is the maximum point
of the function r™v(r). We see that (3.19) holds, since
(r) r

G mn—k
sup G, (1) < g sup ——-—~ < ¢ sup <—> — 0 asn — 0.
r<rg r<rg k+1(r) r<ry “Thk+1
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We next choose for every n and 1 the trigonometric polynomial h =: h,, , with
e =1/n, as in (3.14). As a consequence of Theorem 3.2, (3.15) and Lemma 3.3. of
[14] (cf. (3.18)),
MOO<th'n7w7Tmn—l>v</rmn—l> S “thnyva
(3.20) < oMo Wil s T )0(Tin ) < C Moo (s Ty )0 (i, ) < C.

Let us again fix £ € N. We claim that for every > 0 there exists N such that
(3.21) sup |Wyphyplv(z) < 0

|2|<rg

for all n > N and 1. To see this, notice that the smallest power of r in the
trigonometric polynomial W, h,, , is m,_1, hence, assuming n is so large that m,,_; >
k, Lemma 3.1.(b) of [14] yields for all |z| <7y

2]

(3.22) Wb () < 2(=2) " Moc (Wi ).

rmnfl

We obtain (3.21) for large enough N by using (3.22), (3.19), (3.20), since
sup |Wihype(2)|v(2)

|2|<rg

z Mnp—1 V2
S 2M00(thn’w;Tmn,l)U(TWLn*1> Sup ( | | ) U(L

|z|<re NTmn_1 Tmn—l)

In other words, the functions W, h,,, form a sequence converging to zero uniformly
on compact subset of the open disc (and also uniformly with respect to ). Fixing
Y € [0, 27], the compact operator M maps the sequence (W, h,, )52 into a sequence
converging to 0 in the norm. Taking this into account in the estimate (3.16)—(3.17),
we get (3.8). O

Corollary 3.5. Let the weight v satisfy condition (B). Then My maps H° con-
tinuously into H3° if and only if
2

s?/WmMMW<w

Moreover, a bounded My : H* — Hy° is compact, if and only if

2m
s [ 10V,)()ldo =0
n—oo s

Proof. The sufficiency follows directly from Theorem 3.4. As for necessity, note
that the Riesz projection P is bounded, by the assumption and Theorem 3.2. Thus,
if M¢|pee is bounded then My is also bounded on A°, and the necessary condition
follows from Theorem 3.4. The statements concerning compactness can be proven
by analogous arguments. [J

Now we go back to Toeplitz operators. Let T}, be a Toeplitz operator on H° with
a given radial symbol a € L', i.e. where a(z) = a(]z|) for all (almost every) z. Then,
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with h(z) =02 h,2" € H®, (1.9) reduces to

1 27
T,h(z) = Z - //a (re"?)r* ey (r) dpdr
n—=0 2n
00
(3.23) = Z © /a r2 () hpdr = Z%h 2" = My h(z)
n=0 2n 0 n=0
where
X 1
(3.24) Yo = E/TZ"H (r)a(r)dr and f.(p Z’yke

0
We obtain by Corollary 3.5

Theorem 3.6. Let the weight satisfy (B). If a € L' is radial then T, is bounded
as operator Hy° — H° if and only if

27
sup / (W@l <

and T, is a compact operator Hy* — H°, if and only if

27
tin [ 10V, ()ide =0
0

4. MORE ON TOEPLITZ OPERATORS.

Since it was observed above that the boundedness of a symbol is not enough to
guarantee the boundedness of the Toeplitz operator, we present in this section some
complementary results and examples on this topic; see also the remark at the end
of this section. In the following we denote by @Q,,, m € Ny, the projection

(4.1) Qm ( i bkeik‘p> = zm: bet™? or Q. ( i bkzk> = zm: by z*
k=0 k=0 k=0 k=0

It is well-known that

()

< dlogm sup Z ckeikw‘
o<y<2r | t—
where d > 0 is a universal constant independent of m and c.
At first we show

Theorem 4.1. Let a; € L',j = —n, ..., n, be radial functions and define
f()= 3 a(lzD7, = eD\{0},
j=-—n
and f;(z) = a;(|z|)z?. Then the following are equivalent:
(i) Ty is bounded on HZ°.
(4i) Ty, are bounded on H° for all j.
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(4ii) T,; are bounded on H3° for j = —n,...,0 and Ty, o (id — Q;-1) are bounded on
HY forj=1,...,n
(<v) The multipliers M, are bounded on HJ° for all j where

9i(p) = Z ng/ 2ty (r) dre

k=max(5,0)

We prove Theorem 4.1 below. Notice that any f € L' can be expanded as follows:

[e.9]

F2)~ Y asl2l)2,

j=—o0

for some radial functions a;. (Expand f(re™) into a Fourier series for each fixed
re[0,1].)

Example. Let f(z) = 1/z. Then f € L' and T} is bounded according to Theorem
4.1. since f(z) = 1.2z and Ty = id is bounded but f is unbounded. This is no
contradiction to Theorem 2.1 since f is not holomorphic in 0.

Let h(z) =Y o, bpz" for given constant coefficients by,. Notice that we have
(42)  |belrto(r ‘/ T (re ) dy v (r) < [h(re'?)[u(r) < |l
for each r. For j € Z we introduce the shift
Sih)(z) = Y b2t
For ¢ € R let Ry be the translation
Ry(h)(2) = h(e™2) = ibkzkeikd’.
k=0

Lemma 4.2. Ry and S; are bounded operators on H;°. Moreover, we have

e (1dHoo Q1) . if j > 0.

Proof. The boundedness of R, is a direct consequence of the definition. If j > 0
then S;(h)(z) = z7h(z) and hence S; is bounded.
Now let j < 0. Put h(z) =3 o Obkz Then

S;(h)(2) = Z bez" V=27 ((idmge — Q1)) (2).

k=l3l

Hence, if |z| > 1/2 then |S;(h)(2)|v(|z]) < 2di(1 + log|j])||h||, for some universal
constant d;. By the preceding and (4.2), where r = 3/4, we have for |z] < 1/2,

SN < Y el rirro

k=l3]|
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_kzu oty (5) (5)vo=3(5) s

Thus S; is bounded. The last identities of Lemma 4.2 follow from the definition. [J

Proof of Theorem 4.1 The implication (ii) = (i) follows from the fact that
Tf - Z]f—n Tfj‘
Using (3.23) we see that, with h(z) = >, brz", we have
1

k=—min(j,0) +I 0

so that (iii) = (ii) follows from (4.3) and Lemma 4.2.
For (i) = (¢ii) we note that (1.9) implies

2 1

i+t n+1 —ing
2271“% //f re"?)h(re )r v(r)drdpz"

<1 .y ‘ o
= Z onT, //f(rew_w)h(rew)r"“e_mﬂw‘pv(r)drdgoz”
n=0 "000

n

=T, (h)(€¥2) = )y e Ty (h)(e"z).

j=-n
This yields
2m
1 g
Ty (1)) = 5 [ ReuTy(Rob)(2)e

0
and hence
1Ty, (W)lo < (T4 - [ Ryhllo = [ T¢ ]| - [[7]]o-
Therefore T, is bounded for all j. Now (4.3) and Lemma 4.2 imply
B T, if <0
TpoS,= {Taj o (id — Q;_y) if j > 0.
Finally, (i4i) < (iv) follows from T, = M, if j <0, and T, o (id — Q;_1) = My,
if 5> 0. O
Theorem 4.3. Assume that v is normal. Let a; be polynomials in v, hence f; € L',
where f;(z) = a;(|z])2?, j = —n,...,n. Put

Then T 1s bounded on H°.

We prove Theorem 4.3 at the end of this section. We immediately get, in contrast
to Theorem 2.3,

Corollary 4.4. Let v be normal. Then, for any trigonometric polynomial f, the
Toeplitz operator Tt 1s bounded on HJ°.
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Proof. Let fij(re') = ayrlled? and f = 3% f;. Then all f; € L'. Put
a;(r) = a; if j > 0 and a;(r) = a;r2Wif j < 0. Then f;(z) = a;(]z])2? for all j and
the corollary follows from Theorem 4.3 [J

To prove Theorem 4.3 we need the following

Lemma 4.5. Let v be normal. Then there is a universal constant ¢ > 0 such that,
for any k,;m with 0 < k <m < 2k, we have

| .
k—1 <ec
I-‘m—l

Proof. It follows from the definition of normal weight that there is a constant
d > 0 with supgc,., v(r?)/v(r) < d. With the substitution s/ )/*+1) = we see
that

1

1
1
/rkv Ydr = m /smv(s(mﬂ)/(kH))ds <2d [ s™v(s)ds = 2dl',,_;.
0

k+1
0

Here we used s D/G+1) > 52 and hence v(s(m+1/(-+1)
the lemma follows with ¢ = 2d. O

IN S —0_

v(s?) < dv(s). Hence

Proposition 4.6. Assume that v is normal. Let a € L' be radial such there is a
constant d > 0 with

d
(4.4) rkla(r)| < % for all k € N.
or
& d
(4.5) rfla(r) — 1] < % for all k € N.

Then T, is bounded on H°.

Proof. Since v is normal it satisfies condition (B). Let m, be the indices of
Theorem 3.2 and let ~,, and f, be as in (3.24). We have to study the boundedness
of the multiplier M, = T,. At first assume that a satisfies (4.4). We obtain

1 1

1 d 1 d I
< — 2k+1 2k+1 Sdr=2 k0
Ive] < T, /r v(r)a(r)|dr < T /T U(T)deT 7 2nTon
0

Let D > 0 be the supremum in (3.4). We have

/mnmwww

k—[maa] Ty [Mp1] — kT )
<ol .
Z AEETOLE DI e ko
< Dd Z Mgl — Mn-1
Mp—1

Mn— 1<k<mn+1

where c is the constant of Lemma 4.5. We can apply (3.4) again to conclude

swAIMMMMW<w-

n
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According to Theorem 3.6 T, is bounded.
If (4.5) holds then @ = a—1 satisfies (4.4). Hence T is bounded. But T, = T3+ T}
and T} = ¢d which implies T, is bounded. [

The idea of the proof of the last statement can clearly be generalized: if b € L*
is a symbol such that T} is bounded in H>° and a € L' is another symbol such that
a :=b— a is a radial function satisfying (4.4), then 7T} is bounded in H:°.

Proof of Theorem 4.3. In view of Theorem 4.2. it suffices to show that T,
is bounded when a(r) = r* for some ¢ > 0. But this follows from Proposition 4.6
since a satisfies (4.5). Indeed, fix k and consider the polynomial g(r) = r* — rF+t,

0 <r < 1. Clearly, g attains its supremum at (k/(k + ¢))'/¢ and we have

kM0 ¢t
< < < < — fi 11 r. L]
O—Q(T)—(kw) k0" k+(—k T

We finally remark that condition (4.4) holds for symbols a(r) = (1 — r)®, if
and only if o > 1. This is not a precise condition for the boundedness of Ty,
since for the normal weights v(r) = (1 —1r)°, 0 < § < 1, any symbol a with
la(2)] < C(1 —r)°, produces a bounded Toeplitz operator T, in H>. This so since
the pointwise multiplier S, : h — a-h maps H;° into the space L>°, and the Bergman
projection only causes at most logarithmic singularity on the boundary of the disc,
i.e. it maps L™ into HS° with the weight w(r) = 1/(]log(1 —7)|+ 1), and this space
is of course continuously embedded into H;°.

A more careful study of these growth estimates is postponed to a planned future
work.

5. REMARKS ON OPERATORS ON REFLEXIVE BERGMAN SPACES.

For radial symbols, the boundedness of T, as an operator from the Bergman-
Hilbert space A2 into itself is characterized by the condition

(5.1) sup |vn| < oo,
neN

where the numbers v, are as in (3.24). However, the conditions (3.7) and (5.1) seem
not to "interpolate” easily in a way, which would characterize the boundedness and
compactness of T, : A2 — AP for 2 < p < oo (or 1 < p < 2). Nevertheless we will
still show that a condition analogous to (3.7) is sufficient for the boundedness of T}, in
AP Let us remark that in [16] the authors used somewhat similar methods to show
the connection of the boundedness problem for 7;, : A?> — AP to the boundedness
problem for multipliers in Hardy spaces.

We need to introduce some more notation and definitions: for details of these, see
[16]. For a holomorphic g(z) = > po, gx2z" and 0 < r < 1 we define

1 27 ' l/p
M,(g,7) = (% / Ig(re’“”)!”d@)
0

and recall the notation Q,g(z) = >_}_, grz", see (4.1). It is well-known that, for
1 < p < o0, there are universal constants ¢, > 0 with M,(Q,g,7) < ¢, M,(g,r) where
¢, does not depend on g, n or r. Moreover, we fix a number 3 > 16-37’_1(1—1—27’)05—1—2
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and use induction to obtain the increasing numerical sequences 0 = {1 < o < (5. ..
and 0 < 87 < 89... < R such that

Sn R Sn R
1
(5.2) /Ténpdﬂ = ﬁ/re”pdﬂ and /re"“pdu = E/rfn“pdu,
0 Sn 0 Sn

(These numbers were calculated in some examples in the paper [3].) We define for
alln e N

an - (Q[&H-ﬂ - Q[&J)f?

i 7\ P i 7\ n+1p 1/p
Wy = </<—> d,u—l—/(—) d,u> )
Sn Sn,
0

Sn

and

We get for the norm of AP a representation analogous to (3.2): there are constants
di,dy > 0 such that, for every f € A7,

i 1/p
(5.3) Al fllpw < (Db (Zafosn) ) < dallFlpor
n=1

This was shown in [9] for p =1 and in [15] for 1 < p < oo and R =1,

Proposition 5.1. Let the weight satisfy (B), let a € L be a radial function and let
fal@) = > 0o €™ be as in (3.24). Then the Toeplitz operator T, is a well-defined,
bounded operator from AP into itself, if

neN

(5.4) sup / (Zuf)(9)ldp < 0.

Moreover, T, : AV — AP is compact, if

(5.5) / |(Znfo)(@)|ldp — 0 asn — 0.

Proof. Let us denote by My the convolution operator, or the sequence space
multiplier, corresponding to Ty, see (3.24). So, if h € AY then for all re*” € D we
get by the usual orthogonality relations of functions e*¥,

(ZMB) 1) = (Mz, ) (re) = [ Zuf(o = w)hre™)av

0
2w

= / Znf (0 — ) Zuh(re ™) du.

0

We apply the Young inequality

| * b||Lrop) < ||al|L1 (om0l e (om)
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to get

21

(5.6) My (Z, My, 7) < / (Zaf)()ldio My(Zoh, 7)

The inequality ||M¢h|,, < C|h|,.» thus follows by applying (5.4) and (5.3) to
both || M;h|,, and ||A||,,. This shows that (5.4) is sufficient for 7, to map AP
continuously into itself.

If (5.5) holds, the proof for the compactness of Ty, is similar to the corresponding
proof in Theorem 3.4. We again let (h;)32, be a sequence which is contained in the
unit ball of A and which converges to 0 uniformly on compact subsets of D, and
assume € > 0 is given. We choose N € N such that fozﬂ |(Znf)(p)|dp < . Then, we
use the convergence of our sequence in the compact-open topology and the argument
in the proof of Theorem 3.4 to find a large enough J € N such that

€ €
= M,(Z,M¢hj,rp,) < N,

7, M:h, <
|zf;~2n| rhi(2)|v(2) 7N

for all n < N, all j > J. In view of (5.6) and (5.3) this implies

N 00
[Mh;ll}, < ZwﬁMp(Zanhjarmn)p + Z wp My(ZnMghj, T, )
n=1 n=N+1

<ete > WEM(Zyhy, )P < 2e||hylh, < 2. O
n=N-+1
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