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Preface

These are lecture notes for the courses Cosmology 1 and II at the University of
Helsinki. They owe a heavy debt to lecture notes by Hannu Kurki-Suonio. Credit
for some figures belongs to Elina Sihvola, Jussi Viliviita, and Reijo Keskitalo.

One problem in teaching cosmology is that some central aspects rely on advanced
physics. Nevertheless, the main applications of these concepts can be discussed in
relatively simple terms, so first learning general relativity, quantum field theory
and so on in detail is not necessary. Thus only standard bachelor level theoretical
physics background (mechanics, special relativity, statistical physics, mathematical
methods) will be assumed in Cosmology I, and some more advanced Master’s level
mathematical methods and bachelor’s level quantum mechanics will be assumed in
Cosmology II. The more advanced theories that cosmology relies on are reviewed as
part of these notes to the required extent, but some results will have to be accepted
without proper derivation.

1 Introduction

1.1 Overview of modern cosmology

Cosmology is the study of the universe as a whole, its structure, origin and evolution.
Cosmology is grounded in observations, many of them astronomical, and laws of
physics measured in the Solar system. These lead to the framework of modern
cosmology, where the universe expands and cools down. Sometimes this is called
the hot big bang theory. Sometimes the word big bang is used to refer only to the
beginning of the universe, sometimes to the production of the presently observed
matter, sometimes to an extended dense and hot period. Due to this unhappy
circumstance, we will use these terms as little as possible to avoid confusion.

As a science, cosmology has a rare, if not singular, restriction: it is possible
to observe only one universe. We cannot observationally make comparative or sta-
tistical studies among many universes (and there can even be difficulties with the
concept of “many universes”). We also cannot move around our universe, but are
restricted to (on cosmological scales) almost a single point in space and time. As
a result, cosmology has relied more on model-dependent interpretations than many
other branches of physics.

Nevertheless, the last few decades have seen remarkable progress, as a significant
body of observational data has become available with modern instruments. We
now have a good observational handle of the overall history of the universe for all
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times between one second and the present time — the universe is today about 14
billion years old. Theoretically, we understand the evolution of the universe at all
times between 107! s and a few billion years, and we have good ideas and some
observational support for them about what happened in earlier eras, perhaps all the
way to 10736 s or so.

Important questions remain, in particular about the nature of dark matter, dark
energy and the processes of inflation and baryogenesis. In the first part of the course,
we will consider dark energy and dark matter, and in the second part we will look
at will look at inflation. Baryogenesis will be mentioned only in passing.

One historically important observation in support of the expansion of the uni-
verse is the redshift of distant galaxies. Their spectra are shifted towards longer
wavelengths. The further out they are, the larger the shift. This implies that the
galaxies are receding from us: their distance from us increases. According to general
relativity, this is because of the expansion of space, which in turn is an aspect of
the curvature of spacetime, not because galaxies would move in space. As space
expands, the wavelength of the light travelling through it stretches.

There are two key reasons why it is feasible to study the universe as a whole.
The first is homogeneity and isotropy, the second is thermal equilibrium.

On large scales, the universe is statistically homogeneous and isotropic, with a
homogeneity scale of about 100 Mpc or so. There are large deviations on small
scales. In the expansion rate, these are of order unity: for example, galaxies does
not expand, while voids with less than average mean density expand faster than the
mean. For the density, the variations are huge: the density of a typical galaxy is a
million times the mean density, and the smaller structures have even larger densities.
However, on large scales, the average quantities are the same everywhere and in all
directions.

In homogeneous and isotropic cosmological models, the expansion is simply de-
scribed by a time-dependent scale factor a(t). Starting from the observed present
expansion rate we can use general relativity to calculate a(t) as a function of time,
given our understanding of the physics of the matter content in the universe. (We
will discuss this in detail.) The result is that about 14 billion years ago a(t) — 0
and the density of the universe p — oco. At this singularity, time and space begin,
and we can choose it as the origin of the time coordinate, ¢t = 0. However, we do not
expect general relativity, which governs the evolution of spacetime, nor the Standard
Model of particle physics, which governs the behaviour of matter, to be applicable
at extremely high energy densities. At the Planck density, pp ~ 1097 kg/ m3, at the
latest, quantum gravity effects are expected to be large. To describe this Planck era,
we would need a theory of quantum gravity, which we do not have.! At present we
don’t know what happened at ¢t = 0 or around its immediate vicinity at the Planck
time 10742 s. It seems likely that a major breakthrough in our understanding of
physics is required before we can make any definite statements about that primordial
era.

The second important property of the universe is that matter has been in ther-
mal equilibrium. At early times, all known particles were in thermal equilibrium

1 String theory is a candidate for the theory of quantum gravity, and applying it to the early
universe is an active area of research. However, we do not have a complete formulation of the
theory, and it is not known whether string theory is correct, so its applications are necessarily
rather speculative.
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because the density was large and temperatures (and therefore particle energies and
interaction rates) were high. The early state of the universe can therefore be char-
acterised with a small number of thermodynamic variables (the temperature and
the chemical potentials) plus a description of the small perturbations that existed at
the time. At early times the deviations from exact homogeneity and isotropy were
small, so they can be described in linear perturbation theory, and their properties
are rather simple.

The fact that the scale factor tends to zero at early times does not imply that the
universe would have started from a point. In general relativity, the universe is born
everywhere at once. Of course, as noted, general relativity cannot describe the initial
time, it can just get close to it. We do not know, theoretically or observationally,
whether the universe is finite or infinite.If the universe is infinite, it has been infinite
at all times it has existed, except at the moment ¢ = 0, when the size is not defined.
If the universe is finite, its total size has been smaller earlier, and would be zero at
the initial time according to the general relativity — see the caveat above.

As the universe expands, it is not expanding into some space outside the universe.
The universe by definition consists of all space: as the universe expands, the volume
of space grows. For an infinite universe, it is meaningless to talk about change of the
total volume. However, we can say that the volume of any sufficiently large finite
portion of the universe grows in time. The disclaimer “sufficiently large” is needed
because on small scales, space can collapse, as happens during structure formation.

In order to describe behaviour at high temperatures and energies, we have to
treat matter in terms of quantum fields rather than classical particles. In this course,
we will skip a lot of particle physics details, we just need some basic quantities like
masses, spins, and interaction cross-sections. The Standard Model of particle physics
is based on the symmetry group SU(3)c ® SU(2)w ® U(1)y, where C' refers to the
colour mediated by gluons, W to the weak interaction mediated by the W and Z
bosons, and Y to the weak hypercharge. From the viewpoint of the Standard Model,
we live today in a low-energy universe where part of the symmetry is broken. The
natural energy scale of the Standard Model is reached when the temperature of the
universe exceeds 100 GeV (about 10'® K), which was the case when the universe
was younger than 107! s. Then the primordial soup of particles consisted of free
massless fermions (quarks and leptons) and massless gauge bosons mediating the
interactions (colour and electroweak) between these fermions. The final piece of the
Standard Model, the Higgs boson, was discovered in 2012.

The Higgs field is responsible for breaking the electroweak symmetry. In the
electroweak transition the electroweak interaction splits into two separate interac-
tions: 1) the weak interaction mediated by the massive gauge bosons W* and Z°,
and 2) the electromagnetic interaction mediated by the massless gauge boson 7,
the photon.? Fermions and W and Z bosons get their masses in the EW transi-
tion (with the possible exception of neutrinos: the origin of their masses is an open
question). The mass is due to the interaction of the particle with the Higgs field.
The EW transition took place when the universe cooled to the critical temperature
T. = 160 GeV at t ~ 10711 5.

The order of the electroweak transition depends on the particle physics on those

2More accurately, the interaction before the symmetry breaking had the two parts SUR2)w ®
U(1)y, and afterwards the broken weak interactions and the unbroken electromagnetic symmetry
both have parts of both.
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scales. In the Standard Model, the transition is a smooth crossover, not a phase
transition. However, in extensions of the Standard Model, there can be a first
order electroweak phase transition (so the two phases have different energy densities
at the critical temperature), in which case it proceeds through the formation of
bubbles of the new phase. The phase transition can then have interesting effects,
and baryogenesis, the generation of the observed matter-antimatter asymmetry in
baryons, may occur in that process. Observable amounts of gravitational waves may
also be generated at such a phase transition.

The QCD transition (also a crossover, not a phase transition), also known as
the quark-hadron transition, took place at ¢t ~ 1075 s. The critical temperature of
the QCD transition is T, ~ 150 MeV. Quarks, which had been free until this time,
formed hadrons: baryons (which contain three quarks), e.g. the nucleons n and p,
and mesons (which contain a quark and an antiquark), e.g. 7% and 7°. The matter
filling the universe was converted from a quark-gluon plasma to a hadron gas. All
mesons and most baryons are unstable with rather short lifetimes, so only protons
and neutrons remain at late times.

For every type of particle there is a corresponding antiparticle, which has the
same mass and quantum numbers as the particle, except for charges (like the electric
charge or colour charge), which have the opposite sign. Particles that do not have
any charges, such as photons, are their own antiparticles. (Or we can say that they
do not have antiparticles.) At high temperatures, T" > m, where m is the mass
of the particle, particles and antiparticles are constantly created and annihilated in
various reactions, and there is roughly the same number of particles and antiparti-
cles. When T' < m, particles and antiparticles may still annihilate each other (and
decay, if they are unstable), but there is no more thermal production of particle-
antiparticle pairs. Therefore the number density of heavy particles decreases rapidly.
Their annihilation reactions produce lighter particles and antiparticles. If the uni-
verse would originally have had an equal number of particles and antiparticles, only
photons and neutrinos (of the known particles) would be left over today in any
significant quantity. The presence of significant amounts of baryonic matter today
indicates that in the early universe there must have been slightly more nucleons and
electrons than antinucleons and positrons, and this excess was left over. The lightest
known charged massive particle is the electron, so the last annihilation event was the
electron-positron annihilation which took place when 7' ~ me ~ 0.5 MeV and ¢ ~
1 5.3 After this the only remaining antiparticles were the antineutrinos (unless they
are their own antiparticles), and the primordial soup consisted of a large number of
photons (who are their own antiparticles) and neutrinos (and possibly antineutrinos)
as well as a much smaller density of left-over protons, neutrons, and electrons. Dark
matter was also present, but becomes important only later. In many dark matter
models, an equal number of dark matter particles and antiparticles remain in the
late universe. We will discuss this chapter 6.

When the universe was a few minutes old, T ~ 0.1 MeV ~ 10? K, protons
and neutrons formed nuclei of light elements. This process is known as Big Bang
Nucleosynthesis (BBN), and it produced about 75% (of the total mass in ordinary
matter) 'H, 25% “4He, ~ 10~* 2H, ~ 107 3He, and ~ 107" "Li. (Heavier elements

3Neutrinos also have very small masses. However, at temperatures less than the neutrino mass,
the neutrino interactions are so weak that the neutrinos and antineutrinos cannot annihilate each
other. It is also possible that neutrinos are their own antiparticles, like photons.
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formed much later in stars.) We will discuss this chapter 5. A this time the matter
was still completely ionised and all electrons were free. In this plasma the photo
mean free path was short, so the universe was opaque.

The universe became transparent when it was 380 000 years old. At a tem-
perature T' ~ 3000 K (~ 0.3 eV), electrons and nuclei formed neutral atoms, and
the photon mean free path became longer than the radius of the observable uni-
verse. This event is called recombination. This name, taken from thermodynamics,
is misleading, since this is actually the first known time when electrons and nuclei
combined. A less misleading name is last scattering, which refers to the last time
that most photons and electrons interacted. Since then the primordial photons have
travelled through space almost without scattering. We can observe them today as
the cosmic microwave background (CMB). The CMB is a photograph of the universe
at 380 000 years of age, modified by its passage to us through 14 billion years.

The CMB shows that the early universe was locally very homogeneous and
isotropic, unlike the present universe, where matter has accumulated into stars,
galaxies, clusters, filaments, and superclusters, and which is only statistically homo-
geneous and isotropic. At the time of last scattering, density variations in baryonic
matter and photons were of the order 107°,* and we see these as small intensity
variations of the CMB (the CMB anisotropy). A terminological comment is in
order here. Although electrons are not baryons (they are leptons), cosmologists
refer to matter made out of protons, electrons, and neutrons as baryonic. Elec-
trons are anyway so light that their contribution to the total mass is tiny. Due to
gravity, small matter overdensities grew in time, and eventually formed galaxies,
which formed larger structures such as galaxy groups, clusters (large gravitationally
bound groups), superclusters, filaments, and walls, separated by large, relatively
empty voids. This process is called cosmological structure formation. Observations
of this present-day large-scale structure of the universe form a significant body of
data, which our cosmological theories are able to explain in detail.

There are two parts to structure formation:

1. The origin of the primordial density fluctuations, the seeds of galaxies. The
scenario that has been most successful in explaining the observed properties of the
primordial fluctuations is cosmic inflation, which probably occurred well before the
electroweak crossover. We will discuss inflation in the second part of the course and
calculate how the primordial perturbations are generated from quantum fluctuations
of the vacuum state.

2. The growth of perturbations in time. The growth is due to gravity, and it
depends on the composition and density of matter, as well as on how the universe
expands.

One of the main open questions in cosmology today is that most of the matter
and energy content of the universe appears to be in some unknown forms, called
dark matter and dark energy. The dark matter issue dates back to 1920s and 1930s,
and the dark energy problem arose in the 1990s.

Dark matter is a form of matter that gravitates like baryonic matter and that
we have observed only via its gravity, because it interacts so weakly with light (or
is made of very massive and therefore rare clumps). There are also many lines

4There were larger density variations in dark matter. The amplitude depends on the scale, but
for relevant cosmological scales they were of the order 107 — we will come to this later in the second
part of the course.
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of evidence for dark matter, including the motions of stars and gas in galaxies,
the existence and structure of galaxies, the motions of galaxies and gas in clusters,
gravitational lensing the structure of the CMB anisotropies, the pattern of large-scale
structure, gravitational lensing, the detailed evolution of the expansion rate of the
universe with time. Since all evidence for dark matter comes from its gravitational
effect, it is not excluded that it would be possible to explain the observations without
dark matter by modifying the laws of gravity instead. However, trying to fit all the
different observations has required resort to rather baroque models, and furthermore
since the early 2000s no modified gravity model, baroque or not, has been able to
explain all the observations, whereas dark matter has explained and predicted many
observations. Most cosmologists consider the problem to be to find out what dark
matter is made of, not whether it exists.

The only stable and massive non-baryonic particles in the Standard Model are
neutrinos. If they had suitable mass, ~ 1 eV, neutrinos left over from the early
universe would have sufficient mass density to explain all dark matter. We now
know that the neutrino masses are smaller. Also, neutrinos have moved too fast
to produce the structures seen in the universe: they are called hot dark matter
(HDM). Instead, according to observations we must have warm dark matter (WDM)
or cold dark matter (CDM). The difference between hot dark matter (HDM) and
cold dark matter (CDM) is that HDM is made of particles whose velocities were
large when they decoupled from other particles, but CDM particles had negligible
velocities; WDM is in-between. As the Standard Model does not contain particles
that could explain all of the dark matter, it appears that most of the matter in the
universe is made out of some unknown particles, or primordial black holes formed
at early times (rather than from stellar collapse). Usually, neutrinos are excluded
from the definition of dark matter, although one could also say that they form a
small subdominant component, so that the term “dark matter” refers only to the
unknown, exotic part of the unseen matter.

Particle physicists have independently come to the conclusion that the Standard
Model is not the final word in particle physics. Many proposed extensions of the
Standard Model contain suitable dark matter particle candidates (e.g. neutralinos,
technibaryons, axions, right-handed neutrinos). Their interactions have to be rather
weak to explain why they have not been detected so far, which imposes constraints
on models of particle physics. Dark matter is a significant area of overlap between
the physics of the very small and the very large.

The situation of dark energy is different. While cosmologists consider dark mat-
ter quite natural, many find dark energy puzzling. The increasing breadth and pre-
cision of cosmological observations has made it possible to determine the distance
scales and the expansion of the universe accurately. In the context of the homoge-
neous and isotropic models based on general relativity, a form of matter called dark
energy is required to fit these observations. Unlike dark matter, which is clustered,
dark energy is very uniform in the observable universe (no spatial variation has been
detected). And while dark matter has negligible pressure, dark energy has a large
negative pressure. The simplest possibility for dark energy is the cosmological con-
stant or vacuum energy. Quantum field theory indicates that the the vacuum has an
energy density, but it is difficult to understand the small energy scale ~ meV that is
required to explain the observations. Another possible explanation is modification
of the law of gravity at large distances. In the dark energy case, this is less difficult
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than for dark matter, as the only observable effect of dark energy is to increase the
expansion rate of the universe at late times, whereas the effect of dark matter is
seen in various physical systems on different scales and in different eras of the uni-
verse. There are some models of modified gravity that can explain the observations
on large scales without dark energy, and they will be tested by observations in the
near future. This remains an active area of research. The third possibility is that
the homogeneous and isotropic approximation is not good enough at late times due
to the formation of non-linear structures. Theoretical work so far, however, shows
that this approximation is surprisingly good, and the vacuum energy explanation
has also been very successful in explaining and predicting observations. So lthough
the issue has not yet been definitely settled, the weight of evidence is against it.

1.2 Units

Natural units. We use natural units in which ¢ = A = kg = 1.

c=1

The theory of relativity unifies space and time into a single concept: spacetime. It
is thus natural to use the same units for measuring spatial distance and temporal
distance. Since the (vacuum) speed of light is ¢ = 299 792 458 m/s, we set 1 s = 299
792 458 m, so that ¢ = 1 and 1 second = 1 light second and 1 year = 1 light year.
(Note that in SI units, this value of ¢ is exact, as it is used to define the meter.)
Velocity is thus dimensionless, and smaller than unity for massive objects. Energy
and mass have the same dimension, so for example the relation E? = m2c* + p2c?
between the mass m and energy E of a free particle, where p is the momentum,
reads simply E? = m? + p?.

kp=1

Temperature T is a parameter that describes a thermal equilibrium distribution.
The formula for the occupation number of energy level F includes the exponential
form ¥, where 3 = 1/(kgT). The only role of the Boltzmann constant, kg =
1.380649 x 10723 J/K, is to convert temperature into energy units. (Again, in SI
units, this value is exact, as it is the definition of the unit K.) We give temperature
directly in energy units, making kp unnecessary. We define kg = 1, so 1 K =
1.380649 x 10723 J, or

1 eV~ 11600 K ~ 1.78 x 10730 kg ~ 1.60 x 10719 J . (1.1)

Thus the exponential form is just e®/7.

h=1

The third simplification in the natural system of units is to set the reduced Planck
constant to unity, h = h/2m = 1. In SI units we have h = 6.62607015 x 10734 /(27) ~
1.054571817 x 10~34Js, so in the natural system of units the dimensions of mass and
energy are equal to the dimension of 1/time or 1/distance. (In SI units, this value
of h is exact.) This is convenient, because the typical time and distance scales of
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quantum mechanics are associated with particle energy. For example, the energy of
a photon F = hw = w is equal to its angular frequency. We have

1eV~5.07x10°m ™ ~ 1.52 x 10%s71 . (1.2)
A useful relation to remember is
1=h=~197 MeV fm , (1.3)

where we have the energy scale ~ 100 MeV and length scale ~1 fm of strong inter-
actions.

Equations now become simpler and physical relations more transparent as we
do not have to include the above fundamental constants. However, we still have
to convert between different units because the preferred units used in particle units
and cosmology (not to mention astrophysics) are different.

Astronomical units. A common unit of mass and energy is the solar mass, Mg =
1.99 x 103V kg, and a common unit of length is the parsec, 1 pc = 3.26 light years =
3.09%10'6 m. One parsec is defined as the distance from which 1 astronomical unit
AU, the distance between the Earth and the Sun) forms an angle of one arcsecond,
17.% (Astronomers and cosmologists only use light years when talking to outsiders.)
A common yardstick in cosmology is 1 Mpc = 10° pc, which is roughly the typical
distance between galaxies today.

1.3 The observable universe

The observations relevant to cosmology are mainly astronomical. The speed of light
is finite, and therefore, when we look away in space, we also look back in time. The
universe has been transparent since the formation of atoms at about 380 000 years,
so with light we can see more than 99.99% of the history of the universe.

The most important channel of observation is the electromagnetic radiation
(light, radio waves, X-rays, etc.) coming from space. We also observe charged
particles (protons, electrons, nuclei), called cosmic rays, as well as neutrinos. In ad-
dition, the composition of matter in the solar system has cosmological significance.
Gravitational waves are an important new channel. The first direct detection of
gravitational waves was made on September 14 2015 by the Advanced LIGO detec-
tor, opening the era of gravitational wave astronomy, followed up with hundreds of
detections by the LIGO/Virgo/KAGRA collaboration.

1.4 Redshift and the Hubble law

One of the starting points of modern observational cosmology was the discovery
by Lemaitre in 1927 (theoretically) and Hubble in 1929 (observationally) that the
redshift of galaxies is proportional to their distance. Redshift refers to the fact that
the visible light is redder (has longer wavelength) when it arrives to us than when
it was emitted. This redshift can be determined with high accuracy from spectral
lines. These lines are caused by transitions between different energy states of atoms

®One degree is divided into 60 arc minutes, denoted by 60, and one arc minute is divided into
60 arc seconds, denoted by 60”.
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and molecules, so their original wavelengths A\¢ can be measured in the laboratory
on Earth®. The redshift z is defined as

_ A=

z =

A
1 = 1.4
" or + 2z " (1.4)
where ) is the observed wavelength. The redshift is observed to be independent of
wavelength and for small z follows the approximate relation

z = H()D y (15)

where D is the distance to the galaxy and z is its redshift. (The speed of light ¢ is
set to unity, as noted above.) This relation was first discovered by Lemaitre, and
it is called the Hubble law’. The proportionality constant Hy is correspondingly
called the Hubble constant. It was introduced, its value was first determined from
observations, and it was interpreted as the expansion rate by Lemaitre.

While the redshift can be readily determined with high accuracy, it is more
difficult to determine the distance D. Measurements of distances in general and the
Hubble parameter in particular have been the subject of much work and controversy
over decades. Distance determinations used to be exclusively based on the cosmic
distance ladder. This refers to a series of relative distance determinations between
more nearby and faraway objects. The first step of the ladder is made of nearby
stars, whose absolute distance can be determined from their parallax, their apparent
motion on the sky due to our motion around the Sun. The other steps require
“standard candles”, classes of objects with the same absolute luminosity (radiated
power), so that their relative distances are inversely related to the square roots
of their “brightness” or apparent luminosity (received flux). Standard candles do
not exist, so people have introduced the term “standardisable candles”, meaning
objects whose luminosity varies in a way that is at least empirically understood.®
Nowadays there are also measurements that do not use the cosmic distance ladder,
but rather fit for data on for example the cosmic microwave background or the
clustering of galaxies on the sky, especially due to baryonic acoustic oscillations,
the galaxy counterpart of the CMB anisotropies due to inhomogeneities in matter
at last scattering. The drawback of these measurements is that the ones with high
accuracy so far are dependent on assuming a certain cosmological model — we will
discuss the distances in detail. The best distance ladder determination, current as
of October 2025, is [1]

Hy = 73.50 £ 0.81 km/s/Mpc . (1.6)

The error represents the range where the real result is with 68% probability. Dou-
bling the error bar gives the 95% probability range. (Unless otherwise noted, all
errors bars in the lecture notes correspond to the 68% range.) In contrast, a de-
termination of Hy from the CMB gives (we will later discuss how Hj is determined

S Assuming that the laws of physics are the same here and at the emission event. Put another
way, spectral lines offer a sensitive test of the change of the laws of quantum electrodynamics and
nuclear physics in time and space. No deviations from the laws observed on Earth have been found.

"In 2018, the International Astronomical Union voted to recommend the name Hubble-Lemaitre
law. It has not caught on.

8The supernova physicist Bruno Leibundgut’s comment on this terminology: “you can make the
English language as ugly as you want”.
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from the CMB) [2]
Hp=67.4+0.5 km/s/Mpc . (1.7)

The probability that the difference in these numbers is a statistical accident is
5x10714. This discrepancy measurements made in the local neighbourhood, that are
independent of the cosmological model, and model-dependent measurements span-
ning larger distances is also borne out by other observations. This Hubble tension is
currently the biggest discrepancy between prediction and observation in cosmology.

For small redshifts (z < 1), the redshift is sometimes spoken of if it was a
Doppler effect due to relative motion of the source and the observer. The distant
galaxies are thus apparently receding from us with the velocity

v=2z. (1.8)

The further the galaxies are, the faster they seem to move. Astronomers sometimes
report the redshift in units of velocity, by reintroducing ¢ in (1.8), z = v/c.

However, according to general relativity, movement in space is not the proper
way understand the redshift. The galaxies are not moving, the distance between the
galaxies increases because the space between the galaxies expands. The redshift is
directly related to the expansion. The easiest way to understand the cosmological
redshift is that the wavelength of light expands with the universe. The universe
has expanded by a factor 1 + z during the time light travelled from an object with
redshift z to us. The larger the cosmological redshift, the younger the universe was
when the light left.

We will later derive the redshift from general relativity. It turns out that equa-
tions (1.5) and (1.8) hold only in the limit z < 1, and the general result that relates
distances and the redshift z is more complicated. In particular, the distance reaches
a finite value as z goes to infinity — though we should be careful about what we
mean by distance! We will look at this in detail in chapter 3.

The expansion rate H changes on cosmological timescales. The time-dependent
function H(t) (where ¢ is the age of the universe) is called the Hubble rate or
the Hubble parameter, and its present value is called the Hubble constant, Hj.
In cosmology, it is customary to denote the present value of a quantity with the
subscript 0. Thus Hy = H (to).

The galaxies are not exactly at rest in the expanding space. Each galaxy has
its own peculiar motion vg,, caused by the gravity of nearby mass concentrations,
such as other galaxies. Neighbouring galaxies can fall towards each other, orbit each
other and so on”.

Thus the redshift of an individual galaxy is the sum of the cosmological redshift
and the peculiar redshift.

2= HoD + vga) (when z < 1) . (1.9)

Typically vga ~ 300...500 km/s. In large galaxy clusters, where galaxies orbit each
other, vga can be thousands of km/s. For nearby galaxies, the peculiar redshift can
be larger than the cosmological redshift, and the total redshift can be negative, i.e.
a blueshift. For distant galaxies, HoD >> vga1.

9 Alternatively, we may say that the galaxies remain in place, but there are local deviations
in the expansion rate. This is the more natural interpretation from the point of view of general
relativity. However, the idea of peculiar velocities is perhaps simpler to understand, as it is closer
to Newtonian gravity in the way it is usually formulated.
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1.5 The horizon

Because of the finite speed of light and the finite age of the universe, only a finite
part of the universe is observable. Our horizon is at the distance from which light
has just had time to reach us during the entire age of the universe. Were it not for
the expansion of the universe, the distance to this horizon 7y, would equal the age
of the universe, around 14 billion light years (4300 Mpc). Expansion complicates
the situation; we will calculate the horizon distance later. For large distances the
redshift grows faster than (1.5). At the horizon z — oo, i.e. Dpoy = D(z = 00).
The universe has been transparent only for z < 1090 (after last scattering), so
the “practical horizon”, i.e. the limit to what we can see with light (gravitational
waves are not subject to this restriction), lies already at z = 1090. The distance
D(z = 1090) is 98% of the distance D(z = 00), and the distance z = 4 is about
halfway from here to the horizon.

Therefore we can only observe a finite region of the universe, a sphere of radius
Dyor around us. The universe can extend far beyond that, and it may even be
infinite. Sometimes the word “universe” is used to denote just this observable part
of the whole universe. Then we can say that the universe contains some 10'? galaxies
and 10?3 stars. When the expansion of space decelerates, the horizon recedes and
parts of the universe that are beyond our present horizon become observable. When
the expansion accelerates, as it seems to have done during the past few billion years,
the observable region does not grow, and if the acceleration continues, in the distant
future galaxies that are now observable will disappear from sight.

1.6 Cosmic microwave background

At microwave frequencies the sky is dominated by the cosmic microwave background
(CMB), which is highly isotropic: the microwave sky glows almost uniformly, with
only small contrasts. The electromagnetic spectrum of the CMB is the blackbody
spectrum with a temperature of Ty = 2.72548 4+ 0.00057 K [3]. It follows the the-
oretical blackbody spectrum better than anything else we have observed. It is the
remnant of a hot state in the early universe, when matter and light were almost
homogeneously and isotropically distributed and in thermal equilibrium. The tem-
perature of the CMB falls as (1 + z)~! due to photon redshift, so as as the last
scattering surface is a z = 1090, the original temperature was about 3000 K.

The observed temperature of the CMB and the observed density of the present
universe allows us to fix the evolution of the temperature and the density of the uni-
verse, which then allows us to calculate the sequence of events in the early universe.

The small anisotropy on the microwave sky is dominated by the dipole anisotropy
(one side of the sky is slightly hotter and the other side colder), with an amplitude
of 3.346 +0.017 mK, or AT /Ty = 0.0012. This is a Doppler effect due to the motion
of the observer, i.e. the motion of our Solar System with respect to the radiating
matter at our horizon. The velocity of this motion is v = (AT/Ty) ¢ = 369 km/s,
or v = 0.00123 and it is directed towards the constellation of Leo (R.A. 11"8™50%,
Dec. —6°37') [4]. It is due to two components, the motion of the Sun around the
center of the Galaxy, and the peculiar motion of the Galaxy due to the gravitational
pull of matter concentrations up to 100-200 Mpc away'C.

10Sometimes people ask whether there is a contradiction with special relativity — doesn’t the
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When we subtract the effect of this motion from the observations (and remove
emission from the Milky Way and other nearby sources — the Galaxy emits microwave
radiation, but with a non-thermal spectrum) the CMB anisotropy remains, with a
mean amplitude of 3 x 107°, or 80 K. This anisotropy gives a picture of the small
density variations in the early universe, the seeds of galaxies. Theories of structure
formation have to match observations of the small inhomogeneity of the order 10>
at z = 1090, the structure observed today (z = 0), and the evolution in-between.
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CMB provide an absolute reference frame? There is no contradiction. Special relativity just says
that the laws of physics are the same for all inertial observers. The realisations of these laws, i.e.
real physical systems, however do not respect this symmetry, and have reference frames associated
with them, such as the center-of-mass frame or the laboratory frame. For road transportation, the
surface of the Earth is a natural reference frame. In cosmology, the CMB gives us a useful reference
frame—it is closely related to the center-of-mass frame of the observable part of the universe, or
rather, a part of it which is close to the horizon (the last scattering surface). The different parts
of the plasma from which the CMB originates are moving with different velocities (part of the
1072 anisotropy is due to these velocity variations). If there is something surprising here, it is that
these relative velocities are so small, of the order of just a few km/s, reflecting the astonishing
homogeneity of the early universe over large scales. We will return to the question of whether these
are natural initial conditions when we discuss inflation in the second part of the course.

1This is the standard deviation of the CMB anisotropy on the sky. The hottest and coldest spots
deviate about 5 times as much from the average temperature.
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