LONG TIME ASYMPTOTICS OF SUB-THRESHOLD SOLUTIONS
OF A SEMILINEAR CAUCHY PROBLEM.

JARI TASKINEN

ABSTRACT. We show that the solution of the semilinear heat equation u; = g, +
uP (with x € R, p > 3, and nonnegative Cauchy data) behaves for large ¢ like
the solution of the corresponding linear problem plus a small correction of order
t=1/27¢ where ¢ := 1, if p > 4, and ¢ = $(p—3), if 3 < p < 4. The result is known
in special cases like small initial data. We prove it here for positive sub—threshold
initial data satisfying some assumptions. Part of our results are contained in the
recent work [10], but the motivation of this paper is to provide a new method
leading to somewhat more general space-time estimates.

1. MAIN RESULT.

We consider the long time asymptotical behaviour of the solution of the classical
semilinear diffusion equation and the associated Cauchy problem for the unknown
function u = u(z,t), x € R, t > 0:

(1.1) Uy = Ugy + U for x € R, ¢t >0,
(1.2) u(z,0) = h(x) for x € R.

It is assumed that the initial data h € L>®(R) N L}(R) is nonnegative. Moreover, p
is assumed larger than the Fujita—exponent, i.e. p > 3. To simplify arguments, we
only deal with the case the x—space dimension is one.

Given an h, let us denote by Tax(h) the maximal existence time of the solution
u to (1.1)—(1.2) with initial data h (see [23], Section 16 for terminology). Assuming
that f € L®(R) N L'(R) is also nonnegative, we set

(1.3) o :=sup{a > 0 | Thax(af) = oo}.

In this paper we consider initial data h which is of the form o f for any o, 0 < o < o*
for some fixed f. By this assumption, the (so—called sub-threshold) solution u
exists for all ¢. More precisely, for example by [21] it is known that if f is even
(f(x) = f(|z]) for a.e. z) and decays fast enough (lim, .. f(z)z? = 0 for some
~v>2/(p—1) ), then there exists C' > 1 such that

(1.4) ¢ (af )(z, 1) < ulz,t) < Ce% (af)(z,t) forzeR,t>1,

where etaf%(a f) denotes the solution of Cauchy problem for the linear heat equation
in R with initial data af.
The asymptotical large time behaviour of u is studied in more detail also in, for
example, [1], [2], [5], [6], [7], [8], 9], [11], [10], [12], [13], [14], [18], [19], [20], [21]. We
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cite the result of [14], Proposition 3, which essentially states that, for “all” positive
initial data h = af with a < a*, there exists a number A such that

(1.5) [u(-,t) = Ap(- )]|oo < (t)(t+1)72,

where 0 < g(t) — 0, as t — oo. Here || - ||oo denotes the sup—norm with respect to
the variable z, and

1 122
4 t+1

T,t) = ——=¢ ,
ol 1) VAar(t+1)

so (1.5) presents the solution of the superlinear problem as a perturbation of the
linear Cauchy problem.

On the other hand, in [25] (see also [1], [26]) it was proven for small initial data
and p > 4 that the solution u has the form

(1.6)

(1.7) u= Ap(z,t)+ v,
where A € R is a constant and v is small for large ¢ in the sense that
(1.8) [v(- D)]lee < O(1/1).

In view of this result, the exponent —1/2 on the right hand side of (1.5) is not yet
optimal. Recently, in [11] the authors improved the result of [14] (for comparison,
a particular case of their general results is the bound [[v(-,1)|lsc < Ct~%/* in case
p = 4; take f(u) = u* and h(u) = v® in Theorem 1.2. of [11].)

Parallel to the recent work [10], we want to present the accurate asymptotical
behaviour (1.7), (1.8) of u for a large class of positive initial data h = af with
a < a*. The results of [14], [11] are thus improved by providing a better convergence
exponent, and the result of [25] by releasing the smallness assumption of the initial
data. Also we improve the approach of [1], [25], by considering all p > 3 instead of
p > 4. Part of our results is contained in [10]; we perform a comparison in Remark
1.4 below.

To state the main result we introduce for all £ € RT, the weighted sup—norm

5 a1

where v > 1 (v is to be fixed by the assumptions of Theorem 1.1). Notice that for
all 1 < g < oo andt > 1, the inequality

(1.10) (-, )|y < CE/ED lu(-, )],
holds. (The proof is given at the end of Section 5.)

(1.9) Ju(-, 6|l == llull¢ == sup (1 +
x€ER

Theorem 1.1. Assume that p > 3 and that the measurable function f : R — R
satisfies

C
(1.11) 0< f(r) < Atz

for some v > 1. Assume that h = af and o < o*, and that the solution u = u(x,t)
to the Cauchy problem

(1.12) Up = Upy + UP on RxR"

reR,
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(1.13) u(z,0) = h(x) for all z eR,

satisfies the pointwise estimate

(1.14) 0 < ulz,t) < —= (1+ 12 )ﬂ
' IV Vit

for all x, t. (The number v is fized by (1.11), (1.14) for the rest of the paper.)
Then there exists a number A € R such that fort > 1

(1.15) u=Ap+v with |jv(-, )|, < Ct 2723

and ¢ is the Gaussian (1.6) and p* := min(4,p). In particular, v satisfies
(116) ot )l < C72730779)

(1.17) [o( )|z < O 342720

for1 < q<ooand, ifp >4, |[v(-,1)||e < Ct7t fort > 1.

The estimates (1.16) and (1.17) readily follow from (1.15) and (1.10). The number
A will be equal to lim;_, ffooo u(zx, t)dz, see Definition 3.2. In view of the definition
of the norm || - ||, the result (1.15) yields a rather detailed estimate, not just for
large time behaviour, but also the space-time convergence of v.

The assumption of the theorem is satisfied at least in the following two cases.

Corollary 1.2. Let f, o and h be as in the previous theorem, and let u be the
solution of (1.12)—~(1.13). If f is an even function, then the pointwise estimate
(1.14) (and thus also (1.15) ) always hold.

Proof. That (1.14) holds in case of such an f, is proven in Remark 4.3.(ii) of [21],
formula (35), see also p. 127 of [18]. O

Corollary 1.3. Let f, a and h be as in Theorem 1.1, and assume that the solution
u of (1.12)—(1.13) satisfies

(1.18) tPlTlHu(',t)Hoo —0 ast— oo.

Then (1.14) is satisfied and thus (1.15) holds.

Proof. One can again follow the arguments on the few lines preceding (35) of [21],
or, alternatively, Section 2, the proof of Theorem 1.2. of [2]. The idea of proof is,
given u satisfying (1.18), to consider the solution @ of the linear Cauchy problem

(1.19) Ty = gy + |Ju-, t)|[P on R xR"
(1.20) u(z,0) = h(x) for all x € R.

From the comparison principle it follows that u(x,t) < @(x,t) for all z and ¢. On
the other hand, the solution to (1.19)—(1.20) is given by

(1.21) i(w,t) = Uz, t) exp (/ ||u(-,s)||g;1ds),
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where U = ¢! is the solution of the heat equation and thus satisfies (1.14). The
propery (1.14) follows for u from (1.21) and the fact that the integral [ ||u(-, s)|[5ds
converges, by Lemma 2.3 of [2] and arguments around it. [

Remark 1.4. Another form of the result (1.15) was recently obtained in the refer-
ence [10], Corollary 1.6, using completely different methods. Let us make a review
for comparison.

Our result yields space-time estimates for the solution, due to the definition of the

norm || - ||;, whereas the result of [10] is only formulated in terms of L(RY)-norms;
for 1 < g < oo these are gotten in our work as a consequence of the definition of the
norm || - ||;. The obtained time-rate is the same in both works.

As for the initial data, the citation assumes f € L'(R™) N L°(RY) and moreover

[+l @l < o0

RN
for some K > 1, which for N = 1 is weaker than (1.11) and do not presume
positivity. The a priori assumption on the existence and behaviour of the solution u
is slightly weaker in the present paper; compare Corollaries 1.2 and 1.3 with (1.16) of
[10]. Moreover, our work could easily be extended to some unbounded initial data:
indeed, initial data is only handled (in addition to (2.3)) in Lemma 2.2. Inspecting

the proof one finds that it would be enough just to assume f (equivalently h = af)
be in L'(R) and satisfy

(1.22) / f@)lde < C(1+ [y
|z|>]yl

for all y € R. Of course, there are unbounded functions satisfying these require-
ments.

Remark 1.5. [22]. If the function f decays exponentially as |x| — oo, it is possible
to deduce the result (1.15) for the sub—threshold solution using the rescaled equation,
see [13], and the abstract asymptotic analysis presented in Section 51 of [23]. We
leave the details to the reader.

The proof of Theorem 1.1 is based on the fact that suitable, quite tricky integra-
tions by parts of the nonlinear term of (2.1) can distinguish between the leading Ap
and perturbative v terms. We derive an integral equation (3.6) for v (to this end we
need all the a priori assumptions on u), and use the above mentioned integrations by
parts, together with standard weighted sup—norm estimates, to prove the smallness
of v.

It might be good to keep in mind that for the linear Cauchy problem, the solution
u can always be written as Ap + v simply by decomposing the initial data h as the
sum A(47)"/2e7*’/* + g, where A = [h and thus [g = 0. For such a g one has
€92 g||oo = O(1/t) for large t (see Lemma 2.2 below).

Notation. By C', ¢, C" (respectively, ¢,), and so on, we denote strictly positive
constants which are independent on the variables x, ¢, n etc. (resp. depend on n
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only) and which may vary from place to place but not in the same inequality. We
write R* := {x € R | # > 0}. We have e/%h = (4rt)~/2 [* ==/ p(y)dy, if
h € L®(R) N L*(R). The Gaussian function ¢ is defined in (1.6). Finally, O(1/t)
refers to the usual Landau symbol.

Acknowledgements. The author wishes to thank prof. Pavol Quittner (Bratislava)
for discussions on the topic of this work, and the referees for careful reading of the
manuscript and for some important remarks. The partial support of the Vaisala
Foundation of the Finnish Academy of Sciences and Letters, and the Academy of
Finland project “Functional analysis and applications” are also acknowledged.

2. THE KEY LEMMA 2.4.

The rest of the paper is occupied by the proof of Theorem 1.1. From now on we
assume that f, o and A meet the assumptions of the theorem, u is a global classical
solution of (1.12)—(1.13), and the condition (1.14) holds. A classical solution is
always a mild solution, hence, u satisfies the integral equation

t
(2.1) u(z,t) = e h(z) + /e(t_s)azu(, s)Pds.
0

Let A > 0 and define

(2.2) vi=u—Ap ie. u=Ap+w.

We shall fix A in the next section. Until that, the results hold for all A.
Definition 2.1. We denote

(2.3) A = / h(x)dx and g :=h— Agp(z,0).

Notice that then [*° g(z)dz =0, since [*_¢(z,0)dr = 1.
Moreover, let

(2.4) M= My a(z,t) :=uP — APYP,
and,
'
(2.5) R :=Ra(z,t) = Ap/e(t_s)aggopds — BAP,

0

where B is the numerical constant

2
(4m)% /P (3 —p)

So, Ag are g are now fixed, whereas R and M depend on the choice of A.
At this point the reader might have a look at (3.6) in order to find motivation for
Lemmas 2.2, 2.3 and 2.4: they contain the crucial estimates for the terms of v.

(2.6) B =
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If w=w(x), x € R, is a function which decays fast enough as |x| — oo and
satisfies [w(x)dz = 0, then e is of order t~! for large . (The vanishing in-
tegral means that the Fourier transform of w vanishes at 0, and the estimate can
be obtained by working on the Fourier side.) In the first lemma we specify this
phenomenon for the particular norm we are using.

Lemma 2.2. Fort > 1 we have

C
(27) el < =

Proof. Integrating by parts,

) C Oo_lx_z
wﬂﬂa@=,511/e4(w””me—Awwﬁ»@

(2.8) = — / %e‘ax_yw(t“) /(h(z) — Aop(z,0))dzdy.

—00 —00

Here h(z) — App(z,0) is a function whose integral over the real line vanishes and
which moreover is bounded by C'(1 + |z|)~7~2. Hence,

(2.9) ‘_/ (h(z)— fi_ﬂe—%*)dz‘ SW'

Moreover, for some constant ¢ > 0,

2 =yl iy < O —ew—yp/(t4D)

(t+ 1)32 t+1
and thus we can bound (2.8) by
[ c : 1
2.10 e I/ gy,
(210 [ A Tyl

Dividing the integration domain to two parts, the integral over the set {|z — y| >
|x|/2} is bounded by

C /2 1 c’ /02
2.11 e/t dy < —cz /(t+1)‘
(2.11) (+1 (1+ |y|)r*t V=11
le—y|>|z|/2

For the remaining integral one uses the facts that the length of integration interval
is |x| and that |y| can be approximated by |x|:

¢ / o—c(e—y)?/(t+1) : 1

_ S
It1 11 [y
lz—y|<|z|/2

S S P
=L o)) Y210t )

lz—yl<|z|/2
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This and the estimate (2.11) are small enough to imply the statement. [

It is possible to estimate also R using rather explicit calculations. We remark
that this seems to be the leading term of v, see (3.6), and compare with Lemmas
2.2 and 2.4.

Lemma 2.3. We have fort > 1
(2.12) IRAC, )]l < Ctz30"=5),

The constant C' actually depends on A. We postpone the proof until Section 4.

The last of the three lemmas is the key for our main result. It will be used more
than once: first, for the choice of the constant A (the lemma holds for arbitrary A)
then, to produce the desired estimate for v by two iteration steps.

Lemma 2.4. Let v be as in (2.2). Assume that, for some n = 0,1, the following
estimates are proven fort > 0:

(2.13) ol < C(t+1)77 50"
and

n * —pY
2.14 M) < C(t +1)-50-9-F (1 1 7] .
(2.14) Mz, 1) < Ct+1) (1 )

Then we even have fort > 1

t
H/e(t_s)ag./\/lC, ds — ¢ //./\/l (y, s dyds
0

0 —o0

(2.15) < C(t41) 2 "5 @3,

Here the constants ' may depend on A and n. The proof is postponed until
Section 5.

3. CHOICE OF THE CONSTANT A AND PROOF OF THEOREM 1.1.
The first consequence of Lemma 2.4 is the following.

Lemma 3.1. The limit

(3.1) lim / u(z,t)dzx

t—o00
—00

erists.

Proof. Let A > 0 be arbitrary and v as in (2.2). We have ||¢(-,t)||, < C(t+1)"/?
and, by (1.14), |lu(-,t)||; < C(t + 1)~%/2, hence, the same holds also for v. This
means, (2.13) holds for n = 0. It is also clear from these estimates and (2.4) that
M satisfies (2.14) for n = 0. Hence, Lemma 2.4 is applicable with n = 0.
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Straightforward replacement of u = Ay + v into (2.1) implies

Ap+v=u= <BAP+AO+ / /M(y,s)dyds)gp

0 —o0
t 0o 00
to2 (t—s)02 .
+ e'%g+ e M-, 8)ds — ¢ My, s)dyds
0 0 —o0

(3.2) +R.

We now notice that the integral f_oooo dx of the second and third rows of (3.2) tend
to 0, as t — oco. Indeed, by Lemma 2.2, (2.15), (2.12) and the definition of the norm
|| - [|: (1.9), all of these terms have the pointwise bound

C [z ™
(3.3) RN <1+ \/t+—1)

for some & > 0. The x—integral of (3.3) vanishes for ¢ — oo, and the claim follows.
On the other hand [ ¢dxz is the constant 1. The lemma follows from (3.2).
O

Definition 3.2. From now on, we fix A by defining

o0

(3.4) A= lim [ u(z,t)de
t—o00
With this choice it is possible to formulate the separate equations satisfied by A
and v. The latter of them, (3.6) below, together with Lemma 2.4, will be crucial to
derive the desired smallness estimates for v.

Corollary 3.3. The following equations are satisfied by A and v:

(3.5) A= Ay + BA? +/ / My, s)dyds,
0 —cc
v(z,t) = etazg(x) + R(x,t)
t oo 0o
(3.6) + /e(t_s)ag/\/l(~,s)ds—ga(x,t)/ /./\/l(y,s)dyds.
0 0 —oo

Proof. It follows from the remarks in the proof of Lemma 3.1, that the limit
t — oo of the integral ffooo dx of the right hand side of (3.2) is

(3.7) Ag+ BAP + / //\/l(y,s)dyds.

0 —o0

Hence, (3.5) follows by applying (3.4) and ffooo wdx = 1 on the left hand side of
(3.2). Then (3.6) follows from (3.2). O
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Proof of Theorem 1.1. We need to prove the estimate (1.15) for v. Since v satisfies
the equation (3.6) and also the estimates (2.7), (2.12) hold, there remains to use
Lemma 2.4 to bound the M~-term in (3.6). The lemma has to be used two times to
get a good enough bound.

First step. We take n = 0. It was already remarked in the proof of Lemma 3.1
that (2.13) and (2.14) hold. As a conclusion, we obtain (2.15) for n = 0.

Induction step. Assume that (2.15) is proven for n (which is only either 0 or 1;
bigger n are not needed and the argument would not even work for them). We claim
that this implies (2.13) and (2.14) for n + 1.

Indeed (2.13) is gotten immediately from Lemmas 2.2 and 2.3, and (3.6). As for
(2.14) for n+ 1, we use the mean value theorem in the form |£P — (P| < p|€ — ¢|2P71,
where £ and ¢ are positive numbers and z € [£,(]. We take & := wu(z,t) and
¢ := Ap(z,t) and observe (by what we have just proven)

(3.8)u(z, t) — Ap(z,t)] = v(z, )] < C(t+ 1) 2" T @31 4 |z /VE+ 1)
and use the bound C'(t+1)~"2(1+|x|/+/t + 1)~ satisfied by both u(x, t) and ¢(z, t):
Mz, 1) = |u(z, )" — APp(z, 1)"]
< Cplo(z, t)|(t + 1)~ P~V 4 || /vt + 1)~ @1
(3.9) < C(t+ 1) 5T (4 ] /VE+ 1)

Finally, it suffices to observe that (1.15) is gotten from (2.7), (2.12), (2.15) with
n =1, and (3.6). O

4. PROOF OF LEMMA 2.3.

We estimate R, (2.5), using the method of [25], (44)—(49). We recall that for all
positive parameters a and b

[ e

(41) _ /oo e_aaz +a+bx2 (\/;—H)x—\/a-l—by)?dy _ ﬁ 6—abx2/(a+b)’
—00 va—+ b

hence, the expression 9% (-, s)P equals (47)~ 2™ times

e—% 2—y)? s><;€—iy2/<s+1>)”dy

\/t —S Vs+1
_ ! 1 ¢ o a?/(t=0(s))
Vi=s(s+ 12 /(t—s)T+p(s+ 1)
(4.2) = (s+ 1)—19/24-1/2 C 6_%532/(;:—9(5))7

Vpt+1)—(p—1)(s + 1)
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where o(s) = s — s/p — 1/p. We can write (4.2) as

(s+ 1)‘?3/2“/2L ! ! o~ 1%/ (t=0(s))
VPVE+1 \/1 _ p=lstl

p t+1
S p/24+1/24n
(4.3) \C_} i *; i) 3 /n+1 //2 ¢~ o2/ (t=(s))

where the coefficients ¢, come from the binomial series, hence |c,| = O(n=3/?).
Integrating termwise by parts (for the exceptional case —p/2 4+ 1/2+n = —1, see
the comment below) we obtain

0 n+3/2—p/2
[ZCI (s + 1)mte2e/ e—ixz/(t—g(s))]t
"l 1R —

=0

+ 1 n+3/2—p/2 2 -
44 v (8 ~1a2/(1—0(s))
(4.4) /Z (t+ 1) 12 (t—o(s)2" ! 5

where
1 Cn,
n+3/2—p/2 /b’

and ¢ equals ¢, multiplied by some number depending on p only.

(4.5) d, =

Except for the term with n = 0 and ] , the sum of the other terms of the first
s=| 0

line is bounded by C/(t 4 1)~ 272¥" =8)¢=e?/(H1). notice that for some ¢, 0 < ¢ < 1,
we have o(s) < ct for all 0 < s < ¢. The second hne of (4.4) also satisfies this bound,
since we can use the estimate

2
L —12%/(t—0(s)) | <

(t = o5
All of these terms thus satisfy (2.12).
It may happen that —p/2+1/2+n = —1 for some n, and then the above reasoning
cannot be used. But this is only possible if p = 5,7,9..., which is so large a number
that the corresponding term in (4.3) is easily seen to satisfy (2.12).
We have shown that
t

C —ea?/(tols))
o(s)

/ (=902 o — gL ~ke?/t-0(0)
) An(t+1)
(4.6) + O((t+ 1) 2 20" 3) mea?/(141))
where B is as in (2.6):
/

2

(4.7) i I —
(4m)z (4m)2/p (3 —p)
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So we are left with (¢ + 1)~/2¢=3*/(t=e(0)  But using standard Taylor series devel-
opements this can also be written as (& 4+ 1)"Y2e~12"/+) — \/Axp(z, t) plus an
expression bounded by C/(t + 1)~ 'e**/¢+1): we have

‘e_zm [t _ —he /<t—g<o>>‘

— i/ (t+]) ‘1 — e~ 1(1He(0)a? (t+1) 7! (t—e(0)) 7!

< J(t+1) f: i( (1+ 0(0))z )m
= ml\(t+1)(t — 0(0))
1 > 1 C'z 2 m "’ 2
48 < (V3R t+D) ( ) < —ca?/(t+1).
(48) = e mZ::l t+r12) 11

This, together with (4.6), (2.5), proves (2.12). O

5. PROOFS OF LEMMA 2.4 AND INEQUALITY (1.10).

Before the proofs we record the following inequality (see e.g. [25], Lemma 4): for
every a >0, b > 2 and 1 > ¢ > 0 there exists a C' > 0 such that

(e @]

[ e @yl ) My
(5.1) < CVs+1(1+ |z /vt + 1)70F =

We proceed with the proof of Lemma 2.4. For (2.15) we use the method of [25],
Lemma 3. However, to see the difference with [25], consider the case p > 4. Here
we have to cope with a worse a priori bound for v: only |Jv]|, < C(t 4+ 1)~2 (for
n = 0) instead of C'(¢t + 1)7! of the reference. This is so since we cannot assume
small initial data and thus we cannot apply a fixed point argument here. It is a bit
surprising that the arguments of [25] are still useful. Of course, another difference
is that we also consider the cases 3 < p < 4 here.

A) The major part of the proof consists of producing and estimating some terms
of the expression

(52) [t syas

This is done in the present subsection. We denote by —I" the assumed decay order
of M, i.e.
no o« p
2.3 Ni=—("-3)+=
(5.3 2t —3)+
and notice that T' > 3/2. We aim to show that most of the terms of [)e=9%2 M(-, s)ds
satisfy the norm estimate ||-||, < C(¢+1)7"" (notice that —1 -2 (p*—3) > —T'+1),

1

except for one term which will be estimated by (£+1)~2= "1 #"=3) (see (5.12) below),
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and another one which approximates the second term on the left hand side of (2.15)
(see (5.19) below). This will imply the lemma.

Defining
(5.4) /./\/l(z s)dz =: F(y, s) fory >0
y
and
Yy
(5.5) / M(z,s)dz =: G(y, s) for y < 0;

we obtain from (2.14) the estimates for F := F(x,t) = F,a(z,t) and G =
g(a:,t) = gu,A<xat)7

—py41
|F(y,s)] < O(s+ 1)1/ (1 + %) T for y > 0 and

—py+1
(5.6) Gy, s)| < C(s + 1>‘””2(1 + %) "oy <o

We apply integration by parts. In order to obtain a properly behaving integral
function of M(y,-) we have to split the y—integration domain to two parts :

[e.9]

1
VIR M) = [ e I My, s)dy
1 _G-v? 00 r 1 2—y _Gew?
— — 4(t—s) f , ] - < 4(t—s) f , d
[ e (y,9) y20+/2(t_8)3/26 (y,s)dy

0
0 . .
1 (z—y) 0 rT—Yy _G-w

(5.7 + [me (- s)g(y, )]y:_oo— / §me 1= G(y, s)dy

Here the first term equals \/—e —a2 /(=) (0,s). Moreover, we obtain from the
inequality /ze * < Ce#/? (2 > 0)

‘/ / )‘Z/f‘i”) N F (y, s)dy
— S
0

[ o
(5.9 < [ e e sy
0

To proceed with the evaluation of (5.2) we divide the s—integration interval into
[0,t/2] and [t/2,1].
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To treat the first interval, using (5.6), and the estimate (5.1) we get for (5.8) the
bound

C |33| —py+2+e
(5:9) (t—s)(s+ 1)1 ( + \/H——1> '

Integrating this fot /2 ds and taking a small enough ¢, we get

t/2
C |x| —py+2+e
/(t—s)(s—i—l)r—l (1+\/t+1> ds
0
t/2 o
' 1 x|\
. <
(5.10) _t+1/(8+1)r—1(1+\/15-|——1> s

0

There are three cases (recall that I" is always larger than 3/2):
If I' < 2, then (5.10) is bounded by

C lz] \—
(5.11) m(l+ \/H_1> .

If I' = 2, then the s—integral diverges logarithmically, and (5.10) is thus bounded
by

C'log(t +2) lz] ™ ' lz| \—7
.12) e TA )T o : 14
(5.12) t+1 ( \/t-i—l) = (t+1)a+%<p*—3>( \/t+1>

since 3 < p* < 4. (Remark. The logarithmic divergence appearing here is the only
reason why a two—step lemma and proof are needed. Could we obtain for n = 0 an
estimate with (¢ + 1)7272%"=3) instead of (¢t 4+ 1)"271® =3 the case n = 1 would
not be needed.)

If I' > 2, then the s—integral is bounded and we directly get the bound

(5.13) tfl (1 + \/ﬂ_l) 7

Integrating (5.8) as j;t/Q ds is different: we have t —s < s+ 1, hence, we obtain by
(5.6) the bound

t oo
€ -tawr/o- 1 ly| P!
(z—y) /(t 3) ( >
© 1 dyds
// (t —s) (s +1)r-1/2 N y
t/2 0
t
1 1
<
B C/ (s+1)-172¢ — s
t/2
_L(m—y)2/(t—s)_L(x_y)2/(t_s)( &)—mﬂ
. e 16 16 1+ d
( Vi+1 Y

lz—y|>|=|/2
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i / o (x—y)2/(t—s) (1+ |y| )_P’H—ldy)ds

oof—

NS
le—y|<|z]/2
t
1 1
<
- /(3+1)F—1/2t—s
t/2
. <€—ﬁm2/t e~ 16—/ (t=5) g
lo—y|>la| /2
|£C| —py+1 1 N2 —
+ (14 ) e =)qy ) ds
NS
le—yl<lal/2
t e’}
y kd )"”“ 1 1 — 5 (2—1)?/(t—s)
<C'(1+ 75 Groi—s ) " dyds
t/2 —00

t

—py+1 1 1
< C/// 1 |l‘| L / d
- ( * \/t+1> (s+ )12/t =5 °

t/2

"

lz| ™
614 < (1t ms)

Similar representations and bounds apply to the terms with G.
So we are left with

¢
1 1.2
(5.15) / e~ 12 /U= F(0, 5)ds,
t —
) Vi=s

and the similar integral for G, which contain some explicit terms of order (¢4 1)~1/2
only, as we shall see.

Integrating again by parts yields, for some constants By, By, B3 € R,

t/2

1
/ e~ 1%/ F(0, 5)ds
0

Vi—s

1 vy [ 2
- | 3= /(t—s) F(0 d ]
[ —t—se 1 / (,0)08:0

t/2 S)

Bl BQ.TQ —lxz/(t—s)
+/<(t—s)3/2 + (t—8>5/2)6 i /.7:(0,U>d0ds

0 s
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(5.16) ::\;__‘x2/t/f00da+§i_lx /f00d0+y(x t),

/2

From (5.6) we obtain | [ F(0,0)do| < C(s+ 1)7"3/2; hence, recalling that 3/2 <
I', we get the bound

t/2

122
e, b)) < C/ 3/2 (t — 3)5/2)6_ix2/(t_3)(3 +1)7"ds

t/2

1 1 1,2
/ —zx/(t—s
< C/(t—s)?’/? (S+1>F_3/2e s7°/(t=9) g

0
t/2
1 1 1,2
" —zxe/t
< O | e e
0

C/I/ ]‘ ( 1
SR (ES VARSI

+ 1) g5/t

(5.17) < C’”’<(t +11)3/2 + (Hll)F_l) (1 + \/%)_W.

(In case I" = 5/2 there appears an additional factor log(t + 1), but even in this case
the obtained bound is much better than (¢ 4 1)z~ 2% =3) which would suffice.)
The second term of the last line of (5.16) easily leads to a smaller bound because
of (5.6) and the fact that I" > 3/2.
Moreover, returning to (5.15)

2/t=9) F(0, 5)ds

(5.18) ‘ / =

t/2

is easily seen to be at most C'(t 4 1) Ttle=e/(+1) gince, in (5.6), (s+1)"T+Y/2 can
be replaced by C(t 4 1)~1+1/2,

Allin all, we have shown that the integral fot dsof (5.7),1.e. V4rm fot =% M(-, 5)ds,
is

(5.19) %e‘ixz/t 0/(}"(0, s)+ G(0,s))ds + W(x,t),

where |[W(, 8)]l; < (t +1)"2 "5 @ =3 (Recall that —T + 1 < —1 — 25 (p* — 3)))
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B) To complete the proof of the lemma it is enough, in view of (5.19), to show
that for ¢t > 1

H\/ﬁ "‘Tz/t/ (0,s) 4+ G(0,s))ds — ¢(x,1) ///\/l Y, S dydsH

0 —o0

C
i+ 1

But we have

(5.20) <

(5.21) /(f(O s)+G(0,s) ///\/l s)dyds,
0 0 —o0
by (5.4) and (5.5), hence (5.20) follows from
1
—e 1 (o, )
\/
1 10 1 1.2
WVt Vi+1
1 1 1.2 1 1.2 1.2
I —la2/t _‘ L2/ —la?/(i41)
= e 4 + e 4 e 4
Vi Vit ‘ Vi
1 1.2 1,.2,—1 —1
<O e T/ 1 —fa?/(t+1) <1 _ i@ )
T ot+1 Vi
1 1,2 1 1,2 > 1 x? m
< O ) 2 e/ ) _( )
t+1 Vi n;m! 4t(t+1)
" C//
s < Loty e,

t+1 t '

to extract a factor t=%/2 from the sum on the second but last row and to still keep
the remaining sum not too large, one needs to assume that ¢ is not too small, say
t > 2. Of course, this is possible. [J

Proof of (1.10). Let u = u(x,t) be a function such that ||u(-,t)||; < 1 for some
7> 1. Then |u(x, t)| < (1 + |z|(t + 1)~V < (1 + |z|(t +1)7/?)7!, and

/|u x, )%z < /( Mﬁ%)_qd:ﬁ

lz| \~¢
< 1 da + / (—) dz
/ Vi+1
lz|<Vi+1 |z|>Vit+1
<V T4 (t4+ D)2 |z %z = CVE+ 1,
|z|>Vt+1

hence, |[u(-,t)||paw) < Ct/2? and the claim follows.
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