Solid hulls of weighted Banach spaces of entire
functions.
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Abstract

Given a continuous, radial, rapidly decreasing weight v on the complex
plane, we study the solid hull of its associated weighted space H5°(C) of all the
entire functions f such that v|f| is bounded. The solid hull is found for a large
class of weights satisfying the condition (B) of Lusky. Precise formulations are
obtained for weights of the form v(r) = exp(—arP),a > 0,p > 0. Applications
to spaces of multipliers are included.

1 Introduction and first results.

The aim of this paper is to investigate the solid hull of weighted Banach spaces
H>(C) of all entire functions f such that ||f|, := sup,ccv(2)|f(2)| is finite. In
what follows, we identify an entire function f(z) =Y a,2" with the sequence of
its Taylor coefficients (a,)>,. For example in the case v(z) = e7?l, 2z € C, we show
in Theorem 3.1 that the solid hull consists precisely of complex sequences (b,,)>_,

such that
n+1)>2

(

sup Z b 2672 0% < o0.
neN Y
We are also able to characterize in Theorem 2.5, the solid hulls for a quite general
class of weights in terms of numerical sequences defined by Lusky, [18], in his in-
vestigations of the isomorphic classes of the spaces H;°(C). This class of weights
includes those satisfying condition (B) of [18], see Remark 2.7 and Corollary 2.8.
The calculation of the numerical sequences for some important weights v is one of
the results of our paper, see Proposition 3.2. In addition to techniques of [18], our
approach uses the methods of Bennet, Stegenga and Timoney in their paper [2],
where the solid hull and the solid core of the weighted spaces H°(D) were deter-
mined for doubling weights v on the open unit disc D. In Section 4 we show that
our results in Section 2 can be used to determine space of multipliers from H°(C)
into /7,1 < p < 0.
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The solid hull and multipliers on spaces of analytic functions on the disc has been
investigated by many authors. In addition to [2], we mention here a non exhaustive
sample: [1], [5], [11], [12], [13], [21] and the list of references in [7]. Moreover, the
papers [6], [16] and [20] investigate the behavior of the Taylor coefficients of entire
functions belonging to weighted spaces similar to those considered in this paper.
Spaces of type H°(C) and H{°(D) appear in the study of growth conditions of
analytic functions and have been investigated in various articles since the work of
Shields and Williams, see e.g. [3],[4], [10], [17], [18], [19] and the references therein.

A weight v is a continuous function v : [0, 00[—]0, co[, which is non-increasing
on [0,00] and it is rapidly decreasing, i.e. it satisfies lim, o, r"v(r) = 0 for each
m € N. We extend v to C by v(z) := v(|z]). For such a weight, the weighted Banach
space of entire functions is defined by

H(C):={f € H(C) : [[fll == sup.ec v(|2])[f(2)| < o0},

and it is endowed with the weighted sup norm ||-||,. Spaces of this type are also called
sometimes weighted Fock spaces of infinite order. For an entire function f € H(C),
we denote M (f,r) := max{|f(z)| | |z| = r}. Using the notation O and o of Landau,
f € HX(C) if and only if M(f,r) = O(1/v(r)),r — oo. The symbol N stands for
the natural numbers n =1,2,3, ....

As we already mentioned, an entire function f(z) = > 2 a,2" is identified with
the sequence of its Taylor coefficients (a,)22,, that will be also denoted sometimes
by (ap)n. As is well-known, it is often impossible to characterize standard Banach
spaces of entire functions in terms of the Taylor coefficients; this is for example true
for the function spaces H°(C). The next best thing is to find the strongest growth
condition that the coefficients have to satisfy. This motivates the concept of a solid
hull, and we now recall the related definitions and facts from [1].

Let A and B be vector spaces of complex sequences containing the space of
all the sequences with finitely many non-zero coordinates. The space A is solid if
a= (a,) € A and |b,| < |a,| for each n implies b = (b,) € A. The solid hull of A is

S(A) :={(cn) : I(an) € A such that |c,| < |a,| ¥n € N}.
The solid core of A is

s(A) :=={(cn) : (cna,) € AV(a,) € b}
The set of multipliers form A into B is

(A, B) :={c=(cn) : (cha,) € BV(a,) € A}.

Facts: 1. A is solid if and only if ¢, C (A4, A).

2. AC (B,C)if and only if B C (A,C).

3. The solid core s(A) of A is the largest solid space contained in A. Moreover
s(A) = (I, A).

4. The solid hull S(A) of A is the smallest solid space containing A.

5. If X is solid, (A, X) = (S(A),X) and (X, A) = (X, s(A)).

We conclude this section with our first results.



Proposition 1.1 The solid core of H*(C) is
5(0,C) == {(an)n ¢ [[(an)|l1wc = sg;o)v(r)z |an|r™ < oo}
r n=0

Proof. Given (a,), € s(v,C), the function f(z) = Y~ a,z" is clearly entire.
Moreover v(|z|)|f(2)] < ||(an)nll10c for each z € C, and f € H;°(C).

To see the other inclusion, let A be a solid sequence space contained in H°(C),
ie. for each (a,), € A, (lan|)n € A and g(z) = > . |an|z" € HX(C). Clearly,
M(g,r) = supy,_, | 3200 lan] 2| = Yooe |an|r™. Therefore

sup v(r) Z |a,|r™ = supv(r)M(g,r) < oc.
>0 n—0 r>0

O

Remark 1.2 Write for n € N, |27, := sup,-qv(r)r". Clearly ||2°||, = v(0).
The weighted ¢, space ¢1((]|z"]],) of all those complex sequences (a,), such that
> o lanll|z"]], < oo is contained in the solid core s(v,C). However, in general
the inclusion is strict. Indeed, if v(r) = e ",r > 0, then |2"||, = (n/e)" as a
direct calculation shows. Take a, := 1/n!, n =0,1,2,.... For each r > 0, we have
v(r) > 0", a,r™ = 1. However, the series ) (n"/nle™) diverges by the Stirling’s
formula n! ~ (27n)Y2(n/e)".

Our next elementary result about the behavior of the Taylor coefficients of el-
ements f € H>(C), that holds for arbitrary weights v, clarifies the importance of
the study of the solid hull of H;°(C) in Section 2.

o0 n

Proposition 1.3 The Taylor coefficients of an entire function f(z) = Y " ;a2
in H>*(C) satisfy

(i) sup,-ov(r) (22 lanr®™Y? < || fll,, and

(i) supy, [an|[|z" o < 1o

Proof. (i) Since H™ is contained in H?, for each function h(z) = > 7 b,2"
analytic in a neighbourhood of I, we have (3°°° |b,|?)*/? < M(h,1). Now, given
f(z)=>0"a,z" € H*(C) and r > 0, set g(¢) := f(r(), that is clearly an analytic
function in a neighbourhood of D. Since ¢(¢) = f(r¢) = >~ a»r"¢", we conclude

o 1/2
(Z Ian|2r2”> < M(g,1) = M(f,r).

n=0

This implies the inequality in the statement (i).
(i) follows from (i). O

Remark 1.4 In general it is not true that f € H>°(C) implies that (|a,|||z"|,)n €
(5. To see this, take again v(r) = e™",r > 0. Clearly e* = Y (1/n!)z" belongs to
H°(C). However, the series Y 2 (|an|[|z"]]0)? = Doneo(n™/nle™)? diverges because
(n™/nle™)? ~ 1/n by Stirling’s formula.



2 The solid hull of H;°(C).

We fix for this section a weight v : C —]0, oo[ satisfying the general hypothesis made
in Section 1. Our next aim is to characterize the solid hull of H°(C) for weights
satisfying the additional condition (2.2), below. Let us start by introducing some
notation used in [18].

We denote by [x] be the largest integer less or equal z for a given real number
x € R. Given m > 0, we denote by 7, the global maximum point of r™v(r). Then
T — 00 as m — 0o. For example, if v(r) = exp(—ar?), then r,, = (m/ap)'/?, m >
0. Given an entire function f(z) = Y ;2 axz", and 0 < m < n (not necessarily
integers) we define the following operators of de la Vallée-Poussin type:

Vamf = Z apz® + Z [71[?]——_[:1]%2k7

0<k<m m<k<n

V;),Of — Z [p] _kaka,

ooz, P

here and later, the summation is performed over integers belonging to the given
intervals, although the endpoints of the intervals need not be integers. We also
denote, for 0 < m < n,

A(m,n) = (r—m)m orm) nd Blm,n) = (7’—")” o(rn) (2.1)

Tn v(ry) Tm ) V(Tm)

Several results of Lusky, [18], will be needed below. We start with the following
lemma.

Lemma 2.1 (18], Corollary 3.2 (b)) Let 0 < m < n and let Q(z) = >
be a polynomial. Then

k
m<k<n agz

1Qllo < 2A(m,n) sup [Q(2)]v(2),

|z[=rn

and
1Qll, < 2B(m,n) Sup 1Q(2)[v(2).

Given a strictly increasing sequence (m,,)2% ; with lim,,_,., m, = 0o, we define
mo = 0and V,, :== Vi m — Vinpmno,n € No For each n € Nyn > 2, V,,f is a
polynomial with all terms of degree at least m,,_; + 1 and at most m,;, for all
[ € H(C). In fact, for each f(z) => ", fnz" € H(C), we have

[mn1]
mn71<mgmn+1 m:[mn—l}‘i’l

where the numbers ~,, € [0, 1] are

[mn+1] —m

I ] — (]

My <M < Mpyq
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and
m — [my,_1]

’Ym:[ ;o My <m < my,.

M) — [Mp—1]

The sum in V; f is understood to go from m = 0 to m = m;.

Lemma 2.2 ([18], Prop. 3.4 (b)) If the sequence (my,), with lim, o m, = oo
satisfies
min(A(mn7mn+l)7 B(mnvmn—&—l)) Z b

for some b > 2, then there is D > 0 such that |V, || < D for each n € N, where ||.||
is the operator norm in L(H>°(C)) with respect to || - ||,

Lemma 2.3 ([18], Lemma 5.1) Fiz b > 1. For each weight v : [0, 00[—]0, 0ol there
is a sequence of numbers 0 < my < mgy < ... with lim,_,., m, = 0o, such that

A(my,myy1) > b and  B(my,,myy1) > b

and

sup min(A(my,, my11), B(mp, mpi1)) < 00.

neN

In fact, Lusky proves in [18, Lemma 5.1] that (m,), can be selected to sat-

isfy min(A(my, mp11), B(my, mpy1)) = b for each n € N. Our next lemma is
contained in Proposition 5.2 of [18], and its proof in [18] only uses the fact that
min(A(my, Mmy+1), B(my, Myg1)) > b, not that min(A(my,, mpt1), B(My, Myi1)) = b
for each n € N. (In Remark 3.6 we will be able to clarify, which of these quantities
A or B is larger in the case of the weights exp(—arP).) Accordingly, the following
result holds true, and it contains an important expression for a norm equivalent to

that of H>*(C).

Lemma 2.4 ([18], Proposition 5.2) Let the numbers (m,)>, and b be as in Lemma
2.3, and in addition assume that b > 2. Then, for every f € H°(C),

asup  sup | fu(2)|v(z) < |[flle S egsup - osup | fu(2)|u(2),

nEN 7 <|z|<rm, neEN ) <|2|<rm,, 4

where f, .=V, f.

The main result of this section reads as follows.

Theorem 2.5 Let v : C —]0,00][ be a weight (which is continuous, radial, non-
increasing on [0, 00|, and rapidly decreasing). In addition, assume that there ezists
a sequence 0 < my < mg < ... with lim,_,., m, = oo such that for some b > 2 and
some K > b we have

b < IIllIl(A(mn, mn-‘,—l)a B(m’m mn+1)) < maX<A(mn7 mn+1)7 B(mna mn+1)) < K:
(2.2)
for each n € N. Then, the solid hull of H*(C) is

S0.0) = {bu)ing s (X Balr) <ol 23)

neN mn<m§mn+1



Remark 2.6 Notice that if a weight v, as in Theorem 2.5, satisfies (2.2), then the
conclusion of Lemma 2.4 also holds. In fact, many important weights do satisfy (2.2),
see Corollary 2.8 and Remark 2.7. Moreover, examples with explicit calculations of
the sequence (m,,), will be presented in Section 3.

Of course, there is no need to extend the condition (2.3) to the finitely many
coefficients b,,, 0 < m < m;.

In the characterization (2.3) we could as well replace 7y, by 7y, ,,. This follows
from the proof below, or as well from the the right hand side inequality in the
assumption (2.2) together with the definition (2.1). Namely, the condition (2.2)

implies
i < (Tmn+1>mn/v(rmn+1> < (Tmn+1>m"+1v(rmn+1) <K (2 4)
K - rmn U(Tmn) - Tmn /U<Tmn> - ‘ '
Hence, for every m with m, < m < m,; we have
1 T, mU(Ty)
s < n+1) n+1 < K 25
K — ( T, v(rm,) — (2:5)
or, for all m, < m < m, 1,

This means that 17 v(ry,,) may be replaced by 7} . v(rm,,,) in (2.3).

Proof. The proof will be obtained in two steps.
Step 1. If g(z) = > bmz™ € HX(C), and ||gll, < 1, then there is C > 0 such

that RN o
(X b)) <

v(r
Mp<M<Mpi1 (T,

for alln € N.

This step is the analogue in our setting of Theorem 1.8 in [2].

We estimate first the sum from m,, to (m,, + m,.1)/2. To do this, observe that
if m,, <m < (my,, + my41)/2, then ~,, > 1/2. We have

[(Mn+mni1)/2] [(Mmn+mni1)/2]

1/2 1/2
S b)) T2( Y Akl

m=[mn]+1 m=[mn]+1

[mn+1] 1/2
2< Z 7i|bm|2ri”;> :2(/‘ Z Ymbmr 2™

m=[mp_1]+1 op  Mn-1<m<mpqy

m . m| __ m i "
Z YmbmTy 2™ = 47 sup ‘ Z 'ymbmrmTL(r ) )

Z|=r m.
My —1<M<Mp 41 |2l=rmp Mp—1<M<Mp 41 "

— V(Tm,) sup ’ Z fymbmzm‘

U(Tmn) ‘Zli’/‘mn Mn,

2 1/2
dz)

IN

[\
W
3
wn
o
e}

—1<m<mn41

4 |Vaglly _ 4nD

= (T, ) Sup o) = o)’

V(Tm,,) |2|="rmn

Vag(2)] <



since the operators V;, are uniformly bounded with respect to || - ||, by D > 0, by
Lemma 2.2 and (2.2).
Now we estimate the sum from (m,, + my41)/2 to m,1. Observe that

[Mn2]
Vn+lg<z) = Z Fmbm 2™ = Z Ymbmz™,
Mp<M<Mp 42 m=[mp]+1

where the numbers 7, € [0,1] are

m — [mn]

[mna] = [mn]

m — 5 mn<m§mn+17

which increase from ., 41 till Y, = 1. If (my + Mpy1)/2 < m < mypq, we have
Am > 1/2. Thus, proceeding similarly as we did before, we get

[mnq1] 1 [Mn1]
/2 1/2
(> k)20 Y bl
m=[(mn+mn41)/2]+1 m=[(mn+mn41)/2]+1
[mni2] 0
/2
< 2( Y AP
m=[mn]+1
47 A || V190 ArD
m Va ‘ < < : 2.8
> U(""mn)v(r n)Z;S:U;‘Ir)nn‘ +1g(2’) = U(Tmn) = U(T’mn) ( )

This completes the proof of Step 1.

Observe that the estimates proved in Step 1 remain valid if we replace r,,, by
any 7, with m, <m < my,,1.

Step 2. For each (b)), € S(v,C) there is f(z) = >~ _jamz™ € HX(C) such
that |by,| < |am| for each m =0,1,2, ...

Fix Cy > sup,, v(rm, ) ( > | by P27
For all n € N and m,, < m < m,,1, we apply [2], Corollary 2.8 (which is a
consequence of a deep result of Kisliakov [15]), to the sequence

1/2

Mn <mSmn+l

(bmrm

Mn ) Mp<M<Mp 1 ’

to choose a polynomial

P,(2) = Z b 2™

M <MSMip 41
such that
b0,] = |bm|rn ¥Ym  and
2..2m 1/2
sup | Po(2)] = sup |Pa(2)| < B( S bl rmn) . (2.9)
|z|]<1 |z|=1 i <M< 1



Here B > 0 is an absolute constant. Define

Qn(2) := Z o, 2

My <MIMp 41

and - -
9= =>" 3 e
n=1 n=1 mp<m<mn41

We still have to show that ¢ is a well defined entire function and that g € H>*(C).
However, observe that if a,, denotes the m-th Taylor coefficient of g, then |a,,| > |by,|
for all m.

By Lemma 2.1, (2.2) and (2.9), we have

< 2K su 2)|v(z) = 2K su oy M
Qnllo < p |@n p mn Um

|z|=Tmp ||

v(2)
Z b, 2" ‘

My <MSMp 41

=T'mn My <MIMp 41

= 2K sup ‘ Z b;n(z/rmn)m‘v(z):ﬂ(v(rmn) sup

|2 |z|=1

=Tmn My <MSMp 41

= 2Kv(rp, ) sup |P.(2)]

|z]<1

1/2
< 2KBv(rmn)< 3 rfnmbm,?) < 2K BC,,

Mmp<m<Mp41

for each n € N. Moreover, for all n > 2, we have

sup Va(Qn + Qn-1)(2)|v(2) < Szlelg Va(Qn + Qn1)(2)|v(2)

T, 1 S'Z‘Srmn+1

Consequently for each N > n > 2, we have Vn(ZfZQ Q;)(2) = Vo(Qn+Qn-1)(2),z €
C. By Lemma 2.4 and (2.10) we get for every N € N,

N
> Qi(2)
j=2
neN r™m, 1<

vn(i@(z))(v(z)
EE =2

= cesup sup |Vo(Qn+ Qn_1)(2)|v(2) < 4KBCyceD. (2.11)
neN ™, 1<
‘Z‘Srmn+1

N
1> Qjlle = supw(2)
=2 zeC

< cosup sup

This implies that the sequence of polynomials (ZijQ Qj> is contained in a mul-
N

tiple of the unit ball of H°(C), which is compact for the compact open topology.

Accordingly, there is a subsequence (Z;V:(;) Qj) converging to h € H°(C) for this

topology. Since the operator of k-th differentiation is continuous for the compact
open topology, it follows that the Taylor coefficients of A and g — @)1 coincide. This

8



implies that g is an entire function and that g € H;°(C). The proof of Step 2 is now
complete by taking the function f(2) := g(2) + > ocpcm, Omz™- O

Remark 2.7 (1) Lusky introduces the following condition (B) on the weight v in
[18]:
Vb, >0 dby >1dc>0Vm,n:

(r—m> v(rm) <b and |m—n|>c= (T—n) v(rn) < bs.

v(ry) Tm ) U(rm)
By [18], Theorem 1.1, if v has condition (B), then HS°(C) is isomorphic to £+, and
if v does not satisfy condition (B), then H:°(C) is isomorphic to H*.

We show that if the weight v satisfies condition (B), then for each b > 2 one can
find a sequence (m,,), satisfying the assumption (2.2) in Theorem 2.5. Indeed, let
v be a weight satisfying condition (B). Given b > 2 we apply Lemma 2.3 to find
a sequence 0 < m; < mg < ... with lim, ., m, = oo, such that A(my,,m,+1) >
b, B(mp, my11) > b and M := sup, min(A(m,, mp+1), B(m,, m,y1)) < co. An in-
spection of the proof of Lemma 5.1 in Lusky shows that we can take in our Lemma 2.3
the sequence (m,,),, such that lim,, . (m,+1—m,) = co. Set by := M, and select by >
1 and ¢ > 0 according to condition (B). There is n(0) € N such that m, 1 —m, > ¢
if n > n(0). Condition (B) now implies that max(A(m,, muy1), B(mg,, mui1)) <
max(M, by) for each n > n(0). The proof is complete if we take (1,)n>n(0)-

(2) Lusky constructs in [18], Example 2.6, a weight v on C not satisfying condi-
tion (B) such that for a certain sequence (m,,) with my1—m, = n+1, A(mp, mp11) =
(n+ 1) and B(m,,m,+1) = 1 for each n € N.

This remark and Examples 2.1-2.2 in [18] imply the following result.

Corollary 2.8 Condition (2.2) is satisfied by the following weights:
v(r) = exp(—r?) with p > 0, v(r) = exp(—expr), and v(r) = exp ( — (log* r)?),
where p > 2 and log™ r = max(logr,0).

3 Examples.

In this section we calculate the sequences (m,,)> , for the weights v(r) = exp(—ar?)
and thus obtain satisfactory representations of the corresponding solid hulls.

Theorem 3.1 Let v be the weight v(r) = exp(—ar?) on C, where a >0 and p > 0
are constants. Then, the solid hull of H°(C) is

{)isg s 3 [l (@) <00 | (3.)
neN pn?+1<m<p(n+1)2
In particular, the solid hull for v(r) = exp(—r) is

(n+1)2

{(bm)ﬁfzo csup Y [bffe 0™ < oo }

neN m=n2+1

9



Theorem 3.1 is an immediate consequence of Theorem 2.5 and the following
proposition, where we choose b = e. The proposition gives the Lusky numbers
(my,)n for a class of important weights.

Proposition 3.2 Let v(r) = exp(—ar?), a > 0, p > 0 and let b > 2. The sequence
my, = p(logb)n?, n € N, satisfies, for each n € N, n > 4,

b < A(my, mpy1) = ( "'my ) M < b9/2

rmn+l v(rmn+1)

and

rmn 1 Tt v Tmn 1
b < B(my, mMpy1) = ( . * ) ﬁ < bt

n

Proposition 3.2 implies that the numbers m,, can chosen to be n? for the weight
v(r) = exp(—r) and 2n? for the weight v(r) = exp(—r?). We give the proof of this
proposition in several steps.

Lemma 3.3 If0 < m < M satisfies M < 2m, then

on (SO0 () < (B 5T).

Proof. If 0 < x < 1/2, then
72/2 < —log(l —z) —x < 2° (3.2)
This is so since
—log(l —2) —z=2*/2+2%/3+ ... > 2?/2
and on the other hand,
2 +log(l—2)+a=2*/2—-2°/3—...>0.

We now set z := (M —m)/M. Clearly 0 < 2 < 1/2, 1 —x =m/M and m — M =
—Mzx. Hence

M(—log(l —z) —z) = =M log(m/M) +m — M
and (3.2) implies M2?/2 < —Mlog(1 — z) — Mx < Ma?, or,

(M —

Tm)? < Mlog(M/m) +m— M < (M = m)*

1
2 M

Lemma 3.4 If0 <m < M satisfies M < Tm/4, then

oo (=0 < () < ()

10



Proof. We have for 0 <z < 3/4
log(14+ ) —x = —2%/2+2%/3 —2* /4 + ... > —2*/2.
and
—2?/4 —log(l+ ) +x=a?/4—2*/3+ 2" )4+ ... > 2*(1/4—2/3) > 0.
Hence, for these =z,
—2?/2 <log(l + ) —x < —2?/4. (3.3)
Fix 0 <m < M < 7m/4. Set x := M/m — 1 so that 0 < x < 3/4. We have
—m(log(l + z) — x) = mlog(m/M) + M — m,

hence, (3.3) implies

m , 1(M—m)? I1(M—m)* m ,

e S A < T M2
il — < mlog(m/M)+ M ms g 57

Lemma 3.5 Assume that m, = an® n > 4, for some o > 0. Then

exp o < ( o ) exp(1n 1 — my) < exp(9a/4),
Mpt1
and .
mn+1 n+1
expa < exp(my, — mp41) < exp(4a).

Proof. Set, for n >4, m := an® and M := a(n + 1)>. Then M —m = a(2n + 1)
and M < 7Tm/4 < 2m. It is now easy to see that

M —m)? M —m)?
ﬂgga and Qag(—m_ :
m M
The conclusion follows from Lemmas 3.3 and 3.4.

da <

|

Proof. of Proposition 3.2. In this case the maximum point r,, of rv(r) is
T = (m/ap)'/?, and v(r,,) = exp(—m/p) for each m € N. Therefore

my

Mp+1

A(my, mpq)? = ( ) exp(Myy1 — My),

and

m Mn+41
B(my, my1)P = ( m"“) exp(my, — Mpy1).
n

We apply Lemma 3.5 for a := p(logb) to conclude
W = exp(a) < A(Mn, Many1)P < exp(9a/4) = b%/4,

and
b = exp(a) < Bl mas)? < exp(da) = b,

This implies the inequalities in the statement. O

11



Remark 3.6 In view of Lemmas 2.1-2.3 it is of interest to compare the expressions
A(m,n) and B(m,n). Let us show here that

A, M 1) < B(my, mpg1) (%)

for v(r) = exp(—ar?) and m,, = an®, a > 0. It is enough to do the calculation for
m,, = n?. In this case we have

n
n—+1

n—1
)

n -+ 1>2(N+1)2 Ly
e

2n? g1
n
) € ) B(mnumn-l-l) - ( n

A(mmmn—&-l) = (
so that (x) is equivalent to

exp(n+(1/2) _ (1+ 5"
(48" e+ (12)

or
1 2n242n+1

e< (1 + —) o= (3.4)
n

1
But ~, > (1 + %)nﬂ =: n,. Thus, (3.4) holds true, since the sequence (1,), tends

to e as n — oo, and it is decreasing. To see this last fact, we write

( Thn )2_ (n+1)+ _< ntl )Wn (3.5)
Myr/ 02 (n 4 2)203 0\ B (n+ 2)325’1 '

The logarithm of the expression in the last large parenthesis is of the form
logz — (rlog(z — 1) + (1 — r)log(z + 1)),

where x > 1 and 0 < r < 1. This expression is positive, since log is a concave
function on [0, co[. Hence, (3.5) is larger than 1.

4 The space of multipliers (H>°(C), (7).

In this final section we show that the above results can be applied to determine some
multiplier spaces. Recall that if A and B are vector spaces of complex sequences
containing the space of all the sequences with finitely many non-zero coordinates,
then the set of multipliers from A into B is

(A,B) :={c=(cn) : (cha,) € B V(a,) € A}.

Given a strictly increasing, unbounded sequence J = (m,)>%, C N and 1 <
p,q < oo we denote as in [8], Definition 2,

Mn41

Ca) =i (2 lanl) et} (a.1)

m=mn+1

with the obvious changes when p or ¢ is co. The space ¢/(p, q) is a Banach space
when endowed with the canonically defined norm. Observe that ¢/ (p,p) = £,,.

12



Lemma 4.1 For 1 < p < oo we have
(¢7(2,00),07) = €'(r,s) (4.2)

where (a) r =2p/(2—p), s=p,if 1L <p<2, (b)r=o00,s=p,if2<p<oo, and
(c) r=s=o00,if p=cc.

Proof. This is a direct consequence of [§], Theorem 23. As it is mentioned in that
paper, which treats more complicated cases, the proof in the case of our Lemma is
similar to that of [14], Theorem 1. O

Theorem 4.2 Let v be a radial weight and let J = (m,,)2, be a strictly increasing,
unbounded sequence of positive integers such that for some b > 2 and K > b we have

b S mln(A<mna mn-‘,—l)a B(m’m mn+1)) S maX(A(mn7 mn+1)7 B(mna mn+1)) S K.

(4.3)
Let 1 < p <oo. Then (A\y)5o_y is a multiplier from H(C) into £, if and only if
(@O ) T Al L))~ et s), (44)

where

(a)r=2p/(2—p), s=p, if1<p<2,
(b) r=00,s=p, if2<p< oo, and
(c) r=s=o00,if p=0c.

Proof. Since (7 is a solid space, we can apply Fact 5 in the introduction to conclude

By Theorem 2.5 it is easy to see that (A,)2_y € (S(H*(C)),4,), if and only if
(@) Al L))~ € (20000, 8). (4.6)
The conclusion now follows from Lemma 4.1 O

The next corollary is a consequence of Theorem 4.2 and Proposition 3.2.

Corollary 4.3 Let v(r) = e, r € (0,00) and 1 < p < co. Then, the space of
multipliers (HZ°(C), () is the set of sequences (A )5_y such that

oo (n+1)2 , 2p \ 222\ 1
(X (Pwlemam)™) 7 ) <o, (4.7
n=1 m=n2+1
if1<p<?2,
00 p\ *
<Z ( max |)\m|e”2n_2m) )p < 00, (4.8)
— n2<m<(n+1)2
if 2 <p< oo, and
sup ( max |/\m|e"2n_2m> < 00, (4.9)
neN \n2<m<(n+1)2

if p= 00,
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