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ABSTRACT

The early universe is characterized by a model based on three hypothesis:
homogeneity and isotropy, ordinary matter and standard gravity. But,
in this way, we obtain predictions that are in conflict with observations
because they cannot explain the late time expansion of the universe.
Then at least one of the three assumptions must be wrong. According to
ACDM, the agreement with data is restored by introducing a new term in
the Einstein equation. Depending on which side of the Einstein equation
this term is put in, we have two possibilities: to modify gravity or assume
the existence of dark energy. However, a valid alternative is provided by
constructing models in which inhomogeneities and/or anisotropies are
present. The effect of inhomogeneities/anisotropies on the expansion of
the universe is referred to as backreaction. For this reason, we study
inhomogeneous and anisotropic Szekeres models and spatially homoge-
neous but anisotropic Bianchi universes.

In this work we start by introducing the covariant formalism. Then we
describe the averaging procedure in the framework of Buchert’s approach
(considering only the dust case) and we obtain the Buchert equations,
from which we can define the backreaction variable. Finally we study
dust solutions of the Einstein field equation. First we analyze the Szek-
eres metric, then we pass to the Bianchi models. In a recent work by
M. Lavinto, S. Résédnen and S.J. Szybka the Szekeres metric has been
used to construct a Swiss Cheese dust model with Szekeres holes and
to prove that, under certain assumption, this model can provide a large
backreaction, i.e. inhomogeneity has a significant effect on the average
expansion rate of the universe.
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Chapter 1

Introduction

Cosmology is the branch of physics that studies the universe as a whole.
About 100 years ago, the prevailing view of the cosmos was that the
universe was static and consisted entirely of the Milky Way galaxy, but
soon started a revolution by means of observations by Leavitt, Hubble
and others which showed that the universe is actually expanding and
contains many distant galaxies.

In the twenties and thirties Friedmann, Lemaitre and other theorists
managed to explain the expansion of the universe by using an exact solu-
tion of the Einstein field equation: the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric, that is based on the hypothesis of ezact homo-
geneity and isotropy of the universe.

This expansion pointed to an extremely hot origin of the universe,
the Big Bang, and Gamow and others showed how this should leave a
thermal relic radiation, the cosmic microwave background (CMB), and
also how nucleosynthesis of the lights element would take place in the hot
early universe. However, it took many decades of observations to catch
up and confirm the theory and to lay the basis for further developments.

In the last few decades, cosmology has become an observationally
based physical science due to the growth in data from increasingly high-
precision experiments, e.g. the Cosmic Background Explorer (COBE),
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that detected the large-angle anisotropies in the CMB temperature, and
its successors, the Wilkinson Microwave Anisotropy Probe (WMAP) and
the Planck telescope.

While the measurements seem to indicate an early universe close
to homogeneity and isotropy (that can be described by a FLRW model
with linear perturbations), the observations of type Ia supernovae, CMB
anisotropies and large-scale structure provide data in disagreement with
the predictions obtained for the late time universe using the FLRW model
(this disagreement rests on observations of cosmological distances and
average expansion rate). The FLRW models can account for these ob-
servations only either consider modified gravity or introducing a new
form of energy with negative pressure, dark energy.

In general relativity the matter that fills the universe on a cosmic
scale is described through fluid dynamics.

Since Einstein’s theory does not tell us which kind of matter (i.e.
fluid) and which metric better characterize the universe, but we know
only that Einstein equation must be valid, then the particular cosmolog-
1cal model provides us with this information.

The current “standard model of cosmology” is the inflationary cold
dark matter model with cosmological constant (ACDM). It describes
dark matter as being cold (i.e. made up of non-relativistic particles) and
it is based on a remarkably small number of cosmological parameters.

In this picture the universe looks like this. Approximately 13.8 billion
years ago the universe was in a very hot, dense, rapidly expanding state.
This initial state is often referred to as the Big Bang. Then a very short
period of rapid expansion, called inflation, follows. After the inflationary
epoch, the universe is described with ACDM model, using the FLRW
metric.

From the end of inflation up to the universe was 50000 years old we
had the radiation dominated era, because the density of radiation ex-
ceed the density of matter. When the universe was around 380000 years
old recombination occurred (i.e. electrons and protons started to form
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hydrogen atoms) and soon the photons decoupled from baryonic mat-
ter. Then the universe became transparent to photons, which constitute
the radiation we observe today, the CMB. After recombination era the
growth of baryonic structures could begin.

The epoch started when the universe was about 10 billion years old
(that lasts until today) is called the dark energy dominated era, because,
according to ACDM, the density of dark energy exceeds the density of
matter.

Dark Energy
Accelerated Expansion

Afterglow Light
Pattern  Dark Ages Development of
400,000 yrs. ‘

1st Stars
about 400 million yrs.

Big Bang Expansion
13.7 billion years

Figure 1.1: Illustration of evolution of the universe from the Big Bang
(left) according to WMAP observations. The time-coordinate increases
to the right.

In the framework of ACDM, dark energy is currently estimated to be
about 68% of the energy density of the present universe, dark matter is
considered to constitute the 27%, whereas the remaining 5% is due to
ordinary matter.

The early universe is characterized by a model based on three hy-



pothesis: homogeneity and isotropy (FLRW metric), ordinary matter
(matter with non-negative pressure) and standard gravity. But, in this
way, we obtain predictions that are in conflict with observations because
they cannot explain the late time expansion of the universe. Then at
least one of the three assumptions must be wrong.

According to ACDM, the agreement with data is restored by intro-
ducing a new term in the Einstein equation. We have two possibilities:
we can insert it in the geometric side of the equation and consider it
a modification of the law of gravity, or we can include it in the matter
side. Both the aforementioned choices mean we have to discard one of
the three initial hypothesis: we must modify standard gravity or add
exotic matter, with negative pressure (dark energy), in addition to ordi-
nary matter. Several methods to modify gravity have been studied (even
if the use of cosmological constant is the easiest way of doing it) and we
have many candidates for dark energy too (for more details see [8] and
the references in it).

However, while trying to account for the late time expansion (which
is accelerating) of the universe, we did not consider a third hypothe-
sis: to construct models in which inhomogeneities and/or anisotropies
are present. In this way we can make predictions that fit observations
without modifying gravity or introducing dark energy.

This idea emerges from the fact that the late time (real) universe is
far from exact homogeneity and isotropy due to the formation of non-
linear structures, i.e. galaxies, clusters of galaxies, voids, etc. The effect
of inhomogeneities/anisotropies on the expansion of the universe is re-
ferred to as backreaction and is what we study in this work. Because of
backreaction, the average expansion rate can accelerate even in a dust
universe where the local expansion rate decelerates everywhere. The fact

that backreaction can provide acceleration is proved in some works by
S. Résédnen and others (see for example [35], |46], [47], [49] and [50]).

Any mathematical description of a physical system depends on an
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averaging scale that is usually not made explicit and the world looks
completely different depending on the scale of representation we choose.
For example, when a fluid is described as a continuum we are using an
averaging scale large enough to neglect the individual molecules, but, if
we shrink the averaging scale to the molecular one, then we should change
the description of the fluid and consider the individual molecules.

The same is true for cosmology and astronomy: the universe may
be statistically homogeneous and isotropic above a certain scale, but
on small and intermediate scales (up to several hundreds of Mpcs [38])
it is highly inhomogeneous, quite unlike a FLRW universe (see figure
1.2). Large-scale models of the cosmos (such as the standard model of
cosmology) are coarse-grained representations of what is actually there.
Then, an important issue for cosmology is how to relate the observations
with the homogeneous and isotropic models and whether the smaller
scale structures influence the dynamics of the universe on larger scales.

In cosmology usually we talk about an exactly homogeneous and
isotropic “background” on which galaxies and structures are seen as per-
turbations. Then the following question arise: is this the same as starting
with a more detailed truly inhomogeneous metric of spacetime and pro-
gressively smoothing it until we get to this background? The answer is
no. In fact the non-linearity of the Einstein equation ensures they are
not. Then the problem is whether the difference is important and this
has been subject of controversy. For example, Buchert’s approach (see [4]
and [39]) shows backreaction from inhomogeneity can potentially explain
the observed accelerating expansion of the universe without introducing
dark energy, but we should also mention that other physicists claim that
backreaction effect is completely negligible (see for instance [40], [41] and
5)).

There are different approaches to compute the effects of backreaction.
Some of them consist on starting with an inhomogeneous model and
using an averaging process to produce an approximately FLRW model,
others calculate the backreaction effect perturbatively, by averaging over
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structure in the standard model.

Millennium Run:.
77.696.000’particles » |

Figure 1.2: Millenium simulation. The figure shows a projected density
field for a 15 Mpc/h thick slice of the redshift z=0 output. The overlaid
panels zoom in by factors of 4 in each case, enlarging the regions indicated
by the white squares. Yardsticks are included as well.

Now, let us give a description of the averaging problem.
The key difference between the averaged models and the standard
model is due to the fact the spatial average of a tensor field over a domain
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comoving with the fluid does not commute with the time evolution of
the tensor field, then we run into the non commutativity of the averaging
procedure and the introduction of the inhomogeneous quantities in the
Einstein equation.

In order to better explain this concept, we can start with a metric
gff,f“l that gives a realistic description of the universe on a small scale
(we might represent individual stars and planets in the universe). By
averaging it (by means of a smoothing procedure) we find a metric gff;l
at a bigger scale (for instance where galaxies are well represented but
individual stars are invisible). If we average this metric again to a further
bigger scale we obtain gffj (in our example now only large scale structures
are considered). The largest scale possible (completely smoothed) will
be described by a FLRW model, with a metric gg7™, where all traces of
inhomogeneity have been removed. We will have similar averages for the
stress energy tensor 1),

Now, we can assume that Einstein equation holds at the “local scale”,
i.e. we have

1
local local _local local __ rlocal
R, — §R G+ Agw =T.,".

Since the averaging process does not commute with the Einstein equa-
tion, then at a larger (e.g. galaxies) scale we find

Rt — Rolgpl 4 Aghel = Tl 4 g,
where the new term Eﬁ‘y‘l is due to the non commutativity and it repre-
sents the effect of averaging out smaller scale structures.

For the other bigger scales there will appear similar terms ELSj and
E77™. This is the backreaction from the small scales to the larger scales.
As outlined before, to compute the average of a quantity in the theory
of general relativity is a very involved problem: there are no preferred
time-slices we can average over, non-linearity of the Einstein equation
and the fact that we only know how to do the average of scalar quantities.
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For this, the problem of averaging inhomogeneous cosmologies has been
studied by many authors.

In this thesis we follow Buchert’s approach, by concentrating on aver-
aging scalars on spatial hypersurfaces!. In Newtonian gravity, an averag-
ing procedure is developed by T. Buchert and J. Ehlers in [42]. Another
approach to covariantly averaging was started and explored by R.M.
Zalaletdinov, see |5]. A further rigorous approach is based on the defor-
mation of the spatial metric of initial data sets along its Ricci flow (see
[43] and [44]). By following the work by M. Carfora and K. Piotrkowska
7], in which a renormalization group approach to coarse-graining in cos-
mology has been studied, this method is a way of smoothing a spacetime
that can be linked to the standard renormalization group of effective field
theories.

Other methods to study backreaction (model building, perturbative
approaches) can be found in [5].

In this thesis we start (chapter 2) by introducing the 3 + 1 covariant
formalism and by giving a fluid dynamical description. We also summa-
rize some important results of general relativity. These are the basis for
what we study in the rest of the work.

The third chapter is dedicated to explain in detail what backreation
is in the Buchert’s approach. Here we treat only the dust case, since
this is what we are interested in. After a brief introduction, we describe
the averaging procedure and give the Buchert equations, from which we
obtain the expression for the backreaction variable. Finally we derive
the integrability condition, i.e. the relation between the evolution of the
spatial curvature and the backreaction.

Then we pass to describe dust solutions of the Einstein field equation.

In chapter 4, we study the Szekeres metric. This is the most gen-
eral known inhomogeneous dust solution: it describes an inhomogeneous
and anisotropic spacetime. The Lemaitre-Tolman-Bondi (LTB) model

'We will give a complete description of this averaging method in chapter 3.
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is contained in the Szekeres metric as the spherically symmetric special
case. We first give the solutions of the Einstein equation for the Szekeres
metric and then its physical interpretation. After that, we calculate the
dynamical quantities. Finally, after a brief discussion of the LTB model,
we compute the average quantities and the backreaction variable.

The last chapter is focused on Bianchi models, which describe ho-
mogeneous but anisotropic universes. We start giving a modern clas-
sification of Bianchi models. Then we specialize in non-tilted Bianchi
models: after a general discussion of the spatially homogeneous model in
the synchronous system, we study all the different types of dust metrics,
with their properties.

The two appendices are dedicated to a classification of cosmologi-
cal models by means of their symmetries and to the original Bianchi’s
classification of metrics respectively.

Notations

e Spacetime indices are denoted by Greek letters («, 5, v, ...) and
run from 0 to 3.

e Spatial indices are denoted by Latin letters (a, b, ¢, ...) and run
from 1 to 3.

e The metric tensor is denoted by g, .
e The signature of the metric is (— 4+ ++).
e We use Einstein summation convention.

e We employ units such that the speed of light and the Newton

gravitational constant satisfy ¢ = 1 = 32Gx
C

e Symmetrization is denoted by round brackets, e.g. T{,,) = % (T + 1)
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e Antisimmetrization is denoted by square brackets, e.g.
Tiw) = 5 (T = Top).

w] — 3

e The partial derivative with respect to 2/ is denoted by 9, or by a
comma, e.g. Uy, = 0,U,.

e The covariant derivative with respect to 2 is denoted by V, or
by a semicolon, e.g. u,., = V ,u,.
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Chapter 2

The covariant formalism

The goal of cosmology is to find a model in order to describe the universe
in the most suitable way. Moreover from any such model the observa-
tional predictions have to be extracted. Since Einstein field equations
are not particularly intuitive, they are usually splitted in a new set of
equations (by keeping their covariant character), introducing at the same
time directly measurable quantities.

In order to have a complete cosmological model, in addition to a
metric defined on a manifold, we must specify a family of observers
spread out in spacetime. The velocity of these observers is described
by a velocity vector field that gives rise to a family of preferred world
lines representing their motion.

By means of the velocity vector field we can split a tensor in its
parallel and orthogonal to the world lines parts. This is the so called 3+1
splitting of quantities. Moreover, the splitting is covariant because we
can define the velocity vector field uniquely and without any coordinates.

In this chapter, by following [1], [2], [3], [8] and [37], we summarize
the 3 4+ 1 covariant approach together with the evolution and constraint
equations that arise from Einstein equation (here we consider only the
dust case, for a more general description see the references given above).
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2.1 Curvature tensor

In general relativity, we describe spacetime as a manifold M on which is
defined a Lorentzian metric g,,,.

The curvature of spacetime is described by the Riemann curvature
tensor, defined as

Raﬂvévﬂ = (V,V5 = VsV,) 0", (2.1)

where v® is an arbitrary vector field. The Riemann tensor’s components
satisfy the following properties:

Riagine) = Rapra, (2.2a)
Ragys = Rysas, (2.2b)
Rajgys) = 0. (2.2¢)

The Riemann tensor has twenty independent components®. Of these,
ten are the Ricci tensor’s components, while the remaining ten are the
Weyl tensor’s components, where the Ricci and Weyl tensors are defined
as

Rpgs = R%.s = —R"%;s, (2.3)
Cagys = Raps = (gap Rojs + 9o Raja) + %Rgahgém . (24)
In the last equation R is the Ricci scalar:
R=R",. (2.5)
The Ricci tensor is symmetric, i.e.
Rgs = Rsg . (2.6)

'In a n-dimensional manifold the number of algebraically independent components of the Rie-

mann tensor is 15n?(n* —1).
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We can think of it as the trace part of the Riemann tensor R,s+s.
The Weyl tensor Cyp+s has all the symmetries of the Riemann tensor
R.pys and the following property:
Cc¥. =0, (2.7)

ary

We can think of it as the trace-free part of the Riemann tensor.

In general relativity, the Weyl tensor describes that part of the grav-
itational field that propagates into vacuum (is a solution of the vacuum
Finstein field equation) and is detectable outside the sources, gravita-
tional waves among other things.

The Ricci tensor Rps, instead, is determined locally at each point
by the energy-momentum tensor through the Einstein equation and it
vanishes identically in the vacuum case?.

The two tensors Cys,s and Rgs completely represent the Riemann

curvature tensor I2,g+5, which can be decomposed as

R
Ragys = Capys — Gals Rajp — 9pp Roja — ggahgé]ﬁ- (2.8)

2.2 Comoving coordinates

In cosmology we can make a physically motivated choice of preferred
motion due to the matter components (e.g. the CMB frame). Such a
choice corresponds to a preferred four-velocity field u* that generates a
family of preferred world lines?.

To describe the spacetime geometry it is convenient to use comoving
coordinates, adapted to the fundamental world lines.

Comoving coordinates (t, xl) are defined by choosing a surface S
that intersects each world line only once and labelling the intersections

2As we can see from Einstein field equation (2.68), this is true only for vanishing cosmological
constant, otherwise, in the vacuum case, the Ricci tensor is proportional to the metric tensor.
3This family of preferred world lines is called a congruence (for the definition see |2, sec. 9.2]).
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by coordinates z/. Then we extend this labelling off the surface S by
maintaining the same tagging for the world lines at later and earlier
times. In this way the flow lines in spacetime are the curves ' = const
and t defines the time coordinate along the world lines.

There are two coordinate freedoms which preserve the form: time
transformations (¢’ = ¢/ (t, asi), 2" = 1), corresponding to a new choice
of time surfaces, and relabelling of the world lines (¢ = ¢, 2" = z” (:z:z)),
by choosing new coordinates on the initial surface.

A particular and often convenient choice for the time coordinate ¢ is
the normalized time s = sy + 7, where 7 is the proper time measured
along the fundamental world lines from the surface S and sq is an arbi-
trary constant. With this choice, z# = (s, :cZ) are normalized comoving
coordinates, s measuring the proper time from the surface S.

It is worth giving some quantities in terms of comoving coordinates.

2.2.1 Four-velocity

The preferred matter motion implies a preferred four-velocity at each
point. If the preferred world lines are given in terms of local coordinates
(x# = z# (7)), then the preferred four-velocity is the unit timelike vector

N dxt

“

where 7 is the proper time along the world lines. The normalization is

ut (2.9)

uut = —1. (2.10)
In normalized comoving coordinates* z# = (S, xl) equation (2.9)
becomes

4In the rest of this work we will refer to normalized comoving coordinates simply as comoving
coordinates, omitting the word “normalized”.
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where 0" is the Kronecker delta.
Throughout this work we use this particular choice of coordinates.

2.2.2 Time derivative and acceleration vector

The covariant time derivative along the flow lines of any tensor GoP s
1s

§ = Uy, s (2.12)
Using the definition of covariant derivative, this can be written as
Sa...ﬁ . gsa...ﬁ + pe Sl/ﬁ + + MFﬁ SV
A or 5...0 u N 5...0 T u wy 5...0
—u'T", S =T S0 (2.13)

We define the acceleration vector vt as
w = u'V,ut (2.14)

= Eu“ + u"T*, u”.
The acceleration vector represents the degree to which the matter moves
under the influence of non-gravitational interaction and (2.14) vanishes
iff the flow lines are geodesic, if matter moves under inertia and gravity
alone (matter is in free fall).
In addition, from (2.14) and the normalization condition (2.10) it
follows that
wWu, =0. (2.15)

In comoving coordinates, since u* = §",, the acceleration vector can
be expressed in terms of the Christoffel symbols:

it =T, . (2.16)
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2.2.3 Volume element

Since (M, g) is a pseudo-Riemannian manifold by construction, we can
write the natural volume form as

1
n = Egalawgaﬂ/ \g|dz® A dz®? N dx™ N dz™
= /|g|dz' A da® A da® A dat (2.17)
where g = det(g,,) < 0 and €4,a5040, is the four-dimensional Levi-Civita
symbol.
Thus the four-dimensional volume element is

1
Nopys = Egaﬁ7§ V |g‘ ) (218>

SO Tlapys = Mapo)-
From (2.18) we define the three-dimensional volume element:

Nofy = Taprstl (2.19)

with the following properties

Nagy = Magy)  and  Nagyu’ = 0. (2.20)

2.3 Projection tensors

The existence of a preferred velocity at each point implies the existence
of preferred rest frames at each point; locally these define surfaces of
simultaneity for the fundamental observers.

We define unique projection tensors:

Uw = —uyu, (2.21)

and
how = G + uuty . (2.22)
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Tensor (2.21) projects parallel to the four-velocity vector u#, while (2.22)
projects onto the instantaneous rest space of an observer moving with
four-velocity® u*.

The two tensors above satisfy the following properties:

urut, =U0",, ur,=1, Upu” =u,, (2.23)

PR, =R, R, =3, hyut =0. (2.24)

We also define a fully orthogonally projected covariant derivative V
for any tensor Sauﬂ%é as

VS s =R RN R hE T NS (2.25)
with total projection on all free indices. The three-dimensional covariant
derivative V is defined as operator in a three-dimensional manifold only
if the vorticity vanishes®. When vorticity in non-zero, V is only an
operator in the tangent hyperplane at each point and not on a manifold.

Because of the definition (2.22) we can split the metric tensor in its
parallel and perpendicular to u* parts, given by

G = hyw + Uy = by — uyuy, (2.26)
In this way the interval ds? can be decomposed as
ds* = g, datds” = hy,da'de” — (u,dz")? . (2.27)

Finally we introduce the brackets (-) to denote the orthogonal pro-
jections of vectors and the orthogonally projected symmetric trace-free

5If we consider another four-velocity vector n*different from u*, we can construct two analogous
projectors (2.21) and (2.22). In general, the two observers, moving with four-velocity n* and
u” respectively, measure different values of the same physical quantity because of the different
projectors.

6For the definition of vorticity see section 2.4 and for an exhaustive discussion about its role see
[8, chapter 3|.
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part of tensors

1

The same brackets are also used to indicate orthogonal projections of
covariant time derivatives along u” (called Fermi derivatives):

) 1 .
ol = g Gl [h(“ ht) — ghﬂ”hw;] S0 (2.29)

v v

2.4 The kinematic quantities

Referring to the previous section, we are now able to split the covariant
derivative of the four-velocity u* into its irreducible parts, defined by
their symmetry properties”:

- 1
Uy = Vyu, = —u,, + Vyu, = —u,t, + g@hw + Wy + o, (2.30)

where © is the ezpansion rate, wqg is the vorticity tensor and o4 is the
shear tensor.

Before defining and giving the properties of the new quantities in-
troduced above, it is worth deriving a couple of useful equations (the
generalized Hubble law and the rate of change of relative distance).

Let us start denoting by 7, () a smooth one-parameter family of time-
like curves (for each s € R, the curve 7, is a timelike curve, parametrized
by affine parameter t, see figure 2.1). The map (¢, s) —> 7, (t) is
smooth, one-to-one and has smooth inverse.

"It is worth noting that in this work we define w,,,, = ?[Vu#} (like [1] and [8]), while some authors
use a different convention. For instance, [3] uses w,,, = @[/Luy] and in this case instead of (2.30) we
have V,u, = —u,1u, + @“uy = —uuly, + %@h,“, + Wy + 0. Also in some other equations the
signs differ from ours.

21



Figure 2.1: A one-parameter family of geodesics v,, with tangent vector
ut and deviation vector n*.

Let X denote the two-dimensional submanifold spanned by the curves
vs (). We may choose s and ¢ as coordinates of 3. Then the vector field

ut = (%)M is tangent to the family of timelike curves and, thus, satisfies
u'V,u” = 0. The vector field n# = (%)u represents the displacement

to an infinitesimally nearby timelike curve and is called the deviation
vector. These two vectors satisfy®:

u'V,n" =0V, (2.31)
We obtain a relative position vector by using the projector (2.22):
n = h'n" (2.32)

and decompose it as
0, = olet, (2.33)

8For a full description see |2, p. 46].
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where 0l is the relative distance for the family of world lines and e” is
the relative direction vector, for which e et = 1 (thus é,e/ = 0) and
e, ut = 0.

At this point we can express ﬁﬁ in two ways:

i = u'Va = 'V, (2:34)

and .
ﬁi = oléeM + dlet . (2.35)

By comparing these two expressions and projecting with e# we get
the rate of change of relative distance (generalized Hubble law):
ol 1
ﬁ = g@ + O'MVBMGV . <236>
This equation, considered in a cosmological model, describes both isotropic
and anisotropic expansions.
Finally, matching (2.34) with (2.35) and using (2.30) and (2.36) we
obtain the following propagation equation:

el = (0", — (aageo‘eﬂ) W, —wh,)] e (2.37)

This last expression is the rate of change of direction and it gives the
rate of change of position in the space of neighboring clusters of galaxies
with respect to an observer at rest in a local inertial frame.

Now we come back to the kinematic quantities introduced at the
beginning of this section.

2.4.1 Expansion rate

The scalar quantity © (expansion rate) is defined as the trace of the
velocity gradient:

0 =V,u'=V,u", (2.38)
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where the last term comes out from (2.10) and (2.15).
In the case of pure expansion (0, = 0 and w,, = 0), from (2.36) the
rate of change of relative distance becomes

1
=== 2.39
-6, (239

where we have defined a representative length [, while the rate of change
of direction becomes
e =0 (2.40)

So, if we consider a sphere of galaxies of radius dl at time ¢, at time
t + dt, from (2.39), the distances to all of the galaxies have increased by

Odlot
=
while their directions have all remained unchanged. Thus the galaxies
form a larger sphere (assuming © > 0) with each galaxy lying in the same
direction as before. Hence we have distortion-free expansion without any
rotation.

In other words, thinking of a sphere of fluid particles that changes
according to (2.39) during a small increment of proper time, © describes
the isotropic volume expansion of that sphere (see figure 2.2).

dl (2.41)

Figure 2.2: The expansion rate © describes the isotropic volume expan-
sion of a sphere of fluid particles that changes according to (2.39) during
a small increment of proper time.
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The quantity [, which represents completely the volume behavior of
the fluid, in a Friedmann-Lemaitre-Robertson-Walker (FLRW) model
(where isotropy holds by construction) corresponds to the scale factor
a(t)’.

From it we can define the Hubble parameter as

H@)i—:%G. (2.42)

So the the Hubble parameter H (t) is the slope of the curve [ (). Let
us call Hubble constant the value Hy = H (t;) assumed today by this
parameter (tg being the present age of the universe).

Finally, it is worth giving the expression of the expansion rate © in
comoving coordinates!?, i.e.

@:v%ﬁ(¢@):%on m), (2.43)

or, using Christoffel symbols'!,

O=T",. (2.44)

These two last expressions of © will be used in chapters 4 and 5.
Equation (2.43) is particularly useful for calculations when the metric
g, 1s non-diagonal.

9For a review of FLRW model see [9)].
19We can obtain (2.43) using either the expression for the divergence of a four-vector V v* =

\/—baﬂ ( |g\v”> or the expression of the covariant derivative in terms of the Christoffel symbols

and the property I'*, = %f =0, (ln «/|g\).
HEquation (2.44) is obtained using the definition of covariant derivative in terms of Christoffel
symbols, i.e. V u” = gu” +uT", .
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2.4.2 Vorticity

The vorticity tensor w,,, is defined as
Wi = Vit (2.45)

i.e. it is the skew-symmetric part of the orthogonally projected covariant
derivative of the velocity vector field'?.

In the case of pure vorticity (© = 0 and 0, = 0), the rate of change
of relative distance becomes

o

5=
so all the relative distances are unchanged, while now the rate of change
of direction is

0, (2.46)

e = —wh e (2.47)
By definition, a rotation preserves all distances, so these relations show
that the change is a pure rotation. So the vorticity tensor w,, determines
a rigid rotation of a fluid sphere of particles with respect to a local inertial
frame (see figure 2.3).

S

Figure 2.3: The vorticity tensor w,,, determines a rigid rotation of a fluid
sphere of particles with respect to a local inertial frame.

The vorticity tensor w,, obeys the following properties:

Wy = W] W’ =0, w", =0. (2.48)

12Gee footnote 7 (chapter 2) for different definitions.
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It follows from (2.45) that the tensor w,, has only three independent
components, then we can use without loss of generality the worticity

vector, defined as

1
W = iy (2.49)

from which we obtain the vorticity tensor by
Wy = nuupwp . <250>

From this equation, using the second expression in (2.20), we can see
that w* is orthogonal to the velocity u”, i.e.

wut =0, (2.51)
and it is an eigenvector of w,,, with eigenvalue zero, i.e.
whwy, = 0. (2.52)

This shows that the direction of the vorticity vector w” is the axis of
rotation of matter!'s.

We can also define a scalar quantity w, the vorticity scalar, as™

1 3 1
w = (§WWWW) = (ww)? (2.53)
In comoving coordinates, the vorticity tensor becomes
Wopu = 0, Wij = 8[]?%] + Uur; 60UZ] s <254>

where U; = Go;-
If the vorticity vanishes, hy, is the (induced) effective metric tensor
for the surfaces of simultaneity for the fundamental observer.

13For more details about vorticity see [8, chapter 3].
“Note that ww =0 & w, =0 & w =0, ie the conditions of vanishing vorticity tensor,
vanishing vorticity vector and vanishing vorticity scalar are equivalent.
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2.4.3 Shear

The shear tensor is defined as the trace-free symmetric part of the or-
thogonally projected covariant derivative of the velocity vector field:

L@ A 1
Oy = V<VUM> = V(Vuu) — g@huy. (2.55)

In the case of pure shear (© = 0 and w,,, = 0), the rate of change or
relative distance becomes
ol
5= owe'e”, (2.56)

while for the rate of change of direction we have

el = [0, = (oage®e”) W] €. (2.57)

14

Since the shear tensor o, is symmetric, we can always choose an or-
thonormal basis of shear eigenvectors in order to have o, = diag (0, o1, 09,
03), where o1+ 09403 = 0. Then if there is expansion in the 1-direction
(01 > 0), there must be contraction in at least one other direction (say
o9 < 0). If in this case we consider a sphere of fluid particles (in a cos-
mological model it could be a sphere of galaxies around the observer) at
time t, at time t + ot the distances to particles in the principal j-axis
direction will have change by

dl = o516t (2.58)

and their direction (from eqn. (2.57)) unchanged. Thus the fluid par-
ticles form an ellipsoid, expanded in the 1-direction but contracted in
the 2-direction, with the same volume as before. Each fluid particle (or
galaxy) lying in a shear eigendirection will be in the same direction as
before; all the others will appear to have moved, but the average change
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of direction will be zero (see figure 2.4). Hence we have a pure distortion,
without rotation or change of volume of the sphere.

~f -
-
@ @
N
~ 4
Figure 2.4: The shear tensor o,, describes a pure distortion, without
rotation or change of volume of the sphere.

From the definition of shear (2.55), we can easily obtain the following
properties:
Our = O(u), o’ =0, o, =0. (2.59)

As for the vorticity tensor, we can define a scalar quantity o, the

shear scalar, as'®
1 3
o= (5(7#”0””) : (2.60)

In comoving coordinates the shear tensor can be written as'®
1 i L o Ly 4 i i

2.5 Electric and magnetic Weyl tensors

In this section we give the decomposition of the Weyl tensor, writing it
also in comoving coordinates.

BNote that 0 = 0 < o = 0.
6Where (2.22) and (2.25) have been used.
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The Weyl tensor can be split relative to the four-velocity u* in two
parts: the electric and magnetic Weyl tensors. The former is defined as

Eop = Coypsuu’ (2.62)
and has the properties
E* =0, Eop = Elap) , E.su’ =0, (2.63)

while the magnetic Weyl tensor is

1 ,
Hop = 5%50”5 it (2.64)

for which
H*, =0, Hos = Hap) , Hopu’ = 0. (2.65)

Both E,s and H,p are, by construction, projected orthogonally to the
four-velocity u# and they are what an observer with four-velocity u”
measures. So if we consider an observer moving with a different four-
velocity, the Weyl tensor Cyp4s is the same, but the values of E,3 and
H,p are different.

In comoving coordinates the electric and magnetic Weyl tensors are

Eaﬁ = Caogo s (2.66&)
1 ;1
Haﬁ = 577&7507 B0 — 57704759759(%0&#60 . (266b)

Finally we give the expression of the Weyl tensor Cpp,s in terms of
Eaﬂ and Haﬁni

Coiy™ =4 (el + 0, ) B4 2m g B 20 H g (2.67)

! [a

17See [1, p. 87]

30



2.6 Dynamics

2.6.1 Einstein field equation

In the theory of general relativity, the spacetime is specified once a metric
tensor ¢, (2”) is given. The behavior of the matter is described by the
energy-momentum tensor, whereas the Einstein field equation describes
the interaction between geometry and matter, i.e how matter determines
the geometry, which in turn determines the motion of matter.

The Einstein field equation is'®:

) 1
Gw/ = Ruy - §Rg,u1/ = Ly — Aguua (268>

where G, is the Einstein tensor, R, is the Ricci tensor, R is the Ricct
scalar, T, the energy-momentum tensor and A the cosmological con-
stant!?.

Equation (2.68) is a set of coupled non-linear second order partial
differential equations for the components of the metric g, .

Each tensor quantity in (2.68) possesses ten independent compo-
nents®, so in principle we have ten independent equations. Actually,
we have to consider four differential twice contracted Bianchi identities

VHG, =0, (2.69)

In this way the number of independent equations can be reduced to six
by the choice of the coordinates?!.

18The cosmological constant A can be added to the left-hand side of the Einstein equation and
thus we consider it as a geometric term, but we can also add an identical term to the matter, on
the right-hand side of Einstein equation. This second choice is the vacuum energy case.
For vanishing cosmological constant the Einstein equation assumes the original form G, = T}, .
19We have included the cosmological constant A for the sake of generality, but throughout this
work we consider only dust (see subsection 2.6.2.1) solutions of Einstein equation with A = 0.
29Tn the n-dimensional case the independent components of the metric, Einstein tensor and Ricci
tensor are +n(n + 1).

2
21Gee [2, p. 259, 260].
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Now, by taking the covariant derivative of the Einstein equation
(2.68), since V*g,, = 0 (V" is the derivative operator naturally as-
sociated with the metric g,, ) and VA = 0 (i.e. A is defined as constant
in space and time) we obtain??

VT, = 0. (2.70)

In the case T),, = 0, the Einstein equation (2.68) reduces to the
vacuum field equation

1
R~ 5 Rgu + Mg = 0. (2.71)

Contracting (2.71) with the metric we have
R =4\, or equivalently R, = Agy. . (2.72)

Examples of vacuum solutions are the Minkowski spacetime (used in
special relativity), the Schwarzschild solution (describing static black
holes) and the Kerr solution (for rotating black holes).

2.6.2 Energy-momentum tensor

The energy-momentum tensor 7}, enters in the Einstein field equation
(2.68) as the source term and it describes the properties of the matter
in spacetime.
The tensor T, can be decomposed relative to «* in the following
form:
T = puythy + phyy + 2q, 0,y + T, (2.73)

where p is the total energy density of the matter relative to u*, defined

as
p = Tu'u”, (2.74)

22Note that (2.70) means O*T),, = g1, Ty, + 17,17, where we have used the decomposition
of the covariant derivative in terms of Christoffel symbols V,T},, = 0,1}, — Ty =17, Ty
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p is the isotropic pressure

1
p= STwh (2.75)

T 18 the trace-free anisotropic pressure, defined as

T = Toph” B, (2.76)

( )’

and, finally, ¢* is the relativistic momentum density (which represents
also the energy flur relative to u*)

q" = =T, ,u"h"". (2.77)

Both the relativistic momentum ¢* and the anisotropic pressure m,, are
orthogonal to u”, i.e.

qu' =0 and T’ =0. (2.78)

Above we gave the full expression for the energy-momentum tensor,
but in this thesis only the case of dust (see subsection 2.6.2.1) is consid-
ered.

2.6.2.1 Particular fluids

Often we may consider a simpler form of the energy-momentum tensor
T,,, instead of the full expression (2.73), to describe a particular physical
situation.

An interesting case is the perfect fluid one, especially its sub-case of dust
(at which we will refer in this work).

Perfect fluid

The energy-momentum tensor 7}, for a perfect fluid is given by

T/w = puyUy + ph/u/ = pUuyUy +p (g,uu + uuuu) . (2*79>

23Choosing in eqn. (2.73) ¢ = 0 and 7, = 0.
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This is a good approximation when the momentum density ¢* and
anisotropic pressure 7, are smaller with respect to the energy density
p and isotropic pressure p.

In this case the equation of state relates p to p, i.e. it has the form
p = p(p). For instance, the main component of the radiation content
of the universe (the CMB) can be represented as an ideal fluid with the
equation of state?*

_ 1, 2.80
p=3p (2.80)

Dust

This case refers to pressure-free matter (also called cold dark matter)
and it has the dynamical restrictions

p = qﬂ = Ty = 0. (281)

Now, also the pressure p (in addition to ¢* and 7, ) is much smaller than
the energy density p, so the matter is represented only by its four-velocity
uf and its energy density p > 0.

The expression (2.73) for the energy-momentum tensor 7}, now be-
comes

T = puyty, . (2.82)
In this case, from (2.103), we have
-3
poxa”, (2.83)
and?

W' =0, (2.84)

28ee [1, p. 99].
ZEquation (2.84) comes out from the following propagation equation, which derives from the
twice-contracted Bianchi identities (2.69): V/p = — (p+p) it — ¢* — V, 7 — 30¢" — o ¢ —

U, T + 5w, q,. For more details see [8, subsection 2.4.3].
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Moreover, in comoving coordinates (2.11) the energy-momentum ten-
sor for dust assumes the form:

T;w = PYoudov - (285>

It is worth giving the expression of the Einstein equation (2.68) in the
dust case using comoving coordinates (at which we refer in this work):

. 1
G = Ryw = 5 R0 = pgougou » (2.86)
in this way (2.68) reduces to the following system:
Go= p

Goi = —pgoi - (2.87)
Gij: P90igo;

We discuss the exact solutions to Einstein equation in the dust case
in chapters 4 and 5.

2.6.3 Riemann tensor

It is useful to give the (3 4 1)-decomposition of the Riemann tensor
Ropys, that ig20

RV ;=RY ;+ Ry ;+ Ry (2.83)

76

26Here P stands for perfect fluid part, F marks the part due to the electric Weyl curvature and
H the one due to the magnetic Weyl curvature.
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where2?

Q 2 o B o 15}
Rpﬁ,ﬂS = gp( [ up, h ]5] +h%h 5]) : (2.89a)
af o O] [a O]
Ry s = 4ulu, BV 4+ 40 E"y (2.89b)
R?ﬁ v 2770[6/{“[7 Hé]/@ + 2777557«&[&]{5]” . (2890)

The former term derives from the decomposition of the Ricci tensor,
while the latter two terms from the splitting of the Weyl tensor.

Here we gave the expression of (2.89a)-(2.89¢) in the particular case
of dust with the cosmological constant A set to zero. For the general
expressions see [8, subsection 2.3.3].

2.7 Propagation and constraint equations

There are three sets of equations to be considered, resulting from Einstein
equation (2.68) and its associated integrability conditions. These three
sets come out from Ricci identities, Bianchi identities contracted once
and twice respectively?®.

In all the equations we set A = p = ¢* = 7" = 0, i.e. we consider
the dust case with zero cosmological constant.

2.7.1 Ricci identities

Let us start with the first set of equations, which arise from the Ricci
identities for the vector field u*. Using the definition of Riemann tensor

2TTo get this splitting we have started from (2.8), i.e. from the decomposition of the Riemann
tensor in terms of the Weyl tensor C',3+5 and the Ricci tensor Rz, and used (2.67) and the Einstein
equation (2.68) to express the Ricci tensor R, g in terms of the energy-momentum tensor (equation
(2.73)).

Z8Here we give only a brief description of how obtain them, for more details see [3] and [13].
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(2.1), these identities are:
2V, Vo = R%. ;0" (2.90)

Now, two classes of equations can be obtained: the propagation and
constraint equations by projecting (2.90) by means of the projection
tensors (2.21) and (2.22) respectively. Then every class can be further
split in three equations by separating out the trace, antisymmetric part
and symmetric trace-free part.

Propagation equations

Using the projection tensor (2.21) to project along the vector field u* and
recalling (2.30), (2.68) and (2.73), we obtain three evolution equations
for the quantities ©, w* and o"” respectively.

1. Separating out the trace, we get the Raychaudhuri equation:
1 1
O + 562 = 5P 202 + 2w* . (2.91)

This is the basic equation of gravitational attraction and leads to
identification of p as the active gravitational mass density.

2. Taking the skew-symmetric part, we obtain the vorticity propaga-
tion equation:

2
w = —§®w0‘ + ao‘ﬁwﬁ, (2.92)
which is independent of the matter content and the Einstein equa-

tion (2.68).

3. Taking the spatially projected symmetric trace-free part, by means
of second of (2.28), and splitting the Riemann tensor as in (2.88),
we get the shear propagation equation:

2
50 = —200" — o0 —wtw B (2.3
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This equation shows that the Weyl tensor (which represents tidal
gravitational forces) induces shear through its electric part E,z3,
which then feeds into Raychaudhuri and vorticity propagation equa-
tions, influencing the nature of the fluid flow.

Constraint equations

Using the projection tensor (2.22) to project (2.90) orthogonally to the
vector field u# and recalling (2.30), (2.68) and (2.73), we obtain the three
following constraint equations.

1. Separating out the trace, we obtain the shear divergence con-

straint: o
Vo = 5@“@ — NV s, . (2.94)

. Taking the antisymmetric part, we get the vorticity divergence con-

straint:
Vow*=0. (2.95)

. Finally, separating out the spatially projected symmetric trace-
free part, by means of second of (2.28), and splitting the Riemann
tensor as in (2.88), we get the magnetic constraint:

H,3 = @m&)@ + 7775@@70'5 3y > (2.96)

which characterizes the magnetic Weyl tensor and is independent
of the matter content and Einstein equation (2.68).

2.7.2 Bianchi identities

The second set of equations arises from the fact that the Riemann tensor
satisfies the following Bianchi identities:

Raﬁh(s;s] = 0, or V[(g Rfyg]aﬁ =0. (297)
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Now, inserting the splitting (2.8) of the Riemann tensor, using the Ein-
stein equation (2.68) and contracting (2.97) over the indices ¢ and 9, the
once contracted Bianchi identities are found to be

V2 Cuprs + Via R + 5 JVaR=0. (2.98)

We can then project it along the world lines originated by u* and on the
orthogonal surfaces, to find two further propagation equations and two
further constraint equations.

Propagation equations

These two equations show how gravitational radiation arises?”.

1. The electric propagation equation is:

| 1
By = =OFag+30,]" By = 50003+ hs(a (V7H5> —wﬂm)
(2.99)

2. The magnetic propagation equation is:

Hop = =msia (V1B = W H ) = ©Hog + 30,7 Hy), . (2.100)

Constraint equations

1. The electric constraint equation is:
A 1.~
V3B = —3wsH + n*MopsH,° + sV, (2.101)

with source the spatial gradient of the energy density.

Gee [3, p. 11].
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2. The magnetic constraint equation is:
VsHY = —3ws B*® — o5 B ° + pw®, (2.102)

with source the fluid vorticity.

2.7.3 Twice-contracted Bianchi identities

Finally, the last propagation equation arise from the twice contracted
Bianchi identities (2.69). Using the Einstein equation we obtain the
vanishing of the covariant derivative of the energy-momentum tensor, i.e.
(2.70). Inserting the expression of T}, (2.73), using (2.30) and projecting
parallel to the four-velocity u* by means of (2.21) we have

p=—6p. (2.103)
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Chapter 3

Average quantities and
backreaction in the dust
case

In this chapter we explain what backreaction is.

After a brief introduction in order to describe the physical idea that
underlies the concept of backreaction, we restrict ourselves to a universe
filled with irrotational dust. Then, we describe an averaging procedure
in order to introduce the Buchert equations, from which we define the
backreaction variable.

Some references for this chapter are [4], [8], and [14].

3.1 An introduction to backreaction

Observations of the cosmic microwave background (CMB) and large scale
structures have verified that the early universe is close to exact homo-
geneity and isotropy and it can be described by a FLRW model with lin-
ear perturbations. But then, at late times, the homogeneity and isotropy
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are broken because of the growth of non-linear structures.

However the universe appears to be homogeneous and isotropic when
averaged over sufficiently large scales, i.e. the universe is statistically
homogeneous and isotropic. So, if we take a box anywhere in the universe
larger than the homogeneity scale, the mean quantities inside it do not
depends on its location, orientation or size. In this way we can study the
average quantities, instead of the local ones.

Physically we should first plug the inhomogeneous quantities into
the Einstein equation and then take the average. In fact, because the
Einstein equation is non-linear, these two procedures are not equivalent,
i.e. the operations of time evolution and averaging do not commute.

The fact that the average evolution of a clumpy space is not the same
of a smooth space is referred to as backreation.

The aim of this work is to list all the exact solutions of the Einstein
equation (2.68) with the cosmological constant A and the vorticity w,,,
set to zero. Then in this chapter we consider only the case of irrotational
dust. For a description of the average procedure in the general case of
matter with non-zero vorticity see [8, section 4.3].

3.2 Irrotational dust

Let us start describing the universe considering the matter as dust!. In
this case the energy-momentum tensor 7, has the form

T,uu = PU Uy, (31)

i.e. we are assuming that the energy density of matter dominates every-
where over the pressure, the anisotropic stress and the energy flux. In
this way (we have chosen the pressure to be zero) the fluid elements do
not interact each other, the motion is then geodesic and the four-velocity
ut is a tangent vector to timelike geodesics, i.e. u* = 0.

1See subsection 2.6.2.1.
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From Frobenius’ theorem? we know that if and only if the vorticity is
zero, the tangent spaces orthogonal to u* form spatial hypersurfaces and
provide a foliation that fills the spacetime exactly once. If the vorticity
is non-zero, the hypersurfaces of constant proper time are no longer
orthogonal to the fluid flow.

In this thesis the case w,, = 0 have been studied. Vorticity con-
tributes positively to acceleration © and setting it to zero gives a lower
bound to acceleration, which in the irrotational case is always non-
positive (see (2.91)).

3.3 Defining the average

Before defining the backreaction variable, we have to define a procedure
of averaging.

Taking the average of quantities in general relativity is an involved
issue. The metric is a dynamical variable and it enters non-linearly in
the Einstein equation (2.68). Moreover, if the vorticity w, vanishes then
we have a three-dimensional space to average on, but in the general case
of non-zero vorticity none of these (local) three-dimensional spaces is
preferred.

In this subsection we follow [8, subsection 4.2.1] and [19]. So the
spatial average (f) of a scalar quantity f is defined as

7)) = f}’; n 5.2

i.e. it is the integral of f over the hypersurface of constant proper time
t orthogonal to u* , divided by the volume of the hypersurface.
In (3.2) 1 is the volume form of the spatial hypersurface considered and,

2For an exhaustive discussion on Frobenius’ theorem see |2, p. 434-436| and [8, chapter 3.
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recalling subsection 2.2.3, it is written as

n=4/|®gldxt Ada* A dax?, (3.3)

where ®)g is the determinant of the metric () g, on the hypersurface of
constant proper time ¢.

In the case of irrotational dust the metric ( g, coincides with the re-
striction of the projector hy,, defined in (2.22), to the three-dimensional
hypersurface of averaging.

Now, defining the scale factor a () as the volume of the hypersurface

1

of constant proper time to the power 3, i.e.

at) = (%) | 3.4)

where a (t) has been normalized to unity at time ¢y (which we take to be
today), the average expansion rate (©) turns out to be

- J;©n _ O J;m _
I/

The Hubble parameter in now defined as®

H(t) = % (3.6)

The last important thing to say is that, as stated in section 3.1, the
time evolution and the average procedure do not commute. Then we
have the following commutation rule:

o) = () +(10) - (£)(8). 3.7)

3See the relation (2.42).

3)

©) (1) 3%. (3.5)
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To prove this equation let us take the derivative with respect to the time
t of the definition (3.2) of spatial average of the quantity f:

o (BL0) 2Ly B s

Now, since from eqn. (3.5) we have

) ( / n) — @ [n 39)
( / fn) [@nu+ [ ren. (3.10)

using definition (3.2) again, we get (3.7) from (3.8).

O (f) =

and

3.4 The Buchert equations

In section 2.7, a set of propagation and constraint equations have been
obtained from Einstein equation (2.68) in the dust case. It is worth
writing the corresponding equations for averaged quantities (we are in-
terested in the overall geometry).

3.4.1 The scalar equations

Only scalar quantities can be straightforwardly averaged in a curved
spacetime, so let us consider the scalar part of the Einstein equation
(2.68).

The only equations we are interested in are the Raychaudhuri equa-
tion (2.91), the continuity equation (2.103) and the Hamiltonian con-
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straint, i.e. respectively?

.1 1
®+§@2 = —§p—202, (3.11)
p+6p = 0, (3.12)
1 1
592 = p— §<3>R + 02, (3.13)

where ® R is the Ricci scalar on the three-dimensional space orthogonal
to ut.

Equations (3.11) and (3.13) are local generalizations of the Friedmann
equations®, while equation (3.12) shows that mass is conserved (because
the energy density is proportional to the inverse of the volume).

3.4.2 Buchert equations and backreaction

Let us now take the average of the equations (3.11)-(3.13), using the
procedure outlined in subsection 3.3. Recalling the commutation rule
(3.7) and the relation (3.6), we obtain the Buchert equations:

y ]

3¢ — —§<p> +Q (averaged Raychaudhuri eqn.), (3.14)
a

{p) + 3%<p> =0 (averaged continuity eqn.), (3.15)

12 1 1
3¢ — <p> — §<(3)R> — §Q (averaged Hamiltonian constr.) .

“ (3.16)

In these equations, Q is the backreaction variable, defined as

Q= % (<®2> - <@>2) —2(c?), (3.17)

4All these three equations have been written in the case of irrotational dust, i.e. setting vorticity
to zero in (2.91) and (2.103).

®See [8, appendix A] and [9].
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and it contains the effects of inhomogeneities and anisotropies.

The Buchert equations differ from the Friedmann equations® in two
ways. First of all, here the scale factor is the total volume of a region
(as follow from its definition (3.4)), so it is not part of the metric and
it does not describe the local behavior of the space like in the FLRW
case. Second, they are different from a mathematical point of view,
in the sense that they include the backreaction term Q, which does not
appear in in the Friedmann equations. This new term expresses the non-
commutativity of time evolution and averaging and it allows acceleration
and a non-trivial evolution of the average spatial curvature.

So, the Buchert equations are the generalization of the Friedmann
equations to an inhomogeneous dust universe.

As we can see from (3.17), the variable Q has two parts: the variance
of the expansion rate and the average of the shear scalar.

The average of the shear scalar is also present in the local equations.
Since it is always negative, it acts to decelerate the expansion, unless
in the case of homogeneous and isotropic spacetime that it vanishes. In
contrast, the variance of the expansion rate has no local counterpart.
It also vanishes if the expansion is homogeneous, but if not, being a
variance, this term is always positive, so it accelerates the expansion.

So, from (3.14) we can see that, if the variance is sufficiently large
compared to the shear and the energy density, the average expansion
rate accelerates even though the Raychaudhuri equation (3.11) shows
that the local expansion rate decelerates everywhere. This is precisely
the way backreaction provides acceleration, which in the homogeneous
and isotropic case requires the presence of either dark energy or the
cosmological constant.

SFor the Friedmann equations see [8, appendix A.2] or [9)].
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3.4.3 The integrability condition

The averaged Raychaudhuri equation (3.14) and the averaged Hamilto-
nian constraint (3.16) form an underdetermined system: we have in fact
three unknown variables, a (t), (¥ R) () and Q (¢).

We need then another condition, which can be obtained taking the
time derivative of the averaged Hamiltonian constraint (3.16) and plug
into the result both equation (3.14) and (3.16). In this way we get the
following relation between the average spatial Ricci scalar <(3)R> and the
backreaction O:

(" R) + 2g<<3>R> =-9,Q — 6%Q. (3.18)

Equation (3.18) is a necessary integrability condition between equa-
tions (3.14) and (3.16). So, in general, the evolution of backreation Q
influence the evolution of the average spatial Ricci scalar <(3)R> and
vice-versa.

There are three interesting particular solutions of the variables @ and
<(3) R), expressed as function of a (t):

1. considering a spatially flat on average portion of the universe,
<(3)R> = 0, and solving equation (3.18) we have:

Q=0Q(ty)a"; (3.19)

2. if the backreaction vanishes, i.e. @ = 0, then
(®R) = (WR) (ty)a 2, (3.20)
where a (t) is given by the Friedmann equations. Here we are

describing a system which is FLRW on average, i.e. the effects of
inhomogeneities compensate each other and backreaction is zero;
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3. the two prior solutions give a solution of (3.18) in the case of non-

vanishing backreation ©Q and non-vanishing average spatial Ricci
scalar <(3)R>:

Q=0Q9(ty)a"® and <(3)R> = <(3)R> (to)a™2. (3.21)
Here we have independent evolution of the backreaction variable Q

and the average spatial Ricci scalar <<3)R> (both sides of equation
(3.18) vanish).
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Chapter 4

Szekeres models

The Szekeres metric is an exact inhomogeneous and anisotropic dust
solution of the Einstein equation (2.68) and it has no Killing vector fields
(and then no symmetries). We write this metric in comoving coordinates.

The Lemaitre-Tolman-Bondi (LTB) model is contained in the Szek-
eres metric as the spherically symmetric special case.

We first give the solutions of the Einstein equation for this metric and
then its physical interpretation. After that, we calculate the dynamical
quantities for the Szekeres metric.

Finally, after a brief discussion of the LTB model, we compute the
average quantities and the backreaction variable (3.17).

The Szekeres metric has been used in [48] to construct a Swiss Cheese
dust model with Szekeres holes. In that paper the authors have proven
that, under certain conditions, the average expansion rate is close to the
FLRW model, but if one of the assumptions is violated then the first
statistically homogeneous and isotropic solution in which inhomogeneity
has a significant effect on the average expansion rate (i.e. backreaction
is large) has been built.

In all this chapter we follow [14], [16], [20] and [23].
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4.1 Szekeres metric

4.1.1 Einstein equation’s solutions

The Szekeres metric is
ds® = —dt* + X* (t, r, p, Q) dr® + A*(t, v, p, @) (dp” +dq°) . (4.1)
where

R — RZ) :
( +fE) and A% (t, 7, p, q) = us (4.2)
€

X*(t, r,p, q) = R

In (42)'= £, e=0,+1, f= f(r) > —eis an arbitrary function

r)

of r, R = R (¢, r) and the function F is given by

E (r, p, q)—g{(]%)ar(%):e} , (4.3)

where S = S (r), P = P (r), Q@ = Q (r) are arbitrary functions and € is
the same of (4.2). When € > 0, the range of values of the coordinates p
and ¢ is —oo < p, ¢ < 00, for the e = —1 case see [20] and [23].

The factor € determines whether the p- g two-surfaces are spherical
(e = +1), pseudospherical (¢ = —1), or planar (¢ = 0). So it determines
how the constant r two-surfaces foliate the three-dimensional spatial sec-
tion of constant .

The function E' (4.3) determines how the coordinates (p, ¢) map onto
the unit two-sphere (plane, pseudosphere) at each value of r. At each r
these two-surfaces are multiplied by the areal “radius” R = R (t, r) that
evolves with time. Thus the r - p- q three-surfaces are constructed out of
a sequence of two-dimensional spheres (pseudospheres, planes) that are
not concentric, since the metric component g;; depends on p and ¢, but
also on r and t.
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The two relations (4.2) can be obtained by means of the Einstein
equation for dust (2.87).
Now, let us start from the diagonal components of the Einstein equa-

tions (2.87):
{Goé_ - (4.4)

Inserting in (4.4) the explicit form for the Einstein tensor we obtain
the following four equations:

2AX  (9,A)? (9,4 OX X 24"

P= Ax T4 T4 T Aix T Ay Axe
2A'X' OZA  OZA A2 (A

+AX3 - A3 - A3 +E_A2X27 (45&)
o~ _BA'X (@A°X 24X (54)X?
A4 A4 A A3
(074) X2 A2X? (A
et (4.5b)
B AAX | (8,A)(8,X)  (9,4) (0,X) ,
0 = -— <+ Ve — X AA
AA" AAXT 92X A’X e
X T Txs T x T x (4.5¢)
. AAX  (0,A) (9,X) | (0,4) (0,X) .
0 X AX + AX A4
17 ! v 82X AZX
AT AAX + L (4.5d)

+X2 X3 X X

52



0
where "= 55

From (4.5b), using (4.2) and (4.3) and calculating explicitly all the
derivatives, we get o
2RR+ R*=f. (4.6)
By the integration of (4.6), we see that the function R satisfies the
Friedmann equation for dust:

:%Jrf, (4.7)

where M = M (r) is another arbitrary function of the coordinate .
From (4.7) it follows that the acceleration of R is negative

. M
Equation (4.7) shows that the evolution of R depends on the value
of f. It can be:

e hyperbolic, f > 0:

R2

R = %(coshn - 1), (4.9)
sinhn —n = W ; (4.10)

e parabolic, f = 0: 1

273
o 9M(ta)] ; (411)

2
e elliptic, f < O:

R = % (1 —cosn) , (4.12)
n—sinn = (—f)2]<\74(t —a) : (4.13)



In the expressions above we have introduced the last arbitrary function
a = a (r), giving the local time of the big bang or big crunch R = 0, and
o = *1 allows time reversal.

The six arbitrary functions f, M, a, S, P and @) give us five func-
tions to control the physical inhomogeneity, plus a coordinate freedom
to rescale . The behavior of R (t, r) is identical to that in the LTB
model.

Finally, from (4.5a), using also (4.5¢) and (4.5d), doing again the
same procedure that brought to (4.6) and plugging (4.7) and (4.8) into
the result, we obtain the following expression for the density:

2(M' - 355
p= . (4.14)
R (R — £E2)

Singularities

We can see that the bang or the crunch occur when R = 0, so when
t=aort=-2M_ 1 ¢ and the density (4.14) is here divergent.

—f 3/2

From (4.14) we can also see that there are singularities at R’ =

! / . .
Rg and M’ = 3%, when shell crossings happen, i.e. when surfaces

(“shells”?) of different values of r intersect.

Special cases

As already stated, the LTB model is a subcase of the Szekeres one, in
particular it is the spherically symmetric special case e = +1, E/ = 0.

In the vacuum case we have (M’ — SMTE) = 0, which implies £/ =
M =0= 8 =P =@Q =0. For M # 0, this gives pseudospherical
and planar equivalents of the Schwarzschild metric.

'For a description of the LTB model see section 4.3.
2We call the comoving surfaces of constant r “shells” and paths that follow constant p and g
“radial”. However, the shells are quite different from spheres.
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Finally, the null limit is obtained by taking, after a suitable transfor-
mation, f — oo. In this limit the “dust” particles move at light speed
and the metric becomes a pure radiation Robinson-Trautman metric of
Petrov type D3.

4.1.2 Physical restrictions

Here we describe the physical restrictions of the Szekeres metric (4.1).
First of all, the metric should remain Lorentzian, i.e. (—, 4+, +, +),
so we must have e + f > 0. In particular e + f > 0 and R’ — £E £ 0,

E
while € + f = 0 where R’ = RTE/.

Obviously, pseudo-spherical foliations require f > 1 and then are
only possible for regions with hyperbolic evolution (f > 0). In the
same way, planar foliations are allowed only for regions with parabolic
or hyperbolic evolution (f > 0), while spherical foliations are possible
for all f > —1.

Second, the metric should be non-degenerate and non-singular, ex-
cept at the bang or crunch. For a well behaved r coordinate we do need

to specify

(R - RZ)"
e+ f

Failure to satisfy this requirement may only be due to a bad choice of
coordinates, so there should exist a choice of the coordinate r for which
it holds.

The density should be non-negative and this adds the following re-
striction:

0< < 0. (4.15)

M’ _SME’
E

3For a discussion on the Petrov classification see [15, p. 48], while for the Robinson-Trautman
pure radiation field see [15, p. 435].
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Then we choose R > 0, M > 0 and S > 0 (but the sign of S, and
hence of F, can be flipped without changing the metric signature).

Finally, the various arbitrary functions should have sufficient conti-
nuity (O and piecewise C?) except possibly at a spherical origin.

4.1.3 Physical interpretation

The role of R

The factor R? multiplies the unit sphere or pseudo-sphere both in the
metric (4.1) and in the area integral A = R? [ %dpdq, and therefore
determines the magnitude of the curvature of the constant (¢, r) surfaces.
We can see it as an “areal factor” or a “curvature scale”. However, when
e < 0 it is not at all like a spherical radius.

The role of M

If we look at (4.7) we see that M looks like a mass in the gravitational
energy term, in particular, for e = +1, M (r) it is simply the gravita-
tional mass contained within a comoving ‘“radius” r. However, this last
interpretation is geometrically and physically correct only in the qua-
sispherical model, where the surfaces of constant r are non-concentric
spheres enclosing a finite amount of matter. But for € < 0, since the
constant ¢ and r surfaces are not closed, R is not the spherical radius
and M is not a total gravitational mass.

The role of f

In (4.7) f(r) represents twice the total energy per unit mass of the
particles in the shells of matter at constant r.

Moreover, it also determines the geometry of the spatial sections at
constant ¢. In the quasispherical case (¢ = +1) this three-space becomes
FEuclidean when f = 0. In the quasi-pseudospherical case (e = —1),
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instead, when f = 0 it becomes flat but pseudo-Euclidean (the signature
is (—, +, +)). In the quasiplanar case the value f = 0 is not possible,

so we do not have any flat three-dimensional subspace?,

The role of £

Here we give only a brief explanation (without any proof) of the role
of E. For a complete description see |20, sections II.E and III | or [23,
section 3.

In the spherical and pseudospherical cases, the factor % determines
the dipole nature of the shells at constant r (when e = —1 we have the
pseudospherical equivalent of a dipole). When € = 0 (planar case) the
effect of % is to tilt adjacent shells relative to each other, with the only
zero tilt case (E' = 0) free of shell crossings.

Moreover, the shell separation is regulated by the factor %

Finally, we can see from (4.14) that % affects also the density distri-
bution on each shell®.

4.2 Metric properties

Now, following chapter 2, we calculate all the dynamical quantities for
the Szekeres metric.

We use comoving coordinates, i.e. the four-velocity of the matter
particles is u* = ",

4For more details on the quasiplanar case see [20, section V).
®For more details about the influence of % on the density see [20, section VIIL.D].
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4.2.1 Acceleration vector

The expression for the acceleration vector a* in comoving coordinates is
(2.16):
a' =ut =T, .
We need then the following Christoffel symbols: T, T'y,, T'%,, and
I3y,
Using the general expression

1
Fp,uy = §gp)\ (&ug)\l/ + 3ugu)\ - a)\guz/) ) (417)

and the metric (4.1)

—1 0 0 0
()
gw=| Y T 00 (4.18)
o0 (B o
0 0 0 (&)
with its inverse
—1 0 0 0
0 S ) 0
9" = (7-1) ) , (4.19)
o0 (B o
0 0 0 (&)
we get
%, 0, (4.20a)
r, = o, (4.20D)
r, = 0, (4.20c)
I3, 0. (4.20d)
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So the acceleration vector a* vanishes for all u (as we expected, be-
cause the Szekeres metric is a dust solution of the Einstein equation):

=0 Yy, (4.21)

and the motion of the matter particles is geodesic.

4.2.2 Expansion rate

For the expansion rate © in comoving coordinates we use (2.44), which
we rewrite here:

O=I".

We see then that the only Christoffel symbols we need to calculate
the expansion rate © are I, '}, %, and ',

Using the general expression (4.17) and the metric (4.18) with its
inverse (4.19), these symbols are:

I = 0, (4.22a)
R/ __ RE'
Fllo — R/_—REE, , (422b>
_ E
R
R
I, = i (4.22d)
Then the expansion rate © is:
R — 3RE 4 oRE
e = = f R R (4.23)
E
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4.2.3 Vorticity

For convenience, here we write again the expression of the vorticity tensor
W,y in comoving coordinates (2.54):

Wopu = 0, Wij = 8[]2%] + Uur; 80UZ] .

Since u; = go; and from (4.18) go; = 0, we see that the vorticity wy,,
always vanishes:
ww =0 VYp,v. (4.24)
So we are dealing with a geodesic (equation (4.21)) and rotation free
flow.

4.2.4 Shear

The shear tensor ¢#, in comoving coordinates is (2.61):

Recalling that u; = go;, using (4.18) and its inverse (4.19), all the
Christoffel symbols calculated above and the fact that I" jo=0fori#j
(from (4.17)), we obtain the following diagonal form for the shear o/ :

R — R ]
ot = ~| diag (0, 2, =1, —1) . (4.25)
(=15

As we can see from the definition of the backreaction variable (3.17),
it is useful to give the square of the shear o2, defined as in (2.60). We
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have:

1
2 v
o° = —ouo”

2

00 11 22 33
= 5(0000 + 0110 + 0220 +0330)

R/ RR
= 3 (R/ RE,) , (4.26)
4.2.5 Electric and magnetic Weyl tensors

Finally, let us consider the expressions of the electric and magnetic Weyl
tensors in comoving coordinates (2.66a) and (2.66b):

Eaﬁ - CaOBO >
1 s 1
Haﬂ - 577047507 0 - §Ua7597£95w05w50 .

From these relations we see that we are interested only in the com-
ponents Cyopo and Ceypgo of the Weyl tensor. After determining them,
the only ones that differ from zero are:

2M (R — EE) (R — 2
Cror0 = — ( (c+ f)) (R3 5ir) ; (4.27a)
M (R — A2
Caozo = EQR( (& _3%_]5?) , (4.27b)
R — AR
Cs30 = E2R( ® B%E,)) : (4.27¢)
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So, the electric Weyl tensor is®

o 1 diag (0, =2, 1, 1), 1.98

whereas the magnetic Weyl tensor always vanishes:

Hag =0 \V/Oz, 6 (4.29)

4.3 The Lemaitre-Tolman-Bondi model

Before starting to calculate the average of the quantities estimated in
the previous section, let us describe the Lemaitre-Tolman-Bondi (LTB)
model”.

As stated in subsection 4.1.1, the LTB model is a subcase of the
Szekeres metric with € = +1 and E' = 0.

Following [33], let us consider a spherically symmetric dust universe
with radial inhomogeneities as seen from our location at the center. By
choosing comoving coordinates (the spatial origin 2! = 0 is the symmetry
center), the line element assumes the following form:

ds® = —dt* + X*(t, r)dr® + R*(t, r) (d6” + sin® 0dy?) . (4.30)

Now we want to determine the functions X (¢, r) and R (¢, 7).

6Here, for convenience, the electric Weyl tensor has been written raising the first index a:
Eaﬁ = gaECﬂ)Bo.
"For a complete discussion on the LTB model see [33] and [34].

62



The non-zero Einstein tensor’s components are:

2R 2XR
Go = 7 RX (4.31a)
(R)> 2RX 1 2R’ 2X'R R?

_ - —_(4.31b

Goo 2x: T rx T ® RX2+RX3+R2’(3 )
°R 1 R* (R)’

. 2

Gll = X §+ﬁ+ﬁ_R2X2 5 (4310)
R'" R RX RX X

- —R*|- = i 4.31
G2 R RX2+R+RX3+RX+X], (4.31d)
G33 = GQQSiHZQ. (4316)

The Einstein equation for dust, from (2.87), then leads to the follow-
ing system of equations:

G =
q Ga2 =
G33 =

(4.32)

S O O

From the last equation in (4.32) we get
XR
< =

R’ 0, (4.33)

and from its integration we have
X=C(r)R, (4.34)
where the function C' (r) depends only on the coordinate r.
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By defining o - . .
V1—Fk(r)’ ‘

where k (1) < 1, we can rewrite the LTB metric (4.30) in its usual form

R
ds® = —dt* + 1(—]{)()dr2 + R (t, r) (d6* + sin® 0dp*) ,  (4.36)
—k(r
where k (r) is a function associated with the curvature of ¢ = const.
hypersurfaces®.

The Friedmann equation for R is obtained from the second equation
in (4.32). We have

1. 1
RR+-R*=—Zk 4.37
+ 5 " (4.37)
and from its integration we get
: 2M
RP=" —k 4.38
R 7 ( )

where M = M (r). We see that the result is the same of the Szekeres
metric (4.7).
Then, also the acceleration of R is the same. In fact we have

. M
R — _ﬁ 5
which is (4.8).

To calculate the density we start from the first and third equations
in (4.32). They give

, (4.39)

(R’ | 2RX 1 9OR" | 2X'R , R® _

{‘R?X?"‘RX""@‘RX?"‘RXB""?IO
R" R, RRX' |, RX , X _
_RX2+E+RX3+R_X+Y—O

8In the limit R (¢, r) — a(t)r and k (r) — kr? we obtain the FLRW model.
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and, substituting the second equation in the first one, the expression for
the density becomes
2M'

T R2R

P (4.40)

which is (4.14) with £’ = 0.
Now we calculate the properties of the LTB metric.
Acceleration vector

As in the Szekeres case, by following subsection 4.2.1, the acceleration
vector a* always vanishes:

=0 VY, (4.41)

and the motion is geodesic.

Expansion rate

As in subsection 4.2.2, the expansion rate © in comoving coordinates is
(2.44):
e=I" R
Then we see that the only Christoffel symbols we need to calculate

the expansion rate © are I, '}, T'%, and ',
Using (4.17) and the metric (4.36)

-1 0 0 0
0 & 0
L= =k : 4.4
9u 0 0 R 0 ( )
0 0 0 R2%sin’#



and its inverse

O O O

R2sin’0

-1 0 O
1-k
g = 0 Ty (1)
0 0 4+
0O 0 O
we get:
R/
Fl10 - ﬁ )
R
%, = —
20 R )
R
My, = —.
30 R
Then the expansion rate O is:
R R
O=—+2—
R * R’

that is (4.23) with £’ = 0.

Vorticity

(4.43)

(4.44a)

(4.44D)
(4.44c¢)

(4.44d)

(4.45)

Like in subsection 4.2.3, we can see that the vorticity w,,, always vanishes:

W =0

Vo, v.

So we are dealing with a rotation free flow.
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Shear

To calculate the shear o, we follow subsection 4.2.4.
The shear tensor ¢/, in comoving coordinates is (2.61):

i 1 1 i i i
Since from (4.36) we have u; = go; = 0, using all the Christoffel
symbols calculated above and the fact that I,y = 0 for i # j (see

(4.17)), we obtain the following diagonal form for the shear o#

RV
0", =3 (% - %) diag (0, 2, —1, —1) , (4.47)

ie. (4.25) with E' = 0.
From (2.60), the square of the shear is
1
o = —0,,0"

2
1 (R R
= —-|l=—= . 4.48
3 (R’ R) (4.48)
Spatial Ricci scalar

From the Hamiltonian constraint (3.13), we can calculate the spatial
Ricci scalar ®)R. We have:

BR=2 (p +0° — %@2> . (4.49)

Now, using (4.40), (4.45), (4.48) and rewriting the density (4.40) by
means of the Friedmann equations (4.38), we get:

9 _ oBR)
IR =20

(4.50)
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Electric and magnetic Weyl tensors

Finally, the expressions of the electric and magnetic Weyl tensors in
comoving coordinates are (2.66a) and (2.66b):

Eozﬁ - CaOBO )
1 ;1
Haﬁ - 577047507 B0 = 577@69%9%0@50 .

Doing again the same procedure as in subsection 4.2.5, the electric
Weyl tensor is (4.28) with £’ = 0, i.e.

E%

M (R,_M’R

= = o, ) diag (0, =2, 1, 1) , (4.51)

whereas the magnetic Weyl tensor always vanishes:

Hy=0 Vo, . (4.52)

4.4 Averaging in the quasispherical Szekeres
model

The quasispherical Szekeres model is a non-symmetrical generalization
of the spherically symmetric LTB model.

In this section we see that the volume averaging within the quasi-
spherical Szekeres model leads to the same solutions as those obtained
within the LTB model.

Here we consider only the quasispherical case because the averaging
procedure in the quasihyperbolic and quasiplane cases requires a special
treatment. In fact, an area of a surface of constant ¢ and r in the quasihy-
perbolic and quasiplane models in infinite. Moreover in these two cases
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there is no origin (in the quasihyperbolic model r cannot be zero and in
the quasiplane case r can only asymptotically approach the origin?).
Now, following [14] and chapter 3, we calculate the average quantities.
The volume is calculated around the observer located at the origin.
First of all, we see that the volume in the Szekeres model is the same
as in the LTB model. To prove this, we rewrite here the Szekeres metric
(4.1) in the quasispherical case:

ds? = —di* + X2 (t, r, p, q)dr® + A2 (t, v, p, q) (dp? + dg?) ,
where now

R — RZ)’ 2
( g fE) and A% (t,r, p, q) = & . (4.53)

2
The volume is then

Vpi/ dr//dpdq Bgl, 4.54
i VAR (4.54)

X2 (t, 7, p q) =

where
X2 (t, r p q) 0 0
B)g = det 0 A%(t, 7, p, q) 0 . (4.55)
0 0 A2 (t, 7, p, q)
So, we get

:ufZ@ﬂ@mxﬁ
| dpdqﬁ<' T
_/Om [Rmf// i, %R ag<//dpdq>] -

9For more details see [20].
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Since dgf is the metric of a unit sphere, we have

dpdq

(4.57)

Thus the volume becomes

D R2R/
V; =47r/ dr ) 4.58
), T )

The same result is obtained if initially we set E’ to zero, that is we
have the same volume as in the LTB model.
This also happens to the density. Using (4.14), the average density

(p)p = — dr[/alpquA2

- = azr//dpdq\/ﬁg2 (M’_?,MEE'>
TR e () o

and recalling (4.57) we get

(o) T TDd M’
= — r .
pD VDO /1+f

This result is the same as in the LTB model, i.e. setting from the
beginning £’ = 0.
The average of the expansion rate is, from (4.23):

(4.60)
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©)p = — " // dpdgX A*©

— 3B oRI
o It R
= — dr [/ dpdgX A o RE,
RE' _RR'
- d ! + 2
dr//dpq\/iE2<R SE R)

) VLD Omdr\/% //dpdq< RR’) (//dpdq>

Ar [  R2R/ R)

By

Wwl)o JVItF\R R

As above, E’ does not contribute to the final result, so we have the
same average of the expansion rate as in the LTB model (see (4.45)).
Now we can give the backreaction variable, defined as in (3.17):

0 == ((6%), — (6)3) ~ 2%,

First we should calculate the following term:

§<@2>D—2<02>D = [VD/ dr//dpquA2( 0% — >]
- 5 / // dpdq R’—REE')

. 2
RE RR' : RR'

/ 2 . /_
<R L R) (R R)
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B / // dpdq R?
o 3VD R/ RE’ )

R2(R) RRR 32 (E")?
B 6 9
232 8 nl 52 I T/
—GRR E 12R R'E
B / // dpdq R’
o 3VD R/ RE’)
RZR/ ST / RZE/
3 6 -9 4.62
R? + R RE ( )

Using (4.57) we get:

D 2 p/ 2 S D/
§<@2>D —2(0%), = S [ g 2 (31li + 6RR) ,  (4.63)

3Vp Jo 1+ f R? RR'
thus the backreaction variable becomes:

st [  RR (R2 RR’)

Op = — dr 3— +6

3Vp /o T+ 7 \"R " RE
. 2
2 [ar = RR (R R
-3 77; 0 \/7< +2—> (4.64)

This result is the same if we set initially £/ = 0, so the backreaction
does not change from the LTB model.

Finally, we can calculate the spatial Ricci scalar ) R and then give
its average.

With the same procedure used in the LTB model, starting from the
Hamiltonian constraint (3.13), the expression for the spatial Ricci scalar
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B)R is (4.49), which we rewrite here:

GR =2 <p+02 — %@2> .

Now, inserting (4.14), (4.23), (4.26) and using the Friedmann equa-
tion (4.7) in the density expression (4.14), we get

Rf/ RE/
2f — 27
3R
¥ R? < R — RE, 1) (4.65)

which reduces to the LTB expression (4.50) when E' =0 and f = —
Averaging the relation (4.65) yields

(PR = — " ar // dpquA2

B / ﬂ dpdq R/
Rf" 2RE’
—2f (W + 1)

B ”’ // dpdq

Rf’ RE' , RE’
—2 — 4,
< 7 7 + R z , (4.66)
and inserting (4.57) we have
8t [P (Rf)/
GRY == d . 4.67
< >’D VD /(; r 1 T f ( )

This expression, as above, is the same if we set E’ to zero from the

beginning, so we have the same average spatial Ricci scalar as in the
LTB model.
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So, in this section we have proved that the Szekeres model is a gen-
eralization of the LTB model, in fact all our solutions are the same if
initially we had set E’ to zero.

Thus all the results found when studying the average within the LTB
model also apply to the Szekeres case. For instance, we can conclude
that Qp = 0 when f = 0 (as in the parabolic LTB model, i.e. when
k =0). A proof of this fact can be found in [35, subsection 3.2|.

Moreover, in [35], [49] and [50] has been proven that in the LTB
model the inhomogeneities can induce acceleration.

74



Chapter 5
Non-tilted Bianchi models

Despite the success of the FLRW models, the structure that we observe
today, means that our universe is neither homogeneous nor isotropic, at
least on certain scales. To follow the late time evolution of the universe
on these scales we need models with more degrees of freedom than the
FLRW ones. For this, Bianchi models have long been studied.

Then, in this chapter we are interested in Bianchi models, which
describe homogeneous but anisotropic (¢ = 0, s = 3 = r = 3) universes.
So we are dealing with a three-dimensional group of isometries' Gj.

Here we follow [25, section 3], [24, section II] and [18, chapter 9].

First we give a modern classification of Bianchi models. Then we
specialize in non-tilted (i.e. with the flow-lines of the fluid normal to the
hypersurfaces of homogeneity) Bianchi models: after a general discussion
of the spatially homogeneous model in the synchronous system, we study
all the different types of dust metrics, with their properties.

Tilted Bianchi models go beyond the aim of this thesis, but a com-
plete description of the metrics that characterize these universes can be
found in [28]-[32].

1See section A.2 for a classification of cosmological models by means of their symmetries.
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5.1 Classification of Bianchi models

In this section we give the modern classification of Bianchi models (for
the original classification see appendix B and [27]).

The scheme for classifying the equivalence classes of three-dimensional
Lie algebras uses the irreducible parts of the structure constant tensor
under linear transformations (rather than the more complicated derived
group approach of Lie and Bianchi).

Following |25, section 3|, we decompose the structure constants C,
(see (A.4)) into a symmetric contravariant tensor n® and a covariant

vector ap:
Oabc = €dbcnad -+ 5"Cab — (5“bac , (5,1)

where €4, is the three-dimensional antisymmetric tensor and n® and a;,
are defined as

1,

a/b — 501)&, (52)
1 a

n® = 5C( eCls (5.3)

The structure constants C, expressed as in (5.1) clearly satisfy the
skew-symmetry property (see (A.5)). The Jacobi identity (A.6) is satis-
fied only if the vector a; has zero contraction with the tensor n®, that
1s

Cae[b Cecd] - O = naba/b — O . (54)

We can choose a convenient basis (the tetrad basis, chosen to be
invariant under the group of isometries?) to diagonalize n® to obtain
n® = diag (n1, na, n3) and to set a; = (a, 0, 0). Then the Jacobi iden-
tity (5.4) becomes

nia=0. (5.5)

2For a description of how to construct an invariant basis see [18, section 6.3].
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At this point we can classify the structure constants in two classes:

e class A:a=0;
e class B:a # 0.

Then both the classes can be classified further by the sign of the eigen-
values of n® (i.e. the signs of ny, ny and n3). For this classification see
table 5.1 [25].

Group class  Group type n% eigenvalues

S

1 0,0,0 0

17 +,0,0 0

A Vi 0, +, — 0

VI 0, +, + 0

VIII -+, + 0

X +, +, + 0

Vv 0,0,0 +

1V 0,0, + +

B VI 0, +, — +
II7 0, +, — NaNng

VI, 0, +, + +

Table 5.1: Classification of homogeneous cosmological models into ten
equivalence classes.

The parameter h in class B is defined by the scalar constant of pro-
portionality in the following relation

h .
ki
apa, = §€bz’k6cﬂn”n : (5.6)

In the case of diagonal n®, the factor h has a simple form: h = n‘;:ls :
In addition to the classification given above we can distinguish two
further Bianchi models:
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e orthogonal models: here the fluid flow lines are orthogonal to the
surfaces of homogeneity. So, the fluid four-velocity u* is parallel
to the normal vector n* to the surfaces. In this case the matter
variables will be just the fluid density and pressure;

e tilted models: the fluid flow lines are no longer orthogonal to the
surfaces of homogeneity, thus the four-velocity u* is not parallel to
the normal vector n*. Here, in addition to the fluid pressure and
density, we need the peculiar velocity of the fluid relative to the
normal vectors.

In this work, as stated at the beginning of this chapter, we are dealing
only with non-tilted models.

5.2 The general spatially homogeneous model
in the synchronous system

In this section we want to calculate the Ricci tensor R, in the syn-
chronous system, from which the Einstein equation (2.68) can be derived.

We follow the procedure used in [18, chapter 9.

We know that, in a spatially homogeneous model described by a
manifold M, through every point it passes an invariant or homogeneous,
three-dimensional hypersurface S. This hypersurface is generated by the
three-dimensional isometry group G of the model.

A one-parameter family of these hypersurfaces fill M and the direc-
tion of the axis of the parameter ¢ may be chosen quite freely. Once this
choice has been made, we can find the one-forms?® w’.

A useful choice, which defines the synchronous system, for the di-
rection of ¢ is the timelike direction, perpendicular to each hypersurface
S. In this case, the normal to the hypersurface is given by n, = V t,

3For more details see [18, chapter 6].
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such that g"“n,n, = —1. The existence of such a timelike normal vector
assumes that the S (¢) are spacelike.

By parametrizing with the proper time ¢, the four-dimensional metric
is written as

ds* = —dt* + gi;w'w’ (5.7)
where the three-dimensional metric g;; depends only on ¢, that is g;; =
gij (1). |

The one-forms w’ satisfy*
) 1 1 S t
dw' = 50 qw B Aw' (5.8)

where C,, are the structure constants of the isometry group G.
The group structure of the manifold M implies the existence of a
vector field basis dual to {—dt, oﬂ} such that

[va Y;] =0, [Y;7 Y}] = _CsinS7 (5'9>
and
Yo-Yo=-1, Y,-Y,=0, Y Y;=g;(). (5.10)

As long as the homogeneous hypersurfaces S () remain spacelike, the
synchronous basis is unique. This because the hypersurfaces are picked
out by the group action unambiguously. Then the vector Yj is the unique
normal to these surfaces’.

Now we want to rewrite the metric (5.7) in the orthonormal syn-
chronous basis, defined by

o' =dt and o' = b (t)w*, (5.11)

4See [18, relation (6.19)].

°If the hypersurfaces S (t) change from spacelike to timelike, the synchronous system breaks
down and we must use another basis.
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where b;sbs; = gi; and b;; = bj;. The matrix B = (b;;) is the symmetric
square root of G = (gij).
With this choice, the metric (5.7) becomes diagonal:

ds* = = (0°)° + (") + (67)7 + (6%)* . (5.12)

W=

Now we define the scalar (det B)3 in the following way:

W=

(det B) = =40 | (5.13)
where €2 () is a scalar.

We write also

: t
!B = (eﬁ( )Z-j> : (5.14)
where (8;; (t)) is a 3 x 3 symmetric, traceless matrix®.

Therefore we have

B = (5%5@.) . (5.15)

We have then split the matrix B in its volume and distortion parts,
where the scalar Q2 represents the volumetric expansion.

In order to calculate the Ricci tensor, we need to compute the affine
connection forms. To do this we need the curls of the one-forms o#:

; dbzs
do' = ( o ) dt \ w® + bjsdw®
= (—Qegeﬁis +e ¥ (eﬂm)) dt A w® + e’ dw®

. ; 1
(—Qegeﬂis +e ¥ (e%)) dt N w’ + 569652.50%@)’5 Aw"

6¢# means matrix exponentiation, i.e. ef = Ziio %6?
We have: dete? = T8 =1,
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= <—Q§iu + (eﬁit) e_ﬁtu> e el dt A w?

+-e % 0% Wt AW, (5.16)

DNO | —

where (5.8) has been used. Moreover, recalling the property of the exte-
rior derivative d o d = 0, we have do® = 0. |
Now, using the expression of w' in terms of ¢’ (from (5.11)), i.e

w =’ 0%, (5.17)

we can rewrite (5.16) as

do' = <—Q§iu + <eﬂit) e_tfi) eﬂuse_ﬁsjdt N

2 CS - eﬂeﬁkaj/\ak

. 1 5 ;
= | —Q0;; + ﬁ e ) dt Aol + eeﬁ e P e gInGt
J € it t] 2 tu tj uk
= ]{iijdﬁ/\O'j + EdijkO'j /\O'k, (518)
where we have defined
by = =G0+ (%) e ), (5.19)
dijk = eﬂeﬂiscswe_ﬁtje_ﬁuk . (5.20)

The expression for kij simplifies if 8 commutes with 8. In fact in this

B
case we have <e e, tj = Bij.
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We can also see that dij . has the same symmetry as C" jr and satisfies
the two properties

dy, = —d (skew-symmetry) , (5.21)

d; %y = 0 (Jacobi identity) . (5.22)
We now calculate the connection one-forms (see |18, section 2.5])
o, =T%, o (5.23)

From (5.23) and the fact that the covariant derivative of the metric
vanishes, we have’:

Oy + 0y, =0. (5.24)
This equation implies®:

o’y = 0, (5.25a)

o, = 0, (5.25D)

o = o'y, (5.25¢)

o, = —o,. (5.25d)

Using the first Cartan equation (see [18, section 2.5|)

do” = —of No!' =17 o' Na”, (5.26)
we have
o' ne” =0, (5.27)
and o |
kijo Aol + §dljka~7 Aot = I, ne. (5.28)

"In fact, from (5.12), which can be written as 7 = 7;40° A o*,and V;n;, = 0, it comes out that
dnr = nikyjaj = (Fhkjmh + Fhijnhk) o7, Then, using (5.23) we have: dn;, = o + og; = 0.

®Note that to lower or raise the indices we should use the metric 7,,, i.e. (5.12).
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Using the last two equations and the symmetry (5.24) we have

dy = T =T, (5.29Db)
_ 0 0
0=1°,-1,. (5.29¢)

The solutions of equations (5.29a)-(5.29¢) are

, = o0, (5.30a)
Foij = FOji = % (kij + kji) = i, (5.30b)
Iy = %(/@-- — ki) = mj; = —myj, (5.30c)
i, = % (dgk — - d@k) , (5.30d)
whence
o' = ljo’, (5.31a)
o', = —myo’ + % ( Lk — dk;j — djik> ot (5.31b)

Now we calculate the components of the Ricci tensor in the {o*}
basis.

For the (00)-component, starting from the definition of Ricci tensor
(2.3) and using the property (2.2a) of the Riemann tensor, we have

Ry = Ruouo - _ROiOiv (532)

where the index 7 is summed over 1, 2, 3 and we have used the metric
N to raise and lower the indices.
From the definition of the curvature two-form

O, =R, 0" No”, (5.33)
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and the second Cartan equation

QF, =do", +o", No”,, (5.34)
we get

QOZ' - ROZ'HVO'M N O-V 5 (535)

QY = do’;+0" Ao’ 36)

By taking the (0i)-component of the last two equations we find

R%0; = lii + Lijkji — myjili; | (5.37)
then .
Rog = —li; — lijkj; . (5.38)
A similar calculation brings to
Ry = RMO'M- = l]kd];z + lkzdjjk (5.39)

Finally we need the spatial components of the Ricci tensor R,,. A
tedious calculation shows that

. 1 ‘ .
Rij = lij + lzjlkk + likmkj + ljkmki + idhhk (dzkj — djki)
1 1,
_§dkz’h (' + ') + 1 @ (5.40)
where we have used the fact that the Jacobi identity (5.22) implies
At this point it is easy to find the Einstein equation (2.68) for dust.

In the next section we will use the comoving coordinates, then the
Einstein equation (2.68) can be written as in (2.87).
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5.3 Bianchi dust metrics and their proper-
ties

In this section we give the known Bianchi dust solutions in comoving
coordinates, i.e. writing the four-velocity as in (2.11). For the general
discussion of Bianchi perfect fluid solutions see [17, section 9.3].

Bianchi models describe spatially homogeneous universes, then we do
not need to define the averaging procedure (chapter 3) and the backre-
action variable (3.17) assumes the following simple form:

Q=—-20". (5.41)

Since o2 is always positive, in Bianchi models the backreaction vari-
able is always negative, then it acts to decelerate the expansion. We can
also see that if the shear tensor o#, vanishes, we reduce to the isotropic
case (FLRW model).

Now we study the different types of Bianchi metrics for dust.

We have dust solutions of the Einstein equation only for the following
(non-tilted) Bianchi types: I, I, I1I, V and V. For the remaining
cases (see appendix B) we do not have dust solutions.

Since we deal with dust solutions of the Einstein equation (2.68), the
acceleration vector always vanishes (as we have seen in chapter 4 for the
Szekeres metric) and the motion is always geodesic. Then, we omit the
calculation for the different types of Bianchi metrics.

Moreover, since non-tilted Bianchi models are irrotational by con-
struction, also the vorticity always vanishes. Then, we write the calcu-
lation only for the type I and omit it for all the other types.

Finally, we give the expressions of electric and magnetic Weyl tensors
only for types I and I11. The other cases can be easily found following
the calculations done for these two types.
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5.3.1 Type I
The general solution of Bianchi type I for dust is

ds® = —dt* + " A2V da® + t72 A2 dy* + 773 A28 d27 (5.42)
where the function A = A (t) is defined as
A(t) =a+m?t, (5.43)

with o, m = constant.
The constants pi1, po and p3 satisfy the Kasner constraints

ptpetps=1, pl+pi+pi=1, (5.44)

and the following property

2 :
G =3~ Di (1=1,2,3). (5.45)
Now we want to calculate the properties of the metric (5.42).
It turns out that the Einstein tensor G, defined in (2.68), is di-
agonal. By plugging it into the Einstein equation for dust in comoving
coordinates (2.87) we get the following set of equations:

1
P = g [m* (g2 + @103 + qags) + Atm® (qupa + gap1 + 13
+q3p1 + qeps + @3p2) + A (D1p2 + pips + paps)] . (5.46a)

0 = m4t2 (QQCB + qg — (g9 + qg — C_[3) + Ath (QQQ]?Q + 2(]3]93
+qop3 + gsp2) + A® (P53 — P2 + P3 — Ps + Paps) (5.46b)
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0 = mi? (Q1Q3 + q% —q1+ q§ — qg) + Atm? (2q1p1 + 2q3p3
@1p3 + @3p1) + A (pf — p1 + p3 — ps + pip3) (5.46¢)

0 = mi? (Q1Q2 + q% —q1+ q% — qg) + Atm? (2q1p1 + 2qop2
@1p2 + @p1) + A% (p} — p1 + D3 — P2+ pip2) - (5.46d)

We insert in (5.46a), the sum of (5.46b)-(5.46d) and recalling (5.44)
and (5.45), after some steps, we get the following expression for the
density:

4m?
P=3a

If m = 0, we obtain the Kasner vacuum solutions (see |15, subsection
13.3.2] and [17, subsection 6.2.2]).

Moreover, as t — 07, the line element assume the Kasner form with
exponents p; (see |17, subsection 9.1.1]) whereas, as t — 400, the line
element approaches the flat FLRW metric (see [17, subsection 6.3.1]).

Now, following chapter 2 we calculate the dynamical quantities of the
metric (5.42).

(5.47)

Expansion rate

The expansion rate © in comoving coordinates is expressed in (2.44),
that is:

0=I",.
Using (4.17) and the metric (5.42) with its inverse
—1 0 0 0
0 wrpr O 0
e — P 5.48
g 0 0 m 0 ) ( )
0 0 0 mops
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we have

I, =0, (5.49a)
: Di 2 m?

'y = 24 (2—p; | ——. 5.49b
o P (3 p) o + m?2t ( )

Then, recalling (5.44), the expansion rate © is:

2m?t
o atemt (5.50)
t (a+ m?t)

Vorticity

The expression for the vorticity tensor w,, in comoving coordinates is
given in (2.54), which we write again here:

Wopu = 0, Wij = (9[jul] + Uur; 80u1] .

Since u; = go; and from (5.42) go; = 0, we see that the vorticity wy,
always vanishes:
ww=0 Vu, v. (5.51)

So we are dealing with a rotation free flow.

Shear

The shear tensor *, in comoving coordinates is (2.61), i.e.

. 1. 1 . . .
Recalling that u; = go;, using (5.42) and its inverse (5.48), all the
Christoffel symbols calculated above and the fact that T, = 0 for all 4
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and I, = 0 for i # j (from (4.17)), we obtain the following diagonal
form for the shear o#:

ol = a
v 3t (o + m?t)

] diag (0, 3p1 — 1, 3ps — 1, 3ps — 1) . (5.52)

Since the determinant of the metric (5.42) is
g = det (g) = —t* (a +m?t)” (5.53)

the shear 0¥, can be written as

o, = [Sj?g] diag (0, 3p1 — 1, 3ps — 1, 3ps — 1) . (5.54)

So, the constant « is a measure of the shear, whereas the p; charac-
terize its dependence upon direction. The particular case a = 0 leads to
an (isotropic) FLRW universe.

The square of the shear o2 is

1
2 . _ o4
o° = QJWJ

Oé2

3t? (a + m?t)

a2

= —— 9.0
- (55

and the backreaction (5.41) becomes

202
3t? (o + m?t)
20

= 5 (5.56)

Q =
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Electric and magnetic Weyl tensors

The electric Weyl tensor £ in comoving coordinates is given in (2.66a),

which we rewrite here?
E®5 = g*Ceopo

The Weyl tensor’s components we need here are:

Coooo = 0, (5.57a)
£2n A% 1242 1242 1242 i
Coin = YT (—Q1Q2A £ — Q@3 AT + 2q0q3 AT + Aprqn AAL
—2pagp AAL + 2q%A2t2 — 2 A% — q%AQt2 + A% — 2p A2
+2pT A% + Py A% — PR AT + py A% — PRA® + GAE — gz AP
—2p3q3AAL — poqn AAE — prgp AAL — p3qr AAL — prgs AAL
+2p3qo AAL + 2paqs AAL — pipa A — pips A® + 2p2p3A2> ,

(5.57b)
e 12,2 12,2 12,2 '
Co2o2 = YT (Q1Q2A 7 =2 @A + @A + 2piqr AAL
—Apogp AAL + q%A2t2 — A% — 2q§A2t2 + 2o A%? — pr A2
+pi A% 4 2py A% — 2p5 A% — py A% + PRA® + A — gz AP
+2p3q3 AAL + pogr AAL + prgo AAt — 2p3qi AAL — 2p1q3 A AL
+p3quAAL + pags AAL + pipr A — 2p1ps A° + p2p3A2> :

9For convenience, here, we have written the electric Weyl tensor (2.66a) raising the index a.
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£2ps A% 12,2 12,2 12,2 i
ToAE <—2(J16]2A "+ Q@A + AT + 2pp AAL
+2p2q2AAt + q%Aztz — q1A2t2 + q§A2t2 — q2A2t2 — p1A2

2 42 2, 9242 2 2 42 92 12,2 12,2
+pi A" — poA® + py AT + 2p3 A” — 2ps AT — 2q5 A7 4 2q5 A%t
—4p3qz AAL — 2paqi AAL — 2p1ge AAL + p3qi AAL + p1gz AAL
P32 AAL + pagy AAL — 2p1pa A + pipy A2 + pngAz) :

(5.57¢)
COz'Oj = 0 forzs 7£ j (557d>

Cozo3 =

Then, using the Einstein equations (5.46b)-(5.46d) and the properties
(5.44) and (5.45), the electric Weyl tensor £ assumes the following
diagonal form:

E'. = ¢"Ciio

o\ 2 .
1[4 e 2 A, ]
1
+t_2 (pi—p22>' (5.58)

For magnetic Weyl tensor H,s3 in comoving coordinates we have the
expression (2.66b), i.e.

1

1
5
Haﬂ - 577&7507 B0 — 5770475975961/}0&#50-

Since the non-zero components of the Weyl tensor are (5.57b)-(5.57¢)
and Ca12, Ch313, Casa3, we get

Hy=0 Va,§. (5.59)
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5.3.2 Type I]
The Bianchi type I1 metric for dust is

ds? = —dt? + 2 A% (dx + bzdy)? + 122 A3 dy? + 2 %2022 | (5.60)

where the function A = A (t) is defined as in (5.43) and the constant b
is given by X
: 2
b= yUGE (5.61)
with m = constant.
The constants py, py and ps satisfy the Kasner constraints (5.44) and
are given by

pr = =(1—2cos?), (5.62)

P23 =

Wl —W| =

(1 + costp & V/3sin zp> : (5.63)

with cosy = %.
With the same procedure used in subsection 5.3.1, we find the density
to be

p=—". (5.64)

As for the type I solution, if m = 0 we obtain the Kasner vacuum
solution.
Now we compute the dynamical quantities for the metric (5.60).

Expansion rate

The expansion rate © in comoving coordinates is given by (2.44).
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As in subsection 5.3.1, using (4.17) and the metric (5.60), we have

1 A
R -4 |
v p1<t+A> ! (5.65a)
20 302222 A2p1 — 42p2 A2Ds P1

1 A D2 A
S| — g | 2 - 65b
() (o)), oo
p3 A
s, = = —. .
30 ; + P2 P (5.65¢)
Then, since I'%, = 0, the expansion rate © becomes:
0 = + ! + + A
= {(P1TDP3 ; P1 T P2 1
+ ! 307 22t AP
302224201 A2p1 — ¢2p2 A2p3 p1
1 A P2 A
S| — e gfes [ 2 - 5.66
< ; + A) ( ; + D3 A> (5.66)
Shear
The shear tensor *, in comoving coordinates is (2.61).
We need also the following Christoffel symbols:
2bz1%P2 A?Ps (plA + pr At — pyA — py,/hf)
My, =— : (5.67a)

At <3b222t2pl A2p1 — {2p2 A2p3)
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r,, = 0, (5.67b)
r, = 0, (5.67c)
%4, = 0, (5.67d)
s, =0, (5.67¢)
I, = 0. (5.67f)

Recalling, from the metric (5.60), that u; = go; = 0 and all the
Christoffel symbols calculated above, since Iy, = 0 for all 7, the non-
zero components of the shear tensor o, are:

. 2 (1 A 1 { ps A 1
oy =g\ s+ s\ +tpeo | —
37\t A) 3\t A 9b222t21 A2 — 3202 A2s

1 A P2 A
362 2 t2p1 A2 [ Z 4 ) - t2p2 A?ps [ £2 -
[ = h r A ; TPy
1 A 2
p1+tp3 ¥ + | p1+ P2 A + 0b2 22421 A2p1 — 3202 A2D3

b2 2 t2p1A2p1 t2p2A2p3 rz -
[3 2 p1 _t+_! ; + D3 4

3 2 [ ps A 1 1 A 1
o'y = g\ 57 thy |~ |7 +5 | —
3\ ¢ A 3 t A Ob2 224201 A2P1 _ 34202 A2p3

b2 2 t2p1A2p1 t2p2A2p3 -~ J—
[3 2 D1 —t+—! — ; + D3 1

I O R |
p1p2t plpsA

From these expressions we can easily calculate the square of the shear,
: 2 _ 1 %
that is 0% = 0,,0M".

, (5.68a)

1
2 _
0-2 —_— -

3

, (5.68b)

, (5.68¢)

) bzt?Pz A%Ps
02 = —3b222t2p1A2p1 — {2p2 A2p3
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5.3.3 Type 1]

The Bianchi type 11 line element for dust is

4 2
—dt* + da® + e4xdy2) + SV

ds® dz?, (5.69)

:ﬁ(

where \ = constant.
The functions A = A (t) and B = B (t) are given in three subcases
by

1. A=cosht, B =asinht+ 3?(tsinht — cosht) ;
2. A=sinht, B =acosht+ 3*(tcosht— sinht) ;
3. A=¢l, B=c¢(a+ %) ;

where o and (8 are constants.
The Einstein tensor G, defined in (2.68), is diagonal and its com-
ponents are given by

4 /..
— —— (4B - aB) 5.70
Goo 15 < : (5.70a)
1 /. .. .

Gy = —— (AB —24B AB) , 5.70b

11 1B + ( )

Gy = "G, (5.70¢)

4 B2 .

Before writing the Einstein equation for dust, We4should note that
the (00)-component of the metric (5.69) is gogg = —%5, so in comoving
coordinates, the four-velocity is given by

A
u! = E&MO' (571)
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Then, from the Einstein equation (2.68) for dust, we get the following
set of equations:

4N

oz (AQ - AB) = p, (5.72a)
AB—2AB+ AB = 0, (5.72b)
—A+A = 0. (5.72¢)

By plugging the second and third equations in the first one we obtain

4\ (B-B
P=T5g ( 5 ) . (5.73)
In all the three subcases listed above we have

B-B )
(52) - -

so the final expression for the density is
AN
p - ASB )
and if # = 0, we obtain the vacuum limits.
Now we calculate the properties of the metric (5.69).

(5.75)

Expansion rate

To calculate the expansion rate © we can use both method (2.43) and
(2.44).
Here we choose the first, so we have!'®

0= \/LI?\@‘ (VIglu")

10See footnote 10, chapter 2.
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Recalling (5.71), the expression of the expansion rate © can be rewrit-

ten as .
N [g 24

where g = det (g,,) and ¢ = %.
From the metric (5.69), we see that

§ = —Qeiﬁ (5AB +AB> , (5.78)
and then . .
- % (3% + g) | (5.79)
Shear

The shear tensor o#, in comoving coordinates, with the four velocity
given by (5.71), is

_ 1 . : A

J 3 A2 70> (58())

where we have dropped the term containing the vorticity.
Recalling that u; = go; = 0 (see the metric (5.69)), (5.79), since

[0 = 24, Iy = 0 for all i and I = 0 for i # j (from (4.17)), we
obtain the following diagonal form for the shear o :

0,2 -2, =2 2 (5.81)

34 B 34 B <3A B)




Then the backreaction variable (5.41) is
o | (A" 1B\ . AB
=32 ] +2(2) —222] . 82
< At 3<A> +3<B> AB (5.82)

Electric and magnetic Weyl tensors

The electric Weyl tensor £; in comoving coordinates, with four-velocity
(5.71), is given by
/\2

£y = ﬂgafcsoﬁo- (5.83)
The Weyl tensor’s components we need here are:
Coooo = 0, (5.84a)
A? . ..
Coior = == (—124°B + 3A4B +44°B
Y6AAB — AQB> , (5.84b)
oA 42 ' )
Coo =~ (—124°B+ 3448 +44°B
Y6AAB — AQB) , (5.84¢)
Cos = — (—1242B + 3448 + 44°B
3AA?
Y6AAB — AQB) , (5.84d)
Coioj = 0 fori#j. (5.84¢)

So, recalling (5.72b) and (5.72¢), the non-zero electric Weyl tensor’s
components £ are:
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.\ 2 .
A2 A B 5
E', = = 2(—) —— =1, (5.85a)

A? A 3B 3
E%*, = E'|, (5.85h)
2
B, = —ﬁEll. (5.85¢)

For the magnetic Weyl tensor H,z in comoving coordinates we have

A

Hos = 50

4]
nawécv 50 (586)

and, as i subsection 5.3.1, it always vanishes.
In fact the non-zero components of the Weyl tensor are (5.84b)-
(5.84d) and Cha1a, Ci313, Cagas, then

Hy=0 Va,§. (5.87)

5.3.4 TypeV
The Bianchi type V' metric for dust is

ds® — — N2dt% 1 12 {dazQ L (62h(t)dy2 I e—2h(t)d22)] ’ (5.88)

where the function N = N (t) is defined as

2 2 -1
s (m~ 3 9
and 35N
. S



and m, s and r are constants.
Following subsection 5.3.3, from the Einstein equation for dust, we
get the following expression for the density:

3m

In a way totally analogous to subsection 5.3.3 we calculate the dy-
namical quantities of the metric (5.88).
Expansion rate

By proceeding as in subsection 5.3.3, we start from

O = ﬁ@u (\/Eu“) :

Since the four-velocity u* in comoving coordinates is
Yy

1
u = 0", (5.92)

then the expansion rate © becomes

g N

= — - — 5.93
O=oNg N (5.93)
where g = % and

g = det(guw)

= —N2betr (5.94)
Then we have 3

0=—. 5.95
iz (5.95)



Shear

Proceeding as in subsection 5.3.3, the shear tensor o, in comoving co-
ordinates, with the four velocity given by (5.92), is
0 i 1 L & i
From the metric (5.88) we can see that u; = go; = 0 and, recalling
(5.95), since 'y, = &, Ty = 0 for all i and " = 0 for i # j (from
(4.17)), we obtain:

1

h
ot = [N] diag[0, 0, 1, —1] . (5.97)
Then the backreaction variable (5.41) is
4h?

5.3.5 Type VI,

Four classes of dust solutions of Bianchi type V I;, have been found.
The line-element for each class has the following form:

)\2d82 — _AQGOBQbodt2+A2a1 Bled$2+A2a2BZbQ6202xdy2+A2a3BQb36263xd22 :

(5.99)
where A = A(t), B = B(t) and A = constant. The two constants ¢y
and c3 determine the group type. The two sets of constant exponents
ay, b, (u=0, 1, 2, 3) are related to the Kasner exponents, which satisfy
the Kasner constraints (5.44) and are defined as

1 1

p=5(1-2k), pz,3=§<1+/€$\/3(1—k2)) . (5.100)
1 1

Q1:§(1+2k)7 Q273:§(1—ki\/3(1_k2)> : (5.101)
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where the constant £ is related to the group parameter h according to

k= L (5.102)
- V1I-3h '
The costants p; and ¢; (i = 1, 2, 3) satisfy also (5.45).
Now we give a list of the different classes of Bianchi type V I}, metrics
with their properties.

First class: k = 1. The functions A and B are

4
A=t (5.103)
3
B = a+m’t+ 562153 , (5.104)
where a, § and m are arbitrary constants. The other constants are given
by
ap=0b=0, a=pi, b =aq, (5.105)
and 5
6273 = m (\/ 1 — k2 Zl: \/§k> . (5106)

With the same procedure used in the previous subsections, the den-
sity is found to be

AN2m?2 _
p— 3m (AB) 2 . (5.107)
Second class: k = g. There are three different forms for the functions
A and B, that are:
1. A=cosht, = {a + ﬁQI cosh’ tdt} sinht;
2. A =-sinht, = [a + Bzf sinh tdt} cosht;
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3. A=¢', B=
e (a+ p*) | r=2,
: 2%k
where o and 3 are arbitrary constants and r = = .

(@]

All the other constants are given by (5.105) an
The density is

(5.106).

1602
p=—3

(5.108)

Third class: k£ = % The functions A and B are defined as in the
second class. The constants are

ap=ar, bp=0b, a;=3q¢, b =p;, (5.109)

and

Cry = \/%W (\/1 YT \/§k> . (5.110)

Then the density becomes

4)\252

1

Fourth class: k = t In this case the solution is obtained from the

case k = % by replacing k with —k.

Now we list all the dynamical quantities for the different classes. The
procedure that we have used is the same as in subsections 5.3.1-5.3.4.
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Expansion rate

For the first two classes the expression of the expansion rate © is the
same. The procedure is the same used in subsection 5.3.3 and it gives

A B
©=\ <Z+§) , (5.112)

where now the four-velocity is
ut =X, (5.113)

For the last two classes the four-velocity is given by

1 0

f_
ut' = A3qpr1(5 . (5.114)
and the expansion rate © becomes
1 A B
O=—7—13—+—=]. 5.115
50 B ( At B) (5.115)

Shear

To compute the shear tensor o#, we use always the same method as in
subsection 5.3.3.

Then, for the first two classes, with k = le and k = %, we get
A B 1 1 1
ke— Il === diag [0 — = - — = 5.116
o, (A B) 1a’g[ , P1 37p2 37p3 3] ) ( )

and the backreaction variable (5.41) is

. . 2
2, (A B
Q=-3) <ZE> . (5.117)
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In the same way, for the classes with k = i%, the shear tensor o*
assumes the following form

v

1 B A 1 1 1
no_ 2 4 : = - 2
oy A3qpr1 (B 3A> dlag |:O7 DP1 37 D2 37 D3 3] 3
(5.118)
and the backreaction (5.41) is
2 B A
Q — _W (E — 3Z> . (5.119)
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Conclusions

In this work dust solutions of the Einstein field equation have been stud-
ied.

We first have introduced the covariant formalism, which is the scaffold
on which this work has been built. Then we have described in detail the
averaging procedure in the framework of Buchert’s approach (consider-
ing only the dust case). We have obtained the Buchert equations, from
which we have defined the backreaction variable.

Backreaction is a valid alternative to modified gravity or dark energy
to give an explanation to the late time expansion of the universe. This
idea emerges from the fact that the late time universe is far from exact
homogeneity and isotropy due to the formation of non-linear structures,
i.e. galaxies, clusters of galaxies, voids, etc. and this can have effect on
the expansion of the universe, or rather it could explain the current ex-
pansion of the universe without introducing exotic matter with negative
pressure, i.e. dark energy.

Finally we have studied all the properties of Szekeres and Bianchi met-
rics, which describe, respectively, inhomogeneous and anisotropic uni-
verses and spatially homogeneous but anisotropic universes.
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Appendix A

Syminetries

Cosmological models can be classified by their symmetries.

Symmetries of a space are transformations of the space into itself
that leave the metric tensor and all physical and geometrical properties
invariant.

We first give some mathematical preliminaries and then a classifica-
tion of cosmological models.

A.1 Mathematical introduction

Following [25, appendix A, let us start with the definition of diffeomor-
phism:

Definition 1 (Diffeomorphism) A C* map ¢ is called diffeomor-
phism if it is one-to-one and onto and its inverse o=t is C*°.

Let (M, g) be a (pseudo-)Riemannian manifold with the metric ten-
sor gu- A diffeomorphism ¢ : M — M is an isometry if it preserves the
metric, i.e. if

P Gop) = Ip (A.1)
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where p € M and ¢* is the pull-back! of ¢.

The isometries of a space of dimension n form a group?, in fact the
identity map, the composition of two isometries and the inverse of an
isometry are all isometries too.

Now, if ¢, is a one-parameter group of isometries® (ie. &f 9w = g ),
the vector field £&* which generates ¢; is called a Killing vector field. The
necessary and sufficient condition for ¢; to be a group of isometries is

Efgw/ = O, (AQ)

where we have introduced the Lie derivative along the vector field &*:
L.

The necessary and sufficient condition for £ to be a Killing field is
to satisfy the Killing equation®:

Vugy + vugu =0. (A3)

The maximum number of symmetries is related to the dimension of

the manifold M and, if dim M = m, is 1m (m + 1). Spaces which admit
%m (m + 1) Killing vector fields are called mazimally symmetric spaces.
Let £, and &, be two Killing vector fields, then:

Let M and N be manifolds (not necessarily of the same dimension) and let ¢ : M — N be a
C* map. Consider a function f € C°°(N), then we define the pull-back of ¢ as:

¢ f=fopeC?(M).

For more details see [2, appendix C.1].

2A group (G, -) is a set of elements G with an operation - : G x G — G that combines any two
elements g, ¢’ € G to form a third element g - ¢’ € G. The operation - satisfies four conditions:
closure, associativity, identity and invertibility.

3A one-parameter group of diffeomorphisms ¢; is a C° map from R x M to M such that, for
fixed t € R, ¢y : M — M is a diffeomorphism and for all ¢, s € R, we have ¢; o ¢p5 = ¢;15. See also
[2, subsection 2.2].

4See |2, appendix C.2].

>For more details see |2, appendices C.2 and C.3|, whereas for a complete discussion on Killing
equation see [10, subsection 8.2].
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e a linear combination o€, + ¢, is a Killing vector field (a, 8 € R);
e the commutator [¢,, &] is a Killing vector field®.

Thus all Killing vector fields form a Lie algebra’ of the symmetric oper-
ations on the manifold M, with structure constants C)‘W:

[5/“ gl/] - C)\,uyg)\) (A4>

where A\, p, v=1,2, ..., rand r < %m(m—l—l).
Structure constants satisfy the following two properties:

o skew-symmetry:

., =—-C*.; (A.5)

pv v

e Jacobi identity:

A C =0 (A.6)

| =
The transformations generated by the Lie algebra form a Lie group® of

the same dimension.
Now we study the action of a Lie group G on a manifold M.

Definition 2 (Action) Let G be a Lie group and M a manifold. The
action of G on M s a C*™ map o : G X M — M which satisfies the
following conditions:

eo(e,p)=p VpeM;

1f ¢ and 7 are two Killing vector fields, then Lie, 9w = LeLlyguw — LyLegu = 0, where we
have used the property of the Lie derivative L ,,) = LeLy) — L) L.

TA Lie algebra g over R is a real vector space g together with a bilinear operator [ , ]: gxg— g
(called the bracket) such that, for all z,y, z € g, [z, y] = — [y, 2] and [[z, ¥], 2] + [[y, 2], =] +
[[z, ], y] = 0 (Jacobi identity).

8A Lie group G is a differentiable manifold which is endowed with a group structure such that
the map G x G — G defined by (o, 7) = o7~ ! is C°.
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® 0(g91,0(g2,p) =0(9192: ) Vg, 92€G and pe M.

The action o is said to be transitive if, for any pi, po € M, there
exists an element g € G such that o (g, p1) = pa. Then the map o can
move any point of M into any point of M.

Given a point p € M, the action of G on p takes p to various points
in M. The orbit O, of p is the set of all points into which p can be
moved by the action of the isometries of a space, i.e.

O, ={o(g,p)|g€CG}. (A.7)

Any orbit O, is clearly a subset of M and obviously the action of G
on any orbit O, is transitive. If the action of G on M is transitive, the
orbit of any point p € M is M itself. So, the maximum dimension of
orbits is dim M, i.e s < m, where s = dim O, and m = dim M.

A subgroup? H of a Lie group G that acts on a manifold M is called
1sotropy group if it leaves the point p € M fixed:

H={geGlo(g,p)=n}. (A.8)
We have

1
dimH =¢q, where ¢< 5™m (m—1) . (A.9)

Interestingly, the cosets of the isotropy group correspond to the ele-
ments in the orbit:

O, ~G/H. (A.10)
It holds the following theorem:

9(H, ¢) is a Lie subgroup of the Lie group G if:
e H is a Lie group;
e (H, ¢) is a submanifold of G;
e v € Hom(H, G).
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Theorem 1 For any subgroup H of a Lie group G, the coset space G/u
admits a differentiable structure and becomes a manifold called homoge-
neous space. The dimension of this coset space is given by:

dim (¢/n) = dim G — dim H . (A.11)

The dimension 7 of the group of symmetries of the space (group of

isometries) is then:
r=s+q, (A.12)

and 0 <r<m+im(m—-1)=im(m+1).
The relation (A.12) can be viewed as

dim (group of isometries) = dim (group of translational symmetries)
+ dim (group of rotational symmetries) .

If ¢ = 0 then r = s, which means that the dimension of the group of
isometries is just enough to move each point in an orbit into any other
point. This is called simply transitive group. There is no continuous
isotropy group in this case.

A.2 Classification of cosmological models

Cosmological models can be classified by their symmetries.

We saw in the previous section that the dimension of the group of
symmetries of the space is given by the sum of the dimensions of groups
of translational and rotational symmetries, i.e. (A.12). Then the value
of ¢ determines the isotropy properties of the model, whereas the value
of s determines the homogeneity properties.

In a four-dimensional cosmological model, r can have different values,
obtained by a variety of ¢ and s. The possibilities for the dimension of
orbits are s = 0, 1, 2, 3, 4. Whereas for the isotropy of the spatial
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dimensions, ¢ can be 0, 1 or 3, but not 2. In fact we consider non-
empty perfect fluid models in which (p+ p) > 0 and hence there will
be uniquely defined notions of the average velocity of the matter and
corresponding preferred world lines. The four-velocity u* is given by
(2.9) and, since it is unique, it is invariant. So, allowed rotations are
those which act orthogonally to u* and the isotropy group has to be a
subgroup of these allowed rotations. Since there is no two-dimensional
subgroup of O (3), the case ¢ = 2 is then excluded (see [3, section 5.2]
and [25, section 2]).

All over the space r must stay the same. Then, for isotropy the
possibilities are:

1. ¢ = 3: wsotropic. The Weyl tensor and all kinematical quantities,
except the expansion rate ©, vanish. All observations (at every
point) are isotropic, this is the FLRW family of spacetime geome-
tries;

2. q = 1: local rotational symmetry (LRS). The Weyl tensor is of
algebraic Petrov type D or O and kinematical quantities are ro-
tationally symmetric about a preferred spatial direction. All ob-
servations at every general point are rotationally symmetric about
this direction.;

3. q = 0: anisotropic. There are no rotational symmetries. Observa-
tions in each direction are different from each other.

For homogeneity we have:

1. s = 4: spacetime homogeneous models. These models are un-
changing in space and time, so the density p is constant and from
(2.103) we see that © = 0, i.e. they cannot expand. Their only
relevance in cosmology is as a non-expanding asymptotic state of
an expanding model;

0For Petrov types see [15, chapter 4].
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2. s = 3. spatially homogeneous universes. In this case we have the
major models of theoretical cosmology because they express the
idea of the cosmological principle: all the points of space at the
same time are equivalent to each other;

3. s < 2: spatially inhomogeneous universes.

Using the above classes, we can make every cosmological model with a
given symmetry (see table A.1 [25])!,

For example, the family of FLRW spaces, that model the standard
cosmology, are isotropic and spatially homogeneous universes (¢ = 3,
s=3=1r=60).

The LTB family of models correspond to spatially inhomogeneous
universes with LRS (¢ =1, s =2 = r = 3).

Another interesting case is the spatially homogeneous but anisotropic
family (¢ = 0, s = 3 = r = 3), which is the family of Bianchi universes.
In this case we have a simply transitive group of isometries G3 and hence
no continuous isotropy group.

HFor more details on the classification of ¢ and s given above see |3, section 5.2].
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q=0 q=1 q=3

Szekeres-Szafron
s=0 Stephani-Barnes
Oleson type N

s=1 general metric form independent

of one coordinate

s=2 generic metric form known, LTB family none
spatially self-similar, (cannot happen)
abelian G5 on 2D spacelike surfaces,

non-abelian Gy

Bianchi: Kantowski-Sachs FLRW family
s=3 orthogonal, LRS Bianchi
tilted
s=4 Oszvath/Kerr Godel Einstein
static

Table A.1: Classification of cosmological models by isotropy and homogeneity.
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Appendix B

The original classification
by Bianchi of the various
type of G

In his paper [27], L. Bianchi begins with a finite-dimensional continuous
Lie group G, generated by r infinitesimal transformations &, &, ..., &,
of a m-dimensional Riemannian manifold M. Then, the problem of
determining which spaces possess a continuous group of motions reduces
to the classification of all possible forms of metrics which possess a Lie
group G, = {&, ..., &} which transforms the metric into itself.

Since in chapter 5 we study Bianchi models, for which the dimension
of the group of motions is r = 3 (see table A.1), here we give the origi-
nal classification of the different types of transitive GG3. For a complete
discussion of this topic see [27].

e Type I: the metric has the form
ds* = dai + adxs + 2Bdradrs + ydas . (B.1)
Here o, § and  are constants and the space is of zero curvature.
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The composition rule is:
&1, &) f=16,8]F=[&8&]f=0, (B.2)
where f is a test-function.
Type I11: the metric form is
ds® = dai + dzj + 2z1dwadry + (27 + 1) das, (B.3)
and it holds the following rule:
§1.&)f=16.6]F=0 and [&&Glf=6fF (B4)
Type III: the line element is
ds? = da] + e*" das + 2ne* dwydrs + da3 (B.5)

where n is a constant.
We have:

§,&] =0, [&&lf=&f. [&&[f=0. (B.6)
Type IV: the metric has the form
ds* = dz? + & [dx% + 221dwadrs + (27 + n?) dx;ﬂ ., (B.7)
with n = const. and

£,6]f =0, [L&lf=4f, [L&lf=f+&f. (BS)

Type V: the line element is
ds® = da} + "™ (daj + dx3) | (B.9)
where h = const. and the composition is

1.6 f=0, [&.&]f=84f, [L&]f=%&f.  (B.10)
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e Type VI: for this group the metric is
ds? = da? + ¥ dad + 20" VN dpyday 4+ €21 da . (B.11)
We have
&) =0, [&.&lf=&4f, [&&]f=h&f,  (B.12)
with h # 0, 1.
e Type VII;: here the line element has the form

ds® = dai 4 (n + cos 1) dos + 2sin zydrodrs + (n — cos ) daj
B.13)

/

where n > 1.
The composition rule is

£1,8] f =0, [&&]f=6f, &L&lf=-&f. (Bl14)

e Type VIIs: the metric form is

ds® = da? 4+ e "™

(n + cos va:1> da3

+ (h cos vxy + vsinvxy + nh) dxodxs

2 — v? h
+( 2” Cosvx1+7vsinvx1+n>dx§] , (B.15)

with the following composition:

1.8l =0, [&&]f=&f, [&&]f=—-&f +h&f, (B16)

where 0 < h < 2.
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o Type VIII: the line element is

ds® = da? + adry + 2 (B — axs) duadrs + (oz:v% — 2Bz5 + ) da? |
B.17)

~

with «, 8 and v functions of x;.
The composition is

L&l f=6f, [&.&6]f=256F, & f=E&&f. (B1S§)
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