SOLID HULLS AND CORES OF WEIGHTED H*-SPACES.
JOSE BONET, WOLFGANG LUSKY, AND JARI TASKINEN

ABSTRACT. We determine the solid hull and solid core of weighted Banach spaces
H?2 of analytic functions functions f such that v|f| is bounded, both in the case of
the holomorphic functions on the disc and on the whole complex plane, for a very
general class of radial weights v. Precise results are presented for concrete weights
on the disc that could not be treated before. It is also shown that if H;° is solid,
then the monomials are an (unconditional) basis of the closure of the polynomials
in H°. As a consequence HJ° does not coincide with its solid hull and core in the
case of the disc. An example shows that this does not hold for weighted spaces of
entire functions.

1. INTRODUCTION AND PRELIMINARIES

The solid hulls of weighted H*>-type Banach spaces H° of analytic functions on
the open unit disc D = {z € C : |z| < 1} were characterized in [8] for a large
class of weight functions v, and a similar study for entire functions was made in
[7]. In Theorem 3.1 we extend the results of [8] by means of the calculations of
certain numerical constants, which yields many novel, concrete examples of solid
hulls. At the same time, we also describe in Theorem 2.4 the solid cores of these
Banach spaces in a similar way as we did in Theorem 2.3 (Theorem 2.1 in [7]) for
the solid hull. Moreover, we prove that in the case of analytic functions on the
disc the Banach space Hg° is always different from both its solid hull and core; see
Corollary 5.3. However, an example is given in the case of entire functions to show
that H;° may coincide with both its solid hull and core, in particular it is a solid
space. We also prove in Theorem 5.2 that if H;° coincides with its solid hull, then
the monomials are an (unconditional) basis of the closure of the polynomials in Hg°.

To describe the results in detail, let us introduce some notation and terminology.
We set R =1 (for the case of holomorphic functions on the unit disc) and R = 400
(for the case of entire functions). A weight v is a continuous function v : [0, R[—
10, 00, which is non-increasing on [0, R| and satisfies lim, g r"v(r) = 0 for each
n € N. We extend v to D if R = 1 and to C if R = 400 by v(z) = v(]z]).
For such a weight v, we study the Banach space H;° of analytic functions f on
the disc D (if R = 1) or on the whole complex plane C (if R = +00) such that
[ fllo == supp,j<g v(2)[f(2)| < co. For an analytic function f € H({z € C;|z| < R})
and r < R, we denote M (f,r) := max{|f(2)| ; |z| = r}. Using the notation O and
o of Landau, f € H* if and only if M(f,r) = O(1/v(r)),r — R. It is known that
the closure of the polynomials in H2® coincides with the Banach space H? of all
those analytic functions on {z € C;|z| < R} such that M(f,r) = o(1/v(r)),r — R.
see e.g. [3]. It will be clear from the context in the rest of the article when we refer
to analytic functions on the disc or entire functions. Anyway, if it is necessary to
distinguish at some point, we will use the notations Hg°(D) and H°(C).

We shall identify an analytic function f(z) =Y a,2" with the sequence of its

Taylor coefficients (a,)32,. Let A, B and H be vector spaces of complex sequences
1
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containing the space of all the sequences with finitely many non-zero coordinates.
The space A be is solid if a = (a,) € A and |b,| < |a,| for each n implies b = (b,) €
A. The solid hull of A is

S(A) :={(cn) : J(an) € A such that |c,| < |a,| ¥n € N}.

It coincides with the smallest solid space containing A.
The solid core of A is

s(A) :=={(cn) : (cna,) € AV(a,) € loo}.
The set of multipliers form A into B is

(A, B) :=={c=(cn) : (chan) € B V(a,) € A}.

The following facts are also known, see [1]: 1. A is solid if and only if ¢, C (A, A);
2. AC (B,H) if and only if B C (A, H); 3. the solid core s(A) of A is the largest
solid space contained in A, and moreover s(A) = ({s, A); 4. the solid hull S(A) of
A is the smallest solid space containing A; 5. If X is solid, (A, X) = (S(A), X) and
(X, A) = (X, 5(4))

The results on [7] and [8] contain a characterization of the solid hull of Hy°, if v
satisfies a condition (b), see (2.1) below. This general characterization is in terms

of a numerical sequence (m,,)>,, which depends on the weight and was studied by
the second named author in [16]. However, given a concrete weight on the disc like

(1.1) v(r) = exp ( —a/(l— r)b)

the calculation of the numbers m,, is not an easy matter, and in [8], this was only
done in the case 0 < b < 2. In Theorem 3.1 we calculate these numbers and thus
determine the solid hull for weights

(1.2) v(r) = w(r)exp ( —a/(l— r)b)

with any a,b > 0, where w is a differentiable positive function with some growth
restriction. Moreover, the same theorem also contains the analogous characterization
of the solid core. In Section 4 we show how these results can be used also in the
case of the variant

(1.3) v(r) = exp ( —a/(1-— r2)b)

of the weight. The general characterization of solid cores for weights satisfying
condition (b) is given in Theorem 2.4. As explained above, further interesting related
results are presented in Section 5.

Bennet, Stegenga and Timoney in their paper [2] determined the solid hull and
the solid core of the weighted spaces H>°(D) in the case the weight v is doubling.
Exponential weights v(r) = exp(—a/(1 — r)®) with a,b > 0 are not doubling. Not
much seems to be known about multipliers and solid hulls of weighted spaces of
analytic functions on the unit disc in the case of exponential weights. Hadamard
multipliers of certain weighted space H!(a),a > 0, were completely described by
Dostani¢ in [10] (see also Chapter 13 in [13]). Other aspects of weighted spaces
of analytic functions on the unit disc with exponential weights, like integration
operators or Bergman projections, have been investigated recently by Constantin,
Dostani¢, Pau, Pavlovié¢, Peldez and Réttyd, among others; see [9], [11], [17], [18]
and [20]. The solid hull and multipliers on spaces of analytic functions on the disc
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has been investigated by many authors. In addition to [2], we mention for example
(1], [5], [6], [12], the books [13] and [19] and the many references therein.

Spaces of type H°(C) and H°(D) appear in the study of growth conditions of
analytic functions and have been investigated in various articles since the work of
Shields and Williams, see e.g. [3],[4], [15], [16], [21] and the references therein.

In the case of a "standard” weight v,(2)) = (1 — |2]?)%, where a > 0, we denote
for every HY® := H*(D) := H°. The solid hull S(HZ®) of HZ® is known: it equals

ontl_q1

S(E) = {0 = s (30 uPm+ 1) <0 )

This is Theorem 8.2.1 of [13]. Moreover, the solid core s(HZ°) can also be charac-
terized, see Theorem 8.3.4 of [13]:

ontl_1

s(HY) = {(bm)f,fzo : sup ( Z |6y | (0 + 1)’0‘) < 00 }

neNg m=2mn

2. SOLID HULL AND CORE FOR WEIGHTS WITH CONDITION (b).

In this section we consider the quite large class of weights on D or C satisfying
the regularity condition (b). For such a weight, the solid hull was found in the paper
[8], and we determine the solid core here.

Definition 2.1. Let r, €]0, R[ be a global maximum point of the function r™v(r)
for any m > 0. The weight v satisfies the condition (b) if there exist numbers b > 2,
K>band 0 <m; <mo <...withlim,_. m, = oo such that

Mn Mn+1
(21) b S ( rmn ) U<rmn> (rmn-‘rl) ’U(rmn+l) S K

T my 41 U<7nmn+1)’ 'm (T, )

Remark 2.2. (1) The second named author introduced the following condition
(B) on the weight v in [16]:

Vby > 0dby >1dc>0Vm,n:

<T—m> v(rm) <b and |m—n|>c= (r_n> v(rn) < b,.

T'n v(ry) Tm/) 0(rm)

It was observed in Remark 2.7 of [7] that if a weight v satisfies condition (B), then
it also satisfies condition (b) for some b > 2, K >band 0 < m; < mgy < ....

(2) As a consequence of this observation and Section 2 in [16], the following weights
satisfy condition (b): For R =1,
(¢) v(r) = (1 — r)* with a > 0, which are the standard weights on the disc, and
(id) v(r) = exp(—(1 —r)7).
More examples can be seen in Example 3.3. For R = +o0,
(1) v(r) = exp(—rP) with p > 0,
(17) v(r) = exp(—expr), and
(i1i) v(r) = exp ( — (log* r)?), where p > 2 and log* r = max(logr,0).

n

We recall the result [8], Theorem 2.1 for D, or [7], Theorem 2.5 for entire functions:
Theorem 2.3. If the weight v satisfies (b), we have

22) () = { iy s swpetrn) (X i) < oo

My <Mm<Mp 41
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Now let us prove the following statement.
Theorem 2.4. For a weight v satisfying (b), we have
(2.3) s(HX) = {(bm)fno_o : sup v(rmn)( Z \bm|r$n> < oo}.
" Mp<M<Mp 41

Proof. For a holomorphic function f with f(z) = "7 ja,2", we let h; denote
the function defined by

= Z la,|z"  for all z.
n=0

It is easy to see that the solid core s(Hg°) of H>® coincides with the set
{f : f holomorphic, hy € H°}.
Now, let f e H®, f(z) = 0" bu2" If

(2.4) hy(z) =) [bal2",

belongs to H;°, it is easily seen that

sl = sup vlr Zw ™
This implies
(2.5) swo(rn,) (D ulr,) < gl
n My <M<Mp 41

Thus the solid core is contained in the right-hand side of (2.3). Now we proceed
with the reverse inclusion.

According to [16], Proposition 5.2., there are numbers f3,,, € [0, 1] and a constant
¢ > 0 (independent of f) such that

Ihflo<esup  sup vz DD Bulbale".

o Tm,_q S‘Zlgrmn+1 M1 <M< i1

This implies
(2.6) |hslls < csup sup U(T)( Z |bm\7“m).

n <r<
Tmy, 1 _7”_7"mn+1 mn,1<m§mn+1

For rp,_, <1 < rp,,, we have

v(r) Y bl

Mp—1<m<mpy

- gt 5 b ()

Mpy—1<m<mpn, Mn—1

( r )mnv(v(r) )U(Tmn,l) Z |b ’rmn )

T'm T'm
n—1 n—1 mn71<m§mn

< ( T, >mn U(?“mn))v(rmn_l) Z b |

/rmn—l v(rmn—l

IN

Mp—1<m<mp,
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(2.7) < Kv(rm,_) Y. bwlr
Mpy—1<m<mpn,

Here we used that 7, is a global maximum point for r""uv(r).
Similarly, for r,, , <r <r,, we have

v(r) > (bl

My <M M 41

G T S I (=)

U<rmn) mn<m§mn+1 n

< ()" ) S b,

/’nmn v (/’nmn )

Mmp<Mm<Mpn41

(2.8) S0(rm,) > |bwlrin

My <M<Mp41
Finally, if r,,, <r <, ., then

v(r) > bl

My <m<Mmp41

) S el ()

v(rm,) Mp<m<mni1 mn

( T )mn+1 U(T))U(Tmn) Z ‘bm|7’zn

T vr
Mn ( Mn M <M<Mp41

S(m_”‘H)anrlMU(rmn) S bl

Tmn v (rmn )

IN

My <MmIMp 41

(2.9) < Kv(rm,) >, |bmlr,.

Mmp<Mm<Mp41

Hence, according to (2.6), with (2.7), (2.8) and (2.9),

Ihslle < 2K supolrm,) (S0 lbulrin,).

Mp <M<Mp 41

This together with (2.1) yields (2.3). O

3. A WEIGHT OF THE FORM w(r)exp(—a/(1 —r)’).

In this section we only deal with weights defined on the unit disc . Our purpose
is to improve the results of [8] by calculating the solid hulls and cores for a larger
class of concrete examples, namely, for weights of the form

(3.1) v(z) = w(r)exp ( 1 ¢

o) 2€D

where a,b > 0 are given constants and w : [0, 1[—]0, oo[ is a differentiable function,
extended to D by w(z) = w(|z|). We remark the examples in [8] only contain the
case b <2, w = 1.

We will prove
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Theorem 3.1. Let w'(r)/w(r) be a decreasing function and assume that there are
no >0 and a €]0,1 4 b/2[ such that

(3.2) (1- r)aw/(r)

) is bounded on [0, 1]

1 w(l— ()W)
e ~ w(l = (i)'
Then, the solid hull of Hy° is equal to

{oesempn(1- () ) (2 (1= ()" <)

meN

mp<m<mg, 4 q

(3.3) < e forn > ny.

where
1/b 11 (_a \1/b
m:%% T Cy (0 R A ()"
‘ on w(l = (55) ")

(which reduces to m, = b*T1/a=V/n2+2/b _pn? ifw =1).
Moreover, the solid core of H3° is equal to

{aza (1= () )™ X mal(1- () )" < o

me
mn<m§mn+1

We postpone the proof a bit and consider some remarks and examples. Let us
start with the following quite trivial observation which, however, is very useful to
simplify the presentations of the solid hulls and cores.

Lemma 3.2. Let 1 < p < 00, and let (Kp)nengs (Kn)neng, (Lm)neng 000 (L )nen,
be sequences of positive numbers. Assume that there are given two increasing, un-
bounded sequences (My)nen, and (Mp)nen, 0f positive real numbers such that

(3.4) My < My < Mpyr1 V0 €Ny
and such that for some constants C' > ¢ > 0, for alln € N,

¢KPL,, < K? L, <CKPL,, Nmuwithm, <m <,
(3.5) ¢KPL,, < KPL,, < CKPL,, Nmuwith i, <m < mu.
Then, we have

{(bm)°m°:0 . sup Kn< Z |bm|me)1/p < 00 }

n€eNg

My <M M 41
- ~ \1/p
(36) = {(bm);jzo : sup Kn( Z ’bm’me) < o0 }
n€eNg ~ -
My <M<y 41

Proof. We have, by (3.5),

1/
sup ( Z K£|bm\me> !

neNo mp<m<Mmp41

< sup <( ) Krf'bm'me)l/p*( 2 Kglbm|me>l/p)

neNo \ %, <m<inng, P <M< 1
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1 1/p ~ ~ \1/p
< = sup (( S KbalLa) (Y KibalLa) )
¢ neNo Mp<m<my, Thn<m§mn+l
2 - ~ \1/p
< % su ( K2|bn, me> .
& nGI\I])O Z | |

Mn <m§'ﬁln+l

The converse inequality can be shown in the same way, using the other inequalities
n (3.5). O

It is obvious that the representations of the solid hull and core of a weighted space
are by no means unique: the sequence m,, and even the coefficients and exponents
can be chosen in many ways. We discuss this in the first example.

Example 3.3. (i): a =b =1, w = 1. Here m,, = n* —n?. However, in [8] the

representation of this solid hull was found with the more simple numbers m,, = n*
instead:

, (n+1)4 o 1/2
SHE) = { )i s (D2 bl (1=072)™") " < o0},
" m=n4+1
(n+1)*
s(HX) = {(b ) supe —n Z |bm|(1 —n’Q)m < oo}.
m=n%+1

Let us verify that the condition (3.5) of Lemma 3.2 is satisfied with p = 2; the proof
for the case p = 1 follows by taking square roots. We may obviously assume n > 2.
For m with m,, <m < m,, i.e.,

(3.7) n* —n?* <m <nt,
we have K, = e = K,,, Ly, = (1 —n2)*" and L,, = (1 — (n — 1)"2)*", hence,

1 \2m 1 n22n?
K2L,, = 27 (1 - —> > ¢ (1 . —)

n? n2
(38) > C —2n2 —2n2 —C —47127
2nt—2n2
K2L,, < 27 (1 - i)
n n2
_om 1 n22n? 1 2n
<e(i-5) (-5)
n n
1 —2n? 2
(3.9) < Qe <1 - —2> < Cle™,
n

Furthermore, we write
nt = (n— 1)+ 4(n = 1+ p(n) = (n — 1)2(n — 12 +4(n — 1)* + p(n),

where p(n) = 6n% — 8n+ 3. Using the trivial estimates p(n) —n? > —60(n —1)? and
p(n) <50(n — 1) for all n > 2, we obtain

m A _on?
Koaln = 6_2(n_1)2(1 ( 11)2>2 < 6_2(n_1)2(1 _( 11)2>2 2
n — n —
_ 21y (1 - 1—)2(n_1)2(n_1)2+8(”‘1>3+2(p(n>—n2)
B (n—1)2
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(n—1)2 2(n—1)24-8(n—1)—120
o—2n—1)2 <1 _ 1 )
(n—1)?

<
(3_10) < Ce—4(n—1)26_8(n—1) _ Ce—4n2+8n—46—8(n_1) < 0,6_4,@2'
Similarly,
g = 1 2m 9 1 2TL4
K2 L, = e 2n1)? (1_—> > o—2(n—1) (1_ >
SR (n—12) =° woTe
a1y (1 : )Q(M)Z(n_1)2+8(”‘1>3+2p<n>
- (1)
212 1 (n—1)2 2(n—1)2+8(n—1)+100
> e 2(n- 1 —>
> (1ot )
(3.11) > Ce4n=1%=8(n-1) > (fp—dn?

We thus see that the first pair of inequalities (3.5) holds. The second one is trivial
since for m, <m < m,.1, i.e.,

nt<m< (n+ D= (n+1)7

we have L, = (1 —n~2)?" = L,,,.

(17): a=1,b=2, w(r) =1—r. Here
m, = 23203 —on? 4+ 2% — 1

and

—2n2

S(Hy7) = {(bm)ﬁzo : Slip e\/ﬁn ( Z ‘bm‘2(1 B (ﬁn),l)zm)

meN
mn<m§mn+1

1/2

<o)

—2n?2

{bn)zg 5w > Il (1= (V207" < oo},

mp<m<mgp g q

s(H,*)

(ii1): a =b =1, w(r) = (1 —log(1 — r))~!. Here, a direct calculation yields

n?—1
3.12 S SR
(3.12) M =11 +1+10g(n2)’

but we can again use Lemma 3.2 with m, = n?, K, = e (1+ log(nZ))_1 = K,,
Lyp=0-n2* and L, = (1 - (n — 1)=%)*™, since the calculation (3.8)-(3.11
shows that both the expressions K2L,, and K> | L,, are proportional to

42
e4n

(1 + log(n2))2

for all m with m,, < m < m,. (To see this, we observe that in comparison with
(3.8)—(3.11), K, only has the new factor (1 + log(nQ))_1 =: g, for which g, and
gn_1 are proportional, and that m,, of (3.12) satisfies n* — n? < m, < n? so that m

(3.13)
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in (3.13) falls into the interval considered also in (3.8)~(3.11)). Moreover, of course
K?L,, = K2L,, for all m with m, < m < m, ;. Thus, we have

o (n+1)* o\ 1/2
R S |
( v) ( )m_O Sl:;pl_i_log(ng) m;—’—l‘ ‘ ( n ) o0
o (n+1)*
Hooz{meO_: S bol(1=n2)™ < }
s(H7) (bm )0 Slrlel‘HOg(nz) m:zn‘;-i-l’ ’< ! ) >

(iv): a = b =1, w(r) = exp(—log®(1 — r)). Here we have w'(r)/w(r) = 2(1 —
r)~!log(1l — r). It is easily seen that (3.2) and (3.3) are satisfied. We obtain m,, =
n* —n? +4(n* — 1)log(n) and

S0 = {On)o - swpexp(—4log ) =) (32 (1 —07)") " < 0},

meN
mp<m<mgy

s(HX) = {(bm);’;’:o : S%pexp(—éllogQ(n) —n?) Z b (1 —n?)" < oo}.

meN
mn, <m§mn+1

Remark 3.4. Fix m > 1 and put
fr)y=r"v(r) =r"w(r)exp ( — ﬁ)

Due to the continuity of f and the fact that f(0) = f(1) =0 < f(r), r €]0, 1], the
function f has a global maximum on 0, 1[. It is easily seen that r €]0, 1] is a zero

of f”if and only if

r w' (1)
3.14 =ab — .
&1 " )
Since —rw'(r)/w(r) is assumed to be increasing, the right-hand side of (3.14) is
strictly increasing in 7. Hence (3.14) has exactly one solution, denoted by 7,,, which
is the unique global maximum of f. In particular, if

(3.15) M = abm1+1/b(1 - (l>1/b> _ (1 _ (l)”b> wl<1 - <%>l/b>

m m

for some m > 1, then

(3.16) rar=1— (i>1/b.

m

Proof of Theorem 3.1. 1°. We first consider that case b > 1.
a) Some estimates. If 1 < z <y and 0 < f < 1 then the mean value theorem
yields

(3.17) y’ —a? <y —x) and 27—y <Yz —y).
Moreover we use

(3.18) l+x<e® forall xzeR.
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Now let 1 < m < k and define M as in (3.15) and K in the same way with k
replacing m. Then
1

and erl—W

=1 T

and we can rewrite (3.15) as

/ !/
(3.19) M= abm /oy, — TMw (rus) . K = abk! Vo — TKw (TK).
w(ry) w(rg)
Then, with (3.17), (3.18) we obtain
1/b 1/b 1/b
L B MU O i
- /6 1+ 1/b
1= () 1 (5)
Liyve=1/1 1y 1 1 k—m 1
. < ~(= — ) =)= -2
(3:20) = &P <b (lc) (m k)rM) P (b E1/bm, TM)
and
1/b 1/b 1/b
o 1-@T @)
1/b 1/b
() =)
1 k—m 1
(321) S exXp ( — Z m1+1/b E) .

Now we write

re\K v(rg) T\ \ W(rK)

'K — exp (K log (1K —a(k —
<7”M> v(rar) P ( ©8 < >) exp(=a(k —m))
which in view of (3.19), (3.20) is bounded by

w(rg) . <ak(k—m) rk 1 rg w(rg) k—m

m rv b oy w(ry) kYPm

_ wrx) exp ( —a(k —m) + a(ﬂ) (k —m) + c1(k,m)

m — mi-1/b

ke — 2 kl—l/b _ o 1-1/b
(3.22) = K exp <am(—m) <1 - i ) + cl(k,m))

w(r) — mi-1/b kE—m
where
1 rg w'(rk) k—m
(323) Cl(kam) - b T U)(TK) (1 7ﬁK') m
Using (3.21) instead of (3.20) we get with the help of (3.17)
() e
rx/ v(rg)
w(ray) kM
< — — — J—
S o) exp <a(k m) —a(k —m) <m> + co(k,m)
~w(ra) mt/b — |1/
= ) exp (a(k — m)(W> + co(k,m)

w(rar) a 1
(324) S M exp <—g(k’ — m)2m —+ CQ(k, m))
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where
1/ I\ w(rg) k—m
3.25 k =—(— .
(3:25) sk, m) b <m> wrg) k
Similarly, (3.20) implies
()
v/ v(ra)
w(rg) my 1/b
< —alk — - _
= wrar) exp < a(k —m) + a( k:) (k—m)+ 03(k,m))
w(rg) kb — ppt/b
= w(rar) exp (—a(k‘ — m)<T> + c3(k,m)
(3.26) <l oo _S ke —m)2 4 ek, m)
~ w(ry) b k ’
with
1 w'(ry) k—m
2 =—= 1—71g).
(3.27) calm) = —3 8 B (1 )
Finally, (3.21) implies
()" e
rx/  v(rg)
w(r m r
= wir]\;; exp (a(k —m) — a?(k: - m)% + cy(k, m))
B w(rM) (k‘ _ m)Z klfl/b _ mlfl/b
(328) = m exp (am< L—m ) + C4(l{?, m)
with
Try w'(ry) k—m
2 k =-— .
(3:29) ca(k, m) brix w(ry) m/bk
b) The parameters m,,. Now put for every n € N large enough
b
(3.30) G = an?

and in the above calculations choose
m=jn , k=jnt1.
We denote the numbers in (3.19) by
my=M , mu,1 =K

so that the following relations hold, by (3.16):

1 a \1/b a /b
Tmnzl—ﬁzl—(w> ,TmnH:l—(m) ~

¢) Final estimates. With (3.23) we obtain

1

Cl(jnJrlajn) = _6<

7/'7nn+1 ) w/ (rmn+l> 2n + 1

1—r
Tmn w (Tanrl ) ( s ) n2
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By assumption (3.2) there is d > 0 and 0 < a < 1 + b/2 with
w/(rmn+1) < d

w(rmn+1) - (1 - 7,WL’VL«FI)O['

Hence p 5
. . rmn 1 —Q n + 1
‘Cl(]n+1a]n)| < B (T’—+> (1 - rmn-s-l)l < n2 )
d (im0 (a7 s(a-1)p(2n+1
=5 (=)(G) e (T ),

Since 2(av — 1)/b < 1 we obtain

lim 1 (jus1,jn) = 0

n—o0

By assumption (3.3) we have w(rp,,.,)/w(ry,,) < e. So, using (3.22) and (3.30) we
see that there is a constant K, with

(3.31) G )m”“M < K, foralln.

Tmn U(Tmn>
This follows from the fact that, for £ = j,+1 and m = j,, the expression in (3.22),
(/{7 . m)2 1 — kl—l/b o ml—l/b

m — ml/b E—m

Y

remains uniformly bounded for all n.
To obtain a lower estimate of

<7’m_n+1) T u(rm,,)
v(rm,)

consider (3.24) and (3.25). Exactly as before we see that

(3.52) T ea(Gus1on) = 0

For k = j,.1 and m = j,, we obtain

<a> (k —m)? (2n+1)?

T

b/ k1=1/bml/b (n+ 1)2—2/bn2/b
which tends to 4 as n — co. Together with (3.32) we find ng such that
o <g> (jnJrl B jn)2

.1-1/b .1/b
b/ g

+ c3(Jns1,n) < =2 for n > ny.

Since by assumption w (7, )/w(rm,,,) < e the estimate (3.24) implies

( Ty, >Mn+1 v(rm,) < 1

/r‘mn-‘—l U<Tmn+1) €
hence
(3.33) 2<e< (rm"“> 1 0mns) for n > ny.

Repeating the preceding arguments using (3.26), (3.27), (3.28), (3.29) instead of
(3.22), (3.23), (3.24), (3.25) we see that

lim C3(jn+lajn) = lim C4(jn+l>jn) =0
n—oo n—oo
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and there are ny, N7 with

(3.34) 2<e< < Tmn )mn v(rm,) < K; forn>n;.
V(T
Then the assertion of the theorem in the case b > 1 follows from (3.31), (3.33),
(3.34) and [8], Theorem 2.1.
2°. We prove Theorem 3.1 in the case 0 < b < 1. Here we use, for v > 1,
0<z<y,

,rmn+l

y' =2 <9y y—2) and 27—yt <qa7 7z —y).
We obtain, instead of (3.20) and (3.20),

/b /b /b
- (1) :H(%)l -

—
1__( >1w 1__(l)Ub

Rl

<o (3 (3) )

1/b /b /
N K
- (})

<o) (1 —ké)?j”)m)'

Then the theorem follows by repeating the same arguments as in the preceding
section. [J

3=

and

1 (

1—

—
= |3 |-
~

4. A WEIGHT OF THE FORM uy(z) = exp(—a/(1 — r?)?).

As a consequence of the preceding discussion we consider here the weight

v9(2) = exp ((1:—0;2)1))

for given constants a,b > 0. We compare v, with the weight v,(2) = exp(—a/(1—r)")
of the preceding section (with w = 1).
Put

A= {f € Hy : f(z) = Za2k22k for some Clzk}
k=0
and

B=2z A= {g € H - g(2) = Za%HszH for some a2k+1}.
k=0
Moreover, let Ty, Ty : Hy? — H,) be the maps with

(Tvh)(z) = h(2*) and (Tvh)(z) = zh(2*), h€ HY, z € D.

Proposition 4.1. The operator Ty maps Hy? isometrically onto A. The map T,
is a contractive operator from Hy° onto B. Moreover, we have

HZ® = A®B.
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Proof. The map T} is certainly an isometry into A and 75 is a contractive operator
into B. To show the surjectivity, let f € B, say

(4.1) f(2) = gz

k=0

Then put h(z) = Y 77, k12" In view of (4.1), since the series representing f(z)/z
converges uniformly on compact subsets of D, we have

c:= sup M<oo
s<ije |2
Hence,
[hlloy = sup |A(2)or(2) = sup [(2)]or (2) = sup L, )
|z|<1 |z <1 |2|<1 2|
(4.2) :max( sup |f<z)|f02(z), sup |f<Z)|U2<Z))
s1<i/2 12| 12<z<1 12|

We obtain h € H® and clearly Tbh = f. This shows that T, maps H® onto B.
Similarly we see that T maps H;°> onto A.

Now consider the operator P with (Pf)(z) = (f(z) + f(—2))/2 for f € H; and
z € D. P is a contractive projection from HgS onto A. We clearly get (id—P)(H?) =
B. Hence HyY = A® B. O

Now we take the numbers m,, of Theorem 3.1 for w =1, i.e.
b1+1/b

2+42/b 2
My = ——— —b
VD

n mn-.

Let [s] denote the largest integer which is smaller than or equal to s.

Theorem 4.2. The solid hull of H}; is equal to

{(bm) : S%p efbn2< Z |bm!2(1 B (#)l/b)ﬂmm )1/2 . oo}.

meN
2[mn]+1<m§2[mn+1]+1

Moreover, the solid core of H}Y is equal to

{(bm) csup e Z |bm|(1 - (;ﬁ)l/b) e < oo}

n
meN
2[mn]+1<m<2[my, 1 q]+1

Proof. Using Proposition 4.1 and Theorem 3.1 we see that (b,,) € S(H;?) if and
only if

(4.3) sgpe""ﬁ( Z |b2m|2(1 _ (#)w)zm)l/z e

meN
mp<m<mg, 4 q

and

(4.4) s%p e_b”2< Z |b2m+1|2(1 - (#)Ub)zm) 2 < 00.

meN
mp<m<mp 11
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If m € N and m, <m < myy; then [m,]+1 < m < [my41]. We obtain 2[m,,] + 2 <
2m < 2[my41) and 2[m,| +3 < 2m + 1 < 2[m,41] + 1. Hence (4.3) and (4.4) are
equivalent to

b2 a \ 1/by 2[m/2] 1/2
supe? ( Z |bm|2<1 - (W) > > < 0.

n meN
2[mnp]+1<m=<2[my 4 1]+1

The proof for the solid core is the same. [J

5. MAXIMAL SOLID CORES AND MINIMAL SOLID HULLS.

In this section we prove some general results on the relations of Schauder bases
and solid hulls and cores for H°-spaces. We refer the reader to [14] for terminology
about bases in Banach spaces. If the monomials form a Schauder basic sequence in
HZ°, then obviously the condition of being solid is related with the property of {2}
being an unconditional basis. Another, related fact will be proven in Theorem 5.2.
We also show the unexpected fact that for some special weights, H:*° is solid.

Proposition 5.1. We have S(H) = H>® if and only if s(H°) = H°.
Proof. If S(H®) = H° then hy € H (see (2.4)) for all f € H*. Hence
s(Hy?) = H».

Now assume s(H ) = H° and take g € S(H°) with g(z) = > i, bkz". There
is f € H® with f(z) = > p2,arz" and |by| < |ay| for all k. Since by assumption
hy € H° we obtain

o
lgllo < supo(r) Y laglr® = [yl < oo
" k=0

which implies g € H°. Hence S(H°) = Hy°. O

Example. Consider the weight v(r) = exp(—log®(r)) on the complex plane C.
According to [15], Theorem 2.5., there is a constant d > 0 such that for every
f € H® with f(z) = > p2, axz” we have

sup(Jael exp(k?/4)) < |, < dsup(jac| exp(h/4)).

Then clearly hy € H°. Indeed, let (hy), be the partial sums of hy, i.e. (hf),(2) =
Son_olag|z. Then (hy), € H®, (hs), — hy pointwise on C and

1sllo < supi(hs)nllo < dsup(jax| exp(k?/4)) < d| f]l, < oo.
Hence S(H) = HX = s(HY®).
Recall that we denote by H? the closure of the polynomials in H®. We put
A={F:k=0,1,2,.. .}
Theorem 5.2. If S(H®) = H® then A is a Schauder basis of HY.
We prove Theorem 5.2 at the end of this section. At first we state

Corollary 5.3. In the case of analytic functions on the disc D, one always has
S(H? (D)) # H*(D) and s(Hy*(D)) # Hy (D).
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Proof. According to [15], Theorem 2.2., A is never a basis for H’(ID). This proves
Corollary 5.3 in view of Theorem 5.2 [

For the proof of Theorem 5.2 we need two lemmas.

Lemma 5.4. (i) Fir m € N and € > 0. Then there is ro < R such that, for every
[ with f(z) =Y, arz®, we have

sup | f(2)[v(z) < €l f]lo-

ro<|z|<R
(i1) Fiz 0 <ry < R and € > 0. Then there is n € N such that, for any g € H® with
g(z) = 1 apz®, we have

sup |g(z)|v(z) < €l|gllo.
0<|z|<r1

Proof. (i) Fix » < R. Then we clearly have
1/ 1l

ap| <
o rko(r

forall k=0,1,...,m

\_/

We obtain

FEme <30 (B g,

o\ v(r)

Find ry > 0 such that

(M)kv(ld) <€

r/ o) T m+1

whenever |z| > ry. This is possible since, by assumption, lim, |, |z|*v(|z]) = 0 for
all k. This implies (i).

(ii) Fix r > 7y and consider g(z) = Y7 axz®. We have |ax| < ||g|lo/(r*v(r)) for all
k. This implies, if |z] <y,

- IZ\ <m>’cv(0)

g ol < Z L) Sl

We find n so large that

> ()43 <
k=n (T
which proves the lemma. []

Lemma 5.5. Let f = Z;io a;z? be an analytic function on the disc, let my < mg <

- be indices and fo(2) = 3270 a2, Then there is a subsequence (fn, )32y such
that

(5.1) SUp [|fuello < 201D follo-
keN P

We remark that for any subsequence (f,, )3,, the sum ), f,, on the right-hand
side of (5.1) is the Taylor series of an analytic function on the disc, so the sum
converges at least uniformly on compact subsets of D; if the sum does not belong to
H$°, its norm is infinity and the inequality (5.1) becomes a triviality.
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Proof. Use Lemma 5.4 and induction to find a subsequence (f,,) and radii

r1 <1y < ...such that |f,, (2)|v(]z]) < 37%| fu,llo Whenever |z| < 7y, or |2] > 14y
Hence
(5.2) [frillo =" sup | fn.(2)[v(]2])-

re<|2|<rpga

By the remark above, we may assume that ), f,, € H°. Fix j. If r; <|z] <7rjpq
we obtain

1D fullo 2 1) fu(2)lo(z)
> | foy (2)0(2) = Y [ fn (2)0(2)

k#j
1
> | fuy (2)|0(2) =) el fllo
k#j
1

In view of (5.2) this implies
1 .
132 foulle = 1l = 5 50D | fuello - for all
k

and hence

1
I ankH'U 2 —Sl;p [ frllo
k

which proves the lemma. []

Proof of Theorem 5.2. For any subset N of N, let Ty be the operator with
Tn(Y g anz™) = D pen anz™ It S(H®) = H® = s(H®) then Ty(HX) C HX.
The closed graph theorem implies that T is bounded.

Now let P, be the Dirichlet projections, i.e. Py (> p,arz®) = >")_,arz®. Assume
that A is not a basis for H°. Then the P, are not uniformly bounded. By the uniform
boundedness theorem we obtain a function f € H? such that sup,, | P.(f)|, = oc.
Hence we can find a subsequence P, with limy, o || (P, — P, ) (f)|lo = 0o. Put
fm = (Priy — Pu,)(f). Then, > f, € H3°, since this sum is of the form Ty f for
some subset N of N. We apply Lemma 5.5 to find a subsequence f,,, such that

sup 1 frello < 201 frnillo-
k

The left hand side of this inequality is infinite while the function on the right-hand
side is again of the form 7’5 f for some N C N and thus has finite norm as an element
HS°. So we arrive at a contradiction. Therefore A is a basis of H?. [J
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