7 Strong coupling expansion and the Wilson loop

e Perturbation theory (weak coupling, g < 1) is toothless: no confine-
ment

e Strong coupling: ¢ > 1. For simplicity, consider U(1) (beta = 1/¢*> <
1). The link variable is U, = expi0,,.

S = BZ(l—ReewD)
7 = /0 {H d@] Hexp[ﬁcosQD]

T, 2
Here 05 = 6, + 0, — 03 — 04 around the plaquette O.

e Expand in powers of 5? OK, but more convenient is:

(0.¢]

eﬂcos@ _ Z In(ﬁ)ema

n=—0oo

= A {1 + ioj fncosn0]
n=1
where

Loy 1
A = 10(5):1‘1‘15 -l-@@ +
1
fo = 2L,(8)/10(8) = on—1
o= B4 B

s O(ﬁn+2)

The partition function becomes
Z = /[— ] AN T 1—|—f1008(95—|—f20082(95—|— )

here Ngo = 6V is the number of plaquettes (in 4d).
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e Integration: [ df,cosnfn =0, if 4, € O.
2 adjacent plaquettes:

/ ;l_qb cos(f + 6,) cos(—0 + 6,) = % cos(6, + 6,) 6 ¥
7

(also for cos nb) '

e Non-zero contributions only from closed surfaces: lowest non-trivial
comes from 3-d cube:

Z = AN[1 44V (L )0 + O(8)]

e Each plaquette on the surface contributes %fi

e Expansion of free energy ' = —logZ contains only connected
graphs — cluster expansion
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7.1 Wilson loop:

...........................

...........................

Ng . . .
(W) = S5 [lg2) TLe™ T+ Bl +e )] s

...........................

R
e First contribution comes when we “tile” the loop area with plaque-
ttes:

(Wrr) = (5/1)™ = (38)" + O(B™?)

e We see confinement: —log(W)/T =log(5f1)R = oR

e Next order: “bump”

(Wrr) ~ (3.0)™ 1 +4RT(3£1)"] F
which gives
—a?0 = _% log(Wrr) =log3f1 + 4G )" + O[5 A]%)

e Order [1f1]% gets contributions from the disconnected surfaces and
Z.

o 4 | 176, 8 , 10936, 10 |, 1532044, 12 |, 3596102, 14
o —a‘c =logu+4u’ + Pu’ + Ut + o U+ S U , Where

u = (1 f1) (see Montvay+Munster, for example)

e For U(1) this is strong coupling artefact! When g 1, there 3 a phase
transition. As g — 0 we regain free theory.
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7.2 Non-Abelian gauge fields

e Same, but more difficult: use character expansion
e NPRTY — Ag[L + > br(B) Xr(U)]
R

which gives “orthogonal” integration rules.
e Graphs are again surfaces — with complications!
e SU(2): —a®0 = logu + 4u* + 17761&8 +,

with u = I,(5)/1,(B)
e SU(3): —a%c = logu + 4u* + 12u® — 10u’® —

with u = 5(z — 32° + 22° + ...), = (/6.

3
SU(2) strong coupling expansion
3 T | T | T

e Convergence is good in finite range 8 < Bax-

e Mass gap: plaquette-plaquette correlation function decays expo-
nentially. Can be calculated using strong coupling, not in pertur-
bation theory.

52



e Roughening transition for Wilson loops as [ increases?

¢ In the group integration, we need the result

1

/dUXE(U)XR/(UaU) = %&%,R’XR(U(I)

where dy is the dimensionality of the representation R.
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