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If the comoving curvature power spectrum is enhanced strongly enough at small scales, the result-
ing induced gravitational wave background is detectable, and some fluctuations can collapse into
primordial black holes. The induced gravitational waves are the second-order tensor perturbations
generated by the terms that are quadratic in the first-order perturbations.

First, we go over the criterion for primordial black hole formation and constraints on their abun-
dance. We then expand the perturbed Einstein equations to second order, derive the equation of
motion of the gravitational waves, and calculate their energy density. We show that if primordial
black holes make up a significant portion of dark matter, the signal will be detected by the Laser
Interferometer Space Antenna (LISA) for a monochromatic enhancement of the comoving curvature
spectrum, and explain how the signal changes for other spectra. After that, we discuss the sensitiv-
ity of LISA, other space-based detectors, and the implications of a detection or non-detection for
primordial black hole dark matter.
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Jos universumin tiheysvaihtelut ovat riittävän suuria pienillä skaaloilla, ne aiheuttavat gravitaa-
tioaaltotaustan, ja osa niistä voi romahtaa muinaisiksi (primordiaalisiksi) mustiksi aukoiksi. Nämä
indusoidut gravitaatioaallot ovat toisen kertaluvun tensoriperturbaatioita, jotka syntyvät ensim-
mäisen kertaluvun skalaariperturbaatioiden kvadraattisista termeistä.

Aluksi käymme läpi muinaisten mustien aukkojen muodostumiskriteerit ja havaintojen asettamia
rajoituksia niiden määrälle. Sitten käytämme toisen kertaluvun perturboituja Einsteinin yhtälöitä
ja johdamme gravitaatioaaltojen liikeyhtälön ja laskemme niiden energiatiheyden. Osoitamme,
että jos huomattava osa pimeästä aineesta koostuu muinaisista mustista aukoista, monokromaat-
tisia tiheysvaihteluja vastaava gravitaatioaaltosignaali on havaittavissa Laser Interferometer Space
Antenna (LISA)-detektorilla. Seuraavaksi käsittelemme miten signaali muuttuu erilaiselle tiheysvai-
htelujen tehospektrille. Tämän jälkeen keskustelemme LISAn herkkyydestä, muista detektoreista
ja siitä, mitä signaalin havaitseminen tai sen puute kertoo primordiaalisten mustien aukkojen
määrästä.
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1. Introduction

Black holes are regions of spacetime inside which gravitation is so strong even light can’t
exit. In addition to astrophysical black holes formed from stellar evolution, there exists
the possibility of primordial black holes (PBHs) which could be produced in the early
universe [1]. There are many ways for PBHs to form, but we shall focus on the most pop-
ular candidate, the collapse of density fluctuations caused by inflation. The inflationary
scenario introduces a period of accelerated expansion in the early universe that explains
the statistical homogeneity, isotropy and the apparent spatial flatness of the universe,
while also predicting the observed perturbations. During inflation, the energy density of
the universe is dominated by the inflaton field whose potential energy is much larger than
its kinetic energy [2]. As the universe expands, the quantum fluctuations of the field also
stretch to cosmological lengths. The amplitude of the perturbations on large scales has
been measured from the cosmic microwave background (CMB) to be around 10−5, but
some models of inflation produce stronger perturbations on smaller scales [3]. A signif-
icant number of PBHs could be generated if the amplitude of the fluctuations on small
scales was 104 times greater than the one observed on the CMB scales. The perturbations
on larger scales act as seeds for galaxies and other structures, while on smaller scales they
can in rare cases collapse to PBHs.

A significant amount of PBHs could explain many observations. One of the biggest
questions in cosmology is what dark matter is. In the 1970s there started to be convincing
evidence from the rotation curves of galaxies that much of the mass inside them is not
visible and lies outside the optical edge of the galaxy [4]. Today it’s believed that around
85% of matter in the universe is made of cold non-baryonic dark matter [1]. PBHs are a
possible candidate for dark matter, since they form in the early universe and are stable
if their masses are large enough, since Hawking radiation weakens as the black hole mass
increases. Other observations PBHs could also explain are gravitational wave signals from
binaries with unexpected masses. The LIGO/Virgo/KAGRA collaboration has observed
black hole mergers with masses that might be in the intermediate (102M⊙ < M < 104M⊙)
or sub solar mass range, that can’t form through stellar collapse, though intermediate
mass black holes can still be produced by accretion, and there has been only one sub solar
mass observation which could be a false positive [5, 6]. There are also observations of
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3 Chapter 1. Introduction

supermassive black holes from when the universe was under 600 million years old, which
is earlier than expected but could be explained by PBHs [7].

Only few fluctuations with the largest amplitudes will collapse into PBHs, but as we
will show later, all of the fluctuations will contribute to a gravitational wave background
that today ranges from a few Hz to nHz. These gravitational waves can’t be detected
with the current ground based detectors, which have their best sensitivity at ∼ 500 Hz [8],
but future instruments like the Laser Interferometer Space Antenna (LISA), with a peak
sensitivity in the mHz range could detect the signal if the fluctuations were amplified on
small scales. In addition to learning about PBHs, a gravitational wave detection would
allow us to probe the early universe and the inflation model.

In the second chapter we will go over the formation of PBHs and constraints from
observations. In the third chapter we show that the fluctuations induce gravitational
waves and calculate their energy density. Finally, in the fourth chapter we compare the
energy density to the sensitivity of LISA and discuss what an observation (or lack of one)
means. We use natural units, where c = ℏ = kB = 1.



2. Primordial black holes

2.1 Formation of primordial black holes

We can describe the fluctuations using perturbation theory. Considering second-order
perturbations around a spatially flat Friedmann–Lemaitre–Robertson–Walker (FLRW)
universe, the metric tensor is

gαβ = g
(0)
αβ + δ(1)gαβ + δ(2)gαβ , (2.1)

where the superscript indicates the order of perturbation and g
(0)
αβ is the background

metric. Using the longitudinal gauge, we write the perturbed metric as [9]

ds2 = a2(η)
[
−(1 + 2Φ)dη2 +

(
{1 − 2Ψ}δij + 1

2hij

)
dxidxj

]
, (2.2)

where a(η) is the scale factor, η is conformal time, Φ and Ψ are the first order scalar
perturbations and hij are the tensor perturbations. We consider only tensor perturbations
at second order hij = h

(2)
ij , and we have also dropped all vector perturbations since scalar

field inflation does not produce them. The fluctuations are described by the comoving
curvature perturbation [10]

ζ = −Ψ − 2
3(1 + w)(H−1Ψ′ + Φ) , (2.3)

where w is the equation of state parameter, H is the conformal Hubble parameter and
′ ≡ d

dη
. A PBH forms if the maximum value of the compaction function C = 2GN∆M

R

is greater than a critical value Cth, where GN is the gravitational constant, ∆M is the
extra mass compared to the unperturbed universe and R is the areal radius. The gradient
expansion allows us to write the compaction function for super-Hubble scales in terms of
the comoving curvature perturbation as C(r) = 2

3

[
1 − (1 + r ∂ζ

∂r
)2
]
, where r is the radial

coordinate [11, 12]. The critical value depends on the equation of state at the time and
the shape of the comoving curvature spectrum. According to simulations, the threshold
lies between 0.40 ≤ Cth ≤ 2

3 , the lower corresponding to broader spectra and higher to
more peaked spectra [1]. The formed PBHs have a mass equal to a fraction γ ≈ 0.2 of

4



5 Chapter 2. Primordial black holes

the mass inside the Hubble radius at PBH formation [13]:

MPBH,∗ = γ
4π

3
ρ∗

H3
∗

= 4πγM2
Pl

H∗
, (2.4)

where ρ is the energy density, H is the Hubble parameter, MPl = 1√
8πGn

is the Planck mass,
and ∗ denotes a quantity evaluated at the time of the PBH’s formation. Since the Hubble
radius grows after inflation, PBHs of the same mass are generated at the same time, and
smaller ones will form earlier. We can connect the PBH mass to the wavenumber k of the
density fluctuation. The mass inside the Hubble radius at matter-radiation equality is

Meq = 4π

3
2ρr,eq

H3
eq

≃ 3.6 × 1017M⊙ , (2.5)

so we have
MPBH,∗

Meq
= γρ∗

2ρr,eq

(
Heq

H∗

)3
. (2.6)

Now using k = aH, the fact that the energy density of radiation decays as ρr ∝ a−4 and
the conservation of entropy g∗sa

3T 3 = const, where g∗s is the number of entropy effective
degrees of freedom and T is the temperature we get:

MPBH,∗ = γ√
2

Meq

(
g

geq

)− 1
3
(

k

keq

)−2

≈ 20γM⊙

(
k

106 Mpc−1

)−2

, (2.7)

where M⊙ is the solar mass [14]. This allows us to connect the frequency of the gravita-
tional waves to the mass of the PBH.

2.2 Constraints on primordial black holes

Since there have been no observations of a PBH, we can place bounds on their num-
ber density for different masses. In figure 2.1 we show the current constraints on PBH
abundance.

Since small PBHs decay quickly to Hawking radiation we can rule out masses under
1015 g, which would have already evaporated. The constraints are further strengthened
since slightly more massive PBHs would cause a noticeable γ-ray background. We also
have constraints from observations of white dwarfs and ultra-faint dwarf galaxies. A large
abundance of massive PBHs could heat up white dwarfs triggering supernova explosions
[15], and dynamical friction could cause ultra-faint dwarf galaxies to merge with neighbor-
ing galaxies [16]. However, the robustness of these constraints is still uncertain, and they
should be taken with a grain of salt. A significant amount of PBHs would also cause more
gravitational lensing than is currently observed. The relatively small masses involved
cause microlensing or nanolensing, which distort objects behind them. These effects are



6 Chapter 2. Primordial black holes

Figure 2.1: The portion of dark matter in PBHs compared with the mass of the PBH from [18].
In yellow are constraints from extra galactic gamma rays, in green the uncertain dynamical heating
constraints from white dwarfs and ultra-faint dwarf galaxies, in blue the gravitational lensing constraints,
and in orange the CMB constraints. The red line denotes the PBH distribution for a situation where
all of dark matter consists of PBHs for a delta-function spectrum with amplitude As = 0.033 and peak
wavenumber kp = 2πfp, fp = 3.4 mHz.

not noticeable by eye but only through statistics. The Subaru HSC microlensing obser-
vations are cut around 10−11 M⊙, since below that the geometrical optics approximation
doesn’t apply. Finally, we have constraints from the CMB. As PBHs accrete matter, some
of it is converted to radiation, which would distort the frequency spectrum of the CMB
[17].

We can see that between 10−17M⊙ and 10−11M⊙, which is called the asteroid mass
gap, there are currently no well established constraints. The red line shows the mass
distribution of PBHs for a model of comoving curvature perturbations enhanced on a single
scale kp if all of dark matter consists of PBHs. Here we used the kp, which corresponds
to the peak sensitivity of LISA and PBHs of mass around 10−12 M⊙.



3. Induced gravitational waves

The density fluctuations generate gravitational waves, which are called induced gravita-
tional waves (iGWs). In this chapter, we derive the equation of motion of the iGWs and
find its solutions, mostly following reference [9], and find the energy density of iGWs.

3.1 Equation of motion

The iGWs are described by the second-order tensor perturbation h
(2)
ij which is sourced by

the terms that are quadratic in the first-order scalar perturbations, hence the name scalar-
induced gravitational waves. From the metric (2.2), we can find the spatial components
of the second-order Einstein tensor [19]

G
(2)i

j =a−2
[1
4(hi

j
′′ + 2Hhi

j
′ − 2∇2hi

j) + 2Φ∂i∂jΦ − 2Ψ∂i∂jΦ

+4Ψ∂i∂jΨ + ∂iΦ∂jΦ − ∂iΦ∂jΨ − ∂iΨ∂jΦ + 3∂iΨ∂jΨ
+(diagonal terms)δi

j

]
,

(3.1)

where H = a′

a
. Now with the energy-momentum tensor, and using the spatial part of

the second-order Einstein equation we find an equation of motion for hij. The spatial
components of the energy-momentum tensor are [19]

T
(2)i

j =
(
ρ(0) + P (0)

)
vi(1)v

(1)
j + P (0)Π(2)i

j + P (1)Π(1)i
j + P (2)δi

j , (3.2)

where P is the pressure, vi is the velocity and Πi
j is the anisotropic stress. Next we use

the Einstein equation with zero cosmological constant:

G
(n)
αβ = 8πGNT

(n)
αβ . (3.3)

7



8 Chapter 3. Induced gravitational waves

From the background equation n = 0 we get the Friedmann equations, the first of which
is H2 = 8πGN a2ρ(0)

3 . The first order equations give us the relations

P (1) = c2
sρ

(1) (3.4)

ρ(1) = − 2
8πGNa2 [3H(HΦ − Ψ′) + ∇2Ψ] (3.5)

v
(1)
i = − 2

8πGNa2(ρ(0) + P (0))∂i(Ψ′ + HΦ) (3.6)

Π(1)i
j = − 1

8πGNa2P (0) ∂i∂j(Φ − Ψ) , (3.7)

where cs is the sound speed. Now we can act on the spatial components of the second
order Einstein equation with T̂ lm

ij , which projects the transverse traceless part of both
tensors [9]

T̂ lm
ij G

(2)
lm = 8πGN T̂ lm

ij T
(2)
lm . (3.8)

Using the relations (3.4)–(3.7), the second-order Einstein equation (3.8) becomes:

a−2T̂ lm
ij

[1
4
(
h′′

lm + 2Hh′
lm − ∇2hlm

)
+ 2Φ∂l∂mΦ − 2Ψ∂l∂mΦ + 4Ψ∂l∂mΨ + ∂lΦ∂mΦ − ∂lΦ∂mΨ

−∂lΨ∂mΦ + 3∂lΨ∂mΨ
]

= 8πGN T̂ lm
ij

[
4

(8πGN)2a4(ρ(0) + P (0))∂l(Ψ′ + HΦ)∂m(Ψ′ + HΦ)

+ 2c2
s

(8πGN)2a4P (0)

(
3H(HΦ − Ψ′) + ∇2Ψ

)
∂l∂m(Φ − Ψ)

]
,

(3.9)

where we have dropped the tensor part of Π(2)i
j. Using the first Friedmann equation

and the equation of state we get the equation of motion for the second order tensor
perturbation

h′′
ij + 2Hh′

ij − ∇2hij = −4T̂ lm
ij Slm , (3.10)

where:

Sij = 2Φ∂i∂jΦ − 2Ψ∂i∂jΦ + 4Ψ∂i∂jΨ + ∂iΦ∂jΦ − ∂iΦ∂jΨ − ∂iΨ∂jΦ + 3∂iΨ∂jΨ

− 4
3(1 + w)H2 ∂i(Ψ′ + HΦ)∂j(Ψ′ + HΦ) − 2c2

s

3wH2 [3H(HΦ − Ψ′) + ∇2Ψ]∂i∂j(Φ − Ψ) ,

(3.11)

and w ≡ P (0)

ρ(0) is the equation of state. We can now simplify this by moving away from the
general case and neglecting the anisotropic stress from the free-streaming of neutrinos, so
Φ = Ψ [20]. Then, assuming radiation domination (RD) where w = c2

s = 1
3 the source

term simplifies to:

Sij = 4Ψ∂i∂jΨ + 2∂i∂jΨ − 1
H2 ∂i(Ψ′ + HΨ)∂j(Ψ′ + HΨ) . (3.12)
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It is convenient to write hij in terms of Fourier modes and use Green’s method to find its
solutions from the equation of motion. The Fourier transform of the tensor perturbation
is:

hij(x, η) = 1
(2π)3

∫
d3keik·x[h(+)

k (η)e(+)
ij (k) + h

(×)
k e

(×)
ij (k)] , (3.13)

where h
(p)
k is the amplitude of the gravitational waves, p = +, × is the polarization and

e
(+)
ij and e

(×)
ij are polarization tensors defined as

e
(+)
ij (k) ≡ 1√

2
[ei(k)ej(k) − ēi(k)ēj(k)] (3.14)

e
(×)
ij (k) ≡ 1√

2
[ei(k)ēj(k) + ēi(k)ej(k)] . (3.15)

Here, ei and ēi are normalized vectors that are orthogonal to k, so the polarization tensors
satisfy e(p1)ije

(p2)
ij = δp1,p2 . Now in Fourier space equation (3.10) is [21]:

h
(p)′′
k + 2Hh

(p)′
k + k2h

(p)
k = Ŝ(p)(k, η) , (3.16)

and the source term is

Ŝ(p)(k, η) = 4
∫ d3k̃

(2π)3 e(p)ij(k)
[
2Ψ̂(k − k̃, η)Ψ̂(k̃, η) +

(
Ψ̂(k̃, η) + 1

H
Ψ̂′(k̃, η)

)
(

Ψ̂(k − k̃, η) + 1
H

Ψ̂′(k − k̃, η)
)

k̃ik̃j

]
.

(3.17)

In the last step we introduced the Fourier transform of the scalar perturbation:

Ψ̂(k, η) =
∫

d3xΨ(η, x)e−ik·x . (3.18)

We can now write Ψ̂ in terms of the comoving curvature perturbation ζ [22]:

Ψ̂(k, η) = 2
3T (k, η)ζ(k) , (3.19)

where T (k, η) is the transfer function that tells us how the fluctuations evolve after infla-
tion. During the radiation dominated era T (k, η) is [21]:

T (k, η) = 9
(kη)2

[
sin(kη/

√
3)

kη/
√

3
− cos(kη/

√
3)
]

. (3.20)

Applying the Green’s function method we find the solution to (3.16):

h
(p)
k (η) = 1

a(η)

∫
dη̃a(η̃)Gk(η, η̃)Ŝ(p)(k, η̃) , (3.21)

where Gk is the Green’s function [21]:

Gk(η, η̃) = 4
π2k

[sin(kη) cos(kη̃) − cos(kη) sin(kη̃)] . (3.22)
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With (3.19) we can write (3.21) in terms of the comoving curvature perturbation. Using
the fact that during RD a(η) ∝ η, and defining

ep(k, k̃) ≡ ep,ij(k)k̃ik̃j =


1√
2 k̃2 sin2 θ cos 2ϕ if p = (+)

1√
2 k̃2 sin2 θ sin 2ϕ if p = (×) ,

(3.23)

where k̃, θ, ϕ are the spherical coordinates of k̃, and

f(k1, k2, η) ≡ 4
[
2T (η, k1)T (η, k2)+

(
T (η, k1)+ 1

H
T ′(η, k1)

)(
T (η, k2)+ 1

H
T ′(η, k2)

)]
,

(3.24)
we get:

hp
k(η) =4

9

∫ d3k̃
(2π)3

1
k3η

ep(k, k̃)ζ(k̃)ζ(k − k̃)[∫ η

dη̃ k(kη̃) {sin(kη) cos(kη̃) − cos(kη) sin(kη̃)} f(k̃, |k − k̃|, η̃)
]

.

(3.25)

3.2 Power spectrum of induced gravitational waves

Now we can find the power spectrum of the iGWs Ph, which is defined by [20]:

⟨h(p)
k (η)h(p)

k̃ (η)⟩ = (2π)3δ(k + k̃)δ+×
2π2

k3 Ph(k, η) . (3.26)

We can calculate Ph from (3.26) by substituting in the solution to hk (3.25), and calcu-
lating the two point function. After some algebra, we get Ph in terms of the comoving
curvature power spectrum Pζ(k) [23]:

Ph(k, η) = 4
81

1
k2η2

∫∫
S

dxdy
x2

y2

[
1 − (1 + x2 − y2)2

4x2

]2

Pζ(kx)Pζ(ky)[
cos2(kη)I2

c + sin2(kη)I2
s + sin(2kη)IcIs

]
,

(3.27)

where Pζ(k) is defined the same way as the iGW power spectrum

⟨ζ(k1)ζ(k2)⟩ = (2π)3δ(3)(k1 + k2)
2π2

k3
1

Pζ(k1) , (3.28)

and the functions Is and Ic are:

Is(x, y) ≡
∫ ∞

ηin

dτ τ(− sin τ) · 4 {2T (xτ)T (yτ)+[T (xτ) + xτT ′(xτ)] [T (yτ) + yτT ′(yτ)]}

(3.29)

Is(x, y) ≡
∫ ∞

ηin

dτ τ(cos τ) · 4 {2T (xτ)T (yτ)+[T (xτ) + xτT ′(xτ)] [T (yτ) + yτT ′(yτ)]} ,

(3.30)
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and x ≡ k̃
k
, y ≡ |k−k̃|

k
, τ ≡ kη̃. The domain S in (3.27) is defined by the trian-

gle inequality between k, k̃ and k − k̃ shown in [21], and ηin is the time at which the
wavelength 1

k
= H, and the iGWs start to generate. Using the power spectrum of the

gravitational waves, we can find their energy density [24]:

ρiGW (x, η) ≃ M2
P l

16a2(η)
〈
(∇hij)2

〉
, (3.31)

where overline denotes a time average over the oscillating terms. In terms of Ph, the
energy density is:

ρiGW (k, η) = M2
P l

8

(
k

a(η)

)2

Ph(k, η) . (3.32)

Now we can define the density parameter of the iGWs:

ΩiGW (k, η) ≡ ρiGW (k, η)
ρc(η) , (3.33)

where ρc ≡ 3H2

M2
P l

is the critical density and H = H
a(η) . Inserting ρc, the density parameter

becomes:
ΩiGW (k, η) = 1

24

(
k

H

)2

Ph(k, η) . (3.34)

Equation (3.27) gives the power spectrum during RD so (3.34) works then, but during
matter domination, the iGW density parameter starts to decay because the critical density
now scales as ρc ∝ a−3 while the energy density of iGWs continues to scale as ρiGW ∝ a−4.
The energy density of iGWs today is

ρiGW,0 =
a4

fρiGW,f

a4
0

, (3.35)

where the subscripts f and 0 denote a time during RD and the present time. Now we can
use the definition of the density parameter (3.33), and that during RD ρr,f ≈ ρc,f , to find
the density parameter today:

ΩiGW (k, η0) = cg
Ωr,0

24
k2

H(ηf )2 Ph(k, ηf ), (3.36)

where cg ≡ a4
f ρr,f

a4
0ρr,0

. The radiation energy densities can be linked to the degrees of freedom,
so using the conservation of entropy, we find cg ≈ 0.4. Then we can insert (3.27) and find
[23]

ΩiGW (k, η0) =cgΩr,0

72

∫ 1√
3

− 1√
3

dd
∫ ∞

1√
3

ds
x2

y2


(
d2 − 1

3

) (
s2 − 1

3

)
s2 − d2

2

Pζ

(
k
√

3
2 (s + d)

)

× Pζ

(
k
√

3
2 (s − d)

)
I2 ,

(3.37)
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Figure 3.1: The energy density parameter of the iGWs for a monochromatic comoving curvature power
spectrum (3.39) with As = 0.033, fp = 3.4 mHz compared with an expectation of LISA sensitivity from
[25] for the approved design [26].

where I2 = I2
c + I2

s , the new integration variables are d = (x − y)/
√

3 and s =
(x + y)/

√
3, and we used cos2(kη) = sin2(kη) = 1

2 when kη ≫ 1 to simplify the time
average. We can now calculate the density parameter for a given comoving curvature
power spectrum. To generate PBHs, the power spectrum must have a large amplitude.
While the power spectrum retains its shape on large scales, on the smaller scales, we
assume a delta function case, which corresponds to large fluctuations on a single scale kp:

Pζ(k) = Askpδ(k − kp) , (3.38)

where As is the spectrum amplitude. This is not possible for real inflation models [27],
but allows the calculations to be done analytically and gives a good approximation of the
energy density. Inserting (3.38) into (3.37) we get:

ΩiGW(k, η0) = cg

15552Ωr,0A
2
s

k2

k2
p

(
4k2

p

k2 − 1
)2

I2(kp

k
,
kp

k
)θ(2kp − k) , (3.39)

where θ is the Heaviside step function. We show this in figure (3.1) for kp = 2πfp , fp =
3.4 mHz which corresponds to a PBH of mass ∼ 10−12 M⊙ by (2.7). The approximation
of a monochromatic power spectrum gives the correct amplitude, but has the unphysical
features of a slow drop off at low frequencies and a sharp peak at f = 2fp√

3 [18]. A more
realistic spectrum would have a smoother, but still pronounced peak for a narrow mass
range of PBHs. We see that the gravitational waves corresponding to a significant amount
of asteroid mass black holes would be detected by LISA.



4. Detection with LISA

LISA is an upcoming gravitational wave detector by ESA in collaboration with NASA
planned to launch in 2035. It consists of 3 satellites approximately 2.5 million kilometers
apart from each other in the shape of an equilateral triangle that orbit the sun behind the
Earth. LISA works by measuring distance changes on scales of pm to nm between test
masses in the satellites using interferometry [26]. In this chapter, we will go over whether
LISA can detect the iGWs, what it observes, and briefly other detectors.

4.1 Sensitivity

LISA’s sensitivity window is between 0.1 mHz and 0.1 Hz [28]. Using (2.7) with k =
2πf , where f is the frequency, the range corresponds to probing PBH masses between
10−15M⊙ and 10−8M⊙, which covers most of the asteroid mass gap. Figure (3.1) shows
the sensitivity of LISA for the approved design compared to the energy density spectrum
of iGWs. The figure shows that a comoving curvature spectrum amplified at a peak scale
corresponding to the peak frequency of LISA would generate detectable GWs. For a
different peak frequency the iGW abundance would shift right for a larger value or left
for a smaller one, but still remain detectable for 10−5 Hz < fp < 0.5 Hz. The sensitivity
expectation uses the detection threshold signal to noise ratio of 10, and the full planned
operation time of 4.5 years. However, reaching a similar sensitivity is possible in only a
month if the noise from the galactic foreground can be subtracted [29].

4.2 The observable

LISA and other gravitational wave detectors measure the strain h of gravitational waves,
which means how much they distort spacetime. The iGWs are in superposition coming
from all directions, so we can’t resolve the signal of a single source. Therefore, the power
spectral density (PSD) of the iGW background’s Fourier modes Sh is used. The PSD
of the Fourier modes is defined such that the mean square fluctuation of the strain is
⟨h2⟩ =

∫
Sh(f) df . The energy density of the gravitational waves is related to the PSD

13
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by [30]:

ΩiGW = 2π2

3H2
0

f 3Sh(f) . (4.1)

The measurement of a stochastic GW signal in a single detector is indistinguishable from
noise, which means we need more than one detector [31]. The three spacecraft of LISA
form two independent detectors, and the stochastic signal will be correlated between
the two. The quantities ΩiGW and Sh depend only on the iGW background, and are
independent of the detector. The measured quantity however is not the PSD of the
Fourier modes, but the PSD of the strain signal Ss which depends on the geometry of
the detector. To compare observations with theoretical predictions, we should use the
detector independent quantity Sh, which is found by using the overlap reduction function
[30]:

Sh = 5Ss

sin2 β
, (4.2)

where β = 60° is the angle between the arms.

4.3 Other detectors

It is also possible that the GW signal will be observed before the launch of LISA, as a
Chinese GW detector Taiji is expected to launch in 2033. Taiji is very similar to LISA
in concept, but with a slightly longer arm length of 3 million km. Its planned sensitivity
covers the same range as LISA, but it will be slightly better between 0.01 Hz and 0.1
Hz [32]. Another Chinese detector TianQin is proposed to launch around the same time
as LISA. TianQin is a smaller space-based detector in a geocentric orbit, which will be
sensitive to slightly higher frequencies than LISA and Taiji, between 0.1 mHz and 1 Hz
[33]. Multiple detectors will also lead to a better sensitivity, as you can compare the
signals, and the instrument noise will average to zero [29].



5. Conclusions

The comoving curvature power spectrum describes the density fluctuations that on large
scales later form galaxies and other structures. The fluctuations have a very small ampli-
tude on cosmic scales, but if the comoving curvature power spectrum is enhanced strongly
enough on small scales, some fluctuations will collapse into PBHs. These PBHs can form
over a large range of masses, but PBHs as a significant fraction of dark matter is ruled
out for most of them. The exception is the asteroid mass gap M ∈ [10−17M⊙, 10−11M⊙],
where PBHs could form all or most of dark matter.

The fluctuations with smaller amplitudes generate a stochastic gravitational wave
background. The frequency of the GWs is inversely proportional to the mass of the PBHs,
which for asteroid mass PBHs is near LISA’s peak sensitivity. For a monochromatic
enhancement of the comoving curvature power spectrum, the GW signal is detectable by
LISA. For other spectra, the shape of the signal changes, but the result is the same.

If no detection happens, we can rule out PBHs as a significant part of dark matter,
but if we do detect GWs, PBHs are not necessarily a large part of dark matter. This is
because the fraction of PBH dark matter fPBH depends exponentially on the amplitude
of the perturbations, so a small decrease in As will lead to a large change in fPBH, but
a similar GW signal. This allows us to detect the iGW signal even if fPBH ≪ 1. In
fact, since the iGW signal is so far inside LISA’s sensitivity range, the signal would only
become undetectable after reducing As by a factor of 100 [18]. Regardless of the result,
LISA will enable a new way of studying the early universe, and we are bound to learn
something new.
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