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9 Perturbations after inflation

9.1 Metric perturbations

In the previous chapter we considered the generation of perturbations during infla-
tion. Let us now discuss how these perturbations evolve and form structures. Very
non-linear structures such as planets, stars and galaxies have grown from small initial
perturbations under the influence of gravity, a process called structure formation,
and often the distribution of non-linear objects can be treated in terms of linear
theory. As in the previous chapter, we will consider linear perturbation theory, so
we linearise all equations around a background, and neglect terms higher than first
order in the perturbations.

Let us discuss perturbations of the metric. We leave the rigorous development
of cosmological perturbation theory to a more advanced course, and just summarise
some basic concepts and results. (The interested reader may consult [1, 2] for details;
Hannu Kurki-Suonio’s lectures may also be useful1.) We only consider spatially
flat backgrounds, as spatial curvature would introduce technical complications, and
inflation is expected to make the spatial curvature tiny. The most general linear
perturbation around the FLRW metric can be written as

ds2 = −(1 + 2Φ)dt2 + 2a(t)(B,i − Si)dx
idt

+a(t)2 [(1− 2Ψ)δij + 2E,ij + Fi,j + Fj,i + 2hij ] dx
idxj , (9.1)

where repeated indices are summed over, and a comma stands for derivative with
respect to xi i.e. f,i ≡ ∂f/∂xi. The perturbations have been written in terms of
irreducible representations of the group of three-dimensional spatial rotations, in
other words in terms of quantities that are closed under rotations. Here Φ,Ψ, B and

1https://www.mv.helsinki.fi/home/hkurkisu/cpt/
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E are scalars, Si and Fi are vectors and hij is a tensor, The vector perturbations
are transverse, δijSi,j = δijFi,j = 0, and the tensor perturbation is transverse and
traceless, δijhij = 0, δjkhij,k = 0. Physically, tensors correspond to gravity waves,
vectors describe rotation and scalars are directly related to the density perturbation,
as we will see.

In linear perturbation theory the irreducible scalar, vector and tensor perturba-
tions evolve independently. Vector perturbations are not sourced by inflation (or
subsequent evolution) in the linear regime, so we put them to zero, Fi = Si = 0.
No tensor perturbations have been detected thus far, but they are an important
prediction of inflation.

For the metric perturbation, we have 10 independent functions (vectors in-
cluded). However, four of them are not physical degrees of freedom, they just
correspond to the freedom of choosing the four coordinates. So there are 6 physical
degrees of freedom. There are thus different coordinate systems (also called different
gauges) which describe the same physics. The choice of coordinates is called a choice
of gauge2. It can be shown that we can choose E = B = 0, and that doing so fixes
the coordinate system completely. This choice is known as the longitudinal gauge
and also as the conformal Newtonian gauge. We are then left with the metric

ds2 = −(1 + 2Φ)dt2 + a(t)2 [(1− 2Ψ)δij + 2hij ] dx
idxj , (9.2)

so we have two scalar degrees of freedom and one transverse traceless symmetric
tensor, which has two independent degrees of freedom. The metric perturbations
Φ(t,x) and Ψ(t,x) are called the Bardeen potentials3. The function Φ is also called
the Newtonian potential, since in the Newtonian limit, it becomes equal to the
Newtonian potential perturbation, and Ψ is called the Newtonian curvature per-
turbation, because it determines the curvature of the 3-dimensional t = constant
subspaces, which are flat in the unperturbed universe.

9.2 The linear equations of motion

In general relativity, spacetime geometry is described by the metric (expressed in
the line element). The evolution of the metric is sourced by matter as described by
the Einstein equation, the equation of motion of general relativity. We will not go
into details of the general description of matter in the theory. We will only consider
matter that is an ideal fluid or a mixture of several ideal fluids. An ideal fluid has at
every point a unique energy density ρ, pressure p, and four-velocity uα (the index α
goes from 0 to 3 and labels spacetime directions). As with the metric, we split the
these terms into background plus perturbations,

ρ(t,x) = ρ̄(t) + δρ(t,x) (9.3)

p(t,x) = p̄(t) + δp(t,x) (9.4)

uα(t,x) = δα0 + δuα(t,x) , (9.5)

2More precisely, perturbation theory is formulated in terms of a mapping from the real inhomo-
geneous and anisotropic spacetime to a background spacetime, and it is the choice of map which
is called a “gauge choice”. However, the choice of coordinates and choice of mapping are often
conflated in cosmological parlance. More simply, change of gauge is a change of coordinates, except
that it only affects the perturbations, the background is kept fixed. We will not get into such details.

3Warning: sign conventions for Φ and Ψ differ, and the definitions of Ψ and Φ are also sometimes
switched with each other.
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We will not derive the linearised equation of motion –if you know general relativity,
it is easy to do– but just give the result. For the (spatially flat) background we have

3H2 = 8πGNρ̄ (9.6)

3(Ḣ +H2) = −4πGN(ρ̄+ 3p̄) , (9.7)

where we have used the relation ä/a = Ḣ +H2. For the perturbations, we have

4πGNδρ =
1

a2
∇2Ψ− 3H(Ψ̇ +HΦ) (9.8)

4πGN(ρ̄+ p̄)δui = −(Ψ̇ +HΦ),i (9.9)

4πGNδpδij =

[
(2Ḣ + 3H2)Φ +HΦ̇ + Ψ̈ + 3HΨ̇ +

1

2

1

a2
∇2D

]
δij

−1

2

1

a2
D,ij (9.10)

0 = ḧij + 3Hḣij −
1

a2
∇2hij , (9.11)

where ∇2 ≡ δij∂i∂j and D ≡ Φ−Ψ.
From the non-diagonal components of (9.10) we see that D,ij = 0 for all i ̸= j.

The general solution of this equation is D = A(t, x)+B(t, y)+C(t, z). In cosmology
there are no preferred coordinate axes, so the only physically relevant solution is
D = D(t). However, this corresponds to changing the time coordinate, so we can
set D(t) = 0 without loss of generality. We therefore have Φ = Ψ.4 To see what the
single remaining scalar metric degree of freedom corresponds to, we can manipulate
the remaining perturbation equations (9.8)–(9.10). Let us introduce some notation:
the density contrast is defined as

δ ≡ δρ

ρ̄
. (9.12)

We also define the background equation of state as w ≡ p̄/ρ̄, and introduce the
variable v2 ≡ δp/δρ. We will later see that if v2 > 0, then v corresponds (for certain
types of perturbation called adiabatic) to the sound speed of the cosmic fluid; if
v2 < 0, it is instead related to the instability timescale of the fluid. We can now
express the pressure perturbation in terms of v2 and δ, and write (9.8)–(9.11) as

0 = Φ̈ +H(4 + 3v2)Φ̇− v2
1

a2
∇2Φ+ [2Ḣ + (3 + 3v2)H2]Φ (9.13)

δ =
2

3

1

(aH)2
∇2Φ− 2

1

H
Φ̇− 2Φ (9.14)

δui =
1

a2Ḣ
∂i(Φ̇ +HΦ) (9.15)

0 = ḧij + 3Hḣij −
1

a2
∇2hij . (9.16)

4In fact, neutrinos develop anisotropic stress after neutrino decoupling, so they do not behave
like an ideal fluid. Therefore the two Bardeen potentials actually differ from each other by about
10% in the time between neutrino decoupling and matter-radiation equality. After the universe
becomes matter-dominated, the neutrinos become unimportant, and Ψ and Φ rapidly approach
each other. The same thing happens to photons after photon decoupling, but the universe is then
already matter-dominated, so the photons do not cause a significant difference between Ψ and Φ.
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From the set of equations (9.13)–(9.15) it follows that the metric perturbation
Φ is non-zero only if there is matter. So Φ is generated directly by matter sources,
in particular by the density perturbations. In contrast, the tensor perturbation hij
can be non-zero even if the space is empty: they correspond to gravitational waves.

The procedure for solving the perturbed equations is the following.

1) Give the matter model, i.e. give w and v2.

2) Solve for the evolution of the background and obtain a(t).

3) Solve the perturbation equations.

The order of solving the perturbation equations is that (9.13) gives the evolution
of Φ, and we then find the corresponding density contrast from (9.14) and the
velocity perturbation from (9.15). (We will not be much concerned with the velocity
perturbation.) Note an important difference in (9.14) from the classical Poisson
equation: there are terms of the metric perturbation without any gradients on the
right-hand side. This is a purely general relativistic feature which has very important
consequences, as we will see.

9.3 Fourier transformation

Since the equations are linear, they are easily solved in terms of a Fourier transfor-
mation. As in the previous chapter, we define

Φ(t,x) =
1

(2π)3/2

∫
d3kΦk(t)e

ik·x , (9.17)

and define δk, u
i
k and hkij in the same way. Different Fourier modes decouple, and

the equations reduce to ordinary second order differential equations for each mode.
Inserting (9.17) into (9.13)–(9.16) we get (we drop the velocity equation)

0 = Φ̈k +H(4 + 3v2)Φ̇k + v2
k2

a2
Φk + [2Ḣ + (3 + 3v2)H2]Φk (9.18)

δk = −2

3

k2

(aH)2
Φk − 2

1

H
Φ̇k − 2Φk (9.19)

0 = ḧkij + 3Hḣkij +
k2

a2
hkij . (9.20)

The above equations have an interesting property. For a fluid for which v2 = w,
the last term in (9.18) vanishes due to (9.6) and (9.7). Thus, for long wavelength
perturbations, k ≪ aH, we find that Φk = constant is a solution, and (9.19) shows
that the density contrast δk is then also constant and equal to −2Φk. The grav-
itational waves also have a constant solution, regardless of v2 or the equation of
state, as long as k ≪ aH. So the relativistic equations allow for the possibility
that perturbations with wavelengths much larger than the Hubble scale are frozen
and remain unaffected by cosmological evolution. Such a feature is not present in
Newtonian gravity.

In the first part of the course we saw that the early universe is radiation-
dominated until t = teq ≈ 50 000 years, after which the universe is matter-dominated
until it becomes (in the ΛCDM model) dominated by the vacuum energy at around
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8 billion years. In order to know the evolution of the perturbations, all we need to
do is to plug the background evolution we have already calculated into the above
equations and solve, keeping in mind that we have to track at least four different
components (photons, neutrinos, baryons and dark matter) with different behaviour
(i.e. different w and v2).

The equations (9.18) and (9.19) give the time evolution of the Fourier compo-
nents, but the spatial dependence (i.e. dependence on k) is left unconstrained, and
since the equations are linear, all linear combinations of solutions are also solutions.
The spatial dependence is fixed by the initial conditions at early times, given by
inflation.

9.4 Evolution on super-Hubble scales

In the previous chapter, we calculated the primordial power spectrum of scalar field
fluctuations and noted how it is related to the comoving curvature perturbation R,
which is conserved on super-Hubble scales5, k ≪ aH. Now we want to know how R
is related to Φ, the scalar metric perturbation in the longitudinal gauge, and to the
density contrast δ, and how to go from primordial perturbations to the perturbations
seen today.

It can be shown that R is related to Φ as follows:

R = −5 + 3w

3 + 3w
Φ− 2

3 + 3w
H−1Φ̇ ; (9.21)

recall that w ≡ p̄/ρ̄. Given R, we can read (9.21) as a differential equation from
which to solve Φ. During any period when w = constant, the solution is

Φk = −3 + 3w

5 + 3w
Rk + a decaying part . (9.22)

Thus, after w has been constant for some time, the Bardeen potential has settled to
the constant value

Φk = −3 + 3w

5 + 3w
Rk . (9.23)

In particular, we have

Φk = −2

3
Rk (rad.dom., w = 1

3)

Φk = −3

5
Rk (mat.dom., w = 0) . (9.24)

Using the relation between Φ and δ given in (9.19), we have, for super-Hubble modes
and a constant equation of state,

δk = −2Φk =
6 + 6w

5 + 3w
Rk . (9.25)

We should now find out how the perturbations evolve when they enter the Hubble
radius, and how the situation changes as we pass from radiation domination to
matter domination to being dominated by vacuum energy. (Exercise: According
to (9.25), we would get δk = 0 for w = −1. Explain this in physical terms.)

5More precisely, R is conserved when perturbations are adiabatic. We will come back to this
shortly.
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9.5 Hubble entry

When the expansion of the universe decelerates, i.e. after inflation but before the
recent period of accelerated expansion, scales are entering the Hubble radius. Short
scales enter earlier, large scales enter later. The history of different scales after
Hubble radius entry, and thus their present perturbation amplitude, depends on the
epoch during which they enter the Hubble radius. Even if the primordial pertur-
bations are scale-free, the perturbations seen today are not, because different scales
have been processed differently. The wavelengths of the modes that enter during
transitions between epochs are special scales that characterise the present structure
of the universe. Particularly important scales are the inverse wavenumber (or wave-
length, if we are not careful about factors of 2π) of modes that enter at the moment
of matter-radiation equality teq,

k−1
eq = (aeqHeq)

−1 ≈ 13.7ω−1
m Mpc , (9.26)

and the inverse wavenumber of the mode that at the time tdec ≈ 380 000 yr of photon
decoupling,

k−1
dec = (adecHdec)

−1 ≈ 90ω−1/2
m Mpc . (9.27)

A conservative model-independent observational range is ωm = 0.14 ± 0.01 [3, 4].
This gives k−1

eq = 98 ± 7 Mpc and k−1
dec = 241 ± 9 Mpc. For the ΛCDM model

the Planck data gives ωm = 0.1430 ± 0.0011 [5], which corresponds to k−1
eq =

95.8 ± 0.7 Mpc and k−1
dec = 238 ± 1 Mpc. The smallest scale that may be con-

sidered cosmological is the typical distance between galaxies, about 1 Mpc. 6 This
scale entered the Hubble radius during the radiation-dominated epoch well after Big
Bang nucleosynthesis.

The present Hubble length is

k−1
0 = (a0H0)

−1 ≈ 3000h−1 Mpc ≈ 4000 Mpc , (9.28)

where in the last equality we have used h = 0.7. If the expansion is accelerating at
the moment7 this scale is actually exiting now, and there are scales, somewhat larger
than this, that have briefly entered and then exited again in the recent past. Modes
on the largest observable scales ∼ k−1

0 have essentially remained at their primordial
amplitude.

9.6 Composition of the real universe

In the ΛCDM model, the energy density of the universe has five components:

1. cold dark matter (CDM)

6In the present universe, structure at smaller scales has undergone a non-linear process of galaxy
formation, and it bears little relation to the primordial perturbations. However, observations of
the high-redshift universe, especially so-called Lyman-α observations (absorption spectra of high-z
quasars, which reveal distant gas clouds along the line of sight), can reveal these structures when
they are closer to their primordial state. With such observations, the “cosmological” range of scales
can be extended down to ∼ 0.1 Mpc. Other observables such as 21 cm radio emission from hydrogen
spin flips can in principle take this down even further.

7This is the case in the ΛCDM model, but there are also models where the acceleration has
transitioned back into deceleration.
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2. baryonic matter

3. photons

4. neutrinos

5. vacuum energy .

The existence of baryons, photons, and neutrinos is beyond reasonable doubt, the
existence of dark matter is considered established by most cosmologists (however,
warm dark matter remains a plausible alternative to cold dark matter), and the
existence and nature dark energy is still a subject of debate. As in the first part of
the course, we will stick with the ΛCDM model and only consider vacuum energy.
We have

ρ = ρc + ρb︸ ︷︷ ︸
ρm

+ ργ + ρν︸ ︷︷ ︸
ρr

+ρΛ , (9.29)

where we have grouped CDM (denoted with c) and baryons together as matter, and
photons and neutrinos as radiation. As we have discussed, neutrinos are actually
non-relativistic today and so constitute matter. However, for simplicity we will
neglect neutrino masses, as we have done before. (Because the contribution of the
neutrinos to the total energy density, or the energy density of matter, is small when
they become non-relativistic, this approximation is not too bad.)

Until the decoupling of photons and matter at t = tdec, baryons and photons are
tightly coupled, so for t < tdec it is useful to treat them as a single component,

ρbγ ≡ ρb + ργ . (9.30)

We treat the other components as non-interacting (except via gravity). The
description of matter as an ideal fluid (i.e. one with a unique density and veloc-
ity at every point in space) applies to components whose particle mean free paths
are smaller than the scales of interest. After decoupling, photons free-stream, i.e.
they move almost without scattering, and cannot be discussed as an ideal fluid. On
the other hand, the density contrast in the photon component does not grow after
decoupling, so we can neglect the effect of photon perturbations compared to per-
turbations in the matter after decoupling.8 We make the same approximation for
the neutrinos, treating them as an ideal fluid of radiation. We also consider CDM
as an ideal fluid: after non-linear structure formation, the ideal fluid assumption
of a unique velocity at every point will not be valid any more, but in the linear
regime the approximation is reasonable. If the dark energy is vacuum energy, it is
perfectly smooth, with no perturbations. (In more complicated dark energy models,
perturbations of dark energy are typically not important on small scales, but may
have an effect on large scales.)

8The CMB perturbations carry important information, and will be the focus of our attention
in the next section. However, their influence on the evolution of the total density perturbation is
small.
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9.7 Multifluid matter

Let us now discuss the general case when the matter consists of several components,
which individually can be treated as ideal fluids and which interact with each other
only gravitationally. This means that each component sees only its own pressure, and
the components can have different flow velocities. Labelling the components with
the subscript i, we introduce separate density, pressure, and velocity perturbations
for each,

ρi(t,x) = ρ̄i(t) + δρi(t,x) (9.31)

pi(t,x) = p̄i(t) + δpi(t,x) (9.32)

uαi (t,x) = δα0 + δuαi (t,x) , (9.33)

and the total quantities are

ρ̄ =
∑
i

ρ̄i , p̄ =
∑
i

p̄i (9.34)

δρ =
∑
i

δρi , δp =
∑
i

δpi . (9.35)

The individual density contrasts are

δi ≡
δρi
ρ̄i

, (9.36)

and the total density contrast is

δ =
δρ

ρ̄
=

∑
i δρi∑
j ρ̄j

. (9.37)

Note that the total density contrast is not the sum of the individual density contrasts.
Instead, the density contrasts are weighted by the mean densities,

δ =
∑
i

δi
ρ̄i
ρ̄

. (9.38)

9.8 Adiabatic and isocurvature perturbations

Before going to the evolution of the different components, let us discuss perturbations
in the multifluid case. Suppose that the equation of state is barotropic

p = p(ρ) , (9.39)

i.e. the pressure is uniquely determined by the energy density. Then the pertur-
bations δp and δρ are necessarily related by the derivative dp/dρ of the function
p(ρ),

p = p̄+ δp = p̄(ρ̄) +
dp

dρ
(ρ̄)δρ ⇒ δp =

dp

dρ
δρ .

The time derivatives of the background quantities p̄ and ρ̄ are related by the same
derivative,

˙̄p =
dp̄

dt
=

dp

dρ
(ρ̄)

dρ̄

dt
=

dp

dρ
˙̄ρ .
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Assuming the derivative dp/dρ is non-negative, its square root is the sound speed

cs ≡

√
dp

dρ
. (9.40)

We thus have, for barotropic equation of state, the relation

v2 ≡ δp

δρ
=

˙̄p
˙̄ρ
= c2s .

In general, p may depend on other variables besides ρ. The sound speed is then
given by

c2s =

(
∂p

∂ρ

)
S

(9.41)

where the subscript S indicates that the derivative is taken so that the entropy of the
fluid element is kept constant. Since the background universe expands adiabatically
(meaning that there is no entropy production), we have

˙̄p
˙̄ρ
=

(
∂p

∂ρ

)
S

= c2s . (9.42)

Perturbations with the property

δp

δρ
=

˙̄p
˙̄ρ

(9.43)

are called adiabatic perturbations. If p = p(ρ), perturbations are necessarily adia-
batic. In the general case, perturbations may or may not be adiabatic. If they are
not, the perturbations can be divided into adiabatic perturbations and isocurvature
perturbations. An adiabatic perturbation corresponds to a change in the total energy
density, whereas isocurvature perturbations correspond to perturbations between the
different components. For adiabatic perturbations we have

δp = c2sδρ =
˙̄p
˙̄ρ
δρ . (9.44)

Adiabatic perturbations are the simplest kind of perturbations. It is an impor-
tant prediction of single-field inflation that the perturbations are adiabatic, since all
scalar perturbations in all quantities are proportional to the scalar field perturbation
δφ.

Adiabatic perturbations have the property that the local state of matter (deter-
mined here by the quantities p and ρ) at some spacetime point (t,x) of the perturbed
universe is the same as in the background universe at some slightly different time
t + δt(t,x), with a different time difference for different locations x. We can thus
think of adiabatic perturbations in terms of some parts of the universe being ahead
and others behind in the evolution, as visualised in figure 1.

For different components i and j we have

δρi(x) = ˙̄ρiδt(x)

δpi(x) = ˙̄piδt(x)

}
⇒


δpi
δρi

=
˙̄pi
˙̄ρi

δρi
δρj

=
˙̄ρi
˙̄ρj

(9.45)
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Figure 1: For adiabatic perturbations, the conditions in the perturbed universe
(right) at (t1,x) equal conditions in the (homogeneous) background universe (left)
at some time t1 + δt(x).

If there is no energy transfer between the fluid components at the background level,
the energy continuity equation is satisfied by each one separately,

˙̄ρi = −3H(ρ̄i + p̄i) = −3H(1 + wi)ρ̄i , (9.46)

Thus for adiabatic perturbations we have

δi
1 + wi

=
δj

1 + wj
. (9.47)

For matter components wi = 0, and for radiation components wi =
1
3 . Thus, for

adiabatic perturbations, all matter components have the same perturbation

δi = δm (9.48)

and we likewise have for all radiation perturbations

δi = δr =
4

3
δm . (9.49)

The isocurvature perturbation between two components is defined as

Sij ≡ −3H

(
δρi
˙̄ρi

− δρj
˙̄ρj

)
=

δi
1 + wi

− δj
1 + wj

, (9.50)

and it describes deviation from the adiabatic case.
Adiabatic perturbations remain adiabatic while they are outside the Hubble ra-

dius and are frozen. However, adiabatic perturbations can (and in general do) evolve
into a mixture of adiabatic and isocurvature perturbations once they enter the Hub-
ble radius, because different components evolve differently. In more complicated
models of inflation and reheating there can also be primordial isocurvature pertur-
bations (in which case neither isocurvature nor adiabatic perturbations are conserved
even on super-Hubble scales). For example, if there are two fields during inflation,
and one decays to CDM and the other produces the rest of the matter, there would
be primordial isocurvature perturbations between CDM and other forms of matter.
Present observational data is consistent with the primordial perturbations being
purely adiabatic, and any isocurvature contribution is constrained to be at most a
few %, with the precise bound depending on the type of isocurvature perturbation
[6].
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9.8.1 Multifluid evolution

The background evolution is given by

3H2 = 8πGNρ̄ (9.51)

3
ä

a
= −4πGN(ρ̄+ 3p̄) (9.52)

0 = ˙̄ρi + 3H(ρ̄i + p̄i) . (9.53)

If we had energy transfer between components, the left-hand side of (9.53) would be
non-zero for the individual components (but still zero for the total energy density
and pressure).

Just like the background expansion is sourced by the total energy density and
pressure, the metric perturbations are sourced by the perturbations in the total
energy density and pressure, so we have, from section 9.3,

0 = Φ̈k +H(4 + 3v2)Φ̇k + v2
k2

a2
Φk + [2Ḣ + (3 + 3v2)H2]Φk (9.54)

δk = −2

3

k2

(aH)2
Φk − 2

1

H
Φ̇k − 2Φk . (9.55)

9.9 The radiation-dominated era

After reheating (or, more accurately, preheating: the matter does not need to have
a thermal distribution for the energy density to scale like radiation) the universe is
dominated by radiation. As late as at BBN, matter contributes only about a fraction
of 10−6 to the total energy density. So let us first see how the density perturbations
evolve in the radiation-dominated universe. In this era, we have to good accuracy
for the background energy density ρ ≈ ρr ∝ a−4, and spatial curvature and vacuum
energy are negligible. We therefore get from (9.6) a ∝ t1/2, H = 1/(2t). We
assume that the perturbations are adiabatic, so we have from (9.49) δm = 3

4δr
on super-Hubble scales. As long as the growth of matter perturbations on sub-
Hubble scales is not too strong (we discuss this below), we then have δρr ≫ δρm, so
δp/δρ = δpr/δρ ≈ δpr/δρr = 1/3 and δ ≈ δr (see (9.37)) to good accuracy. Hence
v2 = c2s =

1
3 .

The general solution of (9.54) and (9.55) is then

Φk(t) = [y cos y − sin y] a−3A1k + [y sin y + cos y] a−3A2k (9.56)

δk(t) = 4

[
(y2 − 1) sin y + y

(
1− 1

2
y2
)
cos y

]
a−3A1k

+4

[
(1− y2) cos y + y

(
1− 1

2
y2
)
sin y

]
a−3A2k , (9.57)

where the behaviour has been conveniently expressed in terms of the variable y ≡
k/(

√
3aH) ∝ a ∝ t1/2. There are two limiting regimes, perturbations much larger

than the Hubble radius (y ≪ 1) and perturbations deep inside the Hubble radius
(y ≫ 1).

For y ≪ 1, the mode proportional to A2k in Φk decays as a−3, while the ampli-
tude of the A1k mode stays constant, and likewise for δk. The non-decaying mode



9 PERTURBATIONS AFTER INFLATION 160

behaviour in the long-wavelength limit is

Φk(t) = − 1

9
√
3

(
k

H0

)3

A1k = constant

δk(t) =
2

9
√
3

(
k

H0

)3

A1k = constant . (9.58)

On sub-Hubble scales, y ≫ 1, we have (again dropping the decaying mode)

Φk(t) =
1√
3

(
k

H0

)
a−2 cos yA1k ∝ a−2 cos y

δk(t) = − 2

3
√
3

(
k

H0

)3

cos yA1k ∝ cos y . (9.59)

So the gravitational potential decays, while the density perturbation oscillates around
a constant amplitude.

Though the physical wavelength of the mode grows like ∝ a, the Hubble radius
stretches faster, H−1 ∝ a2. (Viewed in comoving terms, the wavelength stays con-
stant, while aH ∝ a−1 drops.) For super-Hubble modes, the decaying mode becomes
negligible, while the non-decaying mode remains constant. Once the wavelength of
the mode becomes smaller than the Hubble radius, the density contrast starts to
oscillate, and the gravitational potential decays. In both cases, the perturbations
remain small.

What about perturbations in the matter during the radiation-dominated era?
Baryons are tightly coupled to radiation until z ≈ 1090, so they have the same per-
turbations as the radiation fluid. (We will later come back to what happens when
baryons and photons decouple; that occurs in the matter dominated era.) However,
dark matter decouples from the thermal bath earlier than the baryons, since it inter-
acts weakly. We assume here that dark matter is cold, so its pressure is negligible.
After the decoupling of dark matter, its energy density and pressure satisfy the con-
tinuity equation individually. Since the dark matter contributes negligibly to the
background and to the gravitational potential, we can take (9.56) as a given and
see how the dark matter perturbation evolves in this gravitational potential. The
derivation for the equations the dark matter density contrast is not complicated,
but it requires a bit more general relativity than we have on this course, so we just
give the result. For a general FRW background and general metric perturbation Φ,
we have

δ̈ck + 2Hδ̇ck = 3Φ̈k + 6HΦ̇k − k2

a2
Φk . (9.60)

It is clear that the solution for super-Hubble modes k ≪ aH is δck = constant,
given that Φk = constant. In the opposite limit k ≫ aH we get, by inputting
a ∝ t1/2 and (9.59), the solution

δck = Ã1k + Ã2k ln y , (9.61)

where the coefficients Ã1k and Ã2k can be written in terms of A1k and A2k. (Exer-
cise. Calculate Ã1k and Ã2k in terms of A1k and A2k.) (Recall that if we assume
adiabatic initial conditions, we have δm = 3

4δr ≈ δ.) So, in contrast to baryons, the
density contrast of cold dark matter grows logarithmically during the radiation dom-
inated era. The dark matter perturbations thus have a head start on perturbations
in baryonic matter, which is tightly coupled to the photons.
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9.10 The matter-dominated era

9.10.1 CDM density perturbations

For cold dark matter, it is simple to determine how the perturbations evolve. In
the matter-dominated era, we have ρ ≈ ρm ∝ a−3, so we get a ∝ t2/3, H = 2/(3t).
Assuming that the initial radiation density contrast is not much larger than that of
CDM, we can neglect perturbations in the radiation fluid in the matter-dominated
era (as δρr = δrρ̄r). This is always true for adiabatic perturbations. We therefore
have v2 ≈ c2s ≈ 0. The general solution of (9.54) and (9.55) is then

Φk(t) = B1k + a−5/2B2k

δk(t) = −(2y2 + 2)B1k − (2y2 − 3)a−5/2B2k , (9.62)

where y ≡ k/(
√
3aH) ∝ a1/2 ∝ t1/3. Note that with c2s = 0, the equation (9.54) for

the gravitational potential contains no spatial derivatives, so there are no oscillating
solutions. (This is physically obvious: with zero sound speed, there are no sound
waves.) For super-Hubble modes, k ≪ aH, the behaviour is qualitatively the same
as in the radiation-dominated era: the decaying mode becomes negligible, and the
amplitude of the non-decaying mode remains constant, both for the gravitational
potential and the density contrast. However, the short wavelength behaviour is quite
different. The gravitational potential is constant, and the density contrast grows like
(aH)−2 ∝ a ∝ t2/3. It is also noteworthy that (neglecting the decaying mode), the
metric perturbation during the matter-dominated era is constant on all scales, not
just on super-Hubble wavelengths.

As the universe changes from radiation domination to matter domination, the
coefficient B1k is determined in terms of the radiation era coefficient A1k: more
precisely, the full solution describes a smooth interpolation between the two eras.

9.10.2 Baryon density perturbations

Falling into CDM potential wells. Although CDM is the dominant matter
component in the universe, observations are of (light emitted by) baryonic matter.
The main method to observe the density perturbations today is to study the distri-
bution of galaxies. To compare the theory of structure formation to observations, it
is crucial to know how perturbations in the baryonic component evolve. The issue
is complicated by the coupling between baryons and photons.

Before decoupling, baryons evolve as part of the tightly coupled baryon-photon
fluid. After decoupling, they are an independent fluid, and the evolution of the
baryon density perturbation is driven by the gravitational effect by the total matter
density contrast, which includes both baryons and CDM, and is dominated by the
latter. On large scales, we can ignore the pressure of the baryonic component, and
then δb has the same evolution equation as δc, namely (9.60). According to (9.50),
the baryon-CDM isocurvature perturbation is then

Scb = δc − δb , (9.63)

and it expresses how perturbations in the two components deviate from each other.
For both δc and δb, the right-hand side of (9.60) is the same, so subtracting the
equations we get an equation for Scb:

S̈cb + 2HṠcb = 0 . (9.64)
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Figure 2: Evolution of the CDM and baryon density perturbations after horizon entry (at
t = tk). The figure is just schematic; the upper part is to be understood as having a ∼
logarithmic scale; the difference δc − δb stays roughly constant, but the fractional difference
becomes negligible as both δc and δb grow by a large factor.

We assume that the primordial perturbations were adiabatic, so that we orig-
inally had δb = δc, i.e. Scb = 0 at Hubble entry. For large scales, which enter
the Hubble radius after decoupling, a non-zero Scb does not develop, so the evo-
lution of the baryon perturbations is the same as CDM perturbations. (This is
for linear scales: when perturbations become non-linear, baryons and CDM behave
differently.)

But for scales which enter the Hubble radius before decoupling, a non-zero Scb

develops, because baryon perturbations are coupled to photon perturbations, but
CDM perturbations are not. After decoupling, δc ≫ δb, since δc grows, and δb
oscillates. During the matter-dominated epoch, the solution for Scb is

Scb = A+Bt−1/3 , (9.65)

so if we drop the decaying mode, we have δb = A+ δc. During matter domination,
Φk is constant according to (9.62), and from (9.60) we find that the growing mode
behaves like δc ∝ t2/3. Thus the constant A (related to the initial density contrasts)
quickly becomes irrelevant, and the baryon density contrast δb grows to match the
CDM density contrast δc (see figure 2), and we eventually have δb = δc = δ to high
accuracy.

The baryon density perturbation begins to grow only after tdec, because be-
fore decoupling the radiation pressure prevents growth. Without CDM, the density
contrast would grow only as δb ∝ a ∝ t2/3 after decoupling (during the matter-
dominated period, and the growth stops when the universe becomes dark energy
dominated). Thus it would have grown at most by the factor a0/adec = 1 + zdec ≈
1090 after decoupling. In the anisotropy of the CMB we observe the baryon density
perturbations at t = tdec. They are too small (about 10−5) for a growth factor of
1090 to give the present observed large scale structure9.

9This assumes adiabatic primordial perturbations, since we see δγ , not δb. For a time, primordial
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CDM solves this problem. CDM perturbations begin to grow earlier, logarith-
mically in a during the radiation-dominated era and linearly from t ∼ teq onwards,
and by t = tdec they are much larger than baryon perturbations. After decoupling
the baryons lose support from photon pressure and fall into the CDM gravitational
potential wells, catching up with the CDM perturbations. This allows the small
baryon perturbations at t = tdec to grow by much more than the factor 103 until
today. Thus, smallness of the CMB anisotropy is one of the strongest pieces of
evidence for dark matter.

The above situation became clear in the 1980s when the upper limits to CMB
anisotropy (which was finally discovered by COBE in 1992) became tighter and
tighter. Today we have precise measurements of the structure of the CMB anisotropy
which are compared to detailed calculations that include CDM, and the argument
is raised to a different level – instead of comparing just two numbers we now look
at entire power spectra, as we will discuss in the next chapter.

The Jeans equation. Before decoupling, baryons see the photon pressure and
their own pressure, while after decoupling, they just see their own pressure. Baryon
pressure is much smaller than photon pressure, but it is important on small scales.
At the background level, the baryon pressure can be taken to be zero, p̄b = 0, but
the perturbation is non-zero, δpb ̸= 0. After decoupling, baryonic matter is a gas of
hydrogen and helium. If we ignore the formation of molecules in the gas and neglect
the contribution of helium, so that the gas is monoatomic, we have

v2 =
δpb
δρb

≈ Tb
δnb

δρb
=

Tb

mN
, (9.66)

where we have taken into account that the temperature is very uniform, and mN ≈
1 GeV is the nucleon mass. Note that in this case v2 = c2s = ∂pb/∂ρb. Down until
z ∼ 100, residual free electrons maintain enough interaction between the baryon
and photon components to keep Tb ≈ Tγ . During this period, we thus have c2s ≈
10−13(1 + z) ∝ 1/a, using the fact that Tγ = T0(1 + z) After that the baryon
temperature falls faster than the photon temperature,

Tb ∝ a−2 whereas Tγ ∝ a−1

(as shown in an exercise in chapter 4).
However, even a tiny pressure can be important on small scales. If we take

the analogue of (9.60) for the baryonic component, which includes a tiny pressure
contribution (we skip the derivation), we get the Jeans equation10, valid on sub-
Hubble scales,

δ̈bk + 2Hδ̇bk +

(
c2s
k2

a2
− 4πGNρ̄

)
δbk = 0 . (9.67)

We have assumed that the universe is spatially flat, so we can also can write this as

δ̈bk + 2Hδ̇bk +

(
c2s
k2

a2
− 3

2
H2

)
δbk = 0 . (9.68)

baryon entropy perturbations Sbγ = δb − 3
4
δγ were considered a possible way out, but more precise

observations have ruled this out.
10Often the Jeans equation is derived starting from the equations of Newtonian gravity, in which

context it was originally presented.
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We see that the small pressure term c2s is enhanced on small scales by the term
k2. If k is sufficiently large, this term dominates, no matter how small c2s is. The
nature of the solution to the Jeans equation depends on the sign of the factor in
brackets. Pressure resists compression, so if the first term dominates, we get an
oscillating solution, i.e. sound waves. The second term in the brackets is due to
gravity. If this term dominates, the perturbations grow. The wavenumber for which
the terms are equal,

kJ = a

√
4πGNρ̄

cs
=

√
3

2

aH

cs
, (9.69)

is called the Jeans wavenumber, and the corresponding wavelength

λJ =
2π

kJ
(9.70)

is Jeans length.
For scales much smaller than the Jeans length, k ≫ kJ , we can approxi-

mate the Jeans equation by

δ̈bk + 2Hδ̇bk + c2s
k2

a2
δbk = 0 . (9.71)

The solutions oscillate with angular frequency ω = 3csk/a (assuming that cs is
constant, or changes slowly – this is not really quite true, as we have seen). The
oscillations are damped by the 2Hδ̇k term, thus the amplitude of the oscillations
decreases with time. There is no growth of structure on sub-Jeans scales.

For scales much longer than the Jeans length (but still sub-Hubble), aH ≪
k ≪ kJ , we have

δ̈bk + 2Hδ̇bk − 3

2
H2δbk = 0 . (9.72)

In the matter-dominated era we have a ∝ t2/3, and the general solution is

δbk(t) = C1kt
2/3 + C2kt

−1 , (9.73)

So baryon perturbations on scales larger than the Jeans length but smaller than the
Hubble length grow just like CDM perturbations, as we discussed earlier.

The ratio of the Jeans length to the Hubble length is, from (9.69)

λJ

(aH)−1
= 2π

√
2

3
cs . (9.74)

Before decoupling, the baryons see the photon pressure, and c2s ∼ 1
3 . From

(9.74) we would then conclude that before decoupling the baryonic Jeans length
is comparable to the Hubble length, so that all sub-Hubble modes are sub-Jeans.
Therefore, all sub-Hubble baryon modes oscillate before decoupling. However, this
argument is not really correct, because the Jeans equation is not valid when c2s is
large. Also, in the period close to decoupling the photon mean free path λγ grows
rapidly. The fluid description, which we are using for the perturbations, applies
only on scales ≫ λγ , whereas the photon gas is smooth only on scales ≪ λγ . The
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Figure 3: The evolution of perturbations on different subhorizon scales. The baryon Jeans
length k−1

J drops precipitously at decoupling so that all cosmological scales became super-
Jeans after decoupling, whereas all subhorizon scales were also sub-Jeans before decoupling.
The wavy lines symbolise the oscillation of baryon perturbations before decoupling, and the
opening pair of lines around them symbolise the ∝ a growth of CDM perturbations after
teq. There is also logarithmic growth of CDM perturbations between horizon entry and teq.

behaviour during this period can be treated properly only with numerical codes, such
as COSMOMC. Nevertheless, the conclusion that all baryonic sub-Hubble modes
oscillate before decoupling is correct, at least when perturbations are adiabatic.11

After decoupling, the Jeans length grows. However, at all times until today, it is
≪ Mpc. It would be relevant if we were interested in the process of the formation of
individual galaxies, but here we are looking at larger scales reflected in perturbations
of the galaxy number density. Thus for our purposes, the baryonic component is
pressureless after decoupling.

The sub-Hubble evolution history of the different cosmological scales of pertur-
bations is summarised in figure 3.

11If there is an initial baryon isocurvature perturbation, i.e. a perturbation in baryon density
without the corresponding radiation perturbation, it will initially begin to grow in the same manner
as a CDM perturbation, since the pressure perturbation provided by the photons is missing. (Such
a baryon entropy perturbation corresponds to a perturbation in the baryon-photon ratio η.) But as
the movement of baryons drags the photons with them, a radiation perturbation will be generated,
and the baryon perturbation will begin to oscillate around its initial value (instead of oscillating
around zero).
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9.11 The transfer function

Let us summarise the evolution of the linearly perturbed universe. The universe
expands as a ∝ t1/2 in the radiation-dominated era, and then as a ∝ t2/3 in the
matter-dominated era, with a smooth transition around redshift zeq = 3500 at 50
000 years. During both eras, perturbations with wavelengths larger than the Hubble
radius remain frozen. This means that the properties of the super-Hubble pertur-
bations (i.e. the growing mode amplitudes A1k) are preserved from the inflationary
era.12

As perturbations enter the Hubble radius during the radiation-dominated era,
the gravitational potential decays, while the density contrast of photons and baryons
oscillates. The density contrast of dark matter grows logarithmically. As the uni-
verse becomes matter-dominated, the density contrast of sub-Hubble modes starts
to grow ∝ a, and the gravitational potential stays constant. When the universe
becomes dominated by dark energy, perturbations stop growing. (Exercise: Show
this.)

These effects modify the primordial value of the perturbations, and this is en-
coded in the transfer function. We also express the relation between the primordial
curvature perturbation and Rk and any other quantity we are interested in via a
transfer function. Since we have only one source of perturbations and perturbations
are assumed to be small, the value of any perturbation g at time t is related to the
primordial perturbation Rk linearly:

gk(t) = Tg(t, k)Rk , (9.75)

where Tg(t, k) is the transfer function for perturbation g. The transfer function de-
pends only on the magnitude k and not on the direction of k, because perturbations
evolve in a homogeneous and isotropic background. Often the transfer function sep-
arates, Tg(t, k) = fg(t)Fg(k). In particular, this is the case for cold dark matter if the
decaying mode can be neglected. The transfer function incorporates all the physics
that determines how structure evolves in the linear regime. The power spectrum of
g is

Pg(t, k) = Tg(t, k)
2PR(k) . (9.76)

On scales k−1 ≫ 10 Mpc, perturbations are still small today, and one does not
have to go beyond the linear regime transfer function. For smaller scales, corre-
sponding to galaxies and galaxy clusters, the density perturbations have become
large at late times, and the physics of structure growth has become nonlinear. As
the perturbations become non-linear, modes with different wavenumber become cou-
pled. This nonlinear evolution is typically studied using large numerical simulations,
which mostly use Newtonian gravity, although in the past 10 years there are increas-
ingly sophisticated cosmological simulations using general relativity. There are also
many analytical results, most (but by no means all) of them in Newtonian gravity.

On scales that are still super-Hubble today, the relation between the density
contrast and the primordial perturbations is simple. We have δm ≈ δ = −2Φ = 6

5R,
where we have used (9.24). So for k ≫ a0H0, we simply have Tδ(t, k) =

6
5 .

12In fact, as the equation of state is not barotropic during the transition from radiation domination
to matter domination, the amplitude of perturbations undergoes a small change even on super-
Hubble scales.
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On scales that are sub-Hubble today, the situation is a bit more involved. Let
us make a crude estimate of the transfer function on those scales. Let us first look
at scales that enter before matter-radiation equality, k−1 < k−1

eq ≈ 13.7ω−1
m Mpc ≈

100 Mpc. We make the approximation that the relation (9.24) Φk = −2
3Rk holds all

the way to Hubble entry (k = aH), though it is strictly only valid for k ≪ aH. From
(9.56) and (9.57) we have at Hubble entry (k = aH, or y = 1/

√
3) δk ≈ −5

2Φk =
5
3Rk. With adiabatic initial conditions, we have δm = 3

4δr ≈
3
4δ. We thus get

δck ≈ 3

4
δk ≈ 5

4
Rk . (9.77)

at Hubble entry. If we neglect the logarithmic growth of the CDM density per-
turbations, their amplitude stays at this level until the universe becomes matter-
dominated at t = teq, after which we can approximate δk ≈ δck and δk begins to grow
according to the matter-dominated law, ∝ 1/(aH)2 ∝ a. Putting in the logarithmic
growth from Hubble entry to matter-radiation equality, the perturbations are in ad-
dition enhanced by a factor ln(aeq/aentry) = ln[aentryHentry/(aeqHeq)] = 2 ln(k/keq),
where the subscript entry refers to Hubble entry. So all in all we have, for k ≫ keq
in the matter-dominated era

δk(t) ≈ 5

4

(
aeqHeq

aH

)2

ln
k

keq
Rk

=
5

4

(
keq
aH

)2

ln
k

keq
Rk . (9.78)

In contrast, for perturbations that enter the Hubble radius during matter domination
k ≪ keq, we have

δk(t) = −2

3

(
k

aH

)2

Φk

=
2

5

(
k

aH

)2

Rk , (9.79)

where we have used the relation given by (9.24), Φ = −3
5R.

For a scale-invariant spectrum of primordial comoving curvature perturbations,
the amplitude of the density perturbations grows on small scales like k2. All modes
enter (k = aH) with approximately the same amplitude, but their amplitude then
grows when they are sub-Hubble. However, the modes which entered during the
radiation-dominated era have not grown during that era, so their growth is damped
by the extra term (keq/k)

2 (modulo the logarithmic growth). This behaviour can
be parametrised by introducing a new transfer function T (k), which is defined as

δk =
2

5

(
k

aH

)2

RkT (k) . (9.80)

Putting the above results together, we have

T (k) = 1 k ≪ keq

T (k) ≈
(
keq
k

)2

ln
k

keq
k ≫ keq , (9.81)
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where we have dropped factors of order unity from the case k ≫ keq, since the
calculation is anyway approximate. If we wanted a transfer function which is con-
tinuous, we could replace ln(k/keq) with ln(e + k/keq). However, our calculation
is rather crude, and we should take into account the transition from radiation to
matter domination in more detail. An analytical fit to a numerical calculation gives
[7]

T (k) =
ln(1 + 2.34q)

2.34q [1 + 3.89q + (16.1q)2 + (5.46q)3 + (6.71q)4]1/4
, (9.82)

where q ≈ kefb/(14keq), and the baryon fraction fb ≡ ωb/ωm takes into account
interactions between baryons and photons, which dampen the matter perturbations.
The form (9.82) is called the BBKS transfer function after Bardeen, Bond, Kaiser
and Szalay. For the realistic value fb = 0.15, it has an error of around 30% around
the turning value keq, while it is accurate for high and low values of k. In detailed
calculations, numerical solutions of the baryon-photon-dark matter system are used
to derive the transfer function. There are publicly available computer programs for
doing this, such as COSMOMC. One of the main effects missing from both (9.81)
and (9.82) is baryon acoustic oscillations in the regime k > keq. These are remnants
of the oscillations of the baryon-photon fluid before decoupling, which are imprinted
on the pattern of density fluctuations (and thus the the distribution of galaxies)
today. Since there is much more dark matter than baryons, the oscillations are only
a small feature in the overall power spectrum, but they carry important cosmological
information, much like the CMB anisotropies we discuss in the next chapter. Further
discussion of the baryon acoustic oscillations is beyond the scope of this course.

In the ΛCDM model, the universe becomes dark energy dominated as we ap-
proach the present time. The equation of state parameter w becomes negative and
Φ begins to decay, so the growth of the density perturbations is damped. This effect
is not very big up until today (and we shall not calculate it now), since the universe
has expanded by less than a factor of 2 after the onset of dark energy domination,
but it is important for detailed comparison of observation and theory.

We have calculated everything using linear perturbation theory. It breaks down
when the perturbations become large (it’s also said that perturbations become non-
linear), |δ(x)| ∼ 1. This has happened for scales k−1 ≲ 10 Mpc by now. When
the perturbation becomes nonlinear, i.e. an overdense region becomes about twice
as dense as the average density of the universe, it collapses rapidly, and forms a
gravitationally bound structure, such as a galaxy or a cluster of galaxies. Further
collapse is prevented by the angular momentum of the structure. Stars and gas and
CDM particles in a galaxy orbit around the centre of mass of the bound structure,
and galaxies in galaxy groups and clusters have more complicated orbits around
each other. Underdense regions start to depart from the linear behaviour when they
are roughly half as dense as the background. Such regions become ever emptier, as
they expand faster than the background.

9.12 The meaning of scale invariance

Inflation predicts and observations give evidence for an almost scale invariant pri-
mordial power spectrum. Let us forget the “almost” for a moment and discuss what
it means for the primordial power spectrum to be scale-invariant.
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The primordial spectrum is something we have at super-Hubble scales, where we
have discussed it in terms of the comoving curvature perturbation R. Recall that
the perturbation spectrum is called scale invariant when

PR(k) = A2 = const. , (9.83)

where in the real universe A ≈ 4.6× 10−5.
In terms of the other definition of the power spectrum, P (k) ≡ (2π2/k3)P(k) we

have

PR(k) ∝ k−3PR ∝ k−3

Pδ(k) ∝ k−3Pδ ∝ kPR ∝ k ,
(9.84)

For PR(k) ∝ kn−1 we have Pδ(k) ∝ kn. This is the reason for the −1 in the definition
of the spectral index in terms of PR – it was originally defined in terms of Pδ.

We might ask why inflation generates a scale-invariant spectrum – not the math-
ematical reason (we calculated that in the previous chapter) but the physical idea.
During inflation the universe is close to a de Sitter universe, with the metric

ds2 = −dt2 + e2Ht(dx2 + dy2 + dz2) .

with H = constant. The de Sitter universe is an example of a maximally symmetric
spacetime. In addition to being homogeneous (in the space directions), it also looks
the same at all times. (This is not obvious from the metric, just like spatial ho-
mogeneity is not obvious from the metric for FRW universes with non-zero spatial
curvature.) Therefore, modes of different wavelength get the same perturbations
imprinted on them regardless of when they leave the Hubble radius.

We would now like to see how the scale-invariance relates to the density pertur-
bation. The power spectrum of density perturbations is

Pδ(k) =
4

25

(
k

aH

)4

T (k)2PR(k) , (9.85)

and for the gravitational potential we have

PΦ(k) =
9

25
PR(k)T (k)

2 = constant for k < keq . (9.86)

We see that perturbations in the gravitational potential are scale invariant (apart
from the transfer function), but perturbations in density are not. Instead the density
perturbation spectrum is steeply rising on small scales, meaning that there is more
structure at small scales than at large scales. Thus the scale invariance refers to
the metric perturbations. The density perturbation then turns at ∼ keq to become
almost flat (growing ∼ ln k) at small scales, due to the inhibition of the growth
of density perturbations during the radiation-dominated era. We can also say that
the scale-invariance refers to the density perturbations as they enter the Hubble
radius, i.e. density perturbations on all scales enter the Hubble radius with the same
amplitude 2

5A ≈ 2× 10−5.
The relation between density and gravitational potential perturbations reflects

the nature of gravity: a 1% overdense region 100 Mpc across generates a much
deeper potential well than a 1% overdense region 10 Mpc across, since the former
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has 1000 times more mass. Therefore we need much stronger density perturbations
at smaller scales to have an equal contribution to Φ.

Thus the perturbations get rapidly stronger on smaller scales, down to k−1
eq ∼

100 Mpc. The ∼ 100 Mpc scale appears indeed quite prominent in large scale struc-
ture surveys. Towards smaller scales the structures get stronger, but quite slowly.
On sufficiently small scales perturbations are so large that first order perturbation
theory begins to fail: this limit is crossed at around k−1 ∼ 10 Mpc. Nonlinear
effects cause the density power spectrum to rise more steeply than calculated by
perturbation theory on scales smaller than this.

The present-day density power spectrum Pδ(k) can be determined observation-
ally from the distribution of galaxies. The quantity plotted is usually Pδ(k) ≡
(2π2/k3)Pδ(k). It goes as

Pδ(k) ∝ kn for k ≪ keq

Pδ(k) ∝ kn−4 ln k for k ≫ keq .
(9.87)

9.13 Towards the non-linear regime

We earlier presented a simple argument for why dark matter is needed, based on
the 10−5 amplitude of the observed CMB anisotropies. Because baryons are tightly
coupled with photons at the time of last scattering, their density contrast δb is also
∼ 10−5, and since density perturbations grow only linearly with the scale factor, an
expansion factor of ∼ 1000 is not enough to produce non-linear perturbations. How-
ever, the density contrast of dark matter, which is not coupled to the baryons, grows
logarithmically during the radiation-dominated era, and so factor of one thousand
amplification is enough to give non-linear structures today.

With the more detailed look above, we note that even without the transfer func-
tion, the amplitude of the density perturbation, unlike the gravitational potential,
depends on the scale. The conclusion that non-linear baryonic structures on the
presently observed scales could not have formed without dark matter is correct, but
the argument is a bit more subtle. Perturbations on comoving length scale R become
non-linear when their density contrast becomes of order unity. The density contrast
smoothed on a ball of radius R around the point x is

δ(x, R) ≡ 1

V

∫
W

(
|x′ − x|

R

)
δ(x′)d3x′ , (9.88)

where W (y), the window function, is some function which falls off rapidly as y > 1,
i.e. |x−x′| > R, and V ≡

∫
d3xW (x/R) is the volume of W . A typical choice of W

is a Gaussian, W (x/R) = exp[−x2/(2R2)].
We are not interested in any specific point x, but in the typical value of |δ(x, R)|

(the average of δ(x, R) is zero), so we consider the mean square density contrast

σ2(R) ≡ ⟨δ(x, R)2⟩ . (9.89)

where ⟨⟩ stands for the spatial average. As we are considering the linear density field,
this is just the average over the background space, ⟨δ(x, R)2⟩ = (

∫
d3x)−1

∫
d3xδ(x, R)2.

Structures start forming on comoving scale R when σ(R), which grows linearly with
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the scale factor, reaches unity. Doing a Fourier transform, we can write the mean
square density contrast as

σ2(R) =

∫ ∞

0

dk

k
Pδ(k, t)W (kR)2 , (9.90)

where for a Gaussian window function we have W (kR) = e−
1
2
k2R2

. For a power law
spectrum of density perturbations, P(k) = Akn+3, we have (Exercise: Show this.)

σ2(R) =
1

2
Γ

(
n+ 3

2

)
Pδ(R

−1) . (9.91)

So the mean square density contrast on a given comoving scale R is roughly
given by the value of the power spectrum at k = R−1. The real power spectrum
is more complicated because of the transfer function, but it’s still the case that the
amplitude of density perturbations on a given scale is roughly given by the power
spectrum on that scale.

If the transfer function were to continue to have the k2 ln k behaviour for very
large k without limit, we would have Pδ(k) ∼ kn−1[ln(k/keq)]

2. So if n ≥ 1, the
power spectrum would reach non-linear values at all times, on sufficiently small
scales. So we would always have non-linear structures, albeit on very small scales!
However, the radiation-dominated era after inflation has a finite duration, so the
amount of logarithmic growth is limited. There is also another effect which wipes
out structure on small scales, namely the motion of the dark matter particles, called
free-streaming.

Even CDM has a finite temperature, which means that dark matter particles
have thermal motions, and this smooths density perturbations below some scale,
as particles from overdense and underdense regions mix and balance the density
perturbations out. For CDM, the transfer function is modified by the term e−k2/k2fs

for k ≫ kfs, where kfs is the free-streaming scale, related to the distance the dark
matter particles have moved since decoupling. For k < kfs, structure formation is
unaffected, but on small scales, perturbations are highly suppressed. The smallest
scale on which structures form is given by the free-streaming length, which for a
WIMP is approximately [8]

kfs ≈
( m

100 GeV

)1/2
(

TD

30 MeV

)1/2

pc−1 , (9.92)

wherem is the mass of the dark matter particle and TD is its decoupling temperature.
The smallest structures for a typical WIMP are therefore of comoving length 1 pc.
They form around a redshift of z = 40 . . . 60.

For warm dark matter, the free-streaming scale is larger, so structures on larger
scales are wiped out. For example, for light sterile neutrinos (sterile neutrinos are
neutrinos that don’t have any Standard Model interactions, but they mix with the
ordinary neutrinos via neutrino oscillations; they are one prominent warm dark
matter candidate), the transfer function is instead modified approximately with the
term [1 + (k/kfs)

2]−5, with [9]

kfs ≈
( m

500 eV

)
Mpc−1 . (9.93)
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If the sterile neutrino mass were 500 eV, all structures on comoving scales smaller
than a Mpc would have been suppressed, in drastic conflict with observations. How-
ever, for a mass of say 5 keV, galaxies still form, but smaller structures are sup-
pressed. This was proposed as an explanation for why there seemed to be fewer
observed satellites of the Milky Way than predicted in CDM models, but more re-
cent observations have shown that there is no conflict between predictions of CDM
and observations as regards the abundance of dwarf galaxies, narrowing the room for
warm dark matter.13 Viewed from another perspective, observations of structures
can be used to constrain particle physics dark matter models.
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