PLUMMETING AND BLINKING EIGENVALUES OF THE ROBIN
LAPLACIAN IN A CUSPIDAL DOMAIN

SERGEI A. NAZAROV, NICOLAS POPOFF, AND JARI TASKINEN

ABSTRACT. We consider the Robin Laplacian in the domains 2 and ¢, ¢ > 0,
with sharp and blunted cusps, respectively. Assuming that the Robin coefficient a
is large enough, the spectrum of the problem in ) is known to be residual and to
cover the whole complex plane, but on the contrary, the spectrum in the Lipschitz
domain QF° is discrete. However, our results reveal the strange behavior of the dis-
crete spectrum as the blunting parameter € tends to 0: we construct asymptotic
forms of the eigenvalues and detect families of ”hardly movable” and ”plummet-
ing” ones. The first type of the eigenvalues do not leave a small neighborhood of
a point for any small & > 0 while the second ones move at a high rate O(|Ingl)
downwards along the real axis R to —oo. At the same time, any point A € R
is a ”blinking eigenvalue”, i.e., it belongs to the spectrum of the problem in Q°
almost periodically in the |Ine|-scale. Besides standard spectral theory, we use
the techniques of dimension reduction and self-adjoint extensions to obtain these
results.

1. INTRODUCTION.

1.1. Formulation of the problems. We consider a family of spectral problems
for the Laplace operator with the Robin condition

(1.1) —Aut(z) = Nu(z), x€ O,
(1.2) Oyuf(z) = au’(x), x € 08,
in the domain (Fig.1.1,b)

(1.3) F=Q~IFCR", n>2,

where ¢ € (0, g0] is a small parameter, a € R a constant, A° the spectral parameter,
0, is the outward normal derivative,

(1) ={z=(y,2) eER"' xR : z2=2, €(0,d),n=2"%ycw}, d>0,

w is a domain in R" ! with Lipschitz boundary and compact closure W = w U 0w,
and 2 is assumed to coincide with the cusp I1¢ in a neighborhood of the coordinate
origin O (Fig.1.1,a). The domain €2 is Lipschitz everywhere, except at the point O.

For ¢ > 0 the domain (1.3) is Lipschitz and the spectrum of the problem (1.1)-
(1.2) is discrete, consisting of the monotone increasing unbounded sequence of eigen-
values

(1.5) AT <A <A< <N, <= oo

As studied for example in [3], it is possible to define a limit problem (¢ = 0) in the
cuspidal domain = QO,

(1.6) —Au(z) = Mu(z), € Q |, Ju(x) =au(z), x € 09,
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a) b)

FIGURE 1.1. Problem domain with a cusp (a) and domain with a
blunted cusp (b)

Moreover, it is known that if the constant coefficient in (1.2) is non-positive, this
problem has discrete spectrum. When a is positive, it was proven in [24] that the
discrete spectrum constitutes the whole spectrum o of (1.6) only in the case a < a4,
while ¢ becomes the residual spectrum and covers the whole complex plane C in the
case
3)2 |w]

1.7 a>a:<n——> —_—,
( ) = 9 | aw|
where |w| = mes,,_jw is the volume of the cross-section and |0w| = mes,,_20w is the
area of its boundary.

1.2. State of art. When the parameter a is positive, it is not clear how to present
a reasonable weak formulation of the limit problem (¢ = 0) in the cusp. The
Robin Laplacian has been studied in arbitrary domains in different ways. Using a
variational approach, a possible start is to consider the quadratic form

i [[Vus LQ)|? — [|a*?u, L (09)|,

defined on its natural domain, as shown in [1, Section 3] and [4]. In these works,
measures on the boundary are considered, including our case a > 0. For a domain
with a cusp, the resulting operator is not necessarily self-adjoint. If the cusp is,
roughly, less sharp than quadratic, then the form is bounded from below, and the
spectrum is discrete (see [15, 22, 24] and, e.g., [11] for a recent study of the corre-
sponding eigenvalue sequence itself). But, as it was shown in [22, 24|, the nature
of the problem operator may become completely different, as it may lose its semi-
boundedness, if the cusp is sharper than quadratic, see also [4, Section 5]. For the
critical case of a quadratic cusp (1.4) considered here, the spectrum is discrete if and
only if a < a4, while the spectrum becomes residual and fills in the whole complex
plane when a > a4, see [24].

Let us review the Steklov problem related to (1.1)—(1.2). In the paper [21] it
was shown that the spectrum (subset of R, ) of the Steklov problem in a domain
with a peak type boundary singularity is either discrete or may contain a continuous
component depending on the sharpness of the peak. Related to this, the linear water
wave problem, which contains the Steklov condition on a part of the boundary, was
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considered in [23] in domains with rotational cusps: a formulation of the problem as
a Fredholm operator of index zero was given with the help of appropriate radiation
conditions, and it was proven that the continuous spectrum is non-empty and consist
of the ray [A\;, +00) C R with a certain cut-off point A; > 0.

The reference [25] contains a study of the Laplace equation

(1.8) —Au(z) =0, =€,
with the spectral Steklov and Dirichlet boundary condition

Oyuf(z) = Nu(x) , x € 00° \ W,
(1.9) u(x) =0, z€w,

where w® = {z € I : 2 = &} is the end of the blunted cusp. The spectrum
of this problem is discrete and similar to (1.5). According to [21], the spectrum
of the limit Steklov problem (¢ = 0) in the cuspidal domain §2 is continuous and
equals [A;, +00) with the cut-off value A\; = a4, (1.7), while it was discovered in [25]
that the eigenvalues A, > A of the Steklov-Dirichlet in ©° behave "strangely” as
e — +0, namely they ”glide” within the semi-axis (A, +00) at a high rate O(|In¢|),
which however slows down near A; so as to make A;, "parachute” smoothly on ;.
Moreover, each point A > A constitutes a "blinking” eigenvalue of the problem
(1.8), (1.9), namely, for every A > A: there exists a positive sequence {ej(\)}32,
tending to 0 such that A becomes a true eigenvalue for the problem (1.8), (1.9) in
the domain Q¢ for some ¢ close to €x(\), for any k. This phenomenon can be used
to construct a singular Weyl sequence at A for the Steklov problem operator in 2,
which provides a novel mechanism to form the continuous spectrum from a family
of discrete spectra.

1.3. Outline of the paper. The asymptotic expansions of the solutions of the
problem (1.6) near the tip O were derived in detail in [24] and will be reproduced
in Sections 2.1-2.3, and although they are the same as in the case of the Steklov
problem in [25], the rest of the material is quite different. In Section 2.4 we deter-
mine all self-adjoint extensions of the Robin- Laplacian, which is originally defined
in the small domain (2.19). However, none of the extensions is lower semi-bounded
(for general results on non-semi-bounded sesquilinear, see [5, 16]), which somehow
reflects the fact that the spectrum of the problem (1.6) covers the whole complex
plane C, see [24]. Some of these extensions Ag: have a peculiar property, namely
their eigenfunctions leave a relatively small discrepancy in the Robin condition at
the end of the blunted cusp, see Section 4.1, and thus can be regarded as good
candidates to model the singularly perturbed problem (1.1), (1.2), cf. the argumen-
tation in [8]. This plan will be realized in Sections 4.2-4.4, where it is shown that a
small neighborhood of any point of the spectrum of the extension Ay contains an
eigenvalue of the problem (1.1), (1.2) in Q°.

An important property is that the extension parameter 65 in (4.4) depends peri-
odically on the quantity | Ine|, hence, the spectrum o(Ay;) gains the same property.
Among the eigenvalues of o(Ay:) there exist the so called stable eigenvalues, which
are hardly movable and are generated by "trapped modes”, i.e., solutions of the
problem (1.6) in the Sobolev space H'(f2). However, according to Theorem 3.3
there certainly exist also eigenvalues of o(Ap;) which are generated by ”diffraction”
solutions (3.5) of the problem (1.6), move downwards at a high speed along the real
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axis according to the formulas (3.18) and (4.4), and therefore are called ”plummet-
ing”. In other words, the spectrum o(Ay:) is indeed periodic in | In¢|, although as a
set only, because some points of it move purposefully to a fixed direction as ¢ — 0.
Such a situation may occur only in a situation, when the model operator is not lower
semi-bounded. This does not happen in the case of the Steklov problem, which is
investigated in [25] and characterized by the phenomenon of ”gliding” eigenvalues
(see the end of Section 1.2).

2. THEOREM ON ASYMPTOTICS IN THE CUSPIDAL DOMAIN.

Section 2 is devoted to the study of the solutions of the non-homogenous version
(2.1)—(2.2) of the problem (1.6), with a given right-hand side f € L?(Q). The
solutions will be formally derived using asymptotic analysis, and the validity of
the solution will be stated in Theorem 2.2, which has been proven in [24]. The
leading term of any solution is a linear combination (2.8) of two solutions w® of an
Euler ordinary differential equation, but the requirement that the problem operator
corresponding to (2.1)—(2.2) is self-adjoint, will bind the two coefficients b1 of (2.8)
via the relation (2.22) containing one parameter 6 € [0, 27) in the coefficient €? only.
This also provides a parametrization of all self-adjoint extensions of the problem
operator, Theorem 2.4. The considerations of Section 2 will be applied in Section 3
to the homogeneous problem (2.1)—(2.2), i.e. to the spectral problem (1.6).

2.1. Formal asymptotics. We aim to present the asymptotics of solutions of the
problem

(2.1) —Au — du(z) = f(x), = € Q,

(2.2) Oyu — au(z) = 0, x € 09,

where a satisfies (1.7), and first of all we will describe a formal procedure under the
assumptions that the boundary Ow is smooth and the right-hand side f vanishes

near the cuspidal tip O.
Since the diameter O(¢?) of the cross-section

W ={(y,2) el : z2=(}, 0<(<d,

is much less than its distance ¢ to the tip O, it is logical to accept the standard
asymptotic ansatz in thin domains, see e.g. [18, Ch. 14],

(2.3) u(z) =w(z) + Win,z)+...,

where the dots stand for inessential higher order terms, n = 272y is the "rapid”
variable used in (1.4), and the power-law functions

(2.4) w(z) = 2Mwe , W(n,z) = 2"Wo(n),

where Wy, € H'(w), are to be determined. We insert the ansatz (2.3) into the
differential equation (2.1),

(—A =) (w(z) + Wi(n, z))

= e — 1) 2w + p(p — 1) 2 Wo(n) + 222720, Wo(n) + ... = f,
extract terms of order 2#~2 as z — 40, and thus obtain the relation
(2.5) —A,W(n,2) = 2*w(z), 1€ w.

The normal derivative on the lateral side I'Y = {z : n € Ow, z € (0,d)} of the cusp
1% equals
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0, = (1+42%n - /())2) (=% () - V) = 220 -V ()0 +2(n -V () (n - V),

where v/(n) is the unit normal vector on the boundary of the domain w C R"~! and
the central dot stands for the scalar product in the Euclidean spaces. Hence, by
considering the order z* in the boundary condition (2.2), we derive the relation

(2.6) V' (n) -V, W(n,2) =201 (2)2°0,w(z) + az’w(z) , 1€ dw.
Using the formula

/77 v (n)dsy = /Vn Sndn = (n—1)|w|

Ow w

we see that the compatibility condition in the Neumann problem (2.5), (2.6) reads
as

0= z4/az2w(z)dn —l—a/ (2n -V (n)2°0.w(z) + az’w(2))ds,

= |w[z*0?w(2) + 2(n — 1)|w|z*0.w(2) + az*|0w|w(z)

and turns into the ordinary differential equation of Euler type

(2.7) _di (zZ(”_l)Z—w(z)> = A2 D(z) , 2 >0,
z z
where
A= a_|8w|.
@l

The general solution of the equation (2.7) is of the form
(2.8) w(z) =byw(2) +b_w (2), by €C,

where we have in the case a > ay, (1.7),

. 2
(2.9) w*(2) = w02 with g = \/A B (“ - §> >0,

and in the case a = a3, A = (n — 3/2)?
(2.10) w(z) = woz_"+3/2(lnz Fi).

The normalization factor wy and the peculiar form of (2.10) will be clarified later
on.

Since the compatibility condition in the problem (2.5)—(2.6) is fulfilled, there exists
a solution W defined up to an additive constant with respect to n. To make the
solution unique, we impose the orthogonality condition

(2.11) /W(n, z)dn = 0.
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2.2. Weak formulation of the problem. We introduce the weighted Sobolev
space Vj (€2) as the completion of the linear space C2°(Q2\0O) (infinitely differentiable
functions vanishing in a neighborhood of the point Q) with respect to the norm

1/2

(2.12) lu; Vi ()1 = (77 Vau; L) + [1r7 s L2(Q)]?)
where r = dist (z,0) and § € R is a weight index. The weighted Lebesgue space
V() is endowed with the norm ||rfu; L*(Q)]|.

Remark 2.1. The norm (2.12) is the same as the classical Kondratiev norm [10],
but the reason for the use of this norm in [24] as well as in the present paper is not
the conventional one, since the shape of the domain (2 near the singularity point O
is not conical nor angular as in Kondratiev’s works. This can be seen for example in
the asymptotic ansatz for solutions: Wy being in H'(w), the sum w(z) + W (2 72y, 2),
see (2.4), belongs to V4 (I19), if and only if

f>—-Rep—n+3/2

even in the case w = 0. However, if w = 0 and Wy(n) is independent of the fast
variable n = 272y, the condition for the space Vﬁl(Hd) to include W becomes much
less restrictive:

f>-Repu—n—1/2. X

According to [24], the weak formulation of the problem (2.1)-(2.2) for the unknown
u € V3 () reads as the integral identity

(2.13) (Vu, Vu)o — Au,v)q — a(u,v)g = f(v) Vo e V24(Q),
where f € V1,(Q)* is an (anti)linear functional on V!,(Q), in particular
(2.14) F0) = (F.v)e with J € VI (@),

Here (-, -)q is the natural scalar product in L?*(2) (the notation will be used in the
paper also for other domains in place of §2), extended by density to the duality be-
tween the spaces V() and V°5(€2). According to definition (2.12) and the weighted

trace inequality [24, Lemma 2.2]
lr7u; LA(0Q)|| < eflus V5 ()],

all expressions in the integral identity (2.13) are properly defined so that it deter-
mines a continuous mapping

Vi(Q) 2 um Ta(Nu= f € V()"

We observe that for every 5, T_g()) is the adjoint operator of 75(A). In Section 3
we use the arguments of [24] to describe the properties of 71 (\) in the particular
case = 1.

2.3. Theorem on asymptotics. We consider the problem (2.1)—(2.2) with the
right-hand side
(2.15) fer*Q) cvi(Q)r

(i.e. 3= —11n (2.14)) and its solution u € V() C L*(Q).
The following assertion was verified in [24].
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Theorem 2.2. If (1.7) and (2.15) hold true, the above mentioned solution has the
asymptotic form

(2.16) u(z) = x(x)(w(z) + W(z %y, 2)) + u(z),

where x is a smooth cut-off function which is equal to 1 in II%? and 0 in Q?, see
(1.4) and (1.3). The term w in (2.16) is the linear combination (2.8) with some
coefficients by and terms (2.9) or (2.10), and W € H'(Q) is the solution of the
problem (2.5), (2.6), (2.11). The coefficients b and the remainder u € V()
satisfy the estimate

- 1/2
@17) (|by P+ b=+ 113 VL) < e(I1f LA + s VH )],
here the factor ¢ > 0 is independent of f and u.

Remark 2.3. According to formulas (2.9), (2.10) and Remark 2.1, the detached
asymptotic term on the right of (2.16) belongs to the space V.}(Q) with any v > 0,
but it is not contained in V! (Q2). Furthermore, as for second derivatives we have
Viw e V2, (IT7) and VW € V0 ,(I1%), but in general VW ¢ V2, (I1¢). As it was
verified in [24], for the solution u there holds V2u € Vi',(Q) and V?u € V1 ,(Q).
We emphasize that the term W, generated by (2.9), (2.8) and (2.6) is defined up to
the addendum

b3_2+zu—n+7/2 + b()_z—w—n—&-?/Q

which is independent of 1 and belongs to V/!(2) and can therefore be omitted in
the asymptotic representation (2.16); this was the very reason for imposing the
orthogonality condition (2.11).

All these peculiarities again underline the difference of the conical [10] and cuspidal
[24] irregularities of boundaries.

By V1,(Q) we denote the weighted space with detached asymptotics (see [20,
Ch. 6], [19, Sect. 3] and others), which consists of functions of the form (2.16) and
endow it with the norm on the left of (2.17); the Hilbertian structure of this norm
can also be identified with the direct product

(2.18) C* x VH(Q) 3 (bs, 1),
although these will not be used later on.
2.4. Symmetric and self-adjoint operators. As in [23] we associate to the prob-

lem (2.1)—(2.2) the symmetric operator A in L?(Q2), which has the differential ex-
pression —A and the domain

(2.19) D(A) ={u eV (Q) : Auec L*(Q), d,u = au on 92\ O}.

Notice that the inclusions in (2.19) assure that u € H?(Q2 . O) and therefore the
trace of 0,u is properly defined on 92\ O. By Theorem 2.2, see also [24, Prop. 3.11],
the adjoint operator A* has the same differential expression but a larger domain

D(A*) = {u e V' (Q) : Aue L*(Q), O,u = au on 0Q ~ O}.

In view of Theorem 2.2 on asymptotics, the dimension of the quotient space D(A*)/D(.A)
equals 2.
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In order to describe the self-adjoint extensions of the operator A we reproduce a
calculation from [24, §3.4]. Let ¢ > 0 and let u', u* € D(A*). We apply the Green
formula in the domain Q¢ and send ¢ to 40, to get

(A*ul U ) ( A* 2)
(2.20) ~ lim, / (205, )0l (3, ) — u (y, 2)02(y, 2))

wC

see (2.14) for the notation. Substituting here V() 2 v/ — w/ € V! (Q) at least
for one of the indices j = 1,2 makes the limit on the right of (2.20) equal to zero,
due to the decay of the functions in V! (Q2) as z — +0. Hence, we can replace in
(2.20) the functions w/ by w’ + W7 of the representation formula (2.16). For the
same reason, since W7 has the additional factor 22, cf. (2.4), we can also neglect
this term and write (2.20) in the form

(A*ul U ) ( .A* 2)
= Jim ¢ [ @000 (0) - 0} (T ).

¢—+0

dy;
2=¢

w

Finally, we fix the normalization factor in (2.9) and (2.10),

2uo|w|  for a > ay,
wy = V2 .
vV 2|w] for a = ay,

and obtain
(2.21) (Aut,u?)q — (ut, Au?)g = i (020} — b2DL),

where b, are the coefficients of the linear combination w;, see (2.8).

Assume that u; and us belong to the domain of some self-adjoint operator obtained
as a restriction of A*. Then, the left-hand side of (2.21) must vanish, and we recall
a traditional argument in [26] on the null spaces of symplectics forms and conclude
that the coefficients must be related as b = ¢} for some € [0,27), as this
indeed annuls the form (2.21). These observations lead to the following assertions.

Theorem 2.4. The restriction Ay, where 6 € [0,27), of the operator A* to the
subspace

(2.22) {ueDA") : by =e"b_}

is a self-adjoint extension of the operator A. Moreover, the domain of any self-
adjoint extension of A equals (2.22) for some parameter 6 € |0, 27).

3. SPECTRA OF SELF-ADJOINT EXTENSIONS.

In this section we consider eigenfunctions of the problem (1.6) by applying the
results of Section 2 to the homogeneous equation (2.1)-(2.2). Examples of eigen-
functions belonging to the space V! (Q) of (2.12), with some decay as x — O, are
investigated in Section 3.2. However, more important will be the eigenfunctions
(3.5) in V}1(Q), the asymptotic form of which comes from Theorem 2.2 and formula
(2.21), and in particular depend on the parameter ©()\) € [0, 27) in the "scattering
coefficient” ¢®®™. The crucial relation of ©()\) to the geometric parameter & will be
made clear in Section 4, see, e.g., (4.4), (4.17).
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The dependence of the eigenfunctions on the spectral parameter is treated in
Section 3.3.

3.1. Operator kernels. We fix the parameter A\, assume (1.7), and compare the
Fredholm operators 7.1(A) and 7_1()\), which are adjoint to each other and therefore

(3.1) dimker 711(A\) = dimcoker 741 (A) = Ind 71 (A) = —Ind T_1(N).
Clearly, V1, () c V4 (Q) and

(3.2) ker 7_1(\) C ker T 1(N).
Furthermore, Theorem 2.2 on asymptotics shows that
(3.3) Ind7:1(N) =2+ Ind T_1(N)

where 2 is nothing but the number of the detached terms in formula (2.16), see (2.8)
with free constants by. From (3.1) and (3.3) we deduce that Ind 7 (\) = £1, and
taking (3.2) into account yields

ker Ti1(A) =ker T_1(\) @ 2, dimZ = 1.

Any non-zero function Z € Z = kerT,1(\) © ker 7_;()), i.e. a solution of the
homogeneous problem (2.1)—(2.2) belonging to V;'(€2), has the representation (2.16)
with the linear combination (2.8); the generalized Green formula (2.21) with u!' =
u? = Z yields the equality

(3.4) 0 =d|by|* —ilb_|*
If bo = 0, we arrive at the contradiction
ZeVi(Q) = ZckerT ().

Thus, none of the coefficients by vanishes, and in view of (3.4) we can write b_ = 1,
b, = €W for some O()\) € [0,27) and thus choose a particular solution

Zy(z) = x(x) (w_(2) + W_(2"%y, 2) + e (ws(z) + Wi(z7%y, 2))
(3.5) + Z\(x).

where and Z, € V().

Remark 3.1. The singular functions (2.9) and (2.10) can be interpreted as " waves”

travelling along the axis of the cusp, cf. [23] for a physical argument in a similar
geometric situation. Although such an interpretation is not directly needed in our
paper, it is convenient to use the corresponding physical terminology, namely to call
solutions in ker 7_;(\) "trapped modes” and to consider ¢®®™ as the ”scattering
coefficient” in the ”diffraction” solution (3.5). X

All functions u € ker T1(\) C V{1(Q) C L?(Q) belong to the domain (2.20) of A*,
because the inclusion Au = —A\u € L?(Q) really occurs. Hence, a trapped mode is
an eigenvector corresponding to its eigenvalue A for every self-adjoint operator Ay
of Theorem 2.4. Furthermore, it can be readily seen that in the case § = ©(\) there
appears a second eigenvector (3.5) of Aj.
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3.2. Examples of trapped modes. Following the ideas of [6] and [21] we assume
that the domain € is mirror symmetric with respect to the plane {x; = 0}, i.e.,

(3.6) Q={z: (—z1,29,...,2,) € Q}

and restrict the problem (2.1)-(2.2) with f = 0 to the half Q, ={z € Q : ; > 0}
of the domain (3.6),

(3.7) —Auy(z) = Aug(x), v €Qy

(3.8) Oyuy (7) = auy(x), v € (0Q); = 00, \ %,
where we impose the artificial Dirichlet condition

(3.9) uy(z) =0, zek,

on the middle plane ¥ = {z € Q : z; = 0}.

Lemma 3.2. Assume that the function uy € HL_(Qy \ O) satisfies the inclusion
Vuy € L*(Qy) and the Dirichlet condition (3.9). Then, the following weighted
inequality is valid:

(310)  [lr2uys LAQ) | + s L2(09))] < e Vuys L4

Proof. It suffices to verify (3.10) in the cusp II¢ = {z € II : z; > 0} and on
the surface 'Y = {& € 'Y : z; > 0}. To this end, we write lower-dimensional

inequalities in the half-section wi ={yew’ :y >0},

U (v, O Pdy < e | [Vyus(y, O] dy
/ /

(3.11) ¢ [ lutwoPds, < [ [9,0,0.0[ dy

¢ ¢
8w+ w3

coming from the Dirichlet condition (3.9) and the coordinate dilatation y +— n =
(™%y. The proof is completed by integrating (3.11) in ¢ € (0,d) and taking into

account that ds, = (14 42%|n - 1/’(77)|2)1/2d3ydz. X

The variational formulation of the problem (3.8)—(3.9),
(3.12) (Vouy, Vovy)a, — a(ug, vi)wa), = Mug,vi)a, Yoy € Hy(Q45%)

is posed in the Sobolev space H}(2,; %) C H* () of functions vanishing on Y. Since
the weight 7! in the second norm of (3.10) is large when z — O, the embedding
H}(Q,,%) C L*(€,) is compact, and therefore the whole left-hand side of (3.12)
is lower semi-bounded. We deduce that the spectrum of the variational problem
(3.12) or the differential problem (3.8)—(3.9) is discrete and consists of the monotone
unbounded sequence of normal eigenvalues

(3.13) A< <A < <A<+

The corresponding eigenfunctions v € H}(24,%), m = 1,2,,..., have smooth,
odd extensions over the Dirichlet surface 3 to . The extensions belong to H'(Q)
and thus become eigenfunctions of the original problem (1.6), due to the symmetry
of the domain (3.6). Using (3.10) we conclude that the extended eigenfunctions u™
belong to V% (w) and therefore to V! (), by Theorem 2.6 of [24]. In this way the
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eigenvalues (3.13) are embedded into the residual spectrum of the operator A. They
also belong to the point spectrum of any self-adjoint extension Ay of Theorem 2.4.

It would be possible to show, using a general result of [14, 12], that the eigen-
functions of the problem (1.6) belonging to V!, (w) decay exponentially as O(e=%/")
for some 6 > 0, although this argument would require lengthy additional computa-
tions contained in [13, Ch. 10] and [24, Sect.1.5]. However, Theorem 2.6 of [24], the
proof of which is much simpler, directly implies that a solution u of (1.6) belongs
to € V}B(Q) for all 5 € Ry, i.e., it gets a super-power decay rate, which will be
sufficient for our purposes.

3.3. A peculiar property of the scattering coefficient. Let us consider the
solution Zy s of (1.6), when \ is replaced by the perturbation A\ + §, where ¢ is a
small parameter with an arbitrary sign. We accept the simplest asymptotic ansatze
with respect to small ¢ for this solution and its scattering coefficient:
(3.14) Zyes(1) = Za(@) + 0 Z4(x) + Zassla).

O +3) = O(N) 4+ 660" (\) + O\ + ).
Both Z),s and ©(A + §) depend smoothly on ¢, so that we only need to compute
the correction terms, while the estimates of the remainders are evident due to the
general perturbation theory, cf. [9].

We derive the following problem for the function Z) by inserting (3.14) to (1.6)
with A — X + 0 and extracting terms of order O(J):

—AZ\(x) = MNZ\(z) = Z\(x) , x€Q,
(3.15) 0,2\(x) = aZ\(z) , €N\ O.
Using the formulas (3.5) with A and A — A + 4, and the Taylor formula
OO — PN (1 +i60'(A) + O(6%)),
we derive the representation
(3.16) Z\(w) = i®' (N V() (wy () + Wi (2 2y, 2)) + Zi()

where Z, € V1,(Q) and the incoming wave w_ does not appear. The problem (3.15)
has a solution of the form (3.16). Indeed, since the solution (3.5) is originally defined
up to a trapped mode in ker 7_;(\), the orthogonality conditions

(3.17) (Zy,v)a =0 Vv ekerT 1(\)

can be satisfied, and because of the Fredholm property of T.;(\), they guarantee the
existence of a solution of the problem (3.15) belonging to V;!(Q); the solution is de-
fined up to an addentum in ker 7; (), in particular, up to the term ¢, Z,. By Theorem
2.2, this general solution has the representation (2.16) with w = b (A\)w; +b_(N)w_,
see (2.8). Setting ¢y = —b_(A) gives (3.16) and the orthogonality conditions (3.17).

We now insert the functions Z} and Z into Green’s formula in Q¢ and take the
limit ¢ — +0 as in (2.20) and (2.21). The inhomogeneous equation in (3.15) implies

123 L(Q)” = Yim 1123 L2(2°)]*

— - I [ (G0:00.20.0) - B0, 0.5 0)dy
w€

=i(—1-0+¢©9Mi0e®V) = -0
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Let us formulate the result.

Theorem 3.3. There holds the formula
(3.18) KON = — 12y L (Q)* <0,

where Zy is the solution (3.5) of the problem (1.6), with (1.7), subject to the subject
to the orthogonality conditions (3.17).

The relation (3.18) means that the growth of the spectral parameter A in (3.16)
makes the scattering coefficient ¢’®™ run along the umit circle {z € C : |z| =
1} counter-clockwise. Unfortunately, our calculation does not allow to control the
running speed, because the solution Z) is normalized by the unit coefficient of the
incoming wave w,, while the norm ||Zy; L?(Q)|| depends on the function Z, in the
whole domain.

4. ASYMPTOTICS OF EIGENVALUES IN THE DOMAIN WITH A BLUNTED CUSP.

In Section 4.1, the parameter 6 will be chosen such that, given £ > 0, the eigen-
function corresponding to # approximatively satisfies the Robin boundary condition
on the end surface of the blunted cusp. This will create the desired connection of
the spectra of the limit problem and the one on the blunted cusp: we obtain the
formula (4.4) for the parameter 6, and this allows us to specify the behavior of the
eigenvalues as described already in Section 1.3.

4.1. Formal procedure. We consider a solution of the limit problem (1.6), with
(1.7), of the form (2.16) and use the coefficients b1 in (2.8) to satisfy the boundary
condition (1.2) at the end w® of the blunted cusp (1.3). We denote here by dots
terms which are inessential for our present asymptotic analysis and postpone their
estimates to the next sections.

In the case a > a; we apply formulas (2.9), (2.6) and obtain

3 .
du(y,e) + au(y,e) = w0< +ipg —n+ 5+ 5a) b gtino—nt1/2

3 .
(4.1) + wo( — g — n + 3 + €a> bog o tl/2 4

Hence, the main asymptotic term in (4.1) vanishes provided
_ —ipg+ea—n+3/2
" +ipg+ea—n+3/2
The coefficient B(e) is unimodular and thus

B(e) = T with T(e) = To(e) — 2upIne € R,

—ipo +ea—n+3/2

+ipg +ea —n+ 3/2)’
so that Ty(e) is a smooth real function of € (the moduli of the numerator and
denominator in the quotient on the right of (4.3) are the same so that the real part
of the logarithm vanishes), and p is as in (2.9) (notice that py = 0 for a = a3).

Comparing (4.2), (4.3) with (2.22), we see that the self-adjoint extension Ags of
Theorem 2.4, with the parameter

(4.4) 0; =T(c) =To(e) —2ppIne (mod 2m)

is the first candidate to model the problem (1.1)—(1.2).

—2ipo

(4.2) b, = B(e)b_ , B(e)

(4.3) To(¢) = —iln (
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In the case a = a; we use formula (2.10) and arrive at the relation
3
O.u(y, ) + au(y, ) = wo <( —ntg 5@) (Ine — i) + 1)5_"+1/2b+

(4.5) +wo<<—n+§+5a>(ln5+z’)+1)e”“/Qb+....

Deleting the main asymptotic term in (4.5) gives the relation

+i+1Ine —2(2n—3 —ca)! Tl
b-=Bilelbr  Bile) = g aEn—s —ea) T € e

The corresponding parameter
(4.6) 05 = Ti(e)

of the appropriate self-adjoint extension Ay for modelling the problem (1.1)—(1.2)
behaves in a very different way as ¢ — +0 in comparison with the function (4.4),
which is "almost linear” in Ine, namely we have

Bi(e) =14+ O(|lne|™) , Ty =0(/Ing|™") ase— +0.
4.2. Operator formulation of the problem. We consider the integral identity
[17]
(4.7) (Vus, Vo)ge — a(u®, v)age = A°(u°,v%)g- Voo € H' ()

for the problem (1.1)—(1.2); notice that Q° is a Lipschitz domain.
The following inequality, where c is independent of u® € H'(F), can be verified
along the same lines as Proposition in [21]:

lr=t s LA(Q9)|] < elfuss HH(Q9)]).
Thus, the standard norm of H' () is equivalent with the weighted norm ||-; V3! (Q°)]|,

uniformly in e, see (2.12).
We need some estimates in order to write an abstract formulation of (4.7).

Lemma 4.1. The trace inequalities

(4.8) [lu%; L2 (09 N )| < e8] Va5 LA(Q)|* + (1 + 671 [Ir~ s L2(Q9)|?),
(4.9) lu¥; L) < ev/ellus; Vg (29) ]

hold true with constants ¢ depending on neither u¢ € H'(QF) nor e € (0,&p).

Proof. The inequality (4.9) is verified in [25], Lemma 5.1. Concerning (4.8), it
is enough to check the statement for smooth real-valued functions and by replacing
O =TI II° and 09F — '~ T'°. To this end we make the coordinate compression
n >y =2, cf. (1.4), in the standard trace inequality

|U; L?(0w)||* < co||U; H (W) |U; L* (W)
and obtain
[Ju; L?(0w?)||?
— I3 z € 4 1/2 £ z
oz 2 (2| Vyuss L2 (W) ||* + [|u; L2 (w?)]1?) " llut; L2 (w?) |
co (2]|Vyus;s L2 ()] + 27 HJu®; L2 (w?) ) 27w L (w?)

IA A

1 — € z
(4.10) < C, <c5||Vqu;L2(cuz)||2 + <1 + 5) |7~ s L (w )||2)
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Here we replaced z with d in front of V,u?, inserted z~' as r~! inside the Lebesgue
norms of u®, and applied the Cauchy inequality 2ab < da® + 6 10?. Finally, (4.8)
follows by integrating in z € (e, d) the inequality obtained in (4.10). X

We introduce in the Hilbert space H® = H'(2°) the new scalar product
(4.11) (uf, %), = (Vus, Vo)g, — a(u®, v%)aq, + le2(uf,v%)q.;

the properties of a scalar product follow for a large enough ¢ > 0 from Lemma 4.1
and the obvious relation r > ¢ in 2°. Moreover, we can and do fix ¢ such that

(4.12) w3 1P = (u®, uf)e > 2 (Juss L2(Q°) ||
We define the operator K¢ in H® by the identity
(4.13) (Ku®, 0%y = (uf,0%)qe Vu',v° € HE,

so that K¢ becomes positive, continuous and symmetric, hence, self-adjoint. More-
over, it is compact, and by [2, Thm. 10.1.5.], its essential spectrum coincides with
{p = 0}, and according to (4.11) and (4.13), problem (4.7) is equivalent with the
abstract equation

Kfu® = k°u®  in H°

with the new spectral parameter

(4.14) k= (le™2 + \9)!
The discrete spectrum of K¢,
(4.15) ki>ki>...>k, >... = 40,

is related to the eigenvalue sequence (1.5) via formula (4.14).
The next assertion is known as the lemma on "near eigenvalues”, [27], and it
follows from the spectral decomposition of a resolvent, see [2, Ch. 6].

Lemma 4.2. Let uS € H'(QF), uS # 0, and ki € R satisfy
(4.16) K5 ug — kqug; H|| = ogllugs Ho|| . 6, € [0, ).

( et )

Then, there exists an eigenvalue kS, belonging to the sequence (4.15) such that
ke — ki < 65

4.3. Error estimates for the approximation of the spectrum in Q°. We fix
a spectral parameter A € R, assume (1.7) and consider the solution (3.5) of the
problem (1.6) with the scattering coefficient ¢®®Mand find a positive sequence
{ek }ren tending to 0 such that

(4.17) O(N) = To(ex) — 2poIner,  (mod2m).

Then, ugk = Z, is an eigenfunction corresponding to the eigenvalue A of the self-
adjoint extension Ay of Theorem 2.4. Notice that the exponent ©()) depends
continuously on the parameter A (to see this recall that the space VL(Q) D D(A*)

can be identified with the direct product (2.18) and apply general results on non-
selfdajoint linear operators in [7, Ch. 1], [9, Ch.4]), and therefore

(4.18) 12 VLI <Cz , 12 L (Q)]| 2 ¢z >0
uniformly with respect to A in a compact set. We have

s AP < el )27 gt L2(IT)
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< el VIO < e 120 Vi ()
where v € (0,1) and D(Ayzr) € D(A*) C V(Q), cf. Remark 2.1. This, (4.12) and
(4.18) imply

s HEN* > e lugh; L2(Q7)

1
(4.19) > & ([l LA = ud L)) = 5eze,”

for large enough k, since ugk = 2.

We are going to prove that the problem (1.1)-(1.2) with a > a4 in the domain
2% has an eigenvalue A\°* in the vicinity of A. In what follows we write ¢ instead of
k. The threshold case a = a4 as well as other eigenvalues with stable asymptotics
will be considered in Section 4.4.

According to (4.14) we set

(4.20) k= (e 2+ N1

To compute the factor 67 in (4.16), we use the definition of the norm of a Hilbert
space, (4.11) and (4.13), and write

1KCFuG — kgug; He|| = sup [(K*ug — kZug, v°).|
= (04 *X) " sup [(le7 + A) (ug, v%)as — (Vug, Vo©)ge
+ a(ug, v%)gqs — 8872(71/[;-,1)5)95

(4.21) = (0 + °X) " sup [(Auf + Mg, v°)qe + (Oaug — aug, v¥)aq:

Here, the supremum is taken over the unit ball {v € H® : |[v%;He|| < 1} and

the Green formula was applied. Furthermore, on the last line the scalar product in
L*(€¥) is null, and also

(Opug — aug, v°)gaewwe = 0.
So we are left with only

(4.22) ) = — / 5,9 (0.5 (y, ©) + iy, €)) dy.

According to our preparatory calculation (4.1) of the parameter 65 in (4.4), the

main asymptotic term w_ 4 e®Mw, disappears in the integrand in (4.22) so that
the integral itself reduces to the sum

() + F) = = [0 (4 + a) W 2|y
~ [ 0T ) + a2y

Recalling the form (2.4) of the correction terms W_(z72y, 2) 4+ MW, (272y, 2) we
get

d B 2 _ ow , _
—W(z %y, 2) = — Y VW (z"%y, 2) + e (z 2y,z)

dz
= =221y -V, Wo(27%y) + 2T (2 2y)
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For y € w® there holds |y| < ce?, therefore,

’ (diz + a> W(z%y, 2)

Integrating over y € w® yields
d

H (E + a) W(z %y, 2)

The inequality (4.9) implies

|15, ()] < ce/?e3/? = e,

< cel_"+3/2(\W0(§_2)’ + ’V"WO(%)D

z=€

L2 (we)|| < es' TR | Wy HY (W) = &2 [ Wo; HY (W)

z=£

Since w, € V1,(Q), we again apply (4.9) to obtain
| [ | < s 22 75 226

< V2 ||v HElef|r g L2 (W)
(4.23) < el Hg; Vo ()| < ee®flgs V2 ().

However, the estimation of the integral with 0,uj is much more involved. Indeed,
a direct application of the weighted trace inequality in Lemma 4.1 does not help,
because [24, Lem. 3.2] proves that the second derivatives V2u$ belong to V(Q), not
to VQ(Q) as in the Kondratiev theory, cf. also Remark 2.3. However, the situation
can be improved in the case of the trivial right-hand side f = 0. Indeed, in our case
the function u$ satisfies the homogeneous problem (1.1)—(1.2) so that the one can
use the procedure in [24, Sec. 2] to construct several higher-order asymptotic terms

(4.24) W(k)(z_zy,z) _ ZQk—n+iu0+3/2Wéjfr)(Z—2y) + Z2k—n—m0+3/2wéﬁ)(z—2y>

*) with any desired

(notice that W) coincides with W) and to obtain a remainder e
power-law decay rate as z — +0. In particular, 9, € V1,(Q). The additional

term W1 can be processed similarly to the calculation (1.6), while the integral

/ ve(y. €)0.0W (y, )dy
can be estimated in the same way as in (4.23). Summing up, we conclude that the
order of the norm (4.21) with respect to € is determined by the main correction term

(4.24) at k = 0. Thus, collecting the estimates derived so far and comparing (4.16)
with (4.19) we conclude that

(4.25) 65 < ce®(+ M)

Theorem 4.3. Assume a > at. Let X € R be fized, and let the sequence {ej }ren
satisfiy (4.17). Then, there exist e4 > 0 and co > 0 such that for e, < e, the problem
(1.1)~(1.2) with € = ey, has an eigenvalue A%, (1.5), satisfying the estimate

‘)\Z’i(sk) — )\| < CoEl

Proof. According to Lemma 4.2 and formula (4.25) we find an eigenvalue k;’:(%)
of the operator K%, see (4.15) and (4.13), such that

|kf7’;(€k) — k| <P (042NN
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Taking into account (4.14) and (4.20) we can write
Xk = Al S eep(0+ )7l + N (e + Xk )
(4.26) = cep(ley® + Xk,
Fixing a small enough &, < 1, namely ce3 < 1/2, we obtain from (4.26) that
€ 2y\¢€ €
Amien) SAF cen (0 + ek)\n’j(sk)) = Ay S2AFL<2A[+ 0 K

4.4. Threshold case and ”stable” eigenvalues. At a = a4 the spectral param-
eter A € R still gives rise to the exponent ©(\) of the scattering coefficient in (3.5),
but now the sequence {&y}ren will be defined by

(4.27) O(\) = Ti(e).

The waves (2.10) include the logarithmic factor In z, and the logarithm only causes
only self-evident technical differences in the calculations and arguments in Section
4.3. Hence, we just reformulate Theorem 4.3 as follows.

Theorem 4.4. Assume a = at. Let X € R be fized, and let the sequence {ej }ren
satisfiy (4.27). Then, there exist e4 > 0 and co > 0 such that for e, < e, the problem
(1.1)~(1.2) with € = ¢i has an eigenvalue /\fr’;(ek), (1.5), satisfying the estimate

e

m’r(ak

= Al < caer(1+ | Inggl).

If u' € V1,(Q) is a trapped mode for the problem (1.6) with some A € R (Remark
3.1 and Section 3.2), then this point A is an eigenvalue of every self-adjoint extension
Ag, 0 € [0,27), see Theorem 2.4. Moreover, since u*" € V!5(2) for all weight indices
B, repeating the calculations and arguments in the previous section leads to the
following assertion, which includes the threshold case too, because a trapped mode
has the same fast decay properties both in the case a = a4 and a > as.

Theorem 4.5. Assume that A € R is an embedded eigenvalue of the problem (1.6),
a > ay, related with the trapped mode u' € V_IB(Q). Then, for any N € R, there
exist ey > 0 and cy > 0 such that, for all € € (0,en), the problem (1.1)~(1.2) has
an eigenvalue A7, ), (1.5), satisfying the estimate

|>\in(€) - )\‘ S CN&N.

5. CONCLUSIONS AND POSSIBLE GENERALIZATIONS.

5.1. Asymptotic behavior of eigenvalues above threshold. According to The-
orem 4.5, any trapped mode u'" € V!, (Q) of the problem (1.6) with A = A" gives rise
to a family {7, }ee0,ey) Of eigenvalues of the problems (1.1)-(1.2) in O° staying
in the cye¥-neighborhood of the point A". We call the eigenvalue )\fn(s) as a stable
one in spite of the fact that the number m(e) of these eigenvalues in the sequence
(1.5) changes infinitely many times, when € — +0 (see the explanation in the next
paragraph).

We have detected eigenvalues in the spectra of the problems (1.1)-(1.2) having
completely different behavior as ¢ — +0. Indeed, let A € R be fixed. Theorem 4.3
shows that in a neighborhood of A periodically, with the period

7T71m0
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in the logarithmic scale |Ilne|, there appears an eigenvalue of the problem (1.1)-
(1.2) in the domain Q°, which grows because the length of the broken piece I1°
diminishes. This eigenvalue crosses a neighborhood of A\ at a high speed O(|In¢|)
(in particular, A becomes an eigenvalue of the problem (1.1)-(1.2)); notice that this
is the very reason for the rapid changes of the number m(e) of the stable eigenvalues
mentioned above. In other words, any point of the real axis above the threshold
becomes a "blinking eigenvalue”, as € — 4-0.

We may change the point of view and watch over eigenvalues the eigenfunctions
of which are of the form (3.5) with the exponent

(5.1) O\) =To(e) —2poIne = 2pup|Ine| + T5(0) + O(e)

of the scattering coefficient. The function (5.1) is monotone growing when |lne| —
+00. Hence, the scattering coefficient € moves counter-clockwise, when e — +0.
By Theorem 3.3, such movement of the coefficient corresponds to the monotone
descend of the spectral parameter down along the real axis.

5.2. Other boundary conditions. We have imposed in Section 1 the same Robin
condition (1.2) both on the blunted surface of the peak I1¢ \ TI¢ and on the massive
part 0€2° \ w? of the boundary. Replacing (1.2) by

(5.2) ou(z) = au’(x), = € IN° N\ we,
(5.3) ou(x) =0, ze€uw

does not cause any changes to the calculations and justification. Replacing the
Neumann condition (5.3) by the Dirichlet one,

(5.4) u(z) =0, x€w,

the properties of the problem (1.1), (5.2), (5.4) still remain very similar, although our
calculation of the extension parameters (4.4) and (4.6) requires a minor (simplifying)
modification.

5.3. Other shapes. All the results on the problems (1.1), (1.2) and (1.1), (5.2),
(5.3) or (5.4) remain unchanged, if the straight end w® = {z € II? : 2 = ¢} of the
domain (1.3) is made into a curved one, i.e.

O ={r=(y,2):2>ec+eH(c?y)}

where H is a Lipschitz function in w.

One may also divide the lateral boundary of I'? of the cusp II? into two non-empty
and non-intersecting parts 'Y = {x : 2z € (0,d), 272y € .}, where both sets vy,
k = 1,2, are open submanifolds of dw and dw = 77 U75. If one keeps the Robin
condition on I'Y and imposes the Neumann condition on I'¢, the above-discovered
properties of the spectrum are still retained by the modified problem. However,
in the case of the Dirichlet condition on I'¢ the spectrum of the problem on QF is
discrete and therefore its eigenvalues are hardly movable. In general, changes of the
boundary conditions outside a neighborhood of the tip O do not affect the above
described properties of the spectrum.
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