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CHAPTER 1

Introduction

The Big Bang model' successfully describes the universe’s evolution from a hot, dense
state to the present-day universe. However, it faces several problems. First of these is the
horizon problem: how distant regions of the universe, too far apart to have ever shared
light or information since the Big Bang, still ended up with almost exactly the same
temperature and conditions. The second is the flatness problem: why the universe’s overall
geometry is so extremely close to perfectly flat today, when even the tiniest deviation in its
early state would have grown over time into a vastly curved universe. The third problem is
how we can explain the origin of primordial inhomogeneities: how tiny, random quantum
fluctuations in the very early universe grew into the large-scale structures we see today
like galaxies and clusters without disrupting the universe’s overall smoothness. Cosmic
inflation is a paradigm proposing an epoch of accelerated expansion immediately after the
initial singularity. It explains the observed universe by separating once causally connected
regions beyond the observable horizon, stretching quantum fluctuations to large scales,
smoothing initial anisotropies, and driving the cosmos toward spatial flatness.

We do not have one single inflationary model that would fit the observations; we have
a huge number of them. While the inflationary era of the universe is widely accepted as a
working paradigm, we do not have consensus on the model, mainly due to the restrictions
of the observations and also because the models themselves give results that overlap with
each other.

Of the many inflationary models, Higgs inflation stands out for its conservative sim-
plicity. Instead of introducing a new, previously unknown scalar field as the inflaton,
Higgs inflation is built upon the idea that the Standard Model Higgs boson observed in
the Large Hadron Collider (LHC) acts as the inflaton.

However, the dynamics and viability of Higgs inflation have a close connection to how
the Higgs field interacts with gravity. This is realized when we consider Higgs inflation
in the context of different formulations of Einstein’s general relativity. The standard way

1Meaning thermal equilibrium of particles in Friedman-Robertson-Lemaitre-Walker-background.



INTRODUCTION

(or the simplest way) to model gravity is through the Einstein—Hilbert action, where
the existing fields besides gravity are minimally coupled, meaning they do not directly
interact with the gravitational part of the action described by the Ricci scalar. However,
in quantum field theory in curved spacetime, a non-minimal coupling between the Higgs
field and the Ricci scalar is not only permissible but often anticipated. The non-minimal
coupling makes Higgs inflation sensitive to differences in different formulations of gravity,
potentially yielding distinctive predictions for observable cosmological parameters, such
as the spectral index and tensor-to-scalar ratio of primordial fluctuations.

General relativity can be formulated in various mathematical ways, which may have
different predictions for Higgs inflation in the case of non-minimal coupling. Beyond the
standard metric formulation, where the metric tensor is the sole independent gravitational
degree of freedom, alternative approaches like the Palatini formulation treat the metric
and the connection (which describes how vectors are transported across spacetime) as
independent variables.

FEinstein’s general relativity is a geometrical theory; it depicts gravitational phenom-
ena as the curvature of spacetime. However, one may also consider theories in which we
describe gravity using other geometrical quantities instead of curvature. One example is
Einstein—Cartan gravity [1] which mixes non-zero torsion, meaning the failure to parallel
transport a vector, and non-zero curvature. In teleparallel gravity [2], the effects of gravity
are described by torsion, while curvature is set to zero. Teleparallel gravity also has an-
other version called symmetric teleparallel gravity (STGR) [3] in which the curvature and
torsion are set to zero but the non-metricity, meaning the failure of covariant constancy of
a vector, is not. The effects of gravity are fully described in STGR, with the non-metricity
tensor. It is also possible to consider the Einstein—Hilbert action with extra terms. These
could be for example, higher-order curvature terms or terms that the non-minimal cou-
pling elevates to dynamical ones, such as terms of a topological nature. In this thesis, we
consider terms of the last type, the Holst and Nieh—Yan terms, particularly relevant in
the context of Loop Quantum Gravity (LQG), a non-perturbative approach to a theory
of quantum gravity. If torsion vanishes, the Holst term will be zero at the classical level.
However, it has a role in loop quantum gravity.

In this work, we first go through an overview of cosmology and general relativity in
Chapter 2. After this, we take a first glance into inflation in the case of a single scalar
field in Chapter 3. We introduce Higgs inflation in detail in Chapter 4 and derive the
predictions for the inflationary observables in the metric and in the Palatini case. In
Chapter 5 we investigate how the non-minimal coupling affects the predictions of Higgs
inflation with the Holst and Nieh—Yan terms and whether we can have successful inflation,
meaning that the predictions are in the limits of observations, with different combinations
of couplings to the Ricci scalar and to the Holst and Nieh—Yan terms. Conclusions are
presented in Chapter 6.



Conventions

For the metric tensor we use the signature (—1,1,1,1).

We use unit system where the speed of light ¢ and the reduced Planck constant &
are set to one: ¢ =1 and h = 1.
We set the Planck mass Mp; = \/ 525 = 1.

The Levi—Civita connection compatible with the metric is

o 1 -
Pos = 597" (Ougvp + 0uGpu = Opguv) - (1.1)

We will denote by ”0” the quantities built from the Levi-Civita connection.

The Riemann tensor is defined as

and the Ricci scalar is
R=61g"R%.5 . (1.3)



CHAPTER 2

General Relativity and Cosmology

On the largest scales, the dominant interaction in the universe is gravitation. The theory
that we use to describe gravitation is still, today, after passing countless experiments, Al-
bert Einstein’s general relativity [4]. It depicts gravitational phenomena as a consequence
of the geometric structure of spacetime. More precisely, the gravitational field manifests
itself as the curvature of spacetime. The energy and matter content of spacetime dic-
tate how spacetime should curve, and at the same time, the curved spacetime geometry
tells matter how to move!. The framework for general relativity is set by Einstein’s field
equations [6]

GD[U/ = éuu - %guué = T;U/ . (21)
The Einstein field equations relate the Einstein tensor G/,,, constructed from the Ricci
tensor R, and the Ricci scalar R, which describe the geometry of spacetime, to the
matter and energy content of spacetime described by the stress-energy tensor 7),,. The
Einstein field equations can be obtained from the Einstein—Hilbert action via variation
with respect to the metric? g,

1

573

/d4x\/ _gé + Smatter ) (22)

where Sphatter 1S the action for the matter fields.

In cosmology, we assume, based on observations, that on large scales, the universe is
statistically isotropic everywhere. This also leads to the fact that the universe is statisti-
cally homogeneous [7]. So all directions and places in the universe are on equal footing.
The assumption of an isotropic and homogeneous universe on large scales is also remark-
ably well supported by observations, and the approximation is even better justified when
we go further into the past [7].

I This description was given by John Wheeler, found for example in [5].
2We will later discuss the Palatini formalism, where the variations are done with respect to the metric
and the connection.



2.1 The Friedmann—Robertson—Walker metric and
Friedmann equations

An isotropic and homogeneous spacetime describing our universe is represented by the
Friedmann-Robertson-Walker (FRW) metric

dr?

2_ 32 2
ds® = —dt* + a“(t) T2

+ 7% (d6? + sin® 0do) | (2.3)

where a(t) is the scale factor depending on cosmic time ¢. The scale factor determines
how space expands. The radial coordinate is r, the constant k is related to the curvature
of space, and the usual angular spherical coordinates are 6 and ¢.

In order to figure out the dynamics of the universe, we need the Einstein field equations.
The energy-momentum tensor is that of a perfect fluid with energy density p = p(t) and
pressure density p = p(t)

T#u = (P +p)U,uUl/ + P9 (2'4)

with U, being the four-velocity of the fluid [6] .

By substituting the metric (2.3) into the Einstein field equations, we obtain the Fried-
mann equations [6] for the scale factor a(t):

() -5 S

which can be written with the Hubble parameter H = % as

k
H?>="L - = (2.6)

WD

The second equation we obtain is

Z = —é (p+3p) . (2.7)

The dot refers to a derivative with respect to cosmic time ¢. In the Friedmann equations
(2.5) and (2.7), we have three unknowns: the scale factor a(t), energy density p(t), and
pressure density p(t), but only two equations. Therefore, we need some extra information
in order to find the solutions. This is achieved if we have an equation of state relating
pressure and energy density. The simplest scenarios for these in cosmology are matter
with p = 0, radiation with p = g, and vacuum energy p = constant.

For later use, let us define the density parameter Q = pﬁ, where p. = 3H? is the
critical density. The critical density corresponds to the energy density of the universe for
which the universe is spatially flat in the absence of the cosmological constant. In terms

10



of the density parameter €2, the equation (2.

Q-1=

2. GENERAL RELATIVITY AND COSMOLOGY

5) can be written as

k
a2H?2 '

11

(2.8)



CHAPTER 3

Inflation

3.1 Shortcomings of the Hot Big Bang Model

Even though the conventional Hot Big Bang model (without inflation) was successful in
predicting, for example, the cosmic microwave background [8, 9] and the nucleosynthesis
of the light elements in the early universe [10], it does have some problems.

The cosmic microwave background (CMB) temperature spectrum reveals that regions
of the sky separated by at least one angular degree have the same temperature with an
accuracy of 1074, However, in the Hot Big Bang model, regions that are separated by
more than about one angular degree could not have been in causal contact with each other
[11]. How is it then possible to observe a universe that is so isotropic and homogeneous?
This is often titled the ’horizon problem’. On the other hand, the universe seems to be
statistically isotropic and homogeneous on a large scale, but on a small scale we have
inhomogeneities such as galaxies, stars, and voids. One may ask, what is the origin of
these small scale variations?

Another problem that arises in the Hot Big Bang model is why we observe a spatially
flat universe today. This means that in the Friedmann equation (2.5), the term related to
the curvature —a—k’z is either zero or extremely small compared to the value of the other
term containing the energy density p. This feature is often called the flatness problem, or

the oldness problem.

In the case where 2 = 1 the universe is flat, there is no time evolution for the density
parameter, and the universe remains flat forever. We can further see that in the equation
(2.8) the so-called comoving Hubble length'

Lo
cH_aH7

1Naively one might say that the comoving Hubble length gives the comoving distance light travels
during one Hubble time. However, this is not the whole picture, since the comoving Hubble length and
the Hubble time change with time.

(3.1)

12



3. INFLATION

increases as a function of time during matter or radiation domination in the universe
[11] driving the universe away from flatness. Furthermore, |2 — 1| o ¢ in the radiation
dominated era. Considering that the observed value today for Q(tg) is very close to one:

[Q(to) — 1] <1077,
we can conclude that in the past it must have been even closer to one [12].

We cannot predict the value of 2 from theory, so one may ask why the initial conditions
were so finely tuned that the value of € is so close to one. Even the slightest deviations in
the initial conditions lead either to a universe which collapses shortly after its beginning,
or to a universe which cools down and becomes empty way too fast.

3.2 How inflation alleviates the problems

The source of both of the problems can be traced to the behaviour of the comoving
Hubble length (3.1), which grows as a function of time. In order to change this behaviour,
in inflation [13-16] one postulates an acceleration period of the early universe in which
the scale factor of the universe é@ > 0. This means that for %# < 0 and so the Hubble
radius shrinks. In the equation (2.8) we see that the universe is driven towards flatness

in the early times and we have a solution to the flatness problem.

As for the horizon problem, the shrinking comoving Hubble length during inflation
means that the causally connected distance between two points gets smaller in comoving
units and makes it possible for the presently observable universe to originate from a small,
causally connected region.

3.3 The basics of inflation

In order to have the condition for inflation met in other words d@ > 0, we see from equation
(2.7) that we must have

p+3p <0, (3.2)
and therefore )
p
22 3.3
; 3 (3.3)

The energy density p is assumed to be positive for ordinary matter?, so for the condition
of inflation to be met, we need to have pressure that is negative: p < 0. A simple example
of a matter type that has this property is a slowly rolling scalar field, meaning that the
potential of the field dominates the kinetic term, and the friction term dominates the
acceleration of the field. For a scalar field, the Lagrangian is

2 Also pressure is positive for ordinary matter under normal circumstances.

13



L= /d4x\/jg [—;g“"am o —V(o)| , (3.4)

where ¢ is the scalar field, the inflaton and V(¢) is the potential of the field. We assume
that the field ¢ is minimally coupled to gravity, meaning that the spacetime curvature
is manifest only in the metric of the kinetic term and in the determinant of the metric.
Later on, we will discuss the case of non-minimal coupling in the context of Higgs inflation,
where the Higgs field directly couples to the Ricci scalar.

When we have an isotropic and homogeneous universe with the scalar field, the Fried-
mann equations (2.6) and (2.7) take the form?

= (;df" + V<¢>>) (3.5)
and . 1
S (V) - (3.6)

With these, we can also derive an equation of motion for the scalar field
b+3Hd+V'(p) =0, (3.7)

where prime denotes the derivative with respect to the scalar field ¢. The 3H (;5 term acts
like a friction term and slows down the evolution of the field.

From (3.5) we see that the condition for inflation @ > 0 now requires that ¢2 < V/(¢) in
other words, the potential dominates the kinetic term of the field, as we mentioned earlier.
We also want the second derivative of the field to be small in order to maintain inflation
long enough. These matters can be addressed in the so-called slow-roll approximation,
where we assume the following slow-roll conditions [6]:

¢ < V(o) , (3.8)

and ) .
|o| < |3H¢| . (3.9)

Equivalently, for these conditions to be met, we require that, in terms of the slow-roll
parameters eg
¢2
=<1 3.10
= ome (3.10)
and ng )
M= -, Il <1, (3.11)
H¢
where the lower index H refers to the fact that these are written in terms of the Hubble
parameter. The slow-roll conditions simplify the equations (3.5) and (3.7) into linear

3The curvature term can also be neglected since inflation will smooth down the universe.

14



3. INFLATION

first-order differential equations
H? ~ V(o) (3.12)

and
3Ho~ -V'(¢) . (3.13)

The slow-roll parameters can also be written in terms of the potential [7]

€ ey, Ng RNy — €y, (3.14)
with N
ey = % <“//) ) (3.15)
and -
W= (3.16)

The condition that the slow-roll parameters are small is a necessary condition, but not
sufficient for the slow-roll approximation to be applicable. The slow-roll parameters only
limit the form of the potential. It is possible to fix the initial conditions in a way that the
derivative of the field |¢>| is so large that the flatness of the potential will not guarantee
successful inflation. However, most initial conditions lead to an inflationary phase if the
slow-roll parameters are small [6, 17]. In addition to the above, we also have the higher-
order slow-roll parameters [17]
V/V/l/ 1

CV = Vv V yoee

(3.17)

n—11d""'v
VvV d¢n+1 .

followed by a new parameter for n > 3 in the form (VV/)

We can quantify the amount of inflation during slow roll in e-folds IV defined often as

1 v
N~ [ 7dd, (3.18)
$2
Where the approximate equality is there to emphasize the fact that this holds only in
slow roll. The field starts at some value ¢; and ends up at a value ¢, that corresponds to

a situation where inflation ends and the slow roll parameters are of the order of unity. In
one e-fold the scale factor a increases by a factor of Euler’s number e.

15



3.4 Testing inflationary models

The remarkable feature of inflationary models of the universe is that they offer an ex-
planation for the observed small anisotropy in the CMB and at the same time they also
explain the flatness of the universe. The origin of the observed anisotropy lies in the parti-
cle responsible for inflation, the inflaton, and its quantum fluctuations. Inflation stretches
the quantum-scale fluctuations of the inflaton field to large scales. The generation and
evolution of these perturbations are described by cosmological perturbation theory, which
makes it possible to calculate observable quantities in order to test the different inflation
models [11, 18].

In general relativistic perturbation theory, tensorial quantities are split into a back-
ground part and a small perturbation around it. In cosmological perturbation theory, we
add small perturbations on top of the FRW-metric g,,, and the inflaton field ¢, which
leads to deviations from homogeneity. The metric g, is divided into a background part
9, and a small perturbation dg,., (t, x) so that

G = Gy + 090 (L, X) . (3.19)

Likewise, for the inflaton field, we have the homogeneous background ¢ and a small
perturbation d¢(t, x)
6= +06(t, ) . (3.20)

Notice that the perturbation is now a function of space and cosmic time. We only keep
the first-order linear terms in the perturbation series.

The basic route following [19] would now be to construct a gauge invariant variable
describing both the metric and the scalar perturbations. Since general relativity is dif-
feomorphism invariant, we have the freedom to choose the coordinate system freely. In
cosmological perturbation theory, this complicates the situation since we have a freedom
of gauge. This means that a poor choice of coordinates might lead to unphysical degrees
of freedom. This means that the physical isotropic homogeneous spacetime could in prin-
ciple have some inhomogeneities that are just coordinate artifacts, and we must be able
to recognize them from the physical perturbations and keep track of them along the way.
Another way to address the problem is to build a gauge invariant variable that describes
the perturbations. This has been done in various ways and the whole process is beyond
our needs. One way is to proceed as in [19, 20]: first build an action characterizing the
perturbations. Then the action is expressed in terms of a gauge invariant variable, known
as Sasaki-Mukhanov variable @) that represents the scalar perturbations. Then we canon-
ically quantize () analogously to that of a scalar field with a time-dependent mass. The
evolution of the perturbations is described by the Fourier mode functions uy of Q)

" 2 2"

16



3. INFLATION

with z = a%, k being the comoving wave number of the Fourier mode and the prime
denote the derivative with respect to the conformal time n = %. Equation (3.21) can be
solved with suitable initial conditions by choosing the vacuum state to be the so-called
Bunch-Davies vacuum state [21], meaning a zero-particle state of a comoving observer
in the past infinity [22], and using the slow-roll approximation®. The solutions to (3.21)
are then used to compute the two-point correlation functions such as the power spectrum
for the comoving curvature perturbation Pz (k). The comoving curvature perturbation
R measures the spatial curvature of comoving hypersurfaces induced by the inflaton
field. The main advantage of using the comoving curvature perturbation is that it is
conserved on super-Hubble scales during inflation. This makes it possible to relate late-
time observables such as the galaxy distributions to the initial conditions of inflation [23].
During inflation, the comoving curvature perturbation R can be written in terms of the
Sasaki-Mukhanov variable @ so that

Q
R=—. 3.22
L (3.22)
Furthermore, the power spectrum Pr (k) is described on super-Hubble scales [23]
k‘3 2 vV
Pr() = oyl (3.23)

272 22 24m2ey

In single-field inflation, the perturbations of the CMB are expected to be very nearly
Gaussian in nature; therefore, the power spectrum provides an excellent approximation
of their statistical properties [23].

In a similar way that inflation leads to scalar perturbations, it also leads to the pro-
duction of gravitational waves; in other words tensor perturbations. Analogously to the
equation (3.21), for tensor perturbations h;; the mode equation takes the form

/! kQ—G—H =0 3.24
’Uk+ a Vi = 5 ( )

where now vy, are the mode functions[23]. The power spectrum for the gravitational waves
is given by

o 8]63 |’Uk|2 . 2V
Tor2 22 3m2

The tensor power spectrum is usually normalized relative to the measured amplitude of

Pr(k)

(3.25)

scalar perturbations so that we have the so-called tensor-to-scalar ratio

r= ? = 16ey . (3.26)

R

40ne can also solve the equation (3.21) numerically.
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We can also define the scalar spectral index ng as

dPr

ng=1+ ok = 1—6ey +2ny (3.27)
and it’s running o
o, = PPr —16eyny + 24ey + 2¢2 (3.28)
s = A k)2 viv 1% . .

3.5 Observational constraints for inflation

In the last section we defined the power spectrum of the scalar and tensor perturbations.
These can be related to cosmological observables such as the CMB temperature. The
Planck satellite data [24] with combined measurements from other experiments, gives us
the latest observational results for inflation. For scalar perturbations the power spectrum

Prk.) = Ay = (2.092 £ 0.034) x 107 (3.29)

at pivot scale k. = 0.05Mpc™ !, where A, is the amplitude of the spectrum at pivot
scale[24]. For the scalar spectral index ng and for its running a, we have [24]

ns = 0.9641 + 0.0044, «; = —0.0045 £ 0.0067 . (3.30)
For the tensor-to-scalar ratio experiments give an upper limit[25]

r < 0.036 . (3.31)

While this thesis was being prepared, a joint analysis of data from the Atacama
Cosmology Telescope (ACT) [26] and the Dark Energy Spectroscopic Instrument (DEST)
[27] reported a scalar spectral index of ny = 0.974 & 0.003.
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CHAPTER 4

Higgs inflation in the metric and in the
Palatini formulation

Since it has been shown that a slowly rolling scalar field leads to successful inflation, it is
the starting point of most of the current inflationary models. Many of the existing models
require a scalar particle that is outside the realm of the Standard Model of particle physics.
In these models, the particle responsible for inflation, the inflaton, can be found from a
Grand Unified Theory, supersymmetry, or string theory, etc. (for a review of inflationary
models [28]).

From an experimental point of view, the only observed scalar particle is the Higgs
boson of the Standard Model of particle physics [29]. Tt is then quite natural to ask
whether the Higgs boson could act as the inflaton. In 2007, Bezrukov and Shaposnikov
[30] showed that this is indeed possible. However, Higgs inflation requires a feature that
is not evident at first sight. The Higgs field must be non-minimally coupled to the Ricci
scalar in order to achieve successful inflation. This is due to the fact that the Higgs self-
coupling is too large and results in a spectrum of primordial perturbations that deviate
from observations [30].

The gravitational part of the Lagrangian of the Standard Model Lg); non-minimally
coupled to gravity is

1o o
Lsat, o = Lsu + 3R+ EHTHR , (4.1)

where the H is the Higgs doublet and £ is a coupling parameter. The presence of the
non-minimal coupling to gravity is not just needed for the Higgs inflation to work. It is
also required by the renormalization procedure of the energy-momentum tensor in the
case of a scalar field in a curved spacetime [21]. Furthermore, when the Standard Model
and the Einstein—Hilbert action are combined, the non-minimal coupling term is the only
dimension four operator that is allowed to be added to the action.

19



Taking into account only the radial mode h of the Higgs doublet, we can write the
action for the non-minimally coupled Higgs field as

S = /d4x¢?g B (1+€n?) R~ %gwaﬂh ah—-V(h)| , (4.2)

where the tree-level Higgs potential V (k) = 4 (h? — v?)?, with A ~ 0.129 being the Higgs
self-coupling parameter at the electroweak scale and v ~ 246 GeV the expectation value
of the Higgs field [31].

4.1 Higgs inflation in the metric formalism

Higgs inflation relies on the known particle content of the Standard Model of particle
physics, namely, the Higgs Boson. Therefore, Higgs inflation offers a way to form a link
between the experimental physics conducted in particle colliders and the high-energy
physics of the early universe. In addition, the presence of the non-minimal coupling be-
tween the Higgs field and the Ricci scalar creates the possibility of probing how the
formulation of gravity affects Higgs inflation and its predictions.

Higgs inflation was first introduced in [30] in the metric formalism, where it was found
to lead to successful inflation. In the metric formalism, the independent gravitational
degree of freedom in the action (4.2) is the metric gop and its first derivatives, which are
present in the Levi—Civita connection FZ 5- The Ricci tensor involves second derivatives
of the metric, which is a peculiar property of the Einstein—Hilbert action atypical for
field theories. Therefore, the variation of the action in the metric formulation results in a
situation where we have an ill-defined variational problem if the spacetime has a boundary.
This can be dealt with by adding to the original action the Gibbons—Hawking—York term,
which cancels the contribution coming from the boundary of the spacetime [32, 33].

Continuing to the analysis of the action (4.2) we perform the conformal transformation

gaﬂ = QQQaﬁ s (43)

with the conformal factor
Q= (1+¢h?) . (4.4)

This removes the non-minimal coupling between the Higgs field and the Ricci scalar. In
the metric formulation, the determinant transforms as

V=g = Q—4\/j§ (4.5)
and the Ricci scalar transforms as

R = Q%R + 6Q5°PV V50 — 12§°°V,QV 50 (4.6)

20



4. HIGGS INFLATION IN THE METRIC AND IN THE PALATINI FORMULATION

The non-minimally coupled version of the action is usually called the Einstein frame,
whereas the non-minimally coupled frame is called the Jordan frame. Noting that V,Q =
0,82 and dropping a total derivative term, the Einstein frame action after the transfor-
mation is

7 A 7~}3711+£h2+6§2h2~w ot
Sf/d x4/ g{QR 2T tem? g ouh 0Lk — Q7 V (R)| (4.7

The conformal transformation has altered the kinetic term of the action. This can be
brought back to canonical form with a field redefinition of the form

dx _ \/1+E&h* 4 6€2h2 (4.8)

dh 1+ £h2 ’
and the action becomes
1: 1
S = /d4x\/—g [QR - 5;}“”8“)(8,,)( -Ux)| , (4.9)
where the potential
V(h V(h
U~ V) V() w0

Q(r(X)  [1+er2(x)?
In this form of the action, we can see that the relevant physics has been transferred to
the new potential U(y) and the standard cosmological perturbation theory and slow-roll
approximation are applicable. The potential has been written in terms of the field y and
one has to solve it first from the field redefinition (4.8). An exact analytical solution is
possible for y, yet, for our purposes, we can just approximate the field redefinition in
different regimes. For small field values y < % we have in the field redefinition £éh? <«
6£2h% < 1 and

dx ~ dh , (4.11)
so in the small field limit
x=h (4.12)
and the potential has the same form in both the non-minimally and minimally coupled
frames
Ao g2
U~ 7 (*=v)" (4.13)

In the case of large field values when h > ﬁ, we have £€h% > 1 and (4.8) becomes

VERZ + 6€2h2 V6 1 V6
dy~ Y=~ dh=-~—,/14+ —dh~ ~—dh . 4.14
X e VT 6 I (4.14)

So we get
h
x=V6ln— | (4.15)
ho
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where hg is an integration constant. Solving for h, we get

1
6 — ——¢

Ve

where, in the last equality, we set for convenience hg = % For large field values, we have
h > v, and the potential in the minimally coupled frame becomes

s\x
a\x

h= hoe (416)

1 AR A 2y 2 A 2y
~ —/m— = —— NG ~ — — NG .
U~ e T i (1+e%) e (1-2e7%) (4.17)

Now we have everything for the calculation of the slow-roll parameters (3.15), (3.16) and
(3.17) in terms of the field k() and we get [30]

1 /U2 4
U’ 4
WS T T 3en? (4.19)
and u o 16
V=57~ 9eh (4.20)

The prime denotes the derivatives with respect to the x field U’ = dU/dx. The number
of e-folds can be calculated with (3.18)

N =~ %dx = g (627% — ezxjgd) + ? (X — Xend) = %6% ~ 3£4h2 (4.21)
Xend
In terms of N, we have the slow-roll parameters
6%4—]?:72, n%—%, (%%. (4.22)
We also get the scalar and tensor perturbation spectra
Pr(k) = 24526V ~ 7;7]:2; : (4.23)
and
Pr(k)= g (4.24)
The tensor to scalar ratio is Py 19
r= Pe - NT (4.25)
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4. HIGGS INFLATION IN THE METRIC AND IN THE PALATINI FORMULATION

In the lowest order of the slow-roll approximation, the scalar spectral index is now
2
n5:1—6ev+2nvzl+2nvzl—ﬁ (4.26)

and its running «;

2
as = —16eyny + 24ey +2¢2 = 2 = “NT (4.27)
We noted earlier that the observed value of the amplitude of the scalar perturbations is
Pr = (2.092 £0.034) x 107? [24] this restricts the value of the coupling constant & to be
for N = 50 — 60 to be £ ~ 1.465 — 1.758 x 10%. Now, for N ~ 60 we get the following

values

ne ~ 0967, r=~0.0033, a,=—0.00056 . (4.28)

Comparison with the observed values ng = 0.964140.0044, r < 0.036, and oy = —0.0045+
0.0067 shows that they agree with the observations. However, the spectral index for Higgs
inflation does not agree with the latest combined results from the ACT telescope and
DESI, which is valued at ny, = 0.974 4+ 0.003.

Even though Higgs inflation in the metric formalism is a simple and conservative ap-
proach to the problem of inflation, it has a problem with perturbative unitarity. This
problem arises because the large non-minimal coupling of the Higgs field to gravity leads
to a breakdown of perturbative unitarity at energies far below the Planck scale. More pre-
cisely, the ultraviolet cutoff of the Higgs interactions and the Hubble rate are of the same
magnitude, and this makes the whole inflationary evolution dependent of the unknown
UV completion of the Higgs sector.

One can circumvent this problem by considering the Palatini formalism of Einstein’s
general relativity. In the Palatini formalism the UV cutoff scale is pushed signicantly
higher thus eradicating the problem [34].

4.2 Higgs inflation in the Palatini formalism

The fact that we have the non-minimal coupling between the Higgs and the Ricci scalar
makes it possible for the action (4.2) behaves differently compared to the metric for-
malism when we consider different variational principles which use different independent
variables to describe gravity. This is the case in the Palatini formalism, also known as
first order formalism or the metric affine gravity. In the Palatini formalism, we consider
the independent variables to be the metric gos and the connection I') 5, and therefore
only first derivatives are present in the action; hence the name first order formalism. Fur-
thermore, there is no need for the Gibbons-Hawking—York-boundary term for the action.
In the case of the standard form of the action, meaning the Einstein—Hilbert form with a
symmetric connection or metric compatibility with a matter part that does not depend
on the connection:
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5— % / d*2/=g R(T,0T) + Spatter (4.29)

the variation leads to an equation of motion that forces the connection to be the Levi—
Civita connection. Usually, we assume that the connection is torsionless: I'” af = I‘ﬁa;
however, one can use an arbitrary connection in the Palatini variation principle. This,
however, leads to an underdetermined set of equations for the connection [35].

In the case of Higgs inflation in the Palatini formulation, we again consider the action

/d‘le{ (1+§h2)Rffg’“’8 ho,h —V(h)| , (4.30)

but we take the metric and the connection as independent variables. The analysis is now
simpler since the Ricci scalar does not depend on the metric. We can bring the action
(4.30) to minimally coupled form by considering again the same conformal transformation
as before, leading to an action

S = /d‘*xJTg - G"0,h O, h — 1)V(h)] ;o (4.31)

1
Ry — =
m o (14 €2y H (1+¢h2)?

To bring the action (4.30) to canonical form, it suffices to consider the field redefinition

1
dx = ———=dh 4.32
XS irae (432
to get
S = /d%\/—g [;g’“’RW — %g’“’@uhayh -U)| , (4.33)
where the potential U(x) again is
V(h V(h
Uly) = (h(O) _ _V(h(X) (4.30)

) L+ en(x)
From (4.32) we get

h = %sinh (\/Ex) (4.35)

and the potential is

Ulx) = 411(1—|—>§\I12)2 Esinh2 (ﬁx) - vzr . (4.36)

Considering again the small field values when h < 11/€ the field x ~ h and the potential
U = V. In effect, there is no distinction between the results of the two frames. When the
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4. HIGGS INFLATION IN THE METRIC AND IN THE PALATINI FORMULATION

field values are large y > \%, we have

1A sinh*(VEx 1A 1
U = LA sivey 1A - (4.37)
4¢ (1+51nh2(\/gx)) 4§ (1+86 ¢h + 16e 3 )
For the slow-roll parameters, we have now
8 8 64
Continuing with the number of e-folds
X
U h?
N =~ —dx ~ — 4.39
| = (139)
Xend
and furthermore
~ L ORI U (4.40)
6VN8£N2’ nv -~ Na NNQ . .
We also obtain the scalar and tensor perturbation spectra
U AN?
k)= A 4.41
Pr(k) 24n2ey,  12m2¢ 7 (441)
and U N
Pr(k) (4.42)

T 2rley | T2m2€2
In the lowest order of the slow-roll approximation, the scalar spectral index is now

2
nS:1—6ev+2nvzl+2nV:1—N (4.43)

and its running o«

2

as = —16eyny + 24ey —|—2C2 ~ 20 = 7

(4.44)

Now, the value of the coupling constant £ for N = 50 — 60 is restricted by the observed
Pr tobe £ =~ 1.3—1.9x10°. For N = 60 in the Palatini formulation, we obtain the values

ns ~0.967, r~3x107, a, = —0.00056 . (4.45)

For the Palatini case, the required value for the coupling £ must be larger than that in the
metric case. From this, it follows that in the Palatini formulation, the value of r becomes
very small compared to the metric case and undetectable even for future experiments
such as CMD-HD, CMB-S4 and LiteBIRD [36—38].

25



0.20

TT,TE,EE+lowE+lensing

TT,TE,EE+lowE+lensing
+BK15

TT,TE,EE+lowE+lensing
+BK15+BA0O

Natural inflation
Hilltop quartic model

G
%’@‘r \
\

0.15

-

\ « attractors
Power-law inflation
R? inflation

Voo ¢?

V x ¢4/3

Voo

V x ¢2/3

Low scale SB SUSY
N,=50

N.=60

Tensor-to-scalar ratio (r,gp2)

S

0.94 0.96 0.98 1.0
Primerdial tilt (ns)

FIGURE 4.1 Here the predictions for ns and r to first order in the slow-roll approxi-
mation for a few inflationary models are presented. Notice that the pivot scale here is
k. = 0.002Mpc~!. The metric Higgs inflation case gives the same results as the R? infla-

tion. Picture taken from [24]

26



CHAPTER 5

Higgs inflation with the Holst and the
Nieh—Yan term

This chapter is based on the work the author did in [39]. In addition to considering Higgs
inflation with different gravitational degrees of freedom, we can also consider gravitational
actions that are more general than the Einstein—Hilbert action. Higgs inflation has been
investigated, e.g., with higher order curvature terms that are mainly motivated by effective
field theory considerations [40] considering that the Einstein—Hilbert action is a low energy
approximation of the full action composed of higher order terms in curvature that become
relevant at high energies. These include, e.g., the Ricci scalar squared [41, 42] and the
Gauss—Bonnett term [43]. In addition, the non-minimal coupling of the Higgs field can
elevate terms that are originally topological in nature, such as the Chern—Simons term or
the Nieh—Yan and the Holst terms [44, 45], to dynamical ones.

5.1 Prerequisites: Curvature, non-metricity and torsion

In order to proceed, we introduce some ingredients necessary for the Nieh—Yan and the
Holst term in the case of Higgs inflation. We introduce two new quantities: non-metricity
and torsion. Along with curvature, non-metricity and torsion fully describe the geometry
of spacetime. Non-vanishing torsion is essential for the introduction of the Nieh—Yan and
Holst term since otherwise both terms will be zero at the classical level.

As in the Palatini variational principle, the metric g,s and the connection FZB are
our independent degrees of freedom. We decompose the general affine connection as

D=1+ s+ K ap , (5.1)

where J,3, is known as disformation and K,g, as the contortion defined as
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(Qaﬁv - QWB - QBM) (5-2)

N | =

Jagfy =

and

N | =

Kapy = 5 (Tapy + Tyap + Tpar) (5.3)

where Qo+ is the non-metricity measuring the failure of the connection to preserve the
metric under parallel transport, resulting in a change of a vector norm and 7,3, torsion,
describing the failure of parallelograms to close when a vector is parallel transported
around an infinitesimal loop. They are defined as follows:

Qvap = ViYas (5.4)
and
T7p = QFE’aﬁ] . (5.5)

In the general case, where we allow non-metricity and torsion to be present, the Ricci
scalar can be written as

R=R+Q+T+Va(Q* — Q% +2T%) — Tp(Q* — Q%) + Qup, 17" . (5.6)

Here the two non-metricity vectors are defined as
Q" =90sQ" . Q7 =9a,Q° (5.7)

and the torsion vector and torsion axial vector as

n 1
TP = g0, TP, @ = EEGBW‘STBW& : (5.8)

The non-metricity scalar is
1 afy L yapB ! a 1 e
Q = ZQaﬁ’yQ - §Qaﬂ'yQ - ZQQQ + gQaQ (59)
and the torsion scalar

1
T = -T.p, T - iTuﬁwTWQB — T, T . (5.10)

A~ =

Besides the Ricci scalar, one can build another scalar (which is linear in the Riemann
tensor and quadratic in the connection) from the Riemann tensor. This is the so-called
Holst term which we denote here by

X . o1 1
R= -gaueP PR = =3V, T + Ze“WngTﬂw + 5EQWQQBMT%(; . (5.11)

N | —

where €,5+5 is the Levi-Civita tensor.
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5. HIGGS INFLATION WITH THE HOLST AND THE NIEH-YAN TERM

The Nieh—Yan term is a total derivative and, as such, it does not affect the classical
equations of motion. It can be written as

~ PN 1 o
N =V, 1% = éeaWVQTM . (5.12)

5.2  Motivation from loop quantum gravity

Our motivation for considering the Nieh—Yan term and through it, the Holst term in
the case of Higgs inflation comes from a quantum gravity approach called loop quantum
gravity (LQG). In LQG, a background-independent reformulation of general relativity
is constructed in a way that is written in the language of modern gauge theories; after
this, the quantum theory is built in a non-perturbative background-independent way.
The requirement for background independence and non-perturbative techniques leads to
a theory where spacetime is discrete [46].

In LQG one has three different starting points: the traditional canonical approach with
real or complex valued connection and the modern, covariant spin foam formalism [46].
The corresponding action for the different formulations is based on the Einstein—Hilbert
action plus the Holst action. In the Holst action, the Holst term (5.11) is multiplied by the
inverse of the so-called Barbero-Immirzi parameter . The value of v = +i corresponds to
whether one has the self-dual (+) or the anti-self-dual action. A real value is also possible
[46].

Our approach in [39] relies on studying LQG with extra terms present in the classical
action and adding a non-minimal coupling to the terms and determining whether there are
cosmological implications of such alterations. The Holst term does not affect the classical
equations of motion gained from the Einstein—Hilbert action if matter is minimally coupled
and there is no torsion. With torsion sourced by, for example, a non-minimally coupled
scalar field, the Holst term becomes dynamical. The Nieh—Yan term becomes dynamical
when the term is non-minimally coupled. In contrast to the usual choice in LQG, we do
not set the non-metricity to zero.

5.3 The action and the connection

The action consists of a non-minimal coupling of the scalar field h to the Ricci scalar, the
Holst term, and the Nieh—Yan term:

S = /d%ﬁ BF(h)R + %H(h)}? + gY(h)N - %K(h)g"ﬂaahagh - V(h)}
3
2

= /d‘*xﬁg BFR + %H}? — 27%8,Y — %Kgaﬁﬁahagh - V(h)] . (5.13)
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We have denoted the coupling functions by F'(h), H(h), Y(h) and K(h). In the second
line, we did partial integration on the Nieh—Yan term. The standard LQG action can
be set up with taking the following coupling functions F = 1, H = 1/, Y = 0, or
alternatively F =1, H=0,Y =1/~.

Variation with respect to the connection I') 5 gives the equations of motion:
—FQyap + FQBQ(W — Heap"" Quvy + Fgaip(Qy + 2T4)) + FTop,
1
+H€a5’y‘uTu + §H6aBWT7W = —QQawaﬂF - 6(437#8“(11 — Y) . (514)
This is an algebraic equation and its general solution can be written in the form

Q’Yaﬁ = ql(h)gaﬁa’Yh—'_QQQ(h)g'y(aaﬁ)h
Tapy = 2t1(h)gaip0nh +ta(h)eapy b . (5.15)

Substituting this into the equation (5.14) we get

g2 = 0
FF'+HH -Y'
20 -q = 2 _f_ 72 )
HF — F(H —Y")
ty = 7 , (5.16)

where we have denoted the derivative with respect to the scalar field h by a prime. The
functions ¢; and ¢; cannot be determined separately based on the equations of motions.
We get only the combination 2¢; — ¢;. This is because the action (5.13) is invariant under
a projective transformation, where I") 5= ry 5 +0673A, with A, being an arbitrary vector
[47]. This means that we can fix the projective symmetry and set ¢g; = 0 without loss of
generality and then the non-metricity Qa3 vanishes'.

We can again simplify the action (5.13) by a conformal transformation that removes
the non-minimal coupling between the Ricci scalar and the function F'. This is achieved
with a conformal factor {2 = F. This leads to an action of the form

1 H(h)
2 F(h)

a0aY(h) 1K(h)
F(h) 2 F(h)

1 .3
S = /d4x\/—g [2R+ R- gT 9P 0uhdzh — U(h)} . (5.17)

with U = % Variation of the action and substituting the connection back in the action
leads to [39]

/ A Ve AN P
/d4x\/jg{;R—;{K+3[HF FUT V) }gaﬁaahagh—U}

S F "2  F2(F2+ H?)

= /d4:17\/jg Bﬁz —~ %f((h)go‘ﬁ&ahﬁgh - U(h)} . (5.18)

1This is actually the convention in LQG, where the tetrad formulation of general relativity is used and
the covariant derivative of the tetrad is assumed to vanish, which means that the non-metricity is zero.
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5. HIGGS INFLATION WITH THE HOLST AND THE NIEH-YAN TERM

The kinetic function in (5.18) is defined as

K 3 [HF —F(H -Y")]?
K=—+- . 1
Fre  mEeim (5.19)

The form of the coupling functions K, F and H for Higgs inflation are given in the next
section. In the action, the Levi-Civita connection R is only present in the gravitational
sector, so the effect of torsion has been shifted to the non-canonical kinetic term and
the potential. From this action without the Holst and Nieh—Yan term we can recover the
Palatini case setting

Y'=F(H/F) (5.20)
and the metric case with

F'=(Y' — H)(H/F £ /H/F)Z+1). (5.21)

5.4 Higgs inflation in different scenarios

In Higgs inflation we have the following coupling functions considering only terms up to
dimension four

K=Ky, F=F(1+¢?, H=F(Hy+Hh), Y=FRYh, (5.22)

where Ky, Fy, &, Hy, H; and Y7 are constants. In LQG with the Holst term, Hy = 1/7.
With these the kinetic function K is

o K BHF _FH-Y) _ K
F 2  F2(F?2+ H?) - Fo(1 4 ¢n?)
Yy — Hy + Hof + Yi£h?)?
+ 6h? (Ys — Hi + Hof + ViEh) (5.23)

(14 &h2)2[1+ HZ + 2(HoHy + &)h? + (H? + £2)h4]

We can obtain a canonical kinetic term through the field redefinition

dx =
Z= +VEK (5.24)

and the potential at Higgs tree-level

_ A )2 =P
Ulx) = AFZ[L+ Eh0)2 (5.25)

where \ and v are constants.
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5.4.1 Plateau inflation

At large field values £h? >> 1 the potential becomes asymptotically flat and we have the
values for slow-roll observables

N? A
A= pa ey
€+ H%+§2
n. = 1_2_3r
s N 16
2 /1 6Y? A
N — _ 5.26
r N2 <£+H12+§2> 67T2A5§2 ( )

The value of £ is determined by the observed amplitude of the scalar perturbations A,
only when we fix the value of the Higgs self-coupling A. At the electroweak scale A\ = 0.13.
At the inflationary scale we consider A to be a free positive parameter. In order to avoid
strong coupling we have the limitation A < 0.1. We do not consider running for \. When
the Holst and Nieh—Yan terms are zero, we get the same results as in Palatini Higgs
inflation for A, ns and r, as one would expect. However, if these are not zero, we see that
the dependency of the slow-roll observables on the couplings makes it possible to adjust
the values in different ways. It is possible to make the amplitude A4 small without a large
coupling constant &, since we can instead make the coupling Y; with the Nieh—Yan term
large.

The observational limit for r and the value of A set the value of £ to be large in any
case, unless the Higgs self coupling A < 1.

In the case where we set the Holst term zero, we can have only plateau inflation. In
this situation, we obtain the same results as with Higgs inflation in teleparallel gravity,
which has been analyzed in [48]. Other scenarios with different terms present in the action
are discussed in the next section.

5.4.2 First case: Y =0

When the Holst term is present in the action but the Nieh—Yan term is not, we can
have plateau inflation. However, the contribution from the Holst term is negligible if the
coupling is not large. In LQG the value for the Barbero—Immirzi parameter from black
hole entropy without chemical potential is v = 0.274 [49]. An interesting case for LQG
would be to consider taking this value for v and use it for the coupling Hy = % which
results in Hy = 3.6. This is too small to have any contribution to the observables. With
a large Holst term coupling we can shift n; down on the plateau.

Another inflationary scenario is also possible if the coupling Hy is much larger than
¢ and H;p. This leads to a situation where the Holst term can dominate the kinetic term
in an intermediate regime. If Hy is larger than other couplings and we have |£|h? > 1
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5. HIGGS INFLATION WITH THE HOLST AND THE NIEH-YAN TERM

we end up in the same result as in Higgs inflation in the metric formulation for plateau
inflation. In contrast to the metric case, we can now observe this inflationary behaviour
also for £ < 0.

5.4.3 Second case: £ =0

When we do not have non-minimal coupling to the Ricci scalar, as in standard Higgs
inflation, the potential is not asymptotically flat. In an intermediate regime, successful
inflation is possible. This requires adjusting the parameters suitably. With ¢ = 0, the
kinetic function (5.23) simplifies to

_— 3(H —Y')?
K = v 9w
Vi — Hy)?
_ ez = HY (5.27)

1+ (Ho + Hih2)?

Successful inflation requires that the second term dominate. We find that this results in
a certain limit to

A AAZHE
® 2n2H?
2
ng ~ 1-— N % 2
r A;JQ\/'Q GW;\ZOH% (5.28)
where A = ’ HlHjY1 ‘ It is now possible to tweak the tensor-to-scalar ratio up or down with

the Holst coupling. Comparison to the plateau inflation case reveals that these are similar
in form, with some replacements. Especially for n, there is a difference in the third term,
but it is in any case very small. If we have only the Nieh—Yan term £ = Hy = H; = 0,
successful inflationary solutions do not exist since the tensor-to-scalar ratio becomes too
large compared to observations.

5.4.4 Third case: Including all three terms

With coupling to the Ricci scalar, the Holst term, and Nieh—Yan term we can have a
larger variety of inflationary scenarios. If we consider first the situation £ < 0 we can have
an a-attractor solution. However, when £ < 0 we cannot have successful inflation in the
case Hy = 0. Another new case is that of an inflection point inflation. When £ > 0 we
can again have an inflection point inflation.

The analysis was done numerically over five-dimensional parameter space of the dif-
ferent couplings (h,&, Hy, H1,Y7) with an adaptive Monte Carlo method. For £ < 0 we
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have the range [—101°,0] for ¢, [-10'°,10'°] for Hy and Hy, and [0, 10'°] for h and Y;.
The Higgs quartic coupling was limited to the range [107°,1071]. One should note that
the parameter scan was done before the new observational limit for tensor-to-scalar ratio
r = 0.036 [25] was given and the old result was r = 0.067.

The results are shown in figure 5.1 on the (ng,r) plane. On the bottom, we have the
case £ < 0 and on the top £ > 0. With the coloring we represent the minimal value of the
non-minimal coupling |¢| to the Ricci scalar for which the observational constraints are
met. With the solid black line, we have shown the analytical result for plateau inflation.
The dashed line represents the results in the case & = 0. The result of the standard metric
formulation is denoted by a star. The values of the tensor-to-scalar ratio can have values
from the maximum observationally allowed value all the way down to around 1072, The
values of the spectral index ng cover the entire current observational range.
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5. HIGGS INFLATION WITH THE HOLST AND THE NIEH-YAN TERM
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Ny

FIGURE 5.1 Here the spectral index ns and tensor-to-scalar ratio r are presented for £ < 0
(top) and & > 0 (bottom). Points in the plane correspond to an successful inflationary model
that fulfils all observational CMB constraints. An exception to this is ns which is allowed
to have a wider range of values. With the coloring we represent the minimal value of the
non-minimal coupling || to the Ricci scalar for which the observational constraints are met.
The solid line represents the prediction of plateau inflation, and the dashed line has £ = 0.
With the star we have shown where the results of standard metric formulation reside.
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CHAPTER 6

Conclusions

In this thesis, our focus has been on Higgs inflation and the non-minimal coupling to the
Holst and Nieh—Yan terms with the non-minimal coupling to the Ricci scalar. The core
appeal of Higgs inflation lies in its remarkable simplicity: it proposes that the Standard
Model Higgs boson, a particle found by the LHC, serves as the inflaton, without relying on
new, unobserved particle content. Furthermore, the inherent feature of the non-minimal
coupling to gravity makes Higgs inflation a rich inflationary model with a large range of
different predictions for observables. Our work continues the mapping of the applicability
of Higgs inflation that has been done with different formulations of gravity or with extra
terms in the action.

Our main motivation was that, on a classical level, the Holst action works as a starting
point for loop quantum gravity. Furthermore, the Holst and the Nieh—Yan terms are
dynamical if torsion is non-zero, and the predictions would likely differ from the standard
metric or Palatini Higgs inflation case.

We found several cases where we have successful inflation. In one case, our results,
derived from a gravitational action where the connection and metric are independent
degrees of freedom (as in the Palatini formulation), yield results comparable to those
obtained in the metric formulation when incorporating the Holst term. This suggests that
the Palatini formulation cannot be definitively excluded, even if the metric formulation
achieves observational validation. We can also tune the different couplings in order to
widen the possible values of predictions to match future observational limits.

The link between the Higgs field and these additional gravitational terms provides a
new way to view LQG cosmology. The non-minimal couplings of the Holst and Nieh-Yan
terms could similarly bring quantum gravitational effects, characteristic of LQG, down
to the energy scales relevant for inflation and possibly open a possibility to probe these
effects via inflationary observations. However, this requires that the couplings to the Holst
and Nieh—Yan terms are considerably large.
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6. CONCLUSIONS

Higgs inflation remains a highly promising and simple inflationary model. The de-
tailed phenomenology is linked to the underlying gravitational action and the presence
of non-minimal couplings. This also makes it a very appealing research topic since there
are still different gravitational setups that could be considered in the case of Higgs in-
flation. The situation for Higgs inflation is the same as for many other inflation models:
It is dependent on high precision observations, and it is difficult to rule it out since the
observational limits of future experiments can be met by adjusting the model. However,
the conservative approach of Higgs inflation is highly appealing when it is compared to
more exotic inflationary models.
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Abstract. The action of loop quantum gravity includes the Holst term and/or the Nieh—
Yan term in addition to the Ricci scalar. These terms are expected to couple non-minimally
to the Higgs. Thus the Holst and Nieh—Yan terms contribute to the classical equations of
motion, and they can have a significant impact on inflation.

We derive inflationary predictions in the parameter space of the non-minimal couplings,
including non-minimally coupled terms up to dimension 4. Successful inflation is possible
even with zero or negative coupling of the Ricci scalar. Notably, inflation supported by the
non-minimally coupled Holst term alone gives almost the same observables as the original
metric formulation plateau Higgs inflation. A non-minimally coupled Nieh—Yan term alone
cannot give successful inflation. When all three terms are considered, the predictions for the
spectral index and tensor-to-scalar ratio span almost the whole range probed by upcoming
experiments. This is not true for the running of the spectral index, and many cases are highly
tuned.
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1 Introduction

Formulations of general relativity and Higgs inflation. There are several formula-
tions of general relativity, including the metric, the Palatini, the teleparallel and the symmet-
ric teleparallel formulation, among others [1-19]. They are based on different assumptions
about spacetime degrees of freedom, in particular about the relation between the metric (or
the tetrad) and the connection. When gravity is described by the Einstein—Hilbert action
and matter does not couple directly to the connection, these formulations are equivalent.
However, for more complicated gravitational actions [20-36] or matter couplings [37-55],
different formulations in general lead to different predictions.

Scalar fields couple directly to the connection via the Ricci scalar. Even if such a
coupling is not included at tree level, it will be generated by quantum corrections [56]. Even
if the coupling is put to zero on some scale, it runs and will thus be non-zero on other
scales (although it can be negligible if the running is small). Thus, scalar fields break the
equivalence between different formulations of general relativity. In particular, this is true for
the Higgs field of the Standard Model of particle physics.

Inflation is the most successful scenario for the early universe, and it is typically driven
by a scalar field [57-70]. The non-minimal coupling of the inflaton to gravity can leave an
imprint on inflationary perturbations, so observations of the cosmic microwave background
and large-scale structure may distinguish between different formulations of general relativity.
If the Standard Model Higgs is the inflaton [71] (for reviews, see [72-74]; for an earlier
similar model, see [75, 76]), it has (in the simplest cases) a large non-minimal coupling to
the Ricci scalar, so different formulations can lead to large observational differences [40, 43—
45, 48, 49, 51, 52, 77, 78]. Conclusions regarding perturbative unitarity, a key question on



the particle physics side of Higgs inflation, can also be different [41, 77, 79-99]. In the metric
formulation, the scale of tree-level unitarity violation is naively below the inflationary scale.
In the Palatini formulation, the scale of tree-level unitarity violation is shifted up, and it is
possible that inflation may take place below this scale [41, 77, 98, 99].

In addition to the non-minimal coupling of matter, a gravity sector more complicated
than the Einstein—Hilbert action can lead to differences between formulations. One example
is higher powers of the Ricci scalar, which have to be included because of loop corrections
[36, 44, 96, 97, 100-117]. Extended gravitational actions can also be motivated by top-down
considerations involving more fundamental theories, such as loop quantum gravity (LQG).

Loop quantum gravity. LQG is a candidate for a non-perturbative background-free the-
ory of quantum gravity. Cosmology in LQG has often been studied in the loop quantum
cosmology approach, which involves LQG-quantising! a symmetry-reduced model (such as a
Friedmann-Lemaitre-Robertson-Walker spacetime) and studying the difference to the ordi-
nary ”von Neumann representation”-compatible quantisation [118]. We instead consider the
cosmological effects of new terms appearing in the LQG action to inflation at the classical
level. (See also [119, 120] on inflationary gravitational waves in LQG.)

LQG comes in three main flavours: Hamiltonian form with the Ashtekar SL(2,C)-valued
connection; Hamiltonian form with an SU(2)-valued connection; and covariant (or spin foam)
form [121-124]. In the first case the Hamiltonian is complex, so reality conditions have to
be imposed to obtain real-valued geometry, in the second case the variables are real. In the
Hamiltonian forms the action consists of the Einstein—Hilbert action (also called the Palatini
action as the connection is an independent variable) plus the Holst action. The Holst term is
the contraction of the Riemann tensor with the Levi—Civita tensor, multiplied by a constant
whose inverse is called the Barbero-Immirzi parameter « [125]. As the Holst piece is of the
same order in curvature as the Ricci scalar, it is not suppressed by an extra mass scale.

The choice v = =+i gives the selfdual (or anti-selfdual) SL(2,C) action for LQG, for
which all constraints are first class and can be solved [126, 127]. However, as the action
is complex, reality conditions have to be imposed, and it is not clear how to handle them
when quantising. If 7 is real, we get the LQG action for the real-valued SU(2) connection,
for which the Hamiltonian constraint is however complicated. In this case the spectrum of
the area operator and the volume operator are discrete [128, 129], unlike in the selfdual case
when they are continuous [130].

The Holst term is central for black hole entropy. If the Barbero—Immirzi parameter is
real, there are two possibilities depending on whether or not there is a chemical potential in
the statistical treatment of the black hole entropy. (This depends on the quantisation of the
dynamics, which is an open problem.) With no chemical potential, the entropy is inversely
proportional to the Barbero—Immirzi parameter, and the semiclassical value of Bekenstein
and Hawking [131, 132] is reproduced for v &~ 0.274 [133]. When a chemical potential is added,
the correct semiclassical value can be obtained independent of the value of v [134, 135]. Black
hole entropy is also independent of the Barbero-Immirzi parameter in the complex selfdual
case [136].

!By LQG-quantising we mean that the background-free quantisation techniques used in the full LQG theory
are mimicked as closely as possible. For example, the holonomy of the connection (rather than the connection)
is quantised, the size of plaquettes is not shrunk to zero (as in the usual Wilson loop quantisation) because
the minimal area eigenvalue is non-zero, the kinematical space is inequivalent to the one of Wheeler-de Witt
quantisation but mimics that of full LQG, and so on.



In the case of pure gravity with the Einstein—Hilbert plus the Holst term, the Holst term
does not contribute to the equations of motion at the classical level. The theory thus has a
quantisation ambiguity as there is a one-parameter family of quantum theories corresponding
to the classical theory. Another term sometimes considered in LQG is the topological Nieh—
Yan invariant [137-143]. Like the Holst term, it is dimension 2, and is hence not suppressed
by a mass scale compared to the Ricci term. It is obvious that the Nieh—Yan term does not
contribute at the classical level, as it is a total derivative. The case of the Holst term is more
subtle. It vanishes when there is no torsion, and for minimally coupled matter, the equations
of motion for the connection lead to the Levi-Civita connection, for which the torsion is
zero?.

When there is a source for torsion, the Holst term becomes dynamical. One case that
has been studied in LQG is fermions whose kinetic term involves the spin connection [139,
140, 144-148]. Substituting the torsion generated by fermions back into the action leads
to a four-fermion coupling that depends on the Barbero-Immirzi parameter, breaking the
quantisation ambiguity.?

Another possibility that has been considered is uplifting the Barbero—Immirzi parameter
to a scalar field [138, 142, 149-153], in which case a constant + is a low-energy approximation
for when the field sits at the minimum. This Barbero-Immirzi field will source torsion.
Substituting the torsion back into the action generates a free scalar field, and a potential
would need to be added by hand for inflation. The coefficient of the Nieh—Yan term has
likewise been promoted to a scalar field [138, 141, 142, 154-156].

A third possibility that has been studied is that torsion is generated by the non-minimal
coupling of a scalar field to the Ricci scalar [157, 158]. Such a coupling does not spoil the
usual LQG quantisation procedure when + is real [159]. It has been considered both in
loop quantum cosmology [160-162] and from the perspective of black hole thermodynamics
[163, 164]. Even if the Holst term is minimally coupled, the non-minimal coupling of the
Ricci tensor will make it dynamical. If the non-minimally coupled field is the inflaton, the
value of the Barbero—Immirzi parameter will be imprinted on the spectrum of perturbations
produced during inflation.

We consider non-minimal coupling of a scalar field to the Ricci scalar, Holst term and
Nieh-Yan term during inflation, with particular attention to the Higgs case. Unlike for
fermions, where the observational signature is negligible because the four-fermion interaction
is suppressed by the Planck scale, we find that the scalar-generated torsion can have a
significant effect, completely changing the inflationary predictions.

In section 2 we present the formalism, give the action where the Ricci scalar, Holst
term and Nieh—Yan term are non-minimally coupled to a scalar field, solve the equation of
motion of the connection and substitute back into the action. The physics of the non-minimal
coupling is thus shifted to the kinetic term and potential of the scalar field. In section 3 we
discuss inflationary behaviour in the case of Higgs inflation, including non-minimally coupled
terms up to dimension 4, and in section 4 we summarise our results. We use the metric
and the connection as the gravitational degrees of freedom, as these are more familiar to
cosmologists. In appendix A we present the calculation with tetrads, more familiar to people
working on LQG.

2 Assuming that non-metricity is zero, as usual in LQG.

3Fermions can also be coupled to the Levi-Civita spin connection, so that they do not enter the connection
equation of motion. Another possibility is to choose a modified kinetic term such that the dependence on the
Barbero-Immirzi parameter disappears after solving the equations of motion [140, 144, 145, 147].



2 Non-minimal coupling to Ricci, Holst and Nieh—Yan terms

2.1 Curvature, non-metricity and torsion

We take the metric g,s and the connection FZ to be independent degrees of freedom.
The connection, defined with the covariant derivative as VgA® = 0gA* + I‘gWA'V, can be
decomposed as

Tos =T0s+ Lag =T+ Tag + K'ap (2.1)

where FZB is the Levi-Civita connection defined by the metric g,g. As the difference of
two connections, L7, is a tensor, known as the distortion. In the second equality we have
decomposed it into the disformation J,g, and the contortion K,g,, defined as

Japy = 5 (Qapy — Qyap — @pay) Kapy = 5(Tapy + Tyap + Thay) (22)

1 1
2 2

where Q3 and Ti,3, are the non-metricity and the torsion, respectively, defined as

Q~aB = Vagas » TV = QFE’aﬂ] . (2.3)

Note that Qyas = Q(ag), V49™° = Q) Jupy = Jo(sy) and K72 = K0, A,
The two non-metricity vectors are defined as

Q= gaBQ’mﬁ 5 Qﬂ = ga'yQaB’Y s (2'4)

and the torsion vector and torsion axial vector! are defined as, respectively,
. 1
TP = g, TP, T = 6eaﬁ”éTM : (2.5)

where €,3,5 is the Levi-Civita tensor. Note that V,\/—g = %\/—gQa.
The Riemann tensor can be decomposed into the Levi—Civita and the distortion contri-
bution as

R%pys = B%gy5 + 2V 5 L5 + 2L LM515 (2.6)

where “ denotes a quantity defined with the Levi-Civita connection. The curvature R“g,s,
non-metricity .3, and torsion Ti,, are the complete set of tensors that characterise the
geometry of a manifold.

There are exactly two geometrical scalars that are linear in the Riemann tensor (2.6)
and quadratic in the connection: the Ricci scalar and the Holst term. They are defined as,
respectively,

R=06,9"R%5=R+Q+T+Va(Q* — Q% +2T%) — To(Q* — Q%) + Qo T7*"

. 1 PR 1 1
R = 590ue" R g5 = —8VaT* 4 1e™ T TV 5 + 3¢ QapaT"ss (2.7)

where we have used (2.2)—(2.6) to separate the contributions of curvature, non-metricity and
torsion. The non-metricity scalar and the torsion scalar are defined as QQ = iQaMQ“m -

4Despite the name, the parity transformation properties of the torsion vector and axial vector are not
necessarily those of a vector and pseudovector. How they transform depends on the solution for the torsion
tensor.



%QamQWﬂ — %QQQQ + %QQQO‘ and T = iTaﬂyTaﬁ’Y — %Tag,yT’Y“ﬂ —T,T9, respectively. We
also consider the Nieh—Yan term %aT“, which is equivalent to the Holst term plus a term
quadratic in the torsion and a term involving non-metricity. In LQG non-metricity is usually
taken to be zero a priori, so this term is absent. Although we are motivated by LQG, our
approach is bottom-up, so we keep the non-metricity (although it will turn out it can be set
to zero without loss of generality).

2.2 The action and the connection

We consider an action with the Ricci scalar, the Holst term and the Nieh—Yan term coupled
to a scalar field h, which we will later identify with the Standard Model Higgs,

S = /d4x\/?g BF(h)R + %H(h)R + gy(h)mfa - %K(h)gaﬁaahagh - V(h)}
_ / d'ay/=g BF(h)R + %H(h)R - gT‘*aaY(h) - %K(h)gaﬁc’)ahc?gh _ V(h)} (2.8)

where on the second line we have discarded a boundary term. We neglect fermions. The
coefficients have been chosen such that for Y = H, the %QTO‘ parts in the Holst term and
the Nieh—Yan term cancel each other. Note the similarity of the Nieh—Yan term to the
torsion vector coupling that appears in the teleparallel formulation [52]. The usual LQG case
corresponds to F'=1, H =1/v,Y =0, or alternatively FF' =1, H =0, Y = 1/, where v is
the Barbero-Immirzi parameter. (We choose units such that the Planck scale is unity.)
Varying (2.8) with respect to the connection I‘Zﬁ, we get the equation of motion

—FQyap + FQABQM — Heap" Quuny + Fgaip(Qy) + 2T5))
1
+FTQB»Y + HEO[@,},“T# + 5H6ag”VTW“, = —an[ﬁaﬂF — Eagfy‘ua#(H -Y). (2.9)
The general solution of (2.9) has the form

Qyap = q1(h)gapdyh + 2q2(h) g0yl
Taﬁ'y = 2t1(h)ga[[38ﬂh + tg(h)Eaﬁ,y’uaMh . (210)

The definitions (2.4) and (2.5) give

Qo = (401 +202)0ah , Qo = (q1 + 52)0ah
To = —3t10ah , To = 200 . (2.11)

As non-metricity and torsion are only sourced by the scalar field, they can be written in
terms of gradients of the scalar field, and reduce to the four vectors (2.11).
Inserting (2.10) into (2.9), we get

@2 =0
FF +HH -Y'
20 —q = F2+(H2 )
HF' — F(H' —Y")
to = 2.12
2 F2+H2 s ( )

where prime denotes derivative with respect to h. If F' = H, the action has the extra
symmetry of invariance under the duality transformation R,gys — %e.ﬂ;aﬁ R.pap, which maps



R <> R. Then the Holst term does not contribute to the equations of motion if Y’ = 0, as is
easily seen by a conformal transformation to the Einstein frame. If Y’ # 0, the Holst term
with H = F simply effectively shifts ¥ — Y/2.

The equations of motion do not fix q; and t; separately, only the combination 2t; —
q1. This well-known feature is due to invariance of the action (2.8) under the projective
transformation I'Y 5 I} ,+673A4, where A, is an arbitrary vector [7]. The Riemann tensor
transforms as Ragys — Rapys + 9as(2V [y As) + T454,), so the Ricci scalar is invariant due
to the symmetry of its contraction, and the Holst term is invariant due to the antisymmetry
of its contraction. The Nieh—Yan term is invariant because 7 is invariant. If A, = 0, A for
some scalar A, the non-metricity and the torsion transform as ¢ — q1 — 24, t1 — t1 — A,
G2 = q2, ta = 1a.

The projective symmetry can be explicitly broken in the action [18, 49, 50, 54, 55].
Short of that, the projective invariance is often fixed in the Palatini formulation by assuming
a priori that the connection is symmetric, Tog, = 0. When the Holst term is included,
(2.12) shows that this is not possible unless F'/F = (H' —Y')/H. (Note the similarity of
this condition to the condition for the torsion vector coupling to vanish in the teleparallel
formulation [52].) In the tetrad formulation used in LQG, it is instead commonly assumed
that the covariant derivative of the tetrad is zero, which goes under the name tetrad postulate,
meaning a3y = 0. The scalar field kinetic term and potential are trivially invariant under
the projective transformation as they do not depend on the connection. When deriving the
equation of motion for the scalar field, the requirement that a total covariant derivative of
a scalar field term reduces to a boundary term picks out the Levi—Civita connection, so the
full connection does not appear in the scalar field equation of motion.

Following the LQG convention, we fix the projective symmetry by setting ¢ = 0,
so non-metricity is zero. In fact, we could have put QQng, = 0 from the beginning, as the
following reasoning shows. We can get rid of the non-minimal coupling F' to R by a conformal
transformation. As a conformal transformation (see (2.15) below) can only change g2, not g,
F' cannot generate a g2 term. And as we can perform a conformal transformation to cancel
the source term involving the Holst or the Nieh—Yan term, they also cannot generate ¢g2. And
q1 can always be transformed into ¢; by the projective transformation. For a different action,
setting Qagy = 0 may involve loss of generality [49].

2.3 Einstein frame action

The coupled equations of motion for the scalar field, metric and connection can be simplified
by choosing suitable coordinates in field space. If we make the conformal transformation

JaB — Q(h) " gas (2.13)
and absorb the changes in the functions of i in the action, they transform as
F—Q'F
H—Q'H
Y — Q710,Y
K- Q'K
V- Q% (2.14)

and the non-metricity transforms as

Qa5 = Vrgas = U (Vaas — gapdy InQ) . (2.15)



We choose field coordinates where the Ricci scalar is minimally coupled to the scalar
field (i.e. the Einstein frame), which corresponds to @ = F. The action then reads

LH() & 3200 (h)  1E(h)

S = /d%ﬁ{ R+fﬁR 5T ) —§mgaﬂaahaﬂh—U(h) ,(2.16)

where we have denoted U = V/F?2.

Inserting the connection (2.10) (with F — 1, H — H/F and Y’ — Y’/F) back into the
action, decomposing R and R into their Levi-Civita, non-metricity and torsion parts with
(2.7), setting the non-metricity to zero and inserting the torsion (2.12), we get (dropping a
boundary term)

S = /d%f{ R—= {K + 67 — z — 3to[(H/F) —Y'/F — 2t1H/F]} 9°?9,hdsh

_U} . (2.17)

Inserting ¢; and ¢y from (2.12), we arrive at the simple expression

_ [ qapu=altp_L[E 5@ e
S—/dx\/ g_QR 2F+2 72 OahOgh — U
[ qipy=|tp LK BIH/E) —Y'/FPY o5 _
_/dx\/ig_QR S\F o (L [ tahosh ~U
e[ L LB BIHE —FH YR
_/dx g_QR 5 F+2 F2(F2 1 ) g*”0ah0gh — U
1. 1 -~
E/d‘lx\/jg {éRf§K(h)ga58ah8ﬁh7U(h)} . (2.18)

The geometrical contribution of the torsion has been shifted to the scalar kinetic term and the
1/F? modification of the potential, and only the Levi-Civita connection appears. When we
vary this action with respect to g,z and h, we get equations of motion that are equivalent to
those of the original action (2.8), which has a non-trivial gravity part (and hence connection).
There is one subtle difference: varying the Einstein frame Levi-Civita action (2.18) leads to
boundary terms that depend on the derivative of the variation of the metric. In order to derive
the equations of motion, we need to include the York—Gibbons—Hawking boundary term
[165, 166] to cancel this contribution. In the original action (2.8), there is no such problem,
as the variation of the connection can be taken to vanish on the boundary independently of
the metric. From the Palatini perspective, having to add a boundary term to the Einstein—
Hilbert action is an artifact of solving part of the equations of motion and inserting the result
back into the action. (We discarded boundary terms in the derivation.)

2.4 Recovering the metric and Palatini cases

The action (2.18) reduces to the well-known Palatini case with a non-minimal coupling only
to the Ricci scalar [40] when Y/ = F(H/F)'. Apart from the trivial case H = Y = 0, this
also happens when Y = 0, H = oF, where « is an arbitrary constant. If both the Holst and
the Nieh—Yan term are non-zero, the condition means that their derivative parts cancel in
the action, leaving only a quadratic torsion term.



The results of the metric formulation with a non-minimal coupling to the Ricci scalar
are recovered when

F' = (Y — H)(H/F £/ (H/F2+1) . (2.19)

A particularly simple case is H = 0, Y = £F, when there is no Holst term and the coupling
functions of the Ricci term and the Nieh—Yan term are identical (possibly up to a sign).
Another possibility is Y = 0, F = +a~'v/1 + 2aH, where « is an arbitrary non-zero constant.

3 Inflation

3.1 The coupling functions and the potential

Let us now discuss inflation with the Standard Model Higgs. A field-dependent kinetic term
corresponds to a monotonic field-dependent remapping of the potential. Including only terms
of up to dimension 4 in the action (2.8) and taking into account that only even powers of the
field appear, we have (note that Y is defined only up to an additive constant)

K=Ky, F=F1+¢?, H=FH+Hh®), Y=FRYh?, (3.1)

where Ko, Fy,&, Hp, H; and Y] are constants. In LQG with the Holst term, Hy = 1/7.
Observational limits on these couplings are very weak, as they effectively only modify the
Higgs potential for large field values. In the metric formulation, collider measurements give
|Fo&| < 2.6 x 10'° [167]. In the Palatini case, non-inflationary constraints on the non-minimal
couplings are likewise expected to be so high as not to affect our analysis.

The kinetic function defined in (2.18) is

) F2(F? + H?)
K Y, — H, + H, Yi£h2)2
_ 0 62 (1 1+ Hoé + YiER?)

Fo(1+¢h?) (14 En?)2[L + HZ + 2(HoH1 + Oh% + (HE + 2)n4]

F_ K B[HF - F(H —Y)?

(3.2)

The kinetic function and thus the physics is invariant under the simultaneous sign change
of Hy, H; and Y7. In the small field limit & < 1 the second term falls off like A2, and the
canonically normalised field is x = \/Ko/Fph. In general, the transformation between h and
the canonical field y is

dx =
X +VEK . (3.3)

We consider the Higgs tree-level potential, so

A [h(0)? = v

YOS TR e

(3.4)
where A and v are constants. The constants Ky and Fj effectively rescale the values of A and
v when we consider the potential in terms of the canonically normalised field [49], and we
henceforth take Ko = Fy = 1. The quartic coupling A has the value 0.13 at the electroweak
scale, and without the non-minimal gravitational couplings it runs down with increasing field
value. The running depends on the electroweak scale values of the Higgs mass, top quark
mass, and QCD coupling constant. For the measured mean values, \ crosses zero around 101!



GeV ~ 1077, in the case all when non-minimal couplings are zero [168-172]. The running is
highly sensitive to the input electroweak scale values, and positivity of A up to the Planck
scale is within the 20 limits [168-172]. The non-minimal couplings we consider can also
change the renormalisation group running. We do not consider running, and take A at the
inflationary scale to be a free positive parameter, limited by A < 0.1 to avoid strong coupling.
If we used A < 0.01 instead, the upper limit for £ we find would decrease by one order of
magnitude, which in the case & > 0 correspondingly brings the lower limit for r up by one
order of magnitude.
The first slow-roll parameters are

1 /U 2 U’ Uy U’ 2 U s
6‘5(?) CoN=T e e “3—<U) 7 39

where prime denotes derivative with respect to x.
The amplitude, spectral index, running, running of the running of the scalar perturba-
tions, and the tensor-to-scalar ratio are, respectively,

1 U

Ay = ——— =2.099e0014107° (3.6)
2472 €

ns = 1 — 6e + 2n = 0.9625 + 0.0048 (3.7)

a5 = —24€® + 16en — 209 = 0.002 + 0.010 (3.8)

Bs = —192¢3 + 192€%n — 32en? — 24eoy + 2109 + 205 = 0.010 & 0.013 (3.9)

r = 16e < 0.067 , (3.10)

where the observational values with 68% C.L. limits are from Planck and BICEP2/Keck
cosmic microwave background (CMB) data at the pivot scale 0.05 Mpc~! [173]. The value
for r assumes zero running of the running. The number of e-folds until the end of inflation is

X dX
N= = (3.11)
Xena V26

where Xenq is the field value at the end of inflation (approximating that the field is in slow-roll
until the end of inflation). The number of e-folds at the pivot scale is

N:56—AN—iln&67, (3.12)
T

where AN accounts for the effect of reheating. Reheating is sensitive to the shape of the
potential. With a non-minimal coupling only to the Ricci scalar, in the Palatini formulation
with a tree-level potential the reheating is almost instant, AN < 1 [51]. In the metric case
it is not clear whether AN =4 or AN < 1 [174-182]. We assume instant reheating.

3.2 Plateau inflation

Let us first consider inflation on the asymptotically flat plateau, which the potential has
when £ > 0. When the Holst and the Nieh-Yan term are zero, this is the only inflationary
regime. With either or both non-zero, plateau inflation remains qualitatively the same, and



the first slow-roll observables in terms of the number of e-folds are (see e.g. [43] for details)

N2 A
A= o o
§+ H12+§2
2 3r
ng=1——-——
8 N 16
2 (1 6Y;2 A
= (= = . 3.13
RE (g T +§2> 672 A,E2 (3.13)

The term :f—g in the expression for ns has sometimes been dropped. While it is negligible for
small r, for the maximum value r» = 0.067 it gives a correction of —0.012. For N = 56 [51],
we get ng = 0.96 — %, in agreement with observations. In contrast to the cases H =Y =0,
the amplitude A, can be small without a large &, if the Nieh—Yan term coupling Y; is large
instead. However, the observational upper limit (3.10) on r combined with the value (3.6) of
A, anyway requires £ > 10*v/\, so unless A < 1, we have £ > 1. The tensor-to-scalar ratio
r can be adjusted up or down from the metric case result 12/N? by shifting the parameters.
The minimum value is 7 = 5 x 10713 (assuming A < 0.1), corresponding to the tree-level
Palatini case with a non-minimal coupling only to the Ricci scalar.

If the Holst term is zero, only plateau inflation is possible. In this case the behaviour is
identical to the teleparallel case studied in [52]. However, if H; # 0, we can get qualitatively
different inflationary behaviour. Let us first look at some interesting subcases. We have
verified all results by numerically scanning the parameter space.

3.3 Y=0

Let us consider the case when the Nieh—Yan term is zero, but not the Holst term. We see
from (3.13) that the Holst term plays no role in plateau inflation, unless its coupling is large.
This is because the Holst contribution to the kinetic function (3.2) decreases like 1/hS for
large h, in contrast to the 1/h? suppression of the ¢ term. So even though the Holst term is
non-zero because F' generates torsion, its numerical contribution is negligible. In particular,
this is the case if we take Hy = 1/ = 3.6, where v = 0.274 is the value determined from
black hole entropy in LQG without chemical potential [133]. If the Holst term coupling is
large, ns can be shifted down on the plateau.

However, if Hy is much larger than £ and H;, there is another inflationary regime in
addition to plateau inflation. The contribution of the Holst term can dominate the kinetic
function (3.2) in an intermediate regime even though it is subleading in the limit A — oo.
When Hy dominates over all other terms and |¢|h? > 1, the kinetic term is K ~ 6/h2.
This agrees with the metric formulation plateau case [71], giving ns = 1 —2/N = 0.96 and
r=12/N? = 4x1073 for N = 56. However, now this solution also exists if £ < 0. If the other
terms also contribute, the results for » remain the same, but ng can be adjusted downwards.
The running parameters « and S can also take a range of values outside those of plateau
inflation driven by a non-minimal coupling to the Ricci scalar. In this inflationary regime, h
at the pivot scale can be as small as 2 x 1073, in contrast to usual plateau inflation, where
h = 0.08 in the metric formulation and h = 20 in the Palatini formulation. Interestingly,
this case is possible even if H; = 0, i.e. if the Holst coupling is constant. The non-minimal
coupling F' generates torsion, making the Holst term dynamical, its effect enhanced by the
large value of Hy.

,10,



If € = 0, there is also a third inflationary regime, which gives predictions close to the
metric case, as we discuss in the next section.

34 £=0

If the non-minimal coupling to the Ricci scalar is zero, the potential is not asymptotically
flat. Nevertheless, we can have an intermediate flat regime where inflation can be successful
(meaning the predictions agree with observations). The kinetic function (3.2) simplifies to

- 3(H/_Y/)2
K=14+—"— 1
UCIEEE
_ 2
— 14— =) (3.14)

1+ (HO + H1h2)2 ’
We take Hy > 0. (The case Hy = 0 does not lead to successful inflation, and negative values
of Hy are related by symmetry to positive values.) For successful inflation, the second term
has to dominate, in which case the canonical field is

B = [B|Hi-1
- fa o

arsinh(Ho + H1h?) + xo , (3.15)

which gives
2 -1 2 -1

h* = H{ " sinh| gA(X+X0)} —H{ Hy, (3.16)

3

QAflarsinhHo7 so that x = 0 corresponds to h = 0. The

A 2
U = — <sinh —A(x +
4H12 {sm [\/; (X X0)

In the limit sinh[\/,EA(XJr X0)] 2 1 (which is required for inflation satisfying the observational

— H]
where A = ’7H17Y1 and xo

potential (3.4) reads

2
- Ho} . (3.17)

3
constraints (3.6)—(3.10) and the constraint on the number of e-folds), the amplitude, spectral
index, tensor-to-scalar ratio and the number of e-folds from (3.6)—(3.11) are (~ indicates

dropping corrections of order 1/ sinh[\/gA(X +x0)%)

)\Hg x?
12872A2H2 (1 + )2

Ay ~
ng=1-~_"

r X~

N~ —[z—In(l+2)], (3.18)

where we have denoted 1+ z = Ho/sinh[\/gA(X + x0)]-
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The expressions for the running and the running of the running are also straightforward
to write down; they are within the observational ranges (3.8)-(3.9). In the limit = > 1 we
can drop the logarithmic corrections to get

AA2H? N2
727r2H12

2 r
~l- = -
s N 4
12 X\H§
T A2N2 T 6r2A H?

Ag ~

(3.19)

These equations are almost identical to those in the plateau inflation case with the replace-

-2 1 P Hi
ment A — 53 + W7 HT%
observational upper limit and as small as desired. The only difference is the last term for ng

is —7 instead of —3 but the difference is 4 x 1072 even for the maximum observationally

16°

— &2, The tensor-to-scalar ratio can be as large as the

allowed value of r.

In the pure Holst case, Y7 = 0, we have A = 1, and the predictions are identical to the
metric plateau case, as mentioned above. This can be seen from (2.19): if Y/ = F/ = 0 and
H > F, the action is the same as in the metric case.

In the pure Nieh—Yan case, £ = Hy = H; = 0, there are no inflationary solutions that
agree with observations. (The case with £ = H; = 0 but Hy # 0 is equivalent to this case
with the change Y{2/(1+ HZ) — Y{2.) In this case the kinetic function (3.14) grows like h? for
large h, mapping the potential i/\h4 to the potential 6—’3\/1)(2 at large field values. Adjusting
Y] interpolates between the quartic and the quadratic potential. While the spectral index
of the quadratic potential (unlike the quartic potential) agrees with the data, the tensor-to-
scalar ratio r is too large in both cases [173]. (A similar situation arises in the teleparallel
formulation [52].) The value of r can be decreased by including a R? term in the action [36].

3.5 £€<0

Including all three coupling terms (to the Ricci scalar, the Holst term and the Nieh—Yan
term) makes it possible to have inflationary behaviour beyond the plateau and the above
subcases. Let us first discuss the case £ < 0.

Given that we can have successful inflation when £ = 0, by continuity we expect this to
be possible also for small negative values of £&. However, there are also successful inflationary
models for large negative values of €. If £ < 0, the non-minimal coupling F' goes to zero at
h=1/ \/E . The kinetic function (3.2) correspondingly diverges, so we have an a-attractor
[183], found for Higgs inflation for another action in [49]. (Plateau Higgs inflation can also
be viewed in terms of an a-attractor [74, 184, 185].) However, the a-attractor behaviour in
the limit F — 0 does not give successful inflation, as ns and/or r are wrong. Nevertheless,
there are other kinds of successful inflationary models with £ < 0.

In the case Hy = 0 there are no viable inflationary models. In the case Y = 0 there
are no viable models if also H; = 0. If Y = 0 and H; # 0, the only viable case is the one
discussed in section 3.3. If we allow both Hy # 0 and Y # 0, the range of predictions widens.

One particular new case is inflection point inflation. At an inflection point n = 0, so
the spectral index there is ng = 1 — 3r/8. The observational limit » < 0.067 in (3.10) then
gives ng > 0.97, which is at the upper end of the observational range (3.7). So if there is an
inflection point close to the pivot scale, the amplitude of inflationary gravitational waves is
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close to the observational upper limit. This is the reason an inflection point due to quantum
corrections [43, 48, 102, 186-195] was highlighted after the claimed detection of gravitational
waves by the BICEP2 instrument (which turned out to be incorrect). We find models with
an inflection point exactly at the pivot scale that agree with observations, apart from this
tension. Inflection point in Higgs inflation from classical contributions to the action that can
generate torsion has been earlier discussed in [49].

We scanned numerically over the five-dimensional parameter space (h, &, Hy, Hi, Y1)
with an adaptive Monte Carlo method. We take the range [—10'°,0] for &, [-10'°,10')
for Hy and Hy, and [0,10'°] for h and Y;. (We can fix one sign among Hy, H; and Y3
without affecting the physics.) We check that observables at the pivot scale agree with the
observational constraints (3.6)—(3.10), except that ns can have the somewhat wider range
[0.95,0.98], and the number of e-folds until the end of inflation agrees with (3.12) to within
+1. We restrict the Higgs quartic coupling to the range [107°,107!]. Due to loop corrections,
A runs to smaller values with increasing scale and can even cross zero. Therefore, it can be
arbitrarily small at the pivot scale, but very small values require tuning, and the running can
spoil the flatness of the potential. (This happens in the minimally coupled case [196-198].)

In figure 1 (left) we show the results on the (ng,r) plane. The colour indicates the
smallest value of || (it is not single-valued on this plane). The solid line is the analytical
result (3.13) for plateau inflation, and the dashed line is the result (3.18) for £ = 0. (It lies
in the middle of the blue region corresponding to the limit £ — 0 because in the numerical
scan we allow a variation £1 in N.) The star marks the metric case.

The tensor-to-scalar ratio extends from the maximum observationally allowed value
down to around 107%, and n, covers the entire current observational range. The running is
in the small range —1 x 1073 < o < =5 x 10™%. The running of the running also has a small
range, —6 x 107 < B8 < —2 x 107%. The non-minimal couplings have the ranges |¢| < 109,
|Ho| < 108 and |Y7| > 3 x 103; Hj can take any value in the range we scan.

Smooth, well-defined edges in the figures correspond to true observational constraints
for the cosmological observables, while rough edges with individual points scattered about
correspond to regions of parameter space that the scan has not fully resolved. In such regions
the parameter values for points that satisfy the observational constraints are highly tuned,
requiring the precise cancellation of two or more large numbers.

3.6 £>0

Finally, let us discuss the case when we include all three coupling functions and £ > 0. As in
the case £ < 0, inflection point inflation is possible. Successful inflation is now possible also
when Hg = 0. We perform the same kind of numerical scan as in the case £ < 0, except the
range of £ is now [0,10'9]. In figure 1 we show the results on the (n,r) plane.

The range of the predictions extends to much lower values of r than in the case £ < 0.
All of the edges of the allowed region are now well resolved. The non-minimal coupling of
the Ricci scalar takes values € < 1 x 10°; Hy, H; and Y; can take any value in the range
we scan. In contrast to the case when one of the three couplings £, H and Y is zero, the
predictions for ng and r cover almost all of the range expected to be tested by next generation
CMB experiments such the Simons Observatory [199], LiteBIRD [200] and CMB-S4 [201].
However, there are regions on the (ng, ) and (ng, 8) planes with both positive and negative
running within reach of upcoming experiments that the model cannot reproduce.
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Figure 1. Spectral index ns and tensor-to-scalar ratio r for £ < 0 (left) and £ > 0 (right). The colour
corresponds to the smallest absolute value of the non-minimal coupling || to the Ricci scalar. The
points satisfy all observational CMB constraints, except that the range of ny is wider. The solid line
traces the prediction of plateau inflation, and the dashed line is the case £ = 0. The star marks the
metric case.

4 Conclusions

New perspective on inflation in LQG. We have studied the effect of non-minimal
coupling of a scalar field to the Holst and Nieh—Yan terms on inflation, in addition to the
non-minimal coupling to the Ricci scalar. These terms play a key role in LQG, and are
expected to appear in theories where torsion is non-zero. Since the Higgs exists, it will in
general couple to these terms, and the couplings have to be taken into account. Motivated
by Higgs inflation, we have included terms up to dimension 4 and even in the field.

Non-minimal coupling to the Holst term alone gives inflation with predictions close
to those of the metric formulation plateau Higgs inflation for the same amount of e-folds,
although reheating and hence the number of e-folds may be different due to the different
shape of the effective potential [51, 174-181]. This means that observational verification of
the predictions of this simplest metric formulation Higgs inflation [71] would not rule out
the Palatini formulation of Higgs inflation. That prediction has been earlier reproduced in
the Palatini case with tuned non-metricity terms [49], but the present case shows it can be
achieved with a simple Higgs-LQG action with no tuning. Adding a non-minimal coupling &
to the Ricci scalar recovers the results of Higgs plateau inflation in the Palatini formulation
[40] unless the Holst coupling Hy is much larger than |£|. If the Holst term coupling dominates
but || also contributes, the spectral index ns and its running can be adjusted from the metric
case. Notably, this form of inflation is possible even when ¢ is negative.

A non-minimal coupling to the Nieh—Yan term alone does not give successful inflation.
If we also have & # 0, plateau inflation can be modified so that it interpolates between the
results we get in the Palatini and the metric formulation when only £ is non-zero, and the
tensor-to-scalar ratio r can be even larger than in the metric case. This case is identical to
Higgs inflation in the teleparallel formulation [52].

If we include non-minimal coupling to all three terms (Ricci scalar, Holst term and
Nieh—Yan term), the range of predictions for ns and r widens considerably to cover almost
all of the values expected to be covered by near-future experiments. However, when we add
running or running of the running, not all values to be probed can be reproduced. Also, many
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of the values correspond to tuned couplings. For example, we can a produce an inflection
point, but this requires carefully adjusting the non-minimal couplings, as has been done with
quantum corrections [43, 48, 102, 186-195] and classical non-metricity terms [49].

It is interesting that the Higgs field makes the Holst and Nieh—Yan terms dynamical at
the classical level, as fermions have been found to do [139, 140, 144-148]. The Higgs generates
torsion, which makes the Holst term non-zero. The Holst term can have a large impact on
inflation even if it is minimally coupled as long as either the Ricci scalar or the Nieh—Yan
term have non-minimal coupling. However, the value for the minimal Holst term coupling
(i.e. the Barbero—Immirzi parameter) 1/ = 3.6 determined from black hole entropy in the
case with no chemical potential [133], is too small to be discernible from the CMB.

The non-minimal couplings to the Higgs provide a new point of view on LQG cosmology.
Just as a large ¢ brings the gravity scale down, so that (in the Jordan frame) gravitons
violate perturbative unitarity below the Planck scale [41, 41, 77, 79-99], large values of the
non-minimal couplings of the Holst and Nieh—Yan terms can bring aspects of LQG down
to the scales probed during inflation. They could also help address the issue of apparent
violation of unitarity, whose scale is known to be sensitive to the form of the kinetic term
[41, 77, 98, 99], which is affected by the Holst and Nieh—Yan terms.
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A Solving for torsion in the tetrad formalism

As the tetrad formalism is more familiar to the LQG community, we cover briefly how the
results (2.10)—(2.12) for torsion can be elegantly obtained using tetrads. A set of tetrads
{eAa} is a linear map from tangent space to spacetime, providing a basis for the tangent
space at each point in spacetime; capital Latin indices are associated to the tangent space.
We take the basis to be orthonormal with respect to the metric gog,

9o =nape’ac’s (A1)

where nap = diag(—1,1,1,1) is the Minkowski metric. We also have gaﬁeAaeBB =048, The

inverse tetrad e4® is defined so that eAO‘eAg =% and e %eP, = 68 4. We assume from the
beginning that the full covariant derivative of the tetrad, acting on spacetime and tangent
space indices, vanishes i.e. that the tetrad postulate holds.

In terms of tetrads and the tangent space connection wy,
tion), the action (2.8) reads

AB (called the Lorentz connec-

1 1
fF(h)eAaegﬁFagAB + ZH(h)eABCDec“eDﬂFaBAB — ZY(h)Eu’B’YE’I]ABTAagTB,Yg

1
S=[d
/ e 2

1
— EK(h)nABeAaeB/Bc?ah dgh —V(h)| ,

(A.2)
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where e = det (e4,), FQBAB = 26[awﬁ]AB + Qw[aAcwﬁ]DBnCD is the curvature of the Lorentz
connection, related to the Riemann tensor via e” Ae”BFaBAB = R" 5- Torsion is defined as

TAag = D[aeA 8] where the covariant derivative D acts only on tangent space indices.
The Einstein—Hilbert term plus the Holst term, together known as the Holst action, can
be written compactly as

1
SHolst = / d'ze 56,4“635 PAP0p Fag®" (A.3)
where the projection operator is defined as
1
The inverse of the projection operator is

1 1
—1\A A A
(P~HAB, = oy (F5l cdPlp — SHe BCD) . (A.5)
Varying the action (A.2) with respect to the Lorentz connection and dropping a boundary
term gives the equation of motion

1 1
ZDQ (PABCD eABEFeo‘6766E76F5) + EeCDEFeE[O‘e‘F‘B]aaY =0. (A.6)
The solution to (A.6) is obtained straightforwardly, using the definition of torsion and oper-

ating with (A.5):

1
T/ = m{eﬂa [(FogF + H(05H — 9gY)] + ey, [HOF — F(9sH — 05Y)] } .
(A7)

This agrees with the solution for torsion in (2.10)—(2.12).
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