BANDS IN THE SPECTRUM OF A PERIODIC ELASTIC
WAVEGUIDE

F.L. BAKHAREV AND J. TASKINEN

Abstract: We study the spectral linear elasticity problem in an unbounded periodic
waveguide, which consists of a sequence of identical bounded cells connected by thin
ligaments of diameter of order h > 0. The essential spectrum of the problem is known to
have band-gap structure. We derive asymptotic formulas for the position of the spectral
bands and gaps, as h — 0.

1. INTRODUCTION

We study the essential spectrum of the linearized elasticity system with traction—
free boundary conditions in unbounded periodic waveguides denoted by II,. The
waveguide, see Fig. 1.1, consists of infinitely many identical, translated bounded cells
connected with small cylindrical ligaments, the length and radius of cross-section
of which are both proportional to a small parameter A > 0 so that the volume of
the ligament is O(h?®). A number of papers (e.g [3], [31], [32]) has been devoted to
geometrically similar waveguides consisting of arrays of macroscopic cells connected
with thin structures, and, using rigorous perturbation arguments, the existence of
gaps in the essential spectra has been detected. This has been done for elliptic
boundary problems in elasticity, linear water-wave theory, piezo-electricity etc.

In this geometric setting the emerging of gaps is explained by that for small A,
the problem can be seen as a perturbation of a ”"limit spectral problem” (h = 0)
on a bounded domain, which consists of a single cell wy. The spectrum of such
a problem is in general a sequence (\;)72, of eigenvalues , and the spectral bands
of the original problem are situated ”close” to the eigenvalues \;. To analyse this
closeness and its dependence on h becomes a mathematical challenge: if that can be
done accurately enough, one finds that disjoint eigenvalues correspond to spectral
bands with a gap in between. In fact, this scheme can work only for a finite number
of the lowest eigenvalues in the sense that for each fixed small h, at most a finite
number of gaps can be found.

The purpose of this work is to refine the existing results by proving more accurate
estimates than before for the end-points of spectral bands and gaps. For example,
in [31] it was shown that for small h and also k, the kth spectral band is situated
within a distance C'h from A, the kth eigenvalue of the limit problem, where C' > 0
is a constant depending on the shape of the cells and on the physical constants
of the elastic material, but not on the size of the small ligaments. In comparison,
we shall find here an asymptotic formula for the spectral bands Tj. Namely, by
the Floquet-Bloch-theory of periodic problems, the bands are formed by eigenvalues
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A?(n) of the "model problem” depending on the parameter n € [0,2). It is in fact
well known that the essential spectrum of the original problem (later (2.6)—(2.7))
equals

(1.1) e = Tk Th={ALn) : nel0,2m)}.

In Theorem 4.1, see (4.1), (4.2), we determine the first order (in h) correction term
for the difference of A?(n) and );. The result includes the following claim:
For all k we have the estimate

(1.2) |AL(n) — (A + hAL(0)| < Cxh*? YR >0, n€0,27),
where
(1.3) N (1) = 20X + (A + € By)  M* (A + ¢ By),

the column vectors Ay, By, € R3 and the positive definite matric M+ € R3*3 do not
depend on h or n, and the number a equals 0 or 1 (according to the domain, see
Section 2.1).

The quantities Ay, By, M™T will be determined in Sections 3.2, 3.3. Anyway,
the coefficient A} (n) of the correction term depends only on the geometry of the
limit problem. (It might thus be desirable to provide numerical experiments on the
effect of this coefficient and the geometry of the limit domain to the appearance of
spectral gaps, but we do not provide such information here.) However, information
on the position and length of T obtained here is much more precise than before,
since until now there has not even existed a criterion to distinguish, if the band has
positive length or it consists of only a single point, which is an eigenvalue of infinite
multiplicity. In many cases the vector By, is nonzero, and it follows from (1.3) that
length of the band T? is positive.

In addition, we find an asymptotic representation for the corresponding eigen-
functions U}! of the model problem, which includes the leading terms both near the
junctions of the periodicity cells and at a distance of these points. Since it is difficult
to describe this without a number of definitions, we refer to Theorem 4.1 for details.

In literature spectral gaps in essential spectra for scalar equations and Maxwell’s
system in infinite periodic media have been considered in many papers, see for ex-
ample [7], [8], [9], [12], [13], [34]. For results on gaps in (quasiperiodic, unbounded)
waveguides we mention the papers [2], [6], [10], [24]; for an approach based on
parameter—dependent Korn—type inequalities, see [5], [25], [26], [28], [27]. A com-
parison of the present work with the paper [31] was already presented above. We
just mention that the method of [31] is based on the max-min principle for eigen-
values. We finally also mention the paper [3], which contains an analysis of spectral
bands much like in the present work, but in the more simple setting of the linear
water wave equation.

As for the structure of this paper, we present in Section 2 the geometry of the
waveguide II,, the formulation of the linear spectral elasticity problem and its
variational formulation. The parameter dependent problem arising from the FBG-
transform is presented in Section 2.2, together with the variational formulation in a
special Sobolev-type Hilbert space H"". The limit problem is studied in Section 2.3,
and additional technical devices are introduced in Section 2.4. Section 3 contains the
formal asymptotic analysis, in particular the construction of the asymptotic ansatze
for the eigenfunctions of the model problem. Section 4.1 contains the main result,



BANDS IN THE SPECTRUM OF A PERIODIC ELASTIC WAVEGUIDE 3

FIGURE 1.1. The waveguide II,,

and proof is given in Sections 4.2-4.3. One point of the proof needs the existence of
spectral gaps, which can be obtained by an adaptation of the method [31]; this is
presented in the appendix, Section 5.

Acknowledgement. The authors want to thank Prof. Sergei A. Nazarov for many
discussions on the topic of this work.

2. PROBLEM FORMULATION, BAND-GAP SPECTRUM AND LIMIT PROBLEM

2.1. Spectral elasticity problem in the waveguide. The problem domain is
a periodic waveguide II,, Fig. 1.1, depending on a small geometric parameter h €
(0, %] and consisting of infinitely many disjoint translated copies of a bounded cell
connected by thin cylinder. Let us describe the exact definition. We denote by w, a
bounded domain in R?® containing the points P* = (0,0,41/2) in its interior, such

that

(21) wo = {:C = (.Tl,xz?%g) = (y,Z) € W, : Yy S Rza |Z‘ < 1/2}



4 F.L. BAKHAREV AND J. TASKINEN

is a domain with Lipschitz boundary dwy. Notice that in a neighbourhood of the
points P* the boundary dw, is "flat”: it consists of an open subset of the plane
{(yb Y2, i1/2)}

We also denote by 8 C R? a bounded domain which has Lipschitz boundary 96
and which is star-shaped with respect to the point (0,0) € 6. (Any point of 6 can
be joined with (0,0) by a line segment running in #.) We also denote for h > 0

0, =ho ={hy cR*:y € b}

By a thin cylinder we mean the set ©, = 6, x R.

We fix a number a to be either 0 or 1 (see below for a discussion) and denote by
ap, the number (1 —ah)™! € R and also the multiplier aj, : # — (1 — ah) 'z in any
space R" > x, n € N. The meaning will be clear from the context. Let us define a
scaled, translated family of bodies

(2.2) w(j,h) ={x :ap(y, 2z — j) € wo} with w(h) := w(0,h) = a;, ' (w0),
see Fig. 2.1. The periodicity cell wy, D w(h), Fig. 2.2, is the set

(2.3) wp, = w(h)U <9h>< (—%,%)),

in other words, @y, is the disjoint union of w(h) and the small sets
(2.4) O, =0, x (—1/2,-1/2+ah/2], O =0, x (1/2—ah/2,1/2].
Finally, the waveguide II;, Fig. 1.1, is defined as

(2.5) I, = 0, U | J=(j, ).
JEL
Note that when h = 0, the waveguide II;, becomes a union of disconnected sets.

If a = 0 above, then of course a; = 1 is independent of h, and the cells @(j, h)
contact each other: the cylinder ©, loses its role and the cells are connected by holes,
"apertures” of diameter h in their boundaries. In this case also the volume of the
periodicity cells is independent of h. The subsequent calculations are concentrated
on treating the case a = 1. In many cases the calculations are unnecessarily compli-
cated for a = 0, but that case can be considered as a by-product; some details will
be omitted, and the reader is asked to keep it also in mind. If a = 1, the diameter
of the connecting ligaments is of order h and the volume is proportional h3. This
means a certain difference to the related paper [31].

We consider the spectral elasticity problem in I, written in matrix form, cf. [19],
[29]. This is formulated for an unknown R*-valued vector function u(z), which
describes the displacement vector of the given material. The system contains a
first order differential operator matrix D(V,), where V, denotes the gradient with
respect to the variable x and

zy 0 27125 2712, 0 0 T

D(x)=| 0252722, 0 27225 0 .= (21,29, 23) ",
00 0 27125 27122 a3

and a matrix A of dimension 6 x 6, describing elastic moduli. The matrix A is
assumed to be positive definite and, for technical simplicity, constant. The problem
can be written as

(2.6) Lou(z) = Mu(z) , zelly,



(2.7)
where

(2.8)
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FIGURE 2.1. Transformation of the set wy

FIGURE 2.2. Periodicity cell wy,

NMu(x) = 0 for a.e. z € 011,

Ly, =D(-V,)"AD(V,) , N} = D(v(z))'AD(V,) ,
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v is the outward normal vector defined for almost all points of the Lipshitz surface
OIl;, and X is a spectral parameter. The boundary operator N depends on h via
the domain II,,. (Later on, v will always denote the outward normal of a boundary,
which will be clear from the context.) Also, L, is just a constant coefficient partial
differential operator containing only second order terms. In general, A\ could be
multiplied in (2.6) by a fixed function describing the material density, but we assume
this function to be equal to 1 for simplicity.
The variational formulation of the spectral problem (2.6)-(2.7) reads as

(2.9) a(u,v; 1) = Mu,v)m,, v € HY(I,)?.

Here, given a regular enough domain Q C R3, we use the notation

210)  alf,g: D) = (AD(V.)], D(Va)gha , and (fg)a =Y / fgdz

Jj=1

for the usual (complex valued) inner product in L*(Q)*, k = 1,2, 3; the latter no-
tation will also be used for domains in R?. We denote the standard Sobolev space
of first order on Q by H'(Q2). The bilinear form (2.10) is positive and closed in
the Sobolev space H'(II;)* and consequently (see [4]) our problem can be rewrit-
ten as an abstract operator equation 7"u = Au, where 7" is an unbounded, self-
adjoint densely defined operator in the Hilbert space L?(II;)? and thus the spectrum
o(T") > X is a subset of R, = [0,4+00). The embedding H'(II,) C L3(II;) is not
compact due to the unboundedness of the domain II,, hence, the essential spec-
trum oes(7") is not empty (see [4], Th.10.15). Finally, spectral concepts of the
problem (2.6)—(2.7) are defined with the help of the operator 7". In particular,
Oess -— Uess(Th)-

2.2. Floquet-Bloch-Gelfand transform and essential spectrum. To analyse
the band-gap structure spectrum of the problem (2.6)—(2.7) we use the FBG-transform
o, 2) v Vi 5m) = o= S exp(—inj)oly, = + ),

Vam i
where (y, z) € IIj, on the left, while n € [0,27) and (y, z) € w), on the right. As well
known, this operator establishes an isometric isomorphism between Lebesgue spaces
L3(11,)% and L?(0,2m; L*(wy)?), where L?(0,27; B) is the Lebesgue space of func-
tions with values in the Banach space B, endowed with the norm ||V'; L#(0, 27; B)||?
fOQW |V (n); B||*dn. The FBG-transform is also an isomorphism from the Sobolev
space H'(II,)® onto L*(0,2m; H) (w)?) and from H?(I1,)* onto L*(0, 2m; H} (wy)?).
Here, for a fixed h and 7, the space Hg(wh) is the space of Sobolev functions f on
wy, which satisfy quasiperiodicity conditions

(211) f(y7 1/2) = eiﬁf(y’ _1/2) ) azf(y7 1/2> = einazf(ya _1/2) y Y€ eh'
Similarly, the space H, (o) consists of H'-functions satisfying the condition (2.11)

only. In the following we denote by #"" the space H, (w,)* endowed with the norm
| f; H™"|| coming from the inner product

(2.12) (f.9)wrn = (f,9)= + (AD(Va) £, D(Va)g)
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notice that the last form on the right is Hermitian and positive on H% (@)%, Obvi-

ously, || f; H™|| < C||f; H'(wy)]|| for some constant independent of h and 7, since
the matrix A was assumed to be constant.

Lemma 2.1. The norm ||-; H™"|| is equivalent to ||-; H'(woy,)|| with constants inde-
pendent of h > 0 and n € [0,2m).

Proof. It is enough to show that the Korn inequality
(2.13) Lfs H (@n)lI* < C(I1f: L (@n)II* + (AD(V2) £, D(Va) f)

holds for Sobolev-functions f in such a way that the constant C' > 0 can be chosen
independently of h, n. It is quite obvious that replacing wy;, by w(h) (see (2.2)) in
(2.13), the corresponding inequality would hold with constant independent of A, 7.
But the same is true also, when oy, is replaced by the two sets ©F, see (2.4). This
follows from the result [16], Th.1, Th.2. For example the set ©; has diameter c;h
and it is in the terminology of the citation starshaped with respect to a ball with
center in (0,0,1/2 —ah/4) and radius c2h, where ¢, ¢35 do not depend on & (see the
assumptions on @ in Section 2.1). Then, (2.13) follows by combining these facts. [

Using the FBG-transform the problem (2.6)-(2.7) turns into a model problem on
the periodicity cell for the unknown U = U(x;n),

(2.14) D(=V,,—0. —in) AD(V,,0. +in)U = AU in @,
(2.15) D(w(z)) AD(V,,0. +m)U =0 ae. in do, \ (65 UG,
(2.16) Uly,1/2;n) = e"U(y,—1/2;m), y € Oy,

(2.17) 0.U(y,1/2;m) = e"0.U(y, —1/2;m), y € bn,

where the overline denotes complex conjugation and A is a spectral parameter. In
the weak form this amounts to finding 0 # U € H"" and A € C with

(2.18) a(U, Vi) = AU, V),

for all V- € H™. The problem (2.14)-(2.17) can be associated with a self-adjoint,
positive and compact operator B : HM1 — HM1 We define B*" in a standard way
by requiring that the identity

(2.19) (B""U, Vg = (U, V),

holds for all U,V € H"". The problem (2.18) is then equivalent to the spectral
problem B"U = pU with a new spectral parameter = (1 + A)~1. The spectrum
of B™" consists of a decreasing sequence {1} (n)}x>1 of eigenvalues and the point 0 of
the essential spectrum. As a consequence, the spectrum of the problem (2.14)-(2.17)
can be presented as the eigenvalue sequence (counting multiplicities)

(220) 0<Al(n) <As(m) <...<Aln) < ... +oo.

We denote the corresponding eigenfunctions by U} € H)(w,)?, where the depen-
dence on 1 will usually not be shown. We require the orthogonality property
(2.21) (U UM, = 0pgy pra=1,2,....

By [11], [17], [21], [23], [30], Theorem 3.4.6, [31], Theorem 2.1), for example, a
number A belongs to the resolvent set or the discrete spectrum of 7" (end of Section
2.1), if and only if it does not coincide with Al (n) for any n € [0, 27] and p. Hence,
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the essential spectrum of 7" and thus also of the original problem (2.6)—(2.7) have
band-gap structure (1.1),

(222) Uess(Th) = U T;Lv = U{AZ(TI) tne [0727()};

where the spectral bands TZ are closed intervals (possibly single points).

2.3. Spectrum of the limit model problem. When h — 0, the cylinder ©
turns into a negligible set and the quasi-periodicity conditions (2.16)-(2.17) lose their
meaning. The model problem (2.14)-(2.17) turns into the so called limit problem
on the isolated elastic body wy,

(2.23) D(—=V,)"AD(V,)u = A% in wy,
(2.24) D(v(z))"AD(V,)u =0 a.e.in dwy,

where v is the unknown function on wq and A° is a spectral parameter. The problem
has for any n € (0, 27] the same eigenvalues as the case 7 = 0, so we can restrict to
this single limit case, see [31] for some more details. We again denote by a(u, v; @)
the sesquilinear form corresponding to the problem (2.23)-(2.24). It is positive and
closed on H'(z99)3. We also define the space H° (with no quasiperiodicity conditions)
and the self-adjoint, positive, compact operator B° : HY — HO, associated to the
problem (2.23)—(2.24), analogously to H™" and B™" of the previous section. Since
wp is a bounded Lipschitz domain, the limit problem has an eigenvalue sequence

Here the A, ..., \g are the eigenvalues of the rigid motions including three trans-
lations and rotations. For every p, let u, be the eigenfunction corresponding to A,
normalized in L*(w)? by

(2.26) (Up, Ug) o = Opgy Pyq=1,2,...

We also state a scaled version of the problem (2.23)-(2.24) (see (2.2)):
(2.27) D(—=V.)"AD(V)u = A% in w(h),
(2.28) D(v(z))"AD(V,)u =0 a.e.in Ow(h).

It is a trivial consequence of the above remarks that the eigenvalues and correspond-
ing eigenvectors of (2.27)—(2.28) are now given by
(2.29) ANi=aph; =X+ O0(h), ul(z) = aiﬂuj(ahx),

and the relation (u?, U w(ny = 05 still holds.

Lemma 2.2. There exist by > 0 such that for all k € N, the bounds |ug(z)| <
Cr , |[Vur(z)] < Cy hold for x € wy C R? with |z — P%| < b;.

The proof of this fact follows from standard local elliptic estimates and our
smoothness assumption of the boundary dwy near the points P*, see (2.1). The
lemma is proven in detail in [31], Lemma 3.1. As a corollary, we also have

(2.30) uk(2)] < Ci , [Vug(@)] < Cy

for all small enough h > 0, for all # € w(h) with |x — P*| < b;.
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a/2 a/2

FIGURE 2.3. The set €.

2.4. Additional notation. We finish this section by fixing some more notation.
We write in any dimension n, B(xg,r) = {x € R" : |z — 29| < r} C R™ and
A(s,r) ={r €R" : s<|z| <r} CR"for0 < s <r,and e¥) € R", j =1,...,n,
for the canonical basis vectors.

We define some smooth cut-off functions to be used at several points later. First,
let xp : R* — [0, 1] be a C*-smooth function equal to 1 on the set 6 x [—1,1] and
equal to 0 outside some neighbourhood of this set. More precisely, we assume that
Xo 1s chosen such that

(2.31) wp,N{z : XM(z) <1} Cw(h) and @, N{z : X"(2) < 1} C w(h).

for all h € (0, 75], where X!(2) = xo(h™(z — P%)) . We also set for z € R?

(2.32) Xh(z) =1- X"(2) — X (2),
As a consequence,
(2.33) @, Nsupp X" C w(h) and |[VX"| < Ch71,

and X" equals 0 in both balls B(P*,ch) and 1 outside the balls B(P*,ch) for
some constants 0 < ¢ < ¢;. Also, notice that at least for small enough h, the
boundary dw(h) is infinitely smooth (planar) and (2.30) holds inside the domain
{r eR? : XM(z) < 1}.

We also denote x4 : R® — [0, 1] some C'*-cut-off functions such that
(2.34)  xx(2) =1for x € B(P*,S) and x+(z) =0 for z ¢ B(P* R);
for some 0 < S < R < 1/2. Obviously, x+(y,z) =0 for z <0 and x_(y, z) = 0 for
z > 0 and also for small enough A,
(2.35) XL X = X

We define for a € {0, 1} the domains

Q:={¢eR’: |&] >a/2} U (0 x [-a/2,a/2]) and
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(2.36) OF = {£eQ: +£& >0},

see Fig.2.3. The reader should keep in mind that if x € wj, N supp x+, then £ =
h=t(z — P%) € QF. We define the coordinate change mappings 71 (z) = (z — P%)/h
and denote 74 1= 7.

3. FORMAL ASYMPTOTIC PROCEDURE

3.1. The ansitze, the first step. In this section we present asymptotic formulas
as h — 0, for the eigenvalues A%(n) and for the eigenfunctions U}, see (2.20), (2.21)
and (3.1), (3.2). We start with the case that an eigenvalue Ay of the limit problem
is simple, see (2.25). Let us fix such a k.

As for the corresponding eigenvalue A} (n) of the model problem (2.14)—(2.17), we
expect it to be a perturbation of \;, and the asymptotic formula or ansatz is written
as

(3.1) Al () = M+ hAG () + A (n),

where A (n) is the main correction term, to be calculated in Section 3.3, and A% (1)
is a remainder, which will be shown to be of small order O(h%/?) in Section 4. Next,
we introduce the following asymptotic formula for the eigenfunction UP,

(32)  UM@) = X@) (welane) + hu;(ahx)))
+ Z X+ (@) VT (W (z — PF)) Z X (2) X" (@) up (PF)

+ UMz), = e, nel02n),

where uy, is as in (2.26) and the notation of Section 2.4 is used, in particular, the cut-
off functions are given in (2.32) and (2.34), and the function X"uy, o ay, is extended
from w(h) to wy, as 0 by using (2.31). The first and second rows of the right hand
side of (3.2) are called the outer and inner expansions, respectively. They describe
the behaviour of U} in w, (at a distance of P*) and close to P*, respectively; see
the definitions of the cut-off functions.

To motivate the ansatz (3.2) we follow the standard asymptotic scheme described
in [14] and the concordance method. As the first step in the construction (3.2) we
observe that according to (2.2), (2.3), at some distance of the points P* the domain
wy, is just a scaling of w, hence, the leading term uy o ay, is expected to describe the
behaviour of U} inside wj,.

The other terms of (3.2) will be considered in subsequent sections, in particular
the main correction term uj = wuj(x,n) of the outer expansion will be defined in
Section 3.3. The behaviour of U}! near the point P* is quite subtle, and the main
task of Section 3.2 will be to motivate the inner expansion, which describes this. In
particular we shall determine in Section 3.2 the functions Vki and thus the boundary

layer terms of the second row of (3.2). The term (7,? is again a small remainder to
be evaluated in Section 4.

3.2. Second step: construction of the inner expansion. We next derive the
expression for the inner expansion in the ansatz (3.2)

(3.3) > xe(@)ViF(h (@ — PF)) Z X (2) X" () ug (PF).
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In other words, we aim to determine the functions Vki and boundary layer type terms
near the points P*, a task which is a priori quite unclear. The starting point is that
the above fixed first term wuy o a; does not satisfy the quasiperiodicity conditions,
and we thus require that the principal terms containing V,f should compensate the
discrepancy caused by that fact. We next show how this condition will fix the
functions V5, see (3.28) below.

By Lemma 2.2 and the mean value theorem, ug(apz) = ux(P*)+O(h), if 2 belongs
to some small neighbourhood B(P*, ch) of P*. Denoting ¢ = 71 (z) = h~!(x — P%),
we have £ € QF for x € @), Nsupp y+ (see (2.36)), and the scaling L, = h 2L =
h=2D(—V¢)" AD(V¢) holds for the operator (2.8). So, to compensate the above
discrepancy, we expect the functions V}f to be the solutions of the problems

(3.4) LVE(E) =0, €0,
(3.5) NPVEE) = 0, € €0\ (0 x {0}),
(3.6) VEE) = uh(PF), 6] = oo,

with additional linking boundary conditions
(37) Vi =€" (€), —NOVI(€) =e"NTVFHE), €ex{o}).

Here we have denoted by N£(+) = D(v(€))"AD(V¢) the boundary operator associ-
ated with the domain QF, and similarly for the sign ”—". The conditions (3.7) are
related to the quasiperiodicity conditions for U}

The rest of this section is devoted to looking for a solution to (3.4)—(3.7) and to
stating some of its properties. First, note that if a function V} is a solution of

(3.8) LeVi(§) = 0, £€4,

(3.9) NeVi(§) = 0, € €09,

(3.10) V() = un(PT), & <0, [§] = oo,
(3.11) Vi(€) = eMup(P7), & >0, [€] — oo,

where N = D(v(€))TAD(V¢) on the boundary of €2, then the functions V" can be
found as the restrictions

(3.12) Vi = Vila-, ViH=e Vo

Definition 3.1. For j = 1,2,3, we denote by X; : Q© — R? the three functions
which are the solutions of the problems

(313 LX(€) =0, €en,
(314 NeX,(€) =0, €€ o0,
with asymptotics X;(¢) — +el) when +£&; > 0 and |¢] — oc.

We shall soon prove the existence of such functions X;. Taking that for granted
we define the function Vj by

(3.15) Vi€) = > (" (et + 67 () X;(€))

j=1

where the coefficients are to be chosen such that (3.8)—(3.11) are satisfied. Since the
functions X; do not depend on 7 or k, it is plain that V; depends on 7 and % only
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via the coefficients, which are determined by the six equations
(3.16) a®(n) =" () = up(P*),  a®(n) +0®(n) = eMup(P7)

with a®) = (agk),agk),aék))T and b¥) = (bgk),bék),bék))T. Solving the system (3.16)
yields
1 , 1 .
(317) a®() = S(u(PH) + Mu(P)) , P () = S (—ue(P) + My (P)).
We now turn to the existence and some properties of the functions Xj;.

Lemma 3.2. For every j = 1,2,3, there exists a unique solution to the problem
(3.13)—(3.14), and it can be written in the form

3
(3.18) Xj=x(1=xo)eV + (1= x9) Y MITF orp +T; in QF,

=1
where T4(§) = € — P* and MljjE € R are unique coefficients and TljE denote the

Poisson kernels for the operator L¢ in the domains { € R® : +£& > 0}, respectively
(see (3.20)~(3.21)). The remainders T; satisfy for & € R? the estimates

3.19) TO1< e VB0 < o

Proof. We define the Poisson kernels TljE as solutions of the half-space problems
(3.20) LTR(€) =0, EeR? & >0,
(3.21) NI () = derene’, £ =0.

Here, the differential operators L¢ and N are understood as distributional deriva-
tives (notice the direction of the normal vector in (3.21), e.g. it is —e®® in the case
of the sign ” +”) and J(¢, ¢,) stands for the 2-dimensional Dirac measure of the point
(0,0) in the plane {£ € R? : & = 0}. The solutions of the problem (3.20) are known
to be homogeneous functions of order —1, in other words, the function Tli has a
singularity at 0, and for all £ € R?, £&3 >0, 0 < r € R, we have

1 C C
(3.22) TEre) = JT5E) » 1TF QI < g IVIFOl <

Let us define for a moment a smooth function in Q by ©U (&) = £(1 — x4(¢)) e,
where & € OF and yg is as in (2.31). We now look for a function X; : 2 — R in the
form X; = ©U) 4+ X;, where the function X; satisfies the problem

LeX;(6) = —LOY(E), €€Q,
NeX;(6) = —NBV(g), ¢ €09,

and the functions on the right are smooth and have compact supports. According to
the general results from [15], such a function X exists and is unique in the function
space

(3.23) {v € Hoo(Q) + |[Vevs LA(Q)I + 11+ [€]) o LA(Q)]] < o0}

Using the results of [22] and [20], the solution )?j is, say in a bounded ball B(0,2),
at least C%-smooth bounded function, and outside B(0,2), a linear combination of
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the Poisson kernels plus a perturbation which is small at the infinity. More precisely,
we can write for some coefficients M li.,

(3.24) X;(6) = (1 x(¢ ZMinf P+ T(€) , £ €0F,

where the functions (1 — X@)Ti<€ Pi) are well defined in Q% and the perturbation

T satisfies (3.19); moreover, T} il € L*(QF) for any fixed radius r > 0. More
1nf0rmat10n on the coeflicients ]\43E will be obtained in Lemma 3.3 below. [

We now define Vj by putting (3.18) into (3.15) and using (3.17). We also denote,
keeping in mind that b*) and thus the consequent functions depend also on 7,

(3.25) WEE) = (1 —xpoT(¢ Z DM METE®E) | m=(€) € QF,

J,l=1

(3.26) Zb F xo(&)eD + T;(€)), €€ 0,

where 74 (£) = € — P*. We remark that due to (3.22), (3.25), we have W= € L?(Q%).
By the remarks on T in the proof of Lemma 5.2, Wi‘B € L*(QF) for any
constant radius r > 0, and moreover

(3.27) Wi L@ < C s W | o L@ <

’B (0,r)’
We finally find the inner expansion by taking the restrictions (3.12), which leads to
(3.28) VEE) = we(PT) + WE o 7a(€) + WE(E), €€ QF

From (3.25), (3.22) we see that there exists some constant M > 2, which we fix now,
such that for all ¢ € R?® with || > M/2

(3.29) WEre) = SWEE)
Also, (3.22), (3.19) imply for all ¢ € R?
+ Ci + Ci
(3.30) WEOI< T IV < Wa? ,
Tt Ch T+ Ch

We complete the present study of the inner expansion by the following remarks.

Lemma 3.3. The matrices M* = (Mﬁ)ilzl defined by the coefficients in (3.18),
(3.24) (which do not depend on n or k) have the properties

(3.32) Mt =-M" , M*=(M*)',
and, moreover, M™ is positive definite.

Proof. Let us use the (generalized) Green formula (see [18]) for X; and ) in the
domain B(0, 0) N2, where p > 0 large enough, in particular such that y,(£) = 0 for
€] > 0 — 1/2. So, by (3.13), (3.14) and Fig. 2.3.,

0= (LeXi, eD)po.gna = (NeXp, eV) g + (NeXi, eV g,
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where S5 = {£ : |¢] = 0, % < £&}. Taking into account the representation (3.18),
we get

3
0= (NeXp, eD)gr + (NeXp,eW) oo =N " ME(NTf 07, D) g

+ m=1
- _ZZ NfT 0Ty, € ()){:I:fzs:a/Q}
+ m=1
3
- _ZZMn:EZ(NETr:rEae(J)>{:I:§3:O} —M — M,
+ m=1

where we also used (3.21) and it was necessary to change the sign due to the direction
of the normal vector. Notice that the contribution of the term 7}, must vanish as a
consequence of the second inequality (3.19), since (N¢T,, e?) g+ = O(o™") for large

0, whereas the terms (Nngf, el)) & are constant with respect to p. We have proven
the first identity in (3.32).

To prove the second identity of (3.32) we use the Green formula for the functions
X; and X;:
0 = (LeXj, Xi)po.gne = (NeXj, Xi) gy
(3.33) + (NeXj, Xi)gr — (X5, NeXo) g — (X, NeXo) g
Since NTE(E) = O(07?) and TE(€) = O(o7!) for € € S, the scalar products

(NeTE, Tli)sgt tend to zero as ¢ — +oo. Thus, by (3.33) and the same observations
as in the first case,

3
0 = tim > (M (NT e)gs + My (NT,,, —e)

(3.34) — M (V) NeTf) gt — M@(—e@),Nng)S;) = 2M;; — 2Mj;.

Finally, for the positive definiteness of MT we consider a vector v = (vy, vy, v3) " €
R? and the function w = Z '_,v;X;. Then, by the positivity of the operator L,

0< (ng w)or = (New, w)oo+ = —(New, w) g+

(335) = — Z Ule /Xl Ng de.

7,=1
It remains to note as above that

lim | Xj(§)NeX;(6) = —Mj;

0—+00 gt

hence, v M*0 = (Lgw, w)q+. The claim follows from (3.35). O

3.3. Third step: construction of the outer expansion and the leading cor-
rection term for the eigenvalue. We next look for the correction term uj of the
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outer expansion. Let us write for a moment E(x,h) := ug(apx) + hig(apz,n) for
some Uy, € H'(wy). Since Lyuy(z) = A\yug(x), we can calculate
L.E(x,h) = Mg (anz) + 2ah puy(anz) + hLy g (anz, n) + O(h?)
and on the other hand, assuming (3.1),
AP E(z, h) = Mg (anx) + AL () ug(anz) + Mphiig(anz) + O(R*?)

Hence, the assumption that L,FE(x,h) = APE(x,h) is correct up to terms of order
h3/2 leads to the following problem to find @ in wy:

(3.36) (Ly — Mo)ug(z,m) = (—2ar, + Ay())u(x), = € wo,
(3.37) N, tg(z,n) =0, x € dwy,
(3.38) iy (x,n) ~ Wif(x — PF), x — PT.

The asymptotic condition (3.38) comes by looking at the inner expansion (3.3) near
the points P*. We write iy, as

(3.39) g (z,m) in YWF(x — PE) + ul(z,m),

where x4 are as in (2.34), and state the following problem for w}:
(3.40) (L, — Mo)up(z,m) = F(x), x € wy,

(3.41) Nyuy(z,m) = G(x), x € dwy.
Here we denote (cf. (2.34))

(3.42) F = ( — 2a)\, + A;(n))uk — (Ly — ) ZXiW,f o T4 in wo,
T

S N o)W e — PY) 2 ¢ 9wy 0 B(P*,5/2)
343 Gl = i P o)
where W,T are defined as W, in (3.25) but without the cut-off function y,:

(3.44) Z bMMETI(E), e,

j,0=1

and similarly for W,". Note that x+(z) = 1 for « close to P*. Hence, (3.20), (3.22),
(3.25) imply that the functions L,(x+W,F o 73) are equal to 0 near the points P*,
and thus F' € L(wy) for every g < 3. The function G is smooth and thus bounded,
by similar arguments and (3.21); in fact, G equals the expression on the first row of
(3.43) everywhere except at P£, where the latter has the Dirac measure singularity.

Lemma 3.4. If
(3.45) A5 (1) = 2a; + 26%) () TMTBR) (1))
then the problem (3.40)-(3.41) has a unique solution in H'(zwg)3.

Proof. The problem (3.40)-(3.41) can be rewritten in the weak formulation as
(3.46) (AD(V )}, D(V2)0) o — (G, 1) e — M (U, V) ey = (F)0) g, v € H ().
Equation (3.46) is equivalent to

(1, 00 — (14 M) (B, 00 = (G 0)omo + (Fy0)y o 0 € HY,
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where B° and H° were defined below (2.24). We use the fact that functional defined
by the formula F(v) = (G, v)aw, + (F, ), is linear and continuous on H'(w)?. The
problem (3.40)-(3.41) can thus be rewritten as the equation Bu), — pupu), = —upF,
where ;= (1 + A\;)~!. According to the Fredholm alternative, this equation has
a solution if and only if the right-hand side is orthogonal to u; (solution of the
homogeneous problem, Section 2.3). So we get the solvability condition

(347) 0= (G; uk)@wo + (F7 uk)wo'

Here we use the Green formula and take into account (2.23) and (2.24):

(F’ uk)?ﬂo = —2a\, + A;c(n) - Z /(Lx - )‘k)(X:tW]zF o 7_:I:)ﬂk;dm
+ 0
= —2a\ + M)+ / M2 W o milidr — ) / X W] o 72 Lytigde
+ 0 + 0

-y / NO(XeWF o Te)upds, + Y / e WF 0 7. Ny ds,
+ +

Owo Owo

= —2a\, +AL(n) — Z / Ng(XiW;F O Ty )UpdS,.
t
Owo

By the remarks just before Lemma 3.4, the last integral equals (G, ux)ow, €xcept
that N2(xy2W; o74) contains Dirac measures at P which G does not contain. This
remark, (3.21), (3.25), and (3.47) yield

—2aX; + AL (n) = b(n) "M ug(PF) 4+ e ™b(n) "M Tu(P7) = 2b(n) "M Tb(n). O

Remark 3.5. The facts that F' € L9(wy) for every ¢ < 3, the function G is smooth,
and the boundary of @y is smooth near points P*, imply that u} € qu (wo), by
standard elliptic estimates. Due to the Sobolev embedding theorem and (3.39) we
get for all p < oo that V,u) € LP(wy) and uj € L*>®(w,) with the corresponding
norm bounds independent of 7.

3.4. Comments on multiple eigenvalues. Let us consider the case of a multiple
eigenvalue A, see (2.25). Assume that its multiplicity is m > 2 and let uy;, where

j=0,...,m —1, be the corresponding eigenfunctions satisfying the orthogonality
and normalization condition (2.26). Now the principal term of the asymptotic of
U,?H, where [ = 0,...,m — 1, is a linear combination Z?:Ol O jUktj © Ap, =1 Uk g O Q.

Repeating the procedure of the concordance method of asymptotic expansions in
this case we again get the problem (3.40)-(3.41) for the main correction terms uj,,,
and Aj,(n). Now it turns out that we have m solvability conditions which are
equivalent to a system of m linear equations
m—1
(—2aX + Aj g (m)an; =2 g b () TMFbER (),

q=0

where j =0,...,m—1, while M" is as in Section 3.2 and b**9 () = L(uy(P~) —
e Mugyq(PY)) (see (3.17)). As a consequence, the expression —2a\, + A, (1) is
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one of the m eigenvalues (multiplicities counted) of the m x m matrix
B(n) = (b9 () MEI ()"
a.J=1
and the coefficient sequence (ay;)7L, is found as the eigenvector of B(n) correspond-

ing to the eigenvalue —2a\, + Aj,;(n). It is clear that the rank of the matrix B
does not exceed 3.

3.5. The case A = 0. The sequence (2.25) begins with six eigenvalues equal to 0
corresponding to the rigid motions

uj(z) = Be9 for j =1,2,3,  wu,(x) = Bz x eV for j = 4,5,6,

where $3; are the normalization multipliers, i.e. 8, = By = B3 = |wo| V2, 1 =
(Jo + J3)7V2, Bs = (Jy + J3)"Y2, Bg = (Jy + J1)"Y/2. Here J, is the moment of
inertia of the body w, around the axis e®). Calculating the vectors b*)(n) and
suppressing the inessential index [ of oy ;, we get

b () = 27w V21 — e ™)e® = e,k =1,2,3;
b (1) = 0;

b (n) = =47y + Js| 721 4 e M)e® = aze®;

b9 (n) = 47 Iy + Jo| AL+ e M)e® = age?.

Thus, using the symmetry of matrix M,

|O[1|2M1—~i |041|2M1—5 |041|2M1—g 0 CklO[_5M1—E O[lO./_GMl—E

|O[1|2M1—5 |(I1|2M2—2 |041|2M2—E 0 OélOé_5M2—g O[lOl_GMZ—;

B(1) = | PM5 | |PMy |aq > My 0 aqas My aqag My
0 0 0 0 0 0

06_1055M1J§ 04_1CY5M2+3 06_1065M§§ 0 |CY5|2M3J§ 04504_6]\/[55

(1_1056M1J5 oz_lozﬁM;z 06_1066M2Jg 0 CYGOK_E)MQJE’ ’056|2M2J5

This can be rewritten in shorter form

0
’061|2M+ 0 06104_5].\/.[; Oél()é_ﬁ].\/.[Q+
0
Bn) = | 0 00 0 0 ’

05_1045(M;)T 0 |CY5’2M£ Od5Oé_6M2JE;)
ara(My)" 0 asas Mg, [as|* M,

where M’ is the kth column of the matrix M*. If el 1 < j <6, are the standard
basis vectors in RS it is easy to see that the vectors
4)

el ,Oz_5€(3) _ a—1€(5)’a—66(2) _ a—le(G)

are in the kernel of the matrix B(n). So, the corresponding linear combinations of
the functions u; form the ansatz of the eigenfunctions of the perturbed problem, but
the asymptotic corrections of order h for the eigenvalues are 0. To find the other
three corrections of order h we must find the nonzero eigenvalues of the matrix B(n).
To do this we have to calculate the characteristic function ¢(¢) = det(B(n) — tEs),
where E,, denotes the unit matrix of dimension n x n. One can write
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0 0 0
|Oél|2M+ - tE3 0 0 ozflozﬁt
0 a7last 0
t) = det 1 05
o(t) 0 0 00—t 0 0
06_1055(1\/.[;)1— 0 —t 0
arag(M3) " 0 0 —t
0 0 O
M — tE; 0 0 0
0 0 0 3 NT
= det = —t°det(M — (E
“lo 0 0—t 0 0 et 3)
041065(1\/[;:)—'— 0 —t 0
CllOéG(M;—)T 0 0 —t
where
| [P M7 | [P M | |* My

M = | (Jou|* + |as )My (Jaa]* + |ae]?) My (Jou? + |as|?) M
(Joa|* + [as[*) M5 (lon]?® + Jas|?) My (o] 4 |os]?) M

= diag(|oa|?, |aa]® + |ag|?, |a1]® + |as|*)M T

and diag(a, b, ) is a diagonal matrix with elements a, b and c.
So in the case A = 0 there are six main asymptotic corrections A’(n): for j =1,2,3

they are the eigenvalues of the matrix M, and for j = 4, 5,6 they are just 0.

4. MAIN RESULT: POSITION OF SPECTRAL GAPS.

4.1. Main theorem. We state our main result on the position of the spectral bands

for the linear elasticity problem in the domain II,. Recall from (1.1) that the bands
consist of the eigenvalues A%(n).

Theorem 4.1. For every k there exists a constant Cy > 0 such that for all h > 0,
n € [0,2m),

(A1) AR =  + RN ()] < Cuh®? (U = Uns HM7| < CphP2.

Here M\, + hAj(n) is the approximate eigenvalue from (3.1), Ay is the kth eigenvalue
of the limit problem, see (2.25), and A} (n) is determined in Lemma 3.4 of Section
3.3

(42) A;C(T]) = 26L>\k + (Ak + Gian)TM+ (Ak + G_ian),

where the column vectors Ay, B, € R and the positive definite matriz Mt € R3*3
do not depend on h or n. Moreover,

(4.3)  Unp = X" (up 0 ap + hujy o az) + Z XLV, oTh — Z X X ug (PE)
+ -

is the approximate eigenvector from (3.2); the functions VkjE and . are determined

in Sections 3.2 and 3.3, respectively, and the cut-off-functions and T are defined in
Section 2.J.
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According to (3.45), (3.17), we have Ay = —ug(P7)/2, By = ux(P~)/2, and thus
up(P~) # 0 is a sufficient criterion that the corresponding, kth spectral band is an
interval and not an eigenvalue of infinite multiplicity. The proof of Theorem 4.1
will be given in Sections 4.2—4.3, and it needs another proof for the existence of the
gaps, which will be postponed to the appendix. The proof in the appendix does not
use the machinery of Sections 3 and 4; it is an adaptation of the methods of [31].

In the following we shall also use the notation
(4.4) e = (L X+ hAL D) ™5 Ui = (U B~ U

-1

4.2. Lemma on near eigenvalues and eigenvectors. We shall need in Section
4.3 the following operator theoretic result in the form given in [1]; see also [4] or [33]
for more simple formulations corresponding ton =1,y=0 and t = 7.

Lemma 4.2. Let B be a selfadjoint, positive, and compact operator in Hilbert
space H with the inner product (-,-)3. If there are numbers p > 0, n € N, and
v € (0,1/n), as well as elements Uy, ..., U, € H such that |(Us,U;)n — 6 ;] <~ and
|BU; — pilhy; H| < t for some t € (0, ), then the interval [ — T, pu + 7| contains at
least n eigenvalues of B, with multiplicities counted, where T = tn'/?(1 — nry)~1/2.

In this section we moreover prove the following n-independent lower bound for
the L?-norm of the function U .-

Lemma 4.3. There exists a constant C' = C(k,w,8) > 0 such that

(4.5)

U L3(n) |2 = 1| < Ch vy € 0,27
Proof. First of all note that by (2.26), [, [uk o an|*dz = a;?, hence,

(4.6) ||| X uk 0 ap; L? () || — 1| < / (JX" ug 0 ap|® — |ug 0 ap|*)da < CH?
@n\w(h)

where the last estimate uses the facts that u; is a bounded function near P*, by
Lemma 2.2, and the volume of the set @y, \ @w(h) > P* is O(h?).

Denoting ah,k: = Uy — X"y, 0 ap, (4.6) and the Cauchy-Schwartz inequality yield
s 22 ()P = )| < |20 s 0 an, ) | + s I () |+ C
< O [Uni; L () || + C'h.

Thus it is enough to prove that ||tz L2(,)|| < ChY2. By (4.3), |[Upx; L2 ()]
can be bounded from above by the sum of the norms (cf. (2.35))

(4.7) 1% we (P); L ()|,
(4.8) Ixz (ViT o 72 — ur(PF)); L (w0,
(4.9) h||.X'hu;C o an; L*(w)]|.

We complete the proof by estimating these separately. The bound Ch*? for (4.7)

follows immediately by recalling that the supports of the functions X? are contained

in balls of radius O(h): the L*integral is taken over a volume bounded by Ch3.
To treat (4.8) we recall the relation (3.28) and use (3.30):

HXiWIj oTg 0 Ti; L2<?ﬂh>H2



20 F.L. BAKHAREV AND J. TASKINEN

1 1
4.1 < <R3 ——_de< (O'h?
(4.10) —/1+h2ya;—Pi—hP¢|2dx—h / 1+|§]2d§—0h’

wh B(0,2dh—1)

where the coordinate change h=!(z— P —hP*) s ¢ was used and d > 0 denotes the
diameter of the set @j,. In the same way, using (3.31) and the change h=*(z — P*) —
¢, we also get || x+W,F o7lt; L*(wmy,)||> < Ch®. These estimates and (3.28) imply that
(4.8) is bounded by Ch.

Finally, v}, € L*(wy,) by Remark 3.5, which yields the bound Ch for (4.9). O

4.3. Proof of Theorem 4.1. To prove Theorem 4.1 we need to prove the main
estimate (4.1), or, (1.2). For simplicity of presentation we assume here that the
eigenvalue )y is simple. Multiple eigenvalues could be treated using the above
formulation of Lemma 4.2, but we leave the details to the reader. So, let us take
in Lemma 42 n = 1, v = 0 and ¢t = 7; in addition, we take for B the operator
B Hhn — HE and po= pp = (14 M\ + hAL(n) 7L, and U; = u}i,m see (2.19)
and (4.4). We are going to prove that

(4.11) T =B, — paldf 1| < CR2
Then the lemma implies that the operator B™" has an eigenvalue j!'(n) such that
i (n) = gl < CH*2 or [Afy () = (A + hAL(n))] < Ceh®?,

where A%, = (u})™" — 1 is some eigenvalue of the model problem. However, since

A, is a simple eigenvalue of the limit problem, the result (5.1) of the Appendix
implies that the only eigenvalue of the model problem, which is near A\, must be

By (2.19),
||Bh’nu15,k - Mkube,k; HM|| = S%P<Bh’"uﬁ,k - “kufbb,k’ Z) g

= sup (U o Z)e, — 14U 1 2, = p(AD(V)U} . DY) Z) )
= (|t i; H | sup [AUni, Z)]

where supremum is taken over all Z € H"" with ||Z; H""|| = 1 and
(4.12) A(Z/[h,k, Z) = ()\k + hA;C(n))(uth, Z)wh — (AD(Vx)Uh,k, D(Vx)Z)wh

By Lemma 4.3, ||Upx; H™"|| > C, and moreover, p; < 1. So we see that the proof
of (4.11) and thus of Theorem 4.1 will be completed by showing that

(4.13) sup |A(Ung, Z)| < Ch3/2.
Z

Lemma 4.4. We have
A(X"(uy 0 ap + huj 0 ap) + Xiug(PE), Z)
(4.14) = —h(Fyoan, Z)wmy — MG o an, Z)owmy + O(h¥/?)
for all Z € HM", where F' and G are defined in (3.40)-(3.41) and we denote

—Fy = —F + (= 2a\, + A(n)ug, = (L — ) ZXiW;F O Tt.
+
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Proof. Due to the cut-off function X" we can write the left hand side of (4.14) as
(415)  A(£.2) = v+ BN (f. D)ty — (AD(V.)1. D(V.)Z)
where f = wy, o ap, + huj, o ap. We first prove that
(4.16) ‘j(z\fﬁ(ukoah — u(PF) 4 huj, o ap,), Z ‘ < Ch3/2.

Since the mean value theorem and Lemma 2.2 imply |uy o ax(x) — up(P%)| < Ch in
the set supp X%, we get

| (X2 (e 0 an — we(P*)), Z) )|

<( [ lwom—uppar) iz
supp X Nw(h)

< C(/th:p)l/z < ChP2.

supp AP
Moreover, since |D(V,)X!(z)| < |V, X! (z)] < C/h for all x,
|[(AD(V2) X2 (ur(PF) — wi 0 an)), D(Va) Z) )|
< iz m| (( [ etwom - wppPa)”

supp X Nw(h)

/ [PV2). Al 0 e >—uk(P*>>\2dx>l/2>

supp Va Xi

< C((h3)1/2+<h3(hj72h2)>1/2) < Clh3/2,

where in the commutator, the function X7 is understood as the multiplication oper-
ator with this function, hence, [D(V,), X} = D(V,)X! — X! D(V,) is just a multi-
plication by the smooth function D(V,)X! with support contained in supp V, X

To estimate the same expressions with h X} (x)u},0a;, we take into account Remark
3.5. We get, by the boundedness of ],

1/2
|(hXldl, 0 ap, Z), | < h( / !, o ah|2dx> < Oho2,
supriﬂw(h)
and by the L3-estimate for V, u},
|(AD(V,)(hX}uy, 0 ap), D(Ve) Z) s, |

1/2
ch( / |Vu), o ap|*dx + b2 / |uy, o ah|2dx>

supp X Nw(h) supp XN (h)

1/3 2/3 1/2
ch(( / 13da:> < / |V u), o ah(x)]3d$> - c’h) < Chh'/?.

supp X Nw(h) supp X2 Nw(h)

IN

IA
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These arguments prove (4.16). Using that and also (2.35), the left hand side of
(4.14) equals

(4.17) j(ukoah+hu; oap, Z) + O(h*?).
Next, since uy, is a solution of the problem (2.23)—(2.24) we get
(AD(V,)uy, 0 ap, D(V3) Z)w(n) = M@y (g © any Z) i)
and thus also the estimate

(418) (AD(Vx)uk O ap, D(VI)Z)W(}L) — )\k(l + 2Clh) (uk O Gp, Z)w(h) S Ch2

Combining this with the definition of A, (4.15), we get
Aluy, 0 an, Z) = h(Ay(n) = 2are) (g, Z) iy + O(h2).
Since ), is a solution of the problem (3.40)-(3.41), we can write
hA(u, o ap, Z)
= h(( = AD(V.)(t} 0 @), D(V)Z) _py + Mt 0 an, Z) iy ) + O(h?)
(4.19) = —h(F o ap, Z) w(ny — MG 0 ap, Z)ow(n) + O(h?).

Notice that here we can commute differentiation and composition with the function
an, for example hD(V,)(u}, 0 ap) = h(D(V)u}) o ap + O(h?) and so on. Now (4.14)
follows from (4.17)-(4.19). O

In view of (4.3), (4.12), (4.13), and Lemma 4.4 it remains to show that

sgp ’A(in(v,f o T:’é — uk(Pi), Z>
+

/N

D‘

(420) — h(Fl O ap, Z)w(h) — h(G O ap, Z)w(h)) S Ch3/2,

We use the Green formula for the term (cf. the second term on the right of (4.12))

— <AD(V1‘)X:|: (V;F o Ti - “k(Pi»’ D(Vx)Z> w(h)

and write the term inside the moduli in (4.20) as

Z Ak <X:|: (ViF ol — wy(PF)), Z)

@h

+ Z hAL(n) (Xﬁ: (ViF o7l — wy(PF)), Z)

wh
- Zi:( en VJFOTi —Uk(Pi)) Z)wh
S (e ) 2),
+ “h
—l—h( (Ly — i) (xaWiF OTi)oah,Z>w(h)

+
+ hz Nh X:N:VV$ © Tﬂ:) © Qh;s Z)aw(h)\Bh
+

(4.21) = 7O puh o pUIn)  pav) L pv) 4 pvi)
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where By, := a,'B(P*,5/2), cf. (3.43). We take into account that hy o a, =
hx= + O(h?) for TV) and TVD | and combine
S(I) . T( ) + T(III) + T( )
= Z ( Ly + i) Xi(v oty —uk(Pi) MW o1y oah),Z)

w(h)

(422)  + Z ( L+ A)xe (VF o 7l — u(PH)), Z>wh\w(h) +O(h?)

(see the remark after (4.19) for commuting the differentiation and ay,). The function
NM(x2W{F o 74) 0 aj, vanishes in the set dw(h) N By, by (3.21), (3.25), except at
the point (ay)'P*. We pick up a constant b > 2M (M as in (3.29)) such that
wp, \ UsB(P*,bh) C w(h) for all h. Noticing that (as)~'P* € B(P*,bh) C B), for
small h, we can write

(V) VI _ h Forl— =) = hWE
T 4TV = Z(N (VT o i —un(P7) = W OTioah)Z)@w(h)\B(Piﬁh)

(VF o7l — (P Z> O(h?) =: SUD.
+Z< Xi o7 — uk(P%), awhmB(Pi,Eh)+ ()

Thus, (4.21) equals O(h?) plus
(4.23) Z (8D 4 7UD 4 5D,

+

1°.a) We treat the first inner product of SU) (4.22). We remark that Vz o 7}
are at least C%-smooth in the sets B(P*, Mh), and the suprema of these functions
and their derivatives up to the order 2 are bounded by constants independent of h.
Hence, by the same argument as below (4.16),

(4.24) A O (ViT o 7 = wn(PF)), Z) g s gy | < OB
and the same estimates hold even if ), is replaced by L,. Moreover, the term Lx)/\/ki
vanishes due to (3.44) and (3.20), and (3.22) implies

C 1/2
(425) h|)\k(XiW]j: OTi’Z)B(Pi,Mh)’ < h( / mdl’) S Ch3/2

B(P£,Mh)

As a consequence of the estimates (4.24) and (4.25), the first inner product in (4.22)
can only be taken over the set w(h) \ UL B(P*, Mh).
The relations (3.22), (3.44) imply (a = 1),

AW o Ty 0 ap(x) = hW;F((l —h)lr - Pj:)
= (1 = h)hWJ (z — P* 4+ hP¥)
(426) = (1 =MW (b (x = P*) = PF) = (1 = W] o7z 0 7h(a).

Moreover, if |z — P%| > Mh, then ]TIF o7l(x)] > M/2, and by (3.44), (3.25), and
the choice of M in (3.29) we have W o ¢ o 7/i(x) = W= o 75 o 7 (x). Hence, by
(3.28),

e (VT o 7 — up(PF) = hWF o7 0 ay); L2 (w(h )\UiB(Pi,Mh))W
< |xe (ViF o 7l — up(P*) — (1 = W)W o 75 0 70); L2 (wo(R))||”
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(4.27K HXiW:FOTi,LQ H + || xe W o5 o7l L (w (h))H2
Here, the argument in (4.10) and below it yields
(4.28) HXiW:F orh: [*(w H < HXiWﬂF orh: L?(wy, H < Ch3.

Also, (4.10) implies that the second term on the right of (4.27) is bounded by Ch?.
There remain the terms with L,, to be evaluated on @ \ B(P*, Mh). We first
observe that due to (3.8), (3.12), (3.20), (3.44),

Lox+ (Vo T8 — up(PT) — hWWF oty o an)
(4.29) = LE(ViF oth —up(PE) = hWF oy oap),
where E;f is a first order differential operator having as coefficients bounded, non-
constant functions with supports contained in B(P*, R)\ B(P*, S) for the constants

0<S < R<1/2, see (2.34); notice that L, W o 74 0 aj, = 0 in spite of the scaling
ap, since L, only contains second order terms. Moreover, again by (4.26)—(4.27),

ViForl —up(PT) —hWForioay=hWFororh + WForh

so that using (3.30), (3.31) including the gradient estimates, the argument similar
to (4.10) again yields

(4.30) ’

Lox+ (ViF o7l —wy(PF) — AWF o1y 0 ay); L (w H < C"h3.

1°.b) We estimate the inner product over wy, \ w(h) in S, (4.22). First, the
term with — L, vanishes, since V' satisfies (3.8) and the supports of the coefficients

of the operator L do not intersect the set @, \ @(h), see the remarks after (4.29).
Second, the estimate for the term with \; is already contained in (4.24). From this,
(4.22) and (4.26)—(4.30) we obtain

(4.31) S| < Cn32,

2°. The estimate for 7//) can be done as the estimate for (4.8) in (4.10), and it
yields that TUD < Ch3.
3°. Finally, to estimate the term SU!) we write it as the sum over 4 of the terms

(XiNj(Vk:F O Ti — uk(Pi) — hW]f OT4 O ah), Z)
+ (]A\?;L(VJ o7l — u(PF) — AW o T4 0 ayp), Z)

Aw(h)\B(P*,bh)
6w(h)\B(Pi,Eh))
(4.32) + (Ngxi(v,j o 7l —uy(P), Z>

dwNB(P*,bh)

where N" is a bounded, smooth multiplier with support in A*.

3°.a) To estimate the first term in (4.32) we observe that the functions V;* satisfy
(3.5) on the boundary 9Q*F with 8 x {0} excluded. Moreover, by (3.21), (3.44),
NMWTF o 71 0 aj, vanishes in the set dw(h) \ B(P*,bh) = dw(h) \ B(P*,bh), except
possibly outside a set B(P=,b) for some constant b > 0 (where the function 7 o ay,
does not map Jw(h) into the plane {{3 = 0}). Combining these observations we
deduce that the inner product can be taken only over the set dw(h) \ B(P%,b). In
this set we have, by the argument (4.26) and the remark after it,

WS orioa,=(1-hWforporl=(1-h)W7orporl,
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hence, proceeding as in (4.22) we obtain

‘ / Xe NP (VE o 7l — up(PE) — BWF o 7y 0 ay) Zds,

8w (h)\B(P*,b)
(4.33) SC’(/XHNh(WJFOTi—l—hW orzoTh | dsx /]Z| dsx
dw (h)\B(P%,b) R)\B(P*,b)

Here, we use (3.30), (3.31), and the same argument as in (4.10) to estimate the first
factor on the right by the square root of a constant times

S g e 8

h
h)\B(P*b) dw(h)\B(P*,b)
C 2 C 3
= / T+ oz — o e / T+ 7 ije = PE — ]t 5 S
9w (h)\B(P,b) 0w (h)\B(P*,b)
The second factor on the right hand side of (4.33) is bounded by C||Z; H""||, by the
Sobolev embedding theorem. We get the bound Ch3/? for the first term in (4.32).
3°.b) As for the second term in (4.32), the integrand is again supported outside
the sets B(P*,S). By the same argument as in a), this term is bounded by Ch*/2.
3°.c) To evaluate the third term in (4.22) we first observe that the support of the
function N;L does not intersect the integration domain dewy, N B(P*, bh). Thus, on
the integration domain,

Nyxe (Vi o7l —u(PF)) = N (VT o ).

xT

Moreover, the function on the right vanishes everywhere else in Oz, N B(P*, Z~)h) ex-
cept for the sets 0, x { P£}, cf. (3.4)—(3.12) and (2.3). However, due to the quasiperi-
odicity conditions

Z /N‘,Q(ijF o T!é)ZdSI =0,

+ p* ><9h

hence, the third term in (4.32) vanishes.

We have thus shown that |SU)| < Ch%2. By this, (4.31), and 2°, the moduli of
the expressions (4.23) and (4.21) have the bound Ch*2. This completes the proofs
of (4.20) and thus of (4.13). O

5. APPENDIX: EXISTENCE OF SPECTRAL GAPS.

5.1. Upper estimate for the bands. In this section we complete the paper by
giving a proof, independent of the considerations in Sections 3-4, for the existence
of spectral gaps in the essential spectrum o of the original problem (2.6), (2.7).
More precisely, we show that e, corresponding to the parameter value h, has a
gap between T? and T;‘H, if j is such that A\; # A;41 and if A is small enough.

This immediately follows from the following result: we shall show that for all
J € N there exist numbers h; > 0 and C; > 0 (depending also on w, A, and p), such
that
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for all b < hj and 7 € [0,27). Since this holds for all elements A%(n) of a band T?,
(5.1) yields a rough estimate for the position of the band and thus also the desired
result on gaps.

To this end we follow and modify the argument of [31] to prove (5.1). We start
with an upper estimate for A”(n) € T? in terms of A;.

Lemma 5.1. For all j € N there exist numbers h; > 0 and C; > 0, which depend
also on w, A, and o, and which satisfy

(5.2) Aj(n) < Aj+ Cih
for all h < hj and n € [0,27).

Proof. For all j € N, z € w(h), we set V' = (1 — X")ull, where v} is as in (2.29),
and extend the product as 0 for € w;, \ w(h) (see (2.2), (2.3), (2.29), (2.32)). The
definition guarantees that the extensions become smooth and that the support of
V]’? — u;‘ is contained in a set v, with volume estimate |v,| < Ch3. Moreover, the
bounds (2.30) hold true in v,. Hence, we get,

Hu? - Vf;LZ(wh)HZ < /de:c < Cj’-h?’,
Uh

IV, — W,V L ()|

< / (IVaul| + |V$Xh]|u§?|)2d:c < Cj(h* 4+ h) < ch,
Uh

(5:3) lugs L2(wa) > < CiR* , [IVaugs L (un)|I* < C5h°.

For every j € N we now pick an h;, 0 < h; < 1, such that h; < h;_; and, say,
(1+C;)h; < 27773 where C; is the largest of the constants C; appearing in (5.3). Let
us fix the index j for the rest of the proof, and consider numbers h satisfying h < h;.
First, by using the choice of the numbers h;, classical arguments and the fact that
the functions wf, ..., u” form an orthonormal set in L?(w(h)) (see below (2.29)),
we deduce that also the small perturbations V2, . .. ,th are linearly independent in
L?(w(h))? and also in L?(woy,)3.

Let now (bp);f;:1 be any sequence of numbers normalized so that Zi):l b2 =1,
and let Wi = 327 b,Vh W = 0 bul, hence, ||W;; L*(w(h))|| = 1. We
evaluate a(W!' W w(h)). First, by (2.25), (2.26), (2.29), [a(W;, Wj;w(h))| < A;.
Moreover,

p

aWI W wm(h) = a(Wy, Wyia(h) + Y bpl_)q<a(Vh — ' ul' w(h))

p,q=1

(5.4) + a(uf, Vi = ul o (R)) + a(V) — ul, Vi = ulis (k) ).

The expression for a(-, -, w(h)), (2.10), the Cauchy-Schwartz inequality, the volume
bound for vy, and (5.3) imply

0Vl — bl ()| < CpglIVE — uls H (o) s H (0n) | < G2

P’ Q)
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The third term on the right hand side of (5.4) has the same bound, but the fourth
one only the bound Ch. From these estimates and Z; =1 bpl_)q < 27 we thus obtain

(5.5) la(W] Wi w(h))] < A+ Cjh

In the same vain one can estimate using (5.3)

J
WE WD oy = (Wi, Wi)wy + Y bpbq((V[f = Up, Ug) ()

p,q=1

(5.6) (Vi = )y + (V= ul Vi = ul)aqy) 2 1= Cih.

q

To apply these estimates we use the max—min principle [4, Th.10.2.2],

) V,V;wp)
() — f _a(V, Vi)
) = oy TV () P

where H; stands for any subspace in Héer(wh) of codimension j — 1. Since the

sequence (Vp)]ﬂ:l is linearly independent, we can find from any H; an element W?
of the form W/(z,n) = e "W} (z). Moreover, by the definition of the form a,
(2.10), (2.18), and the definitions above, we have

a(Wj, Wiiw,) = aWi Wi w(h), W], L2 (@) = W), L2 (w(h))]].
These, together with (5.5), (5.6), imply
a(Wh W) aWPWEw(h) X+ Cih
A < AR _ i’ <2 <\ +Ch O
I = W (P~ I L) = 1= G =

J

5.2. Lower estimate for the bands. We finally prove the lower estimate for the
numbers Al(n), see (5.1). We use the following Korn inequality, which was proven

in [31]: for all f € H™", there holds
(5.7) 1f; L*(wn \ @(h)[I* < Ch*(a(f, frn) + 1f5 L*(@n)1?)-

Lemma 5.2. For every j there exist a constant C; = C;(w, A, 0) > 0 and a number
hj > 0 such that A%(n) > X\; — Cjh for all 0 < h < h;.

Proof. We consider the eigenvectors U € H" see (2.21): we have a(U", Ul wy,) =
A(n). By (5.2), if h < h;, every A"(n) can be bounded by a positive number de-
J J J
pending only on j, so (5.7) implies
1T L2 (w (W) = [I(U}; L2 ()l = Cih
(5.8) (U} U eny — (U}, U, | < Cjh

Thus, for small enough ﬁj > (0and h < ﬁj, the sequence U, .. ., Ujh remains linearly
independent in L*(ww(h))>.

We fix j and 7, and assume h < h;. The sequence (e""ZUI?);Zl is still linearly
independent in L*(w(h))3, hence, any subspace H; C L*(w(h))® of codimension
j — 1 contains a linear combination Z;Zl bye"* U} such that 22:1 b2 = 1. We

j
denote Y = 37 b,Ul"; we have |V L*(wy)|| = 1.
p=1
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The eigenvector property of Uz’f and (2.20) imply a( ]h, ]’-l; wp) < A?(n). On the
other hand |a(e"* V!, e Y wy)| = |a(V}, V}';wh)|, and the estimates (5.8) also
yield

le™ Y5 L (@ (M) = |1V} L (@ ()||* = 1 = Cjh.

Hence, we obtain

o AT Yl (k) alem V) evYli@n) o), Vs @)
T e Y LA (h)])2 T lem= Vi L2 (w(h)|? |V L2 (w(h)])?
< a,( ]}-L, ;L;wh)(l + Cjh) < A;L(n)(l + Cjh). O
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