RADIATION CONDITIONS FOR THE LINEAR WATER-WAVE
PROBLEM IN PERIODIC CHANNELS

SERGEY A. NAZAROV AND JARI TASKINEN

ABSTRACT. We study the well-posedness of the linearized water-wave problem in
a periodic channel with fixed or freely floating compact bodies. Floquet-Bloch-
Gelfand-transform techniques lead to a generalized spectral problem with qua-
dratic dependence on a complex parameter, and the asymptotics of the solutions
at infinity can be described using Floquet waves. These are constructed from
Jordan chains, which are related with the eigenvalues of the quadratic pencil and
which are calculated in the paper in some typical cases.

Posing proper radiation conditions requires a careful study of spaces of incoming
and outgoing waves, especially in the threshold situation. This is done with the
help of a certain skew-Hermitian form ¢, which is closely related to the Umov-
Poynting vector of energy transportation. Our radiation conditions make the
problem operator into a Fredholm operator of index zero and provides natural
(energy) classification of outgoing/incoming waves. They also lead to a novel,
most natural properties and interpretation of the scattering matrix, which becomes
unitary and symmetric even at threshold.

1. INTRODUCTION.

1.1. Preamble. We consider the linearized water-wave problem in a periodic water
channel IT C R3, which contains fixed submerged and/or surface piercing obstacles
O; see Section 4.1 for geometric details and Remark 2.1 for the case of freely floating
objects. The problem consists of the Poisson equation in  := IT\ © for the unknown
¢ (velocity potential) and given f,

—Asp(x) = f(2), z €,
homogeneous Neumann (no penetration) conditions d,¢(x) = 0 on the boundary ex-
cept for the free water surface I'; where a Steklov type spectral (kinematic) condition
Oyp(x) = Ap(z) is posed with A as a spectral parameter. The problem as described
here is not well-posed: think for example about the special case of a straight cylin-
der, where it is easy to observe that the above mentioned boundary conditions with
A € R, = (0,+00) cannot guarantee the uniqueness or existence of the solution
in Sobolev spaces, and the same remains true for general periodic domains. The
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main goal of the present paper thus becomes to supplement this linear water-wave
problem with proper radiation conditions.

To that end, we write the problem as an equation Ag(\)p = F' containing a linear
operator Ag(X) : W5(€Q) — W!,;(Q)*, where W;(Q), f € R, denotes a weighted
Sobolev space the elements of which have, roughly speaking, the growth (8 < 0) or
decay (8 > 0) no more than e~##1l in the unbounded z;-directions of the channel.
For small § > 0 the operators A,g are Fredholm (Theorem 4.1), however, the index
of Ag(A) is strictly positive and that of A_g(\) negative. The point will be a careful
study of the solutions of the above written equation, more precisely, the description
of incoming and outgoing waves in the preimage A_z(\)~'W! 5(§2)* and their relation
to the domain and kernel spaces of Ayg; this division of wave classes is the most
intriguing issue especially at the threshold of the continuous spectrum, see Sections
4.2-4.3. It turns out that restricting the operator A_z(A) to a subspace, which in
particular does not contain incoming waves, makes the operator index equal zero, see
Theorem 4.8. This is the appropriate radiation condition, which renders the original
problem well-posed. This investigation is motivated by the well-known shortcomings
of the Sommerfeld radiation principle in periodic domains or at thresholds.

As for the basic mathematical tools, our approach is based on the Floquet-Bloch-
Gelfand-(FBG-)transform, see Section 3.2. This enables us to convert the problem in
the unbounded quasicylinder (periodic set) into a problem in a bounded periodicity
cell, depending on a complex parameter 7, which is the dual variable of the FBG-
transform. We end up with a two-fold spectral problem, since n can be treated as a
new spectral parameter. However, the dependence of the problem on 7 is quadratic
instead of linear: to each n-eigenvalue there may correspond a system of Jordan
chains consisting of eigenfunctions and their associated functions gb?’p . The above
mentioned incoming and outgoing waves u can be constructed with help of the
Floquet waves (3.16), which contain the functions ¢{” as ingredients. The structure
of the Jordan chains is in general complicated and it is hard to calculate explicitly
the coefficients of the functions gbg’p in the formulas of uF, however, it has been
proven in [20, Ch. 5] that it is always possible to find a proper normalization. In the
final section of this paper we complete perform these calculations for Jordan chains
in some particular cases.

Another key tool is the skew-Hermitian form ¢ (defined in (4.7), or (2.18) in a
simplified case), which acts in the above mentioned weighted spaces, the spaces of
waves. The g-form will be used to distinguish between incoming and outgoing waves
(Theorem 4.3), and thus also to find the correct domain space for the operator Ag(\).
The natural connection of the g-form with the Umov-Poynting vector yields physical
motivation for the radiation conditions, which we introduce by mathematical con-
siderations. The conditions are of Mandelstam type: any incoming wave must bring
energy form infinity, and on the contrary, outgoing waves radiate energy to infinity.
We emphasize that in the threshold case, when Jordan chains of length larger than
one appear, not every Floquet wave is able to drive energy along the waveguide.
Accordingly, only a special choice of wave packets (linear combinations) yields an
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appropriate basis in the linear spaces of incoming and outgoing waves, so that the
scattering matrix with respect to this basis becomes unitary and symmetric.

There are several known approaches to composing radiation conditions, and in
some sense our way to supply the problem with a Fredholm operator is standard.
Our methods are inspired by the work [20]; see also [21, Ch. 5], which contains both
an account of the FBG-transform and g¢-form techniques. The method using the
g-form is general and flexible, and it was also applied in [22] for the water-wave
problem in a completely different geometric situation.

The paper is composed as follows. In Section 2 we review, for the sake of making
an analogy to the periodic case, the much more simple case of a straight channel,
where one can use the Fourier transform instead of the FBG-transform. We also
make a remark on the case of freely floating objects in Section 2.1. The Sommerfeld
principle is usually sufficient for rendering the problem well-posed, see Proposition
2.4. However, in the threshold case, the incoming and outgoing waves are rather
wave packages determined by the g-form, as we show in Proposition 2.5. Thus, the
g-form can provide a way to extend the physical radiation conditions to this case,
though this is done in detail only in the general case of Section 4.

Section 3 contains a study of the linear water-wave problem in the unperturbed
periodic channel. Here we use the FBG-transform and give the operator theoretic
formulation of the problem in the bounded periodicity cell. Basic facts concerning
the n-spectrum, Jordan chains and Floquet waves are introduced.

In Section 4, which contains the main results, we consider the full water-wave
problem containing the fixed obstacle in the periodic channel and present a novel
approach to radiation conditions. Starting with existing literature, we recall in
Theorem 4.1 the connection of the Fredholm property of Ag(\) and the 7-spectrum,
and in Theorem 4.5, the known solutions of the linear water-wave equation. The
analysis of the Fredholm properties of the problem operator A_g()\) : W! 5(2) —
Wﬁl(Q)* leads to the formulation of the radiation conditions via Theorem 4.8 and to
the calculation of the (unitary) scattering matrix in Theorem 4.10. We also establish
the connection of our radiation conditions with the Mandelstam radiation principle
by determining the relation of the Umov-Poynting and the ¢-form, see Theorem 4.12.
The investigation is completed by the final Section 5, where we calculate explicitly
in some special cases the incoming and outgoing waves in terms of the Jordan chains
and Floquet waves of Section 3.

2. STRAIGHT CHANNELS.

Before proceeding to the general case of periodic channels, we consider the water-
wave problem in straight channels. The results of this section are in principle known,
but we present them here in order to demonstrate the analogy with the case of
periodic channels.

2.1. Formulation of the problem. We consider the boundary value problem of
linearized water-wave theory (see, e.g., [11, 25]) in a cylindrical channel IT := Rxw =
{z = (x1,29,23) = (21,2) : 1y € R, 2’ € w} containing a fixed submerged or
surface piercing obstacle ©, the closure of which is a compact subset of II C R?.
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It is assumed that w C R? is bounded and Lipschitz. The boundary OII consists
of the bottom and walls of the channel, ¥¥ = 9l N {z : x3 < 0} and the water
surface I = OII N {x : x3 = 0}. Furthermore, the water domain Q = I\ © C R?
is also required to be connected and Lipschitz. We denote ¥ = 0Q N {z : z3 < 0}
and I' = 9Q N {z : 23 = 0} C I'". Since the closure of © is compact, the domain
2 coincides with IT outside the set {x : |z| < Ry} for some large enough Ry > 0,
which we fix now.

The water-wave problem is formulated in the domain €2 and on its boundaries as
follows (see e.g. [11]):

2.1) M) = f2), wEQ,
(2.2) Ovp(x) =0, ASIN
(2.3) 0.p(x) = Ap(x), rzel.

Here, A, is the Laplace operator in x, 0, is the outward normal derivative defined
almost everywhere on 02, while 0, = 0, = 9/9z on I'. Later we will use A, and
V. for the Laplacian and gradient in the variable 2’ = (5, x3). Moreover, ¢ is
the velocity potential, A = x%/g > 0 is a spectral parameter with the oscillation
frequency x > 0 and the acceleration g > 0 due to gravity. The known function f
expresses external effects and it will belong to a suitably chosen function space.

Remark 2.1. In the case of a freely floating body ©, which is assumed to be
connected for simplicity, the boundary condition (2.2) becomes inhomogeneous on
0 N 00, due to possible rigid motions of ©. These are described by a column
vector a € R®, which contains three translations and three rotations. The PDE-
problem (2.1)- (2.3) must be coupled with an algebraic 6 x 6-system for a, which
contains weighted integrals of 0,¢ over 02 N 0O, i.e. the momenta and torques of
hydrodynamical forces acting on the body. The complete formulation of this problem
can be found in [6, 7]. The variational formulation of the problem and its reduction
to a self-adjoint Hilbert space operator are presented in [5], [23], and this approach
allows to adapt all results of the present paper to the case of a freely floating body
in both straight and periodic channels. The reason is that our approach only uses
the parts of the channel which are of some distance from the body. We will not
comment on this generalization in the sequel.

Consider the corresponding homogeneous problem in the unperturbed cylinder,

(2.4) —Ayp(z) =0, x € ll,
(2.5) dye(x) =0, z e X
(2.6) 0.p(x) = Ap(x), reT?

The standard approach to this (and also to (2.1)-(2.3)) consists of separation of
variables and the Fourier transform with respect to the variable x;. This leads to
the following model problem on the cross-section w:

(2.7) AW () + W (') =0, 7 € w,
(2.8) oW (x') =0, red,
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(2.9) W (2") = A\W (2)), e,

where ¢’ and 4/ are parts of the boundary dw C R? corresponding to the channel
bottom and walls, and the free water surface, respectively, and the parameter £ € R

is the separation of variables constant . We take the new spectral parameter p =
—&2, and replace (2.7) by

(2.10) —A,W(a')y=pW(a'), 2 ew.

The weak formulation, see [14], formula I1.2.6, of the problem (2.8)—(2.10) means
finding W € H'(w) such that

(2.11) (Vo W,V V)y = AW, V). = u(W,V),, forall Ve H'(w).

This is derived from (2.7) by multiplying with an arbitrary V € H'(w), integrating,
using the Green formula and the boundary conditions (2.8) and (2.9). Let us denote
by B()) the sesquilinear form on H'(w) x H'(w) defined by the left hand side of
(2.11). Due to the standard trace inequality

(2.12) W5 ()| < el VoW L2(w)|| + Ce(w, V) IW; L2 (W)l

valid for every ¢ > 0, the form B()) is closed in H'(w) and lower semi-bounded,
hence, by [1, Ch. 10}, it determines a lower semi-bounded self-adjoint operator A(\)
such that the problem (2.11) is equivalent to the spectral problem

ANW = (MW, W € L*(w).

Due to the compactness of the embedding H'(w) < L?*(v’), there exists an increas-
ing sequence of eigenvalues for A:

(2.13) () < a(N) < oo < py(A) < - = oo

The functions A — f;(\) are monotone decreasing for A € RT, by [1, Thm. 10.2.4].
For all j € N we denote by W; the eigenfunction corresponding to 1;, indexed and
normalized such that

(2.14) Wy, Wi)w = 854,

where 0,; is the Kronecker symbol. By [1, Thm. 10.2.2], the eigenvalues y; can be
computed from the max-min-principle

VW L) = AW L2
#i(A) =sup o, RG] ’

where the supremum is taken over all (j — 1) -codimensional subspaces H; of H'(w).
Choosing W = 1 reveals that u;(\) < 0, and from (2.12) we find that there are
finitely many non-positive eigenvalues p1;, 7 =1,...,J(\) € N. Since the functions
A = 11;(A) are decreasing, J(\) is an increasing function of A.
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2.2. Waves. Returning to the problem (2.4)—(2.6) for the unperturbed cylinder, for
each j < J(A) with p;(\) # 0, there are two oscillating wave solutions

(2‘15) Spji(x) — eﬁ:ixlmj()\)‘lmw/j(x/)

where %|1;(A\)[Y/? is the wave number, and, according to the Sommerfeld principle,
the wave gpj travels from —oo to +oo and the wave ¢, to the opposite direction.
The physical explanation of this is as follows: the corresponding time-dependent
problem, including the wave equation, has solutions

(2.16) qb;t(:)j,t) _ e—i(ntq:ixl|Mj(>\)|1/2)Wj(x/)‘

The direction of the propagation, as t increases, is determined by the sign of the
wave number in (2.16). However, if 1;(A) = 0, the wave (2.15) becomes standing
and its direction remains ambiguous. This has the consequence that the Sommerfeld
radiation condition fails, although it usually makes the problem (2.1)-(2.3) well-
posed by excluding incoming waves from the solutions. However, we will show in
Proposition 2.5 that incoming and outgoing waves can be identified as wave packages
by using the skew-Hermitian @Q-form of (2.18).

The solutions (2.15) are used for the study of the original problem (2.1)—(2.3) as
follows. First, pick C*°-smooth cut off functions y., depending on x; only, such
that y has the properties 0 < x; < 1, x4 (x1) = 0 for 1 < Ry and x,(x;) = 1
for 1 > Ry + 1, where Ry is as in Section 2.1. Set x_(x1) = x4+(—x1). Assuming
1i(A) # 0 for all j, let us denote

1 i s (12
wh(a) = g Xelee )
]_ ; 1/2
(2.17) w, () = Xt () eF O (),

V2l (V]

where j = 1,...,J(\) and the functions w;” and w,, n = 1,...,2J(\), are indexed
in an unspecified order. From the point of view of the body O, the waves w, are
incoming, and w; outgoing, cf. the explanation above. As remarked in Proposition
2.4 below, this classification of waves is enough to make the Sommerfeld radiation
condition work, if y1;(\) # 0 for all j.

In order to classify the standing and resonance (i.e. linearly growing) waves
occurring in the case p;j(A) = 0, we introduce the form

(2.18) Zi/( o @ )—u(x)%)

which is defined for solutions u, v of the Helmholtz equation (2.1) belonging to
HL.(Q). Tt is plain that @ is sesquilinear and anti-Hermitian, in short, skew-
Hermitian: Q(u,v) = —Q(v,u). Notice that we will usually calculate @ for functions
like (2.17), and in that case only one term =+ in (2.18) may be nonzero, due to the
cut-off functions. The integral in (2.18) can be replaced by an integral over a sub-
domain with positive volume; this is done in a more general setting in (4.8), and

dl’/ 5 R > R(),
r1=tR
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it is based on the following observation. We denote Qg = {z € II : |z1| > S} for
S > Ry.

Lemma 2.2. Assume that both u and v satisfy (2.1)—(2.3) with f =0 (or (2.4)-
(2.6)) in Qr,, 2NQg, and T'NQg, instead of U, ¥ and T'. Then the value of Q(u,v)
does not depend on the value of R > Ry.

Proof. Let us denote for a moment by Qr and Qg the expressions (2.18) corre-
sponding to the values R > S > Ry, respectively. The difference Qg (u,v) —Qs(u,v)
contains integrals over parts of the boundary of Qp s := Qg \ Qg, and applying the
Green formula in 2g g hence yields

Qr(u,v) — Qs(u,v) = / (v0,u — ud,v)ds,

SNQg s
(2.19) + / (E@l,u — um) ds, + / (EAu — UM) dz.
I'NQg.s QRr,s

The integrals in (2.19) vanish due to (2.1), (2.2), and (2.3). X

A direct calculation shows the following property of ) for the waves (2.17):
Lemma 2.3. For alln,m=1,...,2J()\) we have
(2.20) Q(wi,wi) =+id,,, and Q(wr,wf) =0.

Proof. Let j and [ be the indices corresponding to n and m in (2.17). In the case
of Q(w;, w}), the integral over the cross-section w x { R} in (2.18) equals, by (2.17)
and (2.14),

1 1 ~iRlul!/? 1/2 iRl (V)] /2
5|uj(A)|1/4|uz|1/4/ (e M il ()] 2

w

= I (g 2 W 0 W) da’ = 00

Hence, Q(w;", w}) = i0pm. The other cases are similar. X

We observe from (2.20) that the Q-form can identify outgoing and incoming waves:
a wave v is outgoing, if Im Q(v,v) > 0 and incoming, if Im Q(v,v) < 0. Moreover,
this classification extends to the situation when standing and resonance waves exist,
ie. p;(A) = 0 for some j, see Proposition 2.5. (The skew-Hermitian form will be
put in full use in Section 4 with general periodic channels, where the much more
complicated Floquet waves (3.16) with no obvious direction will replace the simple
oscillating waves (2.15).)
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2.3. Radiation condition via @)-form for the threshold case in straight
channels. We first recall that exponentially decaying solutions of the homogeneous
problem (2.1)—(2.3) may exist, and they are called trapped modes according to
[8, 27] and others. Trapped modes are nothing but eigenfunctions of the problem
(2.1)-(2.3) in the Sobolev space H'(Q), corresponding to the eigenvalue \. Let
Lo C HY(Q) denote the subspace of trapped modes.

Let us first restrict to the case p;(A) # 0 for all j. It is known that given a
function f which decays exponentially as x1 — 00, any bounded solution ¢ of the
problem (2.1)—(2.3) can be written as

2J(N\) 2J(\)
p=¢+ Y cwl+ Y cuw,
n=1 n=1

where ¢ and ¢, are constants and |@(x)| decreases exponentially as z; — +o0. For
the exact formulation of this result, see [10], also [21, §5.1], or Theorem 4.5 below.
The Sommerfeld radiation principle excludes incoming waves from the solution of
the wave propagation problem, and under our assumption on the eigenvalues f1;(A),
this is enough to make the problem well-posed: in particular, the following holds
true.

Proposition 2.4. Assume that the eigenvalues (2.13) of the problem (2.4)—(2.6)
satisfy p;(X) # 0 for all j. Then, if ¢ is a solution of the homogeneous problem
(2.1)—(2.3) subject to the Sommerfeld condition, i.e.

27(\)
(2:21) p=3+ ) cawf,
n=1
where 811G Pl .G € L2(Q) for some small B > 0, then ¢, =0 for all n so that

Y € Ly is a trapped mode.

The non-homogeneous problem (2.1)-(2.3) with e®l®ilf € L2?(Q) will only be
treated rigorously in the periodic case in Section 4.

Proof. If ¢ is a solution of the homogeneous problem as in (2.21), we get for any
R> Ry and Qg = {z € Q : |x;| > R}, using the Green formula

0 = / ((Ap)p — pAP)dx = / ((0v0)@ — 00, P)ds,

Qr QR

89\ (SUI)

— Q.9+ Q7Y i)

(2.22) —I—Q(chw:{,{é)—T—Q(chw;,z%w:)

n

Since ¢ is exponentially decaying, the first three terms on the right-hand side can
be made arbitrarily small by increasing R. Since () is independent of R, the identity
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(2.20) yields
0=Q( Y e, Y caw ) = 3 cwtnQut wi) =i leal?

hence, ¢, =0 for all n. X

We now change the above assumption on the eigenvalues and consider the case
pi(A) = 0in (2.13) for some j (there may be one or several such indices j), which
means that standing and resonance waves occur. We first remark that the Sommer-
feld principle fails in this case. Namely, instead of (2.15), an eigenvalue p;(A) =0
corresponds to the solutions

Wj(a') , xWj(a').
(Since W; now satisfies (2.7) with &2 = 0, a function g(z1)W,(2') satisfies (2.4), if
and only if ¢”(x1) = 0.) However, since Q(W,;, W;) = 0 = Q(z1W;, x4 W;), none of
these solutions can be used as such to define outgoing or incoming waves. However,

a proper classification of incoming and outgoing waves can be made by using the
@-form as follows.

Proposition 2.5. Defining the wave packages

(2.23) w ) = X an) n F )W o),
we have Q(w;, wt) =1, Q(w, ,w;) = —i and Q(w;,w;) =0,

Proof. The result follows from (2.14):

Ok, wF) - %Z [ (@F0-@Fa) W) i =i

r1=1R

Based on this and the remark after Lemma 2.3, we call w;| as outgoing and w;;
as an incoming wave.

The general case of periodic channels and the connection with radiation conditions
will be considered in detail in Section 4. The above case corresponds, in the general
setting of periodic channels, to the threshold case with Jordan chains of length 2;
cf. also the example in Section 5.2.

Remark 2.6. When w are defined as the waves packages (2.23), the solution
(2.21) has linear growth as z; — £00. On the other hand, the conventional physical
radiation conditions at the threshold (i.e. in the presence of waves (2.23)) involve
only staying waves x4 (x)W;(z'), which lead to bounded solutions (2.21). However,
the corresponding scattering cannot be determined properly, that is, with a unitary
and symmetric scattering matrix. The reason for this is that neither staying nor
resonance waves are able to drive energy along the channel, contrary to the packets
(2.23). Moreover, in Section 4.5 we will show that the skew-Hermitian form (2.18)
is proportional to the projection of the Umov-Poynting-vector onto xi-axis [26, 24].
In this way our radiation conditions, based on the ¢-form, become Mandelstam-type
conditions, which are related to the direction of energy transfer [16].
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3. PERIODIC CHANNELS.

In this section we consider a periodic channel without an obstacle. For the straight
channel it was possible to replace variable £ by p = —£2, reducing the model problem
to a standard spectral problem for a positive self-adjoint operator with spectral
parameter u. However, in case of periodic channels it is necessary to use the FBG-
transform and introduce Floquet waves, which involve a new spectral parameter 7.
The dependence of the problem operator on 7 is quadratic, a fact which crucially
complicates the structure of the waves and makes a straightforward application of
the Sommerfeld principle impossible in this setting, even in non-threshold cases.

3.1. Formulation of the problem. In the following, we use the same notation
as in Section 2, although II denotes now a different type of domain, namely an
(unperturbed) periodic channel. The problem under consideration reads as

(3.1) —Aypo(x) = f, x €I,
(3.2) dvp(x) =0, z e X,
(3.3) d.p(x) = Ap(x), zel”

with a given function f specified later. As before, X% and I'? are the bottom and
surface of IT (z3 = 0 for z € T and x3 < 0 for # € IT and %), whereas the Lipschitz
domain II consists of the interior points of the set

(3.4) n=|J=m,
JEZ

where each w; is a translate of the form w; := {z : (21 — j,2) € w}, and the
periodicity cell w is a bounded Lipschitz-subdomain of {z : z; € (0,1)}. The
boundary components determining the water surface, respectively, bottom and walls
of w are defined by v = I'* N %5, respectively, by ¢ = XN 7. By rescaling, we make
all the geometric parameters dimensionless, and especially the period is fixed to be
one.

3.2. FBG-transform. We recall the definition of the FBG-transform (see [3] and,
e.g. [12, 21, 13] for more details):

1 ) .
(3.5) (@) = b(wn) = —= > e " (e + '),
2m 4
JEZ
where x € Il on the left, n € [0,27), and = € @ on the right. For the convenience of
the reader we recall the basic properties: if, for example v € C°(II), then the sum
in (3.5) is finite, and it is easy to see the periodicity o(z; + 1,2") = () and the

differentiation formula ﬁ} = (O, +1n, V)0. The inverse operator is given by

27
1 N ,
v(x) = \/—Q_W/e““”v(xl — 4], 2")dn
0

where [a] denotes the integer part of the real number a.
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The FBG-transform is an isometric isomorphism from L?(IT) onto L*(0, 27; L*(w)),
as well as an isomorphism from H'(II) onto L*(0,2m; H} . (w)) (see e.g. [21, § 3.4]
and [19, Cor. 3.4.3] ). Here L?(0,27m; L?(w)) consists of L?(w)-valued (complex) L?-
functions on [0, 2], the space L*(0, 2m; H..(w)) is defined analogously, and H,(w)
is the space of C—valued Sobolev— functlons 1-periodic with respect to z;. Using the
FBG-transform, the problem (3.1)—(3.3) turns into the following parameter depen-

dent spectral problem in the periodicity cell:

(3.6) —((01 + i)+ Ap)B(xsm) = flzin), z€w,

(3.7) (0, + ivin)@(;m) = 0, T €,

(3.8) 9.0(x;n) = Ap(z;1m), T €7,
$(0,2";n) = §(1,2";n) and

(3.9) o1p(0,2";m) = d1p(1,2';m) for all 2/, n

where v = (11, 119, v3) and (3.9) constitutes the periodicity conditions.

3.3. Variational and operator formulation, Floquet waves. The problem
(3.6)—(3.9) will be interpreted as a two-fold spectral problem.

Let us first fix n € R and consider the A-spectrum. A weak solution of (3.6)—(3.9)
means a function p(+;n) € H! () satisfying

per

(3.10) (& +in)B.0h + i))w + (Vo Vard)o — M@, %), = (F,9)

for all 12 € Héer(w). This is obtained in the usual way from the boundary conditions
(3.7)—(3.9); for details, see [14]. In the case f = 0 the problem (3.10) reads as

(3.11) (0 + )3, (1 + i) e + (VB Vo)) = M@, 0,

Denoting

-~

By(3,%) = (91 + n)$, 0 + in)d)e + (Var, Varth ) + (&, )y,
the equation
By(T(m)@.0) = (8.4); for all i) € Hypp(w)
defines a continuous, positive self-adjoint operator T'(n) : H,,(w) — H].(w), which
is compact due to the compact embedding H}.(w) <+ L*(v). The problem (3.11)
is equivalent to the spectral problem

(3.12) T(n)p = Mo,

and due to the connection M = 1/(1 + A) and well known properties of the eigen-
values of (3.12), the problem (3.11) has for every fixed n the discrete A-spectrum

(3.13) 0<Ai(n) <Aa(n) <...<Au(n) < - — +o0.

We remark that by [9, Ch.9], the functions n — A, (n) are continuous. Moreover,
they are 2r-periodic: any eigenpair (A, U) with i gives rise to eigenpairs (\, ef2™1(J)
with n+27. Furthermore, by [21, Th. 3.4.6] or [19, Th. 2.1], A belongs to the essential
spectrum of the problem (3.1)—(3.3), if and only if it coincides with a A, (n) for some
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n and n € N. In this way the essential spectrum of (3.1)—(3.3) gets the band-gap
structure,

Oess = (JTu Tu={X: A=Au(n), ne€l0,2q]},
neN
though it may happen that the intervals overlap, meaning that the essential spectrum
becomes just the ray [0, +00). We remark that in any case the essential spectrum
of the problem (3.1)—(3.3) is contained in R.
Second, we may fix any A € R, and reformulate the problem to find the -
spectrum. We define the operator

A=2A(m;A): H:, (=) — H! (=)

per per

by
(3.14) (A, ¢) = (01 +1in)¢, (O +iMY) _ + (Vard, Vorth ) — A(D, 1),

and observe that

A(m; A) = Ao(A) + 12y +0*As : H) o (w) = H] o (w)*

per

is a quadratic pencil in n € C (therefore the complex conjugation in (3.14)).

By [4, Ch. 1], there are two possibilities for any fixed A:

I. There exists a point n° € C such that 24(n%; A) is an isomorphism, and moreover
20(n; A) is an isomorphism for any 1 € C except for a countable set of n-eigenvalues
with the only accumulation point at infinity.

IT. The whole complex plane is covered by the n-spectrum: for any n € C there
exists ¢(n) € H! (@), ¢(n) # 0, such that

A(n; A)e(n) = 0.

Notice that if IT holds for some A = A° € R, then A° = A,(n) for some n € N
and all € [0, 27) so that Y, = {A°}. This is an issue of importance, because in this
case A = A is an eigenvalue of the problem (3.1)—(3.3) having infinite multiplicity.
It is an open problem, if the case II occurs for some A € R. If I holds for every A,
then the spectrum of the problem (3.1)—(3.3) is fully continuous (since the essential
spectrum consists of the continuous spectrum and eigenvalues of infinite multiplicity,
see the remarks below (3.13)).

Let {n;}jen stand for the set of n-eigenvalues in the half-open strip {n € C :
Ren € [0,27)}. To any n; there corresponds a system of Jordan chains

Lo .y _ _
{¢;7 : 0=1,...,d;, p=0,...,8) 1},

where d; is the geometric multiplicity of n; and le-, ceey N}ij are partial algebraic mul-
tiplicities with the total multiplicity X; = R} +.. .—I—N?j . The functions gzﬁ;’o, o gb;lj o
are eigenvectors, while gzﬁ?’p with p > 1 are the associated vectors satisfying the equa-

tions

"1 am _
(3.15) Wit Mdy” = =D —— (s M)y ™



RADIATION CONDITIONS 13

where £/ =1,...,d; andp:O,...,Nﬁ—l.
Finally, Floquet waves are defined by

P
(3.16) Uz’p = it Z (124 mgb P (), @ eI,

m:O

where the functions ¢§’p are extended periodically for z; € R. Although the functions

U f * do not even belong to L*(Q), they will still be members of the spaces W 4(Q),
B > 0, with exponentially decaying weights, see below for definition. By a direct
computation one can verify that they satisfy the problem (3.1)—(3.3) with f =0, or
the integral identity

(VoU, VoV = AU, Vs for all V € CSo(T0).

We will assume in the following that the number § > 0 is fixed so small that all
eigenvalues 1 € [0,27) x [—=6,0] C C are real. Distinct eigenvalues are denoted by
M, ...,nn € [0,2m), N = N(\) being their number. In addition we denote the total
multiplicity of them by Nior = Nioe(A) := Wy + ... + Ny. This number is even, see
(4.9) below.

Notice that there is no obvious way to decide on the direction of Floquet waves
(3.16), since the connection to the time dependent problem is not so straightforward
as in the case of the functions (2.15).

Finally, we remark that it will be shown in Section 5.1 (see the remark after
Proposition 5.1) that Jordan chains of length 2 appear for sure in the (threshold)
situation where n; = 0 or n; = 7 is a simple eigenvalue.

4. OPERATOR THEORETIC APPROACH

We proceed to study the general case of a periodic channel containing a sub-
merged fixed obstacle ©; see Remark 2.1 for freely floating bodies. We will use at
some points the fact that the channel has two outlets to infinity, as a consequence of
the periodicity. Channels with only one outlet (having periodicity outside a bounded
subdomain) could also be treated by introducing suitable cut-off functions and con-
structing a parametrix of the problem operator, however, we leave these evident
modifications to the reader.

Following [17], [21, Ch.3&5] we consider the problem in Sobolev spaces with
exponentially increasing or decreasing weights and employ a skew-Hermitian form ¢
(generalization of (2.18)) to distinguish between incoming and outgoing waves and
to formulate the radiation conditions.

4.1. The setting. In this section we consider the water-wave problem in a Lipschitz
domain €2, which is a compact perturbation of the periodic channel IT of Section 3.1
by a fixed obstacle ©,  := I\ ©. Although the domain is different from that
in Section 2, we use the same notation as far as possible. In particular the fixed
number Ry > 0 is large enough to satisfy © C {z : |z| < Ry}, and the bottom and
walls of €2 and the free water surface are still denoted by ¥ and I', respectively, so
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that the problem reads as

(4.1) —Aep(a) = fla), z €4,
(4.2) Ovp(z) =0, SN
(4.3) b.p(r) = Aplz),  wel,

where f is a given function in a suitable function space, see below. The weak

formulation of the problem is obtained from (4.1) for test functions ¢ € C§°(2)
using the boundary conditions (4.2)—(4.3):

see [14]. The problem will be considered in the weighted Sobolev spaces W3 (),
£ € R, which are endowed with norms

: 1/2
3 WE(Q)H = (Z/62B|zl||v§§0‘2dx) ’

k=0 ¢,

while the dual space W3(Q)* = W!5(Q) of W3(Q) is determined with respect to the
dual pairing

(o) = [evdst [ (V) (Thu)de.
Q Q
The standard trace inequality ||¢; L2(T)|] < C||¢; H ()| holds in €, since the
periodic domain € has Lipschitz boundary. Applying this to the function e®l*1l¢, and
taking into account that the norm ||e?*1lg; H'(Q)|| is comparable with ||¢; WiQ)|,
yields

16 L(D)|| == [le”™ s L2 (T)|| < Ol WE(Q)]],

hence, the left-hand side of the identity (4.4) is properly defined for all ¢ € W5(Q).
Assuming that f € L3(Q) in (4.1)~(4.4) and using a completion argument, the test
functions in (4.4) can be taken as elements of W!;(€2). A solution to (4.1)-(4.3) is
then defined as a function ¢ € W;(€2) which satisfies

(4.5) (Va, Vo) — M, ¥)r = F ()

for all ¢ € W!4(Q); here F € W!,(Q)* is a continuous antilinear functional. The

left hand side of (4.5) determines a functional on W!5(€2) > ¢ and hence also a
bounded linear operator

(4.6) As(A) : W5(Q) = Wis(Q)" , (As(Nw,v) = (Vap, Vatb)a — M, ¥)r.

The Fredholm properties of Az(A) have been studied in case of straight, respec-
tively, periodic cylinders, in [10], resp. [17], [19], Th. 2.1, cf. [21], Th. 5.1.4. The
following is thus known:

Theorem 4.1. The operator Ag(X) : W5 (Q) — W15(Q)* is Fredholm, if and only if
the line segment [0,27) + i3 in the complex plane does not contain an n-eigenvalue.
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4.2. Asymptotics of solutions. Let A € Rj be a point in the essential spectrum
of (4.1)—(4.3) (which is the same as the essential spectrum of (3.1)—(3.3), since these
two problems differ only by a compact perturbation of the domain; see a criterion
for the Fredholm property in [17] and [20, Ch. 3 §4, Ch.5§1]), and moreover, assume
that A\ is not an eigenvalue of infinite multiplicity. Let the number 6 > 0 be such
that all eigenvalues n € [0,27) x [—=4, 0] C C of the problem (3.6)—(3.9) are real, see
Section 3.3. For the rest of the paper, we fix such a § and consider values § with
0 < B < 6. In particular, by Theorem 4.1, both operators Ag(\) and A_g(\) are
Fredholm and also adjoint to each other.

We define a skew-Hermitian form for solutions u, v of the equation (4.1) in HZ
by

4D ) =2 [ (o) - ute) 2 o))
* w(ER)

where |R| > Ry is assumed. This is a generalization of (2.18), where the z;-
dependence of the cross-section w(R) = {(z1,2") € Q : x; = R} is taken into
account; more precisely, () and ¢ coincide in the case of a cylinder, when restricted
to functions with support in the set {z : 21 < —Ry} or {z : z; > Ro}.

The following can be verified using the Green formula as in Lemma 2.2, denoting
again Qg = {z € Il : |z1] > S} for S > Ry:

(©2)

dx’,

r1=tR

Lemma 4.2. If both u and v are solutions to (4.1)~(4.3) with f = 0 in Qr,, LNQx,
and T' N Qpg, instead of 0, ¥ and T, then the value of q(u,v) does not depend on the
value of R > Ry.

Using Lemma 4.2 and integrating the formula (4.7) with respect to x; over the
set [-R—1,—R]U[R, R+ 1] with R > Ry leads to yet another expression for g,
which is defined for solutions u, v € H} (Q):

(4.8) g(u, v) Z/ a—“ ) — u(z )5"’1()>d:p

where wi(R) = {z = (z1,2") € 2 : R < +x; < R+ 1}. The symmetric position
of the integration domain on both outlets to infinity will be used for example in the
proof of Proposition 4.4.

We remark that the proof of Proposition 2.4 shows that the g-form vanishes in the
space of solutions in Wﬁl(Q) and it would thus be well defined in the quotient space
of solutions in W!4(Q), which is written as W_g(\)/W3(€2) by using the notation
to be introduced in (4.15). In this way, waves could be defined as equivalence classes
which do not depend on the choice of the cut-off function y.. However, we do not
expose this aspect in the following.

Let us recall the notation of Section 3.3, especially the eigenvalues 71, ..., 750,
the total multiplicity of the eigenvalues N, (A), and the sequence of eigenfunctions
and their associated functions ¢ € L*(w), see (3.16). Moreover, let x4 be the
same cut-off function as in Section 2.2, i.e. x4 (z1) =0, if 217 < Ry and x4 (z1) =1,
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if 1 > Ry + 1, and let x_(z1) = x+(—x1). There are Ry (A) linearly independent
functions of the form

(4.9) X+(2) U7 () ,

where the indices j, ¢ and p are as in (3.16); in particular, Rt (M) is an even number.
The next theorem is known and elementary (see e.g. [15, Ch. XIV §7,Th. 4, Cor.
1]), but we outline the proof for the convenience of the reader. The proof uses
Sylvester’s law of inertia: given a Hermitian n X n-matrix A and any invertible
n x n-matrix S such that S™1AS = A is diagonal, the number of positive, zero and
negative entries (on the diagonal) of A does not depend on the choice of S.

Theorem 4.3. In the R ())-dimensional subspace W (X) of W5(Q) spanned by
the functions (4.9), one can find a basis consisting of functions

whyn=1,...,J7(\), and

(4.10) cn=1 T () = R () = JFN),

such that the following holds for all n and m:

(4.11) gy, ) = %10 , quy, ) = 0.

n''m n»-’m

The numbers J=(X\) do not depend on the choice of the basis with properties (4.11).

We call the functions u; outgoing and u,, incoming, and we denote W*(\) :=
sp{uy @ no=1,...,J5(\)} € W!4(Q). This classification could be extended to
outgoing and incoming waves defined as equivalence classes, as was explained after
Lemma 4.2. In Section 5 we calculate the functions u> explicitly for Jordan chains
of length 1 and 2.

Proof. Given any basis of W(\), i.e. a set of linearly independent elements
Wy, m= 1,..., Vo (A) =: K, the condition q(w,,w,,) = M,,, defines a matrix
M = (Myup)K .-, which, by the property q(f,g) = —q(g, f), is skew-Hermitian, or
antihermitian; equivalently, the matrix A := ¢M is Hermitian. We remark that if
another basis of W (\) consisting of vectors w, were chosen and a matrix A were
defined accordingly, we would have A = SAS™! for some invertible K x K-matrix
S. Then, according to the law of inertia, the numbers of positive and negative
eigenvalues of A = iM are independent of the choice of the above mentioned basis;
they are denoted by J(X\) and J~()\), respectively. Null eigenvalues do not exist,
since in [18] and [21, §3,3,85.1] it has been proven that for any v € W(\) one can
find v € W() such that g(u,v) = 1. (In other words, ¢ is a non-degenerate form on
W(A).) Let us denote the eigenvalues of A by a,,, n = 1,..., K, and agree on the
indexing that o, >0 forn =1,..., J7()).

The matrix A and thus also A are Hermitian, and they have the same eigenvalues.
The basis we are looking for is obtained from the eigenvectors of A in a straightfor-
ward way. Let v, = Zle b,je; be an orthonormal set of eigenvectors in CK for the




RADIATION CONDITIONS 17

matrix A corresponding to the eigenvalues a, € R. We set

K
ul = a;l/Zanjwj forn=1,...,J"(\),

Jj=1

K
u = (—ay,)"? anjwj+J+()\) forn=1,...,J7(\).

J=1

By standard matrix calculus, denoting transposition by T,

K K
Q<u7—ta u;‘r’—z) = OZ;I/QO‘/;%I/Q Z bnjl_)mkq<wja wk) = a;1/2a;11/2 Z bnjgmijk
Jk=1 Gk=1

= a2 V20, A(Tn) " = ia 2o o, A(o,) T

2

Co1/2—1/2 T NT s o—1/2 1720 — T _
= i, Y20 YV 20,00, (Um) T = 0, Y20 20, (Tp) T = 10,

The other cases in (4.11) are treated in the same way. X

Proposition 4.4. There holds the identity J*T(X\) = J~(A) = Reot(N)/2 =1 J(N),
so that the dimensions of both spaces W*(X) are equal to J(N\).

Proof. All elements in the space W () of Theorem 4.3 are linear combinations of
the vectors (4.9), which also form a basis of W (). Thus, the linear mapping 7" which
maps the functions x (21)UF(x) to x—(x1)U;"(x) and functions x (1)U (x) to
X+ (21)U7 (), is a linear bijection of TW(A) onto itself. Moreover, by the definition
of the g-form (consider the integration domains there),

(412) A(T (UL, TS ) = —a(x=U U7 ).
for every j, p, ¢, and thus it follows that

(T, Tuf,) = —q(uy,uf) =0

for every n, m. Hence, the set consisting of all functions Tu is a basis of W (\)
which has J~(\) outgoing and J*(\) incoming functions in the above terminology.
Since these numbers do not depend on the choice of basis, by Theorem 4.3, we have
JtN) =J-(\). K

We will need the following result.

Theorem 4.5. Assume that '€ W!;(Q)* C W3(Q)*, and let ¢ be a solution to
the problem (4.5) in the space W' 5(Q). It can be written in the form

(4.13) o(@) = (chuf (0) + ez (2)) + B(a),
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where the coefficients c;t and the remainder ¢ € W[}(Q) satisfy the estimate
IO IO\

(4.14) G W+ DLt + D lenl < cs (I W2H(Q)"]| + [l W)
n=1 n=1

with a constant cg independent of F' and .

This theorem is proven in [17]. It also follows from Theorem 5.1.4 of [21] (recall
the choice of the parameters 6 and ( in the beginning of this section), where any
solution ¢ of (4.5) is written as

p=5+ ) AU
J,4:p

with some coefficients ¢§”, @(x) € W5(2) and indices as in (3.16). Clearly, (4.13)
follows by using the basis property of the functions u. We remark that Theorem
4.5 does not imply surjectivity of Ag(A) or A_g(\).

Theorem 4.5 shows that the pre-image

(4.15) W_5(A) = A_g(A\)T'WL(Q)" € W!4(Q)
is the direct sum
W_s(A\) = W5 (Q)+WHA)+ W (N).
Taking into account the estimate (4.14) we endow the space W_g(\) with the norm

J(X) J(A)
(4.16) lell == 115 W)+ let 1+ ) len |
n=1 n=1

where ¢ and @ are as in (4.13). This makes W_z(\) into a Banach space; actually
the norm (4.16) is equivalent to a Hilbertian norm, but we will not need this fact
later.

We still define the operator

(4.17) A_5(N) : W_g(\) = W1(Q)

as the restriction of the operator A_g(\) to W_g(\). The Fredholm index of an
operator 1" is denoted by Ind 7' = dim ker T — dim coker T". If T" is a Fredholm oper-
ator from a Banach space X into a dual Y* of a Banach space Y, then by definition
coker T" is the quotient space Y*/T'(X). We will use the following elementary fact.

Lemma 4.6. For a Fredholm operator T : X — Y™, the dimension of cokerT
coincides with the dimension of the space

(4.18) {yeY : (Tz,y)y =0 forallx € X},
where (-, )y denotes the dual pairing of Y and Y*.

Indeed, vectors of Y* which do not belong to T'(X) can be made into one-to-one-
correspondence with vectors (4.18) of Y by using the Hahn-Banach theorem.

Theorem 4.7. The operator A_g(\) is Fredholm, and
(4.19) Ind A_g(A\) =Ind A_g(\) = J(A).
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Proof. We recall that both operators Ag(\) and A_g(\) are Fredholm, due to
Theorem 4.1 and the choice of § and § in the beginning of Section 4.2. Then, also
A_3() is Fredholm, by its definition. As for the indices, we claim that

(4.20) Ind A_g(A) = Ind Ag(N) + Rioe(A) = Ind Ag(X) + 2J(N).

To see this, both operators Ag(A) and A_g(\) have the same image space. The claim
then follows from elementary linear algebra: ”diminishing” the domain of a Fredholm
operator by a subspace of dimension d € N increases the index by d. (In detail: Let
ke N, 0 <k <Ny(A), be the dimension of (W (A\)+W~(A))NkerA_z(\). Then, by
the definitions of A_z(\) and W_g(\), we have dimker A_5(\) = dimker Ag(\) +k
and also dim coker A_g(\) = dim coker Ag(A) — (Ngot(A) — £).)

We next show that

(4.21) Ind A_5(\) = Ind A_5()).

We first observe that the kernels of A_g(\) and A_g(\) are the same, by Theorem
4.5. We need to prove the equality of the dimensions of the cokernels of these op-
erators, denoted here by dim coker A_g(\) = k and dim coker A_g(\) = k. By defi-
nition of coker A_g(\), there exist k linearly independent elements G € W? 5(Q) =
W;5(9) such that the equation A_z(A)p = G does not have a solution in W_g(X)
(cf. (4.17)). But Theorem 4.5 shows that this equation then does not have a solution
in W!,(Q) either, which implies that k& > k.

There remains to verify that £ < k. Applying Lemma 4.6 to the operator A_z(A),
there exists & linearly independent functions g € W3 (€2) such that (see (4.6))

(422)  (As(Np.9) = (V. Vg)a =A@, g)r =0 for all p € W4(9).
In particular (4.22) holds for all ¢ € W_g(\), i.e.,

(4.23) (A_s(Ng,g) = 0.

Since the k linearly independent functions g in (4.23) belong to Wz (€2) € W!,(Q),
a second application of Lemma 4.6 to the operator A_g(\) : W_g(\) — W!,(Q)*
shows that coker A_g(\) is at least of dimension k. Consequently, k =k and (4.21)

holds.

As it was remarked in the beginning of Section 4.2, A_z(\) equals the adjoint
Ag(N)*. Hence, Ind Ag(A) = —Ind A_(\); this, (4.21) and (4.20) imply Ind A_g(\) =
J(A). X
4.3. Radiation conditions. We denote by

AT, (V) W (A) = W)
the restriction of A_g(X) : W!5(Q) — W5(Q)* (or that of A_g(A) : W_g(A) —
W25(€0)*, see (4.15)-(4.17)), where

WH,(A) = WE(Q)+WT(X) € W_g(N),
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consists of functions
JO\)
p=> chuf+& . FeWiQ).
n=1

Now, solving the equation
(4.24) AT (Np=F , FeW!,(Q)F

with a given F' is equivalent to solving the original water-wave problem (4.1)—(4.3)
in the space consisting of exponentially decaying and outgoing waves. Moreover,
Theorem 4.8 shows that the problem (4.24) is well-posed. These definitions and
results constitute our radiation conditions (for a physical interpretation using the
Mandelstam (energy) principle, see Section 4.5). As incoming waves are excluded,
this is analogous with the Sommerfeld radiation principle, but the physical and
mathematical reasons are quite different.

Theorem 4.8. The operator
AT () WE(A) — W (Q)F

is Fredholm of index zero. The problem (4.24) has a solution u € Wfﬁ()\), if and
only if the right hand side F € WE/B(Q)* satisfies the compatibility conditions

(F,v) =0 Vv € ker Ag()\).

This solution is defined up to an addentum in ker Ag(X\), a trapped mode. If the
orthogonality conditions

(u,v) =0 Vv € ker Ag(\)
are satisfied, then the solution u is unique and has the bound
lus WGV < el 3 W25 (9)7]].

Proof. That the index of Afﬁ()\) is null, can be seen by a comparison with
the operator A_g(\) in the same way as in the beginning of the proof of Theorem
4.7: the domain of AT 5(X) differs from the domain of A_g()) by a J(A)-dimensional
subspace, and the index of A_g(\) is J(A), by (4.19). The other statements are con-
sequences of the Fredholm alternative, since we can replace ker Ag()) by ker AT 4())
by using the next lemma. X

Lemma 4.9. We have ker AT 5()\) = ker Ag(\).

Proof. By the definitions of the operators, ker Ag(A) C ker AT4()). A function
v € ker AT 5(A)\ker Ag(A) is of the form v = 37 c;u; +@ with ¢ € Wj(§2). However,
v is harmonic as an element in ker Afﬁ()\) , and thus, ¢(v,v) = 0, by the definition

of ¢ and the Green formula. The proof of Proposition 2.4 shows that all coefficients
c; must be 0, i.e. v € ker Ag(N). X
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4.4. Scattering matrix. We next consider scattering of incoming waves in problem

(4.1)-(4.3).

Theorem 4.10. The dimension of the space L(\) := kerA_z(\) © ker Ag(\) equals
J(X), and it has a basis (i, ..., (s such that

J(A)
(4.25) G=u; + ) sipuf +F

k=1
where @5 € W5(Q) and the coefficients sy form a unitary J(X) x J(X)-matriz s, the
scattering matriz.

Proof. We have dim kerA _g()) = dim kerA¥ ;(X)+J (), since the image spaces of
these two operators are the same and the domains differ by a subspace of dimension
J(A). Moreover, the kernels of A_g(\) and A_g(\) are the same, by Theorem 4.1.
Hence, the claim about the dimension of L()) follows from Lemma 4.9.

7O of L(X), there exist numbers b7, bt I such

Given any orthonormal basis (e;);2; ke b

that it can be written as
J(N) J(A)

(4.26) e; = Zb;kuk Zb buy + &)

for some constants b7 “x and some @) € WB(Q) We remark that the J(\) elements

Z k:l by, must form a linearly independent set. Indeed, if these were linearly de-
pendent, it would be possible to construct a nonzero element y € L(A) C ker A_g(\)
as a linear combination y = EZ(:’\I) aku;r +y with y € WBI(Q) However, this would
lead to a contradiction by the proof of Proposition 2.4 or Lemma 4.9. Applying
the Gram-Schmidt method to the coefficient matrix (b},) makes the basis (ej)ji’\l),
(4.26), into the basis (4.25) of L(\).

It suffices to prove the unitarity of s, i.e., the equality s* = s~!. Similarly to (2.22)
we obtain

JN) J(N)
06, G = a5 + D sintid + B + D spmt, + B1)
n=1 m=1
JN) J(N)
= q<uj_ + Z sjnu;:, u, + Z skmu:;>
n=1 m=1
J(X)
= qluy,up)+ Y SinSemq(u),uh)
n,m=1
J(A)
(4.27) = —i0j +1 Z 5inSkmOn,m = ’L(Z SinSkn — )
n,m=1

Again, the functions (; are harmonic, as solutions of the homogeneous problem (4.1).
Thus ¢(¢;, (x) = 0 and the unitarity of s follows from (4.27). X
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The scattering matrix s of Theorem 4.10 of course depends on the choice of the
bases {u?,...,ui/\)} in W#*(\), but we want to show that s always defines an
isometry W=()\) =& W+()), once the spaces WE(\) = sp{ul : n=1,...,J(\)}
are fixed (formula (4.31) below). To this end it is convenient to use vector/matrix
notation and denote the rows of solutions and waves by

(4.28) C=(Cty- o Gny) , u™ = (ui,... v“?(x))-

Then, decompositions (4.25) can be written briefly as

(4.29) C=u +uts+C.

Let t* be unitary J()\) x J(\)-matrices. We set

(4.30) ut = (u7, ... ,uf()\)) = uFtF
and obtain

C=C =u +ut(th) st +C.
Thus, the new scattering matrix s in the new basis (4.30) equals
(4.31) s=(tT)*st™,
which is in accordance with the transformations u* — u*t™ in WH(\) and v~ —
t~ in W= (A).
Finally we remark that, although the choice of the combined basis {u™,u~} in

the entire space W (A) of waves is not unique, the next lemma importantly shows
that the scattering matrix is symmetric,

provided the relation
(4.33) u =ut

holds; here T stands for the transposition, (s")g; = s;r. (Note that s is in general
not Hermitian.)

Lemma 4.11. If the rows of waves u™, (4.28), satisfy (4.11) and (4.33), then the
unitary scattering matrix becomes symmetmc, see (4.32).

Proof. By (4.29) and (4.33) we write

(B = (@ +u ) (E) "+ CE) = ut @ a3
Thus, there are no outgoing waves in the decomposition
(=L =t (s = (®) ) +{ -6

the difference ¢ —((3)~} decays exponentially and hence falls into ker Ag(\). There-
fore, s = (5)7' = (5)* = X
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4.5. Umov-Poynting vector. In this section we will discover a relation between
the ¢-form (4.7) and the Umov-Poynting vector. The latter was introduced in [26]
for problems in acoustics and elasticity and in [24] for electro-magnetism.

Let G be a bounded subdomain of €2 with the surfaces

EG=EQ8G, ngl“ﬂ(?G and Tz@G\(EGqu)

The total energy, i.e. the sum of kinetic and potential energy, contained in G equals
(see [11])

E@ﬁﬁi/Wm%ﬂmﬂﬁm+g/Rw@jﬂﬁ%M%w%
T'a

G

where

. t) = e “o(x).

The Umov-Poynting vector J(¢;x,t) describes the flux density of energy out of the
domain G-

/V@fJ@maﬂ%@ﬂ:—@E@ﬁ)

The right-hand side becomes (since 9;(Re(e ') = Re(—iwe “'p) = wim(e “p)
etc.)

%(j/W£wmﬂWMwﬁ/RW@mwmﬂ
G Te

= 2w( — /(VxRegb(x,t))TVxImgb(m,t) dz + )\/Regb(x, t)Ime(x,t) ds(m))

G |\e]

:_m/ﬁm@@@mwmmmm,

T

where an integration by parts was performed and the homogeneous equations (4.1)—
(4.3) were used. Consequently, we find the Umov-Poynting vector to be

(4.34) J(¢;x,t) = —2wlme(x, 1)V, Rep(z, t).

According to the Mandelstam radiation principle [16] the direction of a propagat-
ing wave ¢ is determined by the sign of the integral

(4.35) v(x) " J(¢; ) ds(z),
/

~

where J(¢;x) is the mean value of J(¢;x,t) over the time interval (0,27/w) > t.
Thus, Theorems 4.3, 4.8 and the following result show that our radiation condition
is of Mandelstam type.
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Theorem 4.12. The Umov-Poynting vector J(¢;x,t) and the q-form are related
by

~

dlog) =i [ @) Téia)ds(o)

Y
Proof. By (4.34), we obtain that (4.35) coincides with
27w
/ / (6 2. 1) ds(z)dt
27r/w

:_w; / / Imé(z, )0, Re (x, £) ds(x)dt

27r/w

= 47TZ / / —ZWt _ Zwt@) (6—iwt VQO—’—eth u@) dsdt

iw
2
T

(4.36) =5 / (00,2 — @0, p) ds = (PO — 90,P) ds.
T

Taking G = {7 = (v1,2) € Q : || < R}, and accordingly T = {z € Q : [1,] =
R}, we find that (4.36) coincides with —%q(p, ). X

We see that the classification of waves introduced in Theorem 4.3 by using the
skew-Hermitian form ¢ coincides with the classification by the Mandelstam energy
principle, based on the Umov-Poynting vector for water-waves.

5. APPENDIX: STRUCTURE OF JORDAN CHAINS.

In this section we calculate explicitly the incoming and outgoing waves v, (4.10),
as suitable linear combinations of the truncated Floquet waves, cf. (3.16), (4 9). We
only consider the special case where the length of the Jordan chains is either 1 or
2. This restriction is for technical simplicity only; longer chains could be treated by
similar, although more cumbersome, calculations. The notation is as around (3.15)-
(3.16) of Section 3.3, although we do not display the dependence of any expressions
on the spectral parameter A or A (which is assumed to be fixed and of the case I in
Section 3.3),

We take advantage of Lemma 4.2 and formula (4.8) with R > R, large enough so
that in the calculation of the g-form for functions (4.9), the cut-off function can be
put equal to 1. In view of (3.16) we thus get the relation

q(Uf’p, Uf,/’p,) =0

for j # 5 and ¢ # (', but q(Uf’p, Uf’pl) can still be nonzero for p # p’ due to the

monomials of x; in (3.16). This observation leads to look for the functions uf as
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linear combinations of functions corresponding to the same Jordan chain, i.e, for
any n and sign £, there should exist fixed j and ¢ and coefficients bﬁ’p € C such that

¢
N;—1

(5.1) ui =x Yy bPULT,
p=0

where Y = x4 or xY_ (sign not related to the sign-index of u*). We next calculate
the numbers bﬁ’p :

5.1. Case with eigenvectors only. Assume that j € {1,..., N} and n; € [0, 27)
is a simple eigenvalue (hence d; = 1 = () and also Nf» = 1. Thus, n; has the

eigenvector gzﬁf.’o, ¢ e {1,...,d;}, but corresponding associated vectors q§§’1 do not

exist. The equation (3.15) with p = 1 can be written as the formally self-adjoint
boundary value problem

(52) (@ +in) + Ar)oyt(2) = 200 +iny)¢i (@),  rew,
(5.3) 0.05" (z) = Ay (), v e,
(5.4) (0, + injz/l)cﬁf’l(x) = —iulqﬁg’o(x), x €,
(5.5) gbﬁ’l(O,x’) = gbf’l(l,x’) and 8@?1(0, x') = 81q5§’1(1,m’) for all a/,

where ¢§’1 is understood as unknown and ¢§’0 as given. By assumption, this problem
does not have a solution. Moreover, the equation (3.15), with p = 0 and solution

¢§’O(x), is the homogeneous adjoint problem corresponding to (3.15) with p = 1, or

(5.2)—(5.5). Hence, in view of the Fredholm alternative, the mentioned non-existence
of solution means that

: : N 00 e 00 L
(5.6) 0#a = ao(%[) = 21((81 + “7]’)(15]‘07 ¢j O)w - Z(V1¢j07 ¢j 0)§-
Applying the divergence formula to the vector field (|¢§’0]2,O,O) in w yields the
identity

(0205°,67")e = / (16 P)dr — (67,0161 )w = (165", 67°), = (47", 016} ),

w

where also periodicity conditions of the type (5.5) were used for ¢§70. Hence, (5.6)
turns into

—25105%; L2 (@) + (000", 67" — (6", 010") <)
61 = =2l L @) - 20165, ))),

thus, a° is a nonzero real number. On the other hand, for the Floquet wave U f 0=
e""ﬂld)ﬁ’o(x) we calculate using (4.8) and replacing there g by w due to periodicity,

o0 = [ (@0 ines” — 60+ )0

w

(5.8) = i2n;]|¢7% L*(@)|1* + (0165°, 6;°) e — (657, 016") e = —id".
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Hence, the incoming and outgoing waves can be characterized as follows.

Proposition 5.1. Let the number a® = a°(j,¢) € R be determined by (5.6) and the
function x be as in (5.1). The waves
1 00
———x(21)U;" (2) =t u,
|a°(5, 0)] ’
with a®(j,¢) > 0 are outgoing, and the waves
1 00
———x(z)U;" () =t uy,
|a°(35,0)] ’
with a®(j,€) < 0 are incoming.

We remark that if the simple eigenvalue 7; equals 0, then the corresponding
eigenvector is real and the length of the associated Jordan chain is necessarily at
least two: if it were one, the identity (5.8) would imply a® = —n;||¢7°; L*(@)||> = 0, a
contradiction with (5.6). Thus, the forthcoming consideration of Section 5.2 becomes
quite important.

Moreover, if the simple eigenvalue 7); is 7, then ¢ (z) = ™' ¢(z) is a real function

(it is harmonic and satisfies the anti-periodicity conditions ¥ (0,2') = —(1,2'),
Op, (0, 2") = —0,,0(1,2")). We get

—ia® = i2r|le” ey L2 (w)|? 4 (8re T2, e )
(59) — (eiimmw, 81€7i7rx1w)w = (31¢:¢)w - (wa alw)w = 07
which leads to the same conclusion as the above case 7; = 0.

5.2. Case with Jordan chains of length two. Next we consider the case of
j € {1,...,N} such that d; = 1 = ¢ and Nﬁ = 2, i.e., we have the Jordan chain

{gb?’o, ¢§’1}. Accordingly, the equation

d2l
A(n;) oy = —d—n(ﬁbﬁ’l) - 5%@?0)

does not have a solution. The corresponding differential problem reads as
—((01 +1m;)? + A ) 957 (x) = 2i(01 + ;)87 (2) — 67°(2), 2 €,
0207 () = A}?, €7,
(0, + injvl)¢§’2(x) = —iulgzﬁf’l(x), T €,

supplemented with periodicity conditions similar to (5.5). By the nonexistence of a
solution and the Fredholm alternative we again obtain that the number

a' =a'(j,0) = —||¢}% L3 (w)|?
510 + 20((0 im0} 07°) . — i85, 0]),

is nonzero. On the other hand (5.2)—(5.5) has a solution gzﬁ?l, which means, cf. (5.7),
that

(5.11) 2((01 +in) 85", ¢7°) . — (1e}°,¢;%) = 0.

1d*A
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(Below, we will need the fact that the associated vector qﬁ?’l is defined only up to a
summand,

(5.12) of = 05" + el

where %’1 is a particular solution of (5.2)—(5.5) and ¢ € R is an arbitrary constant.

The value of a' does not depend on ¢ because of (5.11).) Again, the number a' is
real, since (5.10) and (5.2) imply

o' = —|¢)% L}(w >|!2+27:(<01+mj>¢ as“) — (g7, 6;°)
= —[1¢]% L (@)|1” = 2i(65", (91 + iny)6}”) , + (6", 1167°)
= —[lg;%; L*(@) > + (¢;" —((01+%m) + A)g5) _+ (650 (0, + inyrn) o))
= —l¢]% L*(@)|” - / 01 (65 (0 + iny) oY) da + / (01971) (D1 + imj) ¢y d

w

+ / O i (01 + i)y dr — (65", AwF) _ + (87", (B, + injmn) ey,

<

S

= —IW0 L(@)[* + (&1 + in)ey"s L (@)|IP + | Vargy s L2 ()%,
Here, the last line was reached by (5.5) and an application of the divergence formula
to the vector field (gb Yo+ mj)gbz 10,0,

/ 01 (651 (@1 + in) )0 ) do + (&5, (mdy + imn)el) =0,

and the Green formula
(67, Awdl)  + IVawdy s L(@)|” = (07", (120 + v305)9)

In addition to Uf’o = emj””lgb?o (cf. above) we now consider the Floquet wave
Uf’l = et (ixlgbf’o + ¢§’1). We remark that this solves the homogeneous problem
(3.1), since

A, (eimm(imﬁbgvo + gbﬁl)) — einya ((81 + m]) + Am,) (ix1¢§,0 i ¢§,1)
= MiT <ix1((01 +i77j)2 + Ax’)qu’ )
+ (00 +imy)* + Awr) 97+ 2i(01 + im)qﬁf’(}),

which is null due to (5.2) and the fact that ¢§,o satisfies the homogeneous equation
(3.6). Moreover,
0, e (z‘x@?’o + ¢§’1) = "i"1(0, + injyl)(ixlgb?o + ¢§71)
= emj“ (ml(&, + Z'T]jyl)gb?o
+ i1 + (0, + i) ey,

which also vanishes in view of (3.7) and (5.4).
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Proposition 5.2. Let a' = a'(j,¢) be defined by (5.10) and x as in (5.1). If the
indices j and { are such that a*(j,¢) > 0, then the wave packet

X($1) (Uf,o
2|al*(5,4)

is incoming (resp. outgoing). If a'(j,€) < 0 holds, then the wave packet

x(71) £,0 ‘,
f(Uj - Uj 1)
2|at(j,0)]

b (respectively, + Uf’l) =:u, )

x(71) 2,0 0,1 + . x(71) 2,0 0,1 _
——————(U;" +U;") = u, (respectively, ————=—=(U," —U.") =1 u,
o R Vo T R AR

is incoming (resp. outgoing).

Proof. We calculate the ¢g-form of some Floquet waves. As remarked above, in the
present case the problem (5.2)—(5.5) has a solution, which means that the expression
a®(j, ¢) vanishes, see (5.7). From (5.8) we readily obtain

q(U;", UF") = 0.
Concerning Uf 1 we write
U U = / (G210 + 0} (01 + imy) (1167 + 67)
w(R)
= (107" + 67) (01 + i) (i216;° + 671) ) do’
= R [ (00 + im0t 01 + iny)io]") o

w(R)
v R / (103°((r + in)) 5" +i65°) + G2y + imy i
w(R)
— ¢S (O + i) 87" +1i¢%) — ¢ (01 + iﬁj)w}e’o)dx'
+ / (677 (@1 + im)o* +i07°) = 95 (01 + imy)of + o)) ) do'

w(R)

The terms with factors R? and R must vanish since q(Uf’l, Uf’l) is independent of
R. An integration over (N, N + 1) 5 R yields

o0 = [ (T (@ imel + o)

w

(5.13) = 6 (00 + ing)o}" +i0f°) ) da

Let us write gbfl = %1 + C¢§’O as in (5.12). We now want to fix ¢ so as to make

(5.13) null. Indeed,
aU U7 = (@0t imey o5") , — (65 00+ in)ef').
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8 i)
= P (@4 i)~ (650 01+ im)e?). )
C(((f?l i) 6 — (040, (0 +in)dlt) _ +i(¢h”, ¢§0)w)
+e((@+imdfof) = (95" @+ im)ey”) + i), 65"))
(5.14) + (01 + iﬁ)gﬁ’la gﬁ’l)w - (fgj , (01 + i77)¢j’ ).

Here, in the coefficient of |c|?, we again apply the divergence formula (as after (5.6))
to the second term. From (5.11) we deduce that this coefficient is null. By a similar
calculation and (5.10), the coefficient of ¢ equals —ia!, which in particular is purely
imaginary, since a' is real. This implies that the coefficient of ¢ also equals —ia!,
since

(0 + i), 65%) _ — (67", (01 +im)e°)
= — (0 + i}, 65°)  + (85", (0 +im)e”)
= (6. @1 +imay") , + (@ + im0

where the fact that the first line is purely imaginary was used. Also the last line
of (5.14) is purely imaginary, denote it by i7" with 7' € R. Thus, q(Uf’l,Uf’l) =
c(—ia') +¢(—ia') +iT, and choosing ¢ = T'/(2a) yields

01 ey
q(U;,U;") = 0.

Finally,

qUP, U = / ((zx 6% + 21 (01 + in) e’ — (bﬁ’o(ﬁl+inj)(ix1¢§’0+¢§’1))dx
_ / (657 (00 +in) 5" — 64" (00 + im) 5 ) + 65" )
+ / (—iw1) (0701 + iny) 5" — 65 °(01 + imy)0]°) ) .

The integral on the last line vanishes, since on all cross-sections

0= q(U, U = / (U0, U — U0, U da.
w(R)
We get
qU° U7 = (00 +iny)es°, o7")
= (5" (0 +iny)ey")  +illey”, LA (w)|)* = —ia,

and also q(Uf’l, Uf’o) = —q(Uf’O, Uf’l) = —ia. O
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