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Spectrum in a Conformal Field Theory
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Scaling dimension
The scaling dimension of a local operator encodes how the
operator transforms under a scaling of the coordinates:

O(λx) = λ−∆O(x) (1)

For interacting conformal field theories, the scaling dimension
depends on the coupling:

∆(g) = ∆0 + γ(g), γ(0) ≡ 0 (2)

γ(g) is the anomalous dimension.

Define the dilatation operator that measures the scaling
dimension:

D̂O∆ = ∆O∆ (3)

Scaling dimension⇔ Spectrum of dilatation operator

Jichao Li (UH) 27.02.2024 4 / 23



Construct dilatation operator

Two-point function of a specific operator is fixed by conformal
symmetry:

⟨O(x)Ō(y)⟩ ∼ 1
|x − y |2∆(g) (4)

Expand ∆ in g:

⟨O(x)Ō(y)⟩ = 1
|x − y |2∆0

[
1− γ(g) log(Λ2|x − y |2)

]
(5)

Now, we’re able to derive dilatation operator by perturbation
theory:

D̂(g) =
∞∑

n=0

g2nD̂(n) ≡ D̂(0) + Γ(g), ∆(g) =
∞∑

n=0

∆ng2n (6)

Jichao Li (UH) 27.02.2024 5 / 23



Integrability in super-conformal filed theory
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N = 4 supersymmetric Yang-Mills theory

The standard N = 4 SYM action in 4-dimension with gauge group
SU(Nc):

SN=4 = 2
∫

d4x Tr

[
−1

4
FµνFµν − 1

2
DµϕiDµϕi

+
i
2
ψ̄ΓµDµψ +

gYM

2
ψ̄Γi [ϕi , ψ] +

g2
YM
4

[ϕi , ϕj ][ϕi , ϕj ]

] (7)

1 The theory is simpler than it looks and much simpler than QCD.
2 Simplicity comes from the huge symmetry: Conformal

symmetry and maximal Supersymmetry in 4 dimension.
3 Integrable in the planar (large-Nc) limit.
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The dilatation operator at one-loop
The correlation function of local operator OI1,I2...IL(x) ∼ Tr(ϕI1ϕI2 . . . ϕIL)(x)〈
OI1,I2...IL(x)OJ1,J2...JL(y)

〉
one−loop =

1
|x − y |2L

(
1− log

(
Λ2|x − y |2

)
D(1)

IJ

)
(8)

Figure: One-loop planar diagrams contributing to the correlation function

The dilatation operator at one-loop is:

D(1)
IJ =

λ

16π2

L∑
n=1

(2− 2Pn,n+1 +Kn,n+1)(δi1,j1δi2,j2 . . . δiL,jL + cyclic perm.) (9)
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Map to spin-chain system
Gauge theory: Restrict to SU(2) sub-sector, local operator consists of
Z ≡ ϕ1 + iϕ4 and X ≡ ϕ3 + iϕ5. Thus, Kn,n+1 = 0

Γ(g) =
λ

16π2

L∑
n=1

(2− 2Pn,n+1)

Diagonalize the dilatation operator

ΓO∆ = γ(g)O∆

O∆ = Tr(ZZXZZX · · ·Z ) + · · ·

Heisenberg spin-chain: Diagonalize the Hamiltonian

H|ψ⟩ = E |ψ⟩
|ψ⟩ = | ↑↑ ↓ ↑↑ ↓ · · · ↑⟩+ · · ·

Proposed by Minahan and Zarembo in 2002:
Γ(g) ←→ H

Z = ϕ1 + iϕ4 ←→ |↑⟩
X = ϕ3 + iϕ5 ←→ |↓⟩

⇒ N = 4 SYM is integrable
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Heisenberg spin chain
The Hamiltonian of the Heisenberg spin-chain with L lattice sites:

HSU(2) =
λ

8π2

L∑
ℓ=1

(
1
2
− 2S⃗ℓ · ⃗Sℓ+1

)
= Γ(g)

The Hamiltonian is of size 2L × 2L

Figure: Heisenberg spin chain

Bethe ansatz equations (BAEs):

eipk L =
N∏

j ̸=k

S(pj ,pk )
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Map back to filed theory and find spectrum
Change variables from momenta to rapidity (just for simplicity):

eipk =
uk+

i
2

uk− i
2

uk = 1
2 cot pk

2

Rewrite Bethe ansatz equations in a simpler form:(
uk + i

2

uk − i
2

)L

=
N∏

j ̸=k

uk − uj + i
uk − uj − i

k = 1,2, ...,N (10)

Map the energy spectrum to anomalous dimension:

EN(p) = E0 +
N∑

k=1

ε(pk ) ⇒ γ(g) = g2
N∑

k=1

2
4u2

k + 1

The correspondence between Bethe state and composite operator:

|u⟩ = Ψi1...iL |i1, . . . , iL⟩ ⇒ O(x) = Ψi1...iL tr(ϕi1 . . . ϕiL)
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Defect N = 4 supersymmetric Yang-Mills theory

Introduce co-dimension 1 defect:

defect filed theory classical solutions of scalars

∇2ϕi − [ϕj , [ϕj , ϕi ]] = 0 ⇒ d2ϕi

dx2
3

= [ϕj , [ϕj , ϕi ]]

ϕcl
i = − 1

x3

(
(ti)k×k 0k×(N−k)

0(N−k)×k 0(N−k)×(N−k)

)
, i = 1,2,3. ϕcl

i = 0, i = 4,5,6.

here ti is k-dimensional representations of su(2), recall [ti , tj ] = iεijk tk
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One-point functions in the defect field theory
For composite operator O(x) = Ψi1...iLtr(ϕi1 . . . ϕiL), inserting classical
solutions gives us

⟨O(x)⟩cl = (−1)LΨi1...iL tr(ti1 . . . tiL)
xL

3
∼ C
|x3|∆0

(11)

Spin-chain picture: The defect⇒Matrix Product State, for
Heisenberg spin-chain, it takes the form:

|MPS⟩ =
2∑

i1,...,iL=1

tr[Z (i1) . . .Z (iL)]|i1, . . . , iL⟩

Take Z (1) = t1,Z (2) = t3 by classical solutions, then
⟨MPS |u⟩ = Ψi1...iL tr(ti1 . . . tiL)

One-point functions in terms of overlap formula:

⟨O(x)⟩cl ∼ 1
xL

3

⟨MPS |u⟩√
⟨u|u⟩

(12)
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Integrable boundary states simplify overlap formula

Heisenberg spin-chain is a integrable system, from the point of
view of conserved charges:

[Qi ,Qj ] = 0, i , j = 1, . . . ,L

Q1 = P̂,Q2 = Ĥ and

Q3 =
L∑

l=1

Ql , Ql = [Hl−1,l ,Hl,l+1].

Definition of integrable boundary states (one proposal by Piroli,
Pozsgay, Vernier 2017)

Q2n+1|B⟩ = 0

In our case, we do have Q3|MPS⟩ = 0 that implies the selection rule
{uk} = {−uk}
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Selection rule for Bethe roots⇒ non-vanishing overlap ⟨MPS |u⟩

1 =

(
uk − i

2

uk + i
2

)L N∏
j=1
j ̸=k

uk − uj + i
uk − uj − i

≡ exp[iϕk ] (13)

Gaudin matrix with size N × N: Gjk =
∂ϕj
∂uk

Parity-symmetric Bethe roots {u1, . . . ,u N
2
,−u1, . . . ,−u N

2
} lead to

detG = detG+ detG−

here G± = ∂uiϕj ± ∂u
i+ N

2
ϕj with i , j = 1,2, . . . , N

2 , are N
2 ×

N
2 matrices.

Gaudin hypothesis: ⟨u|u⟩ ∝ det(Gjk ) for any integrable spin-chain
For Heisenberg spin-chain, we find:

⟨u|u⟩ =

[
N∏

i=1

u2
i +

1
4

]
detG

⟨MPS |u⟩√
⟨u|u⟩

= 21−L
N∏

k=1

√
uk − i

2
uk

√
detG+

detG−
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Generalize to the ABJM theory
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ABJM theory: setup
Super-Chern-Simons Theory

S =
k

4π

∫
d3xϵµνλtr

(
Aµ∂νAλ +

2i
3

AµAνAλ

)
+ · · ·

Gauge group: U(N)k × U(N)−k
Planar limit: N, k →∞, λ = k

N fixed
Field content:

Gauge field Aµ, Âµ [ adjoint rep. ]
Complex scalars Y †

A , Y A, A = 1, 2, 3, 4 [ bi-fundamental rep. ]
Weyl spinors ψ†

A, ψA, A = 1, 2, 3, 4 [ bi-fundamental rep. ]

Scalar SU(4) sector:

Gauge invariant operators
O = tr

(
Y I1 Y †

J1
Y I2 Y †

J2
· · ·

)
⇒ alternating spin chain

vacuum Y 1,Y †
4 Excitations: Other scalar fields
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The SU(4) alternating spin chain

Hamiltonian

H =
λ2

2

2L∑
n=1

(
2− 2Pn,n+2 + Pn,n+2Kn,n+1 +Kn,n+1Pn,n+2

)
Basis states:

Y A 7→ |A⟩

Y †
B 7→ |B̄⟩

tr
(

Y A1Y †
B1

Y A2Y †
B2
· · ·
)
7→
∣∣A1B̄1A2B̄2

〉

P|A1⟩ ⊗ |A2⟩ = |A2⟩ ⊗ |A1⟩ K|A⟩ ⊗ |B̄⟩ = δAB

4∑
C=1

|C⟩ ⊗ |C̄⟩

The Hamiltonian can be diagonalized by Bethe ansatz.
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The SU(4) alternating spin chain
Nested Bethe ansatz equations:

1 = eiϕuj =

(
uj +

i
2

uj − i
2

)L Ku∏
k ̸=j

S(uj ,uk )
Kw∏

k=1

S̃(uj ,wk ),

1 = eiϕwj =
Kw∏
k ̸=j

S(wj ,wk )

Ku∏
k=1

S̃(wj ,uk )
Kv∏

k=1

S̃(wj , vk ),

1 = eiϕvj =

(
vj +

i
2

vj − i
2

)L Kv∏
k ̸=j

S(vj , vk )
Kw∏

k=1

S̃(vj ,wk )

S(u, v) =
u − v − i
u − v + i

S̃(u, v) =
u − v + i

2

u − v − i
2

Eigenstate: |u,w ,v⟩ =
∑

s⃗∈all possible
distributions

ψs⃗(u,v ,w)|s⃗⟩

E = λ2

(
Ku∑

k=1

1
u2

k + 1
4

+
Kv∑

k=1

1
v2

k + 1
4

)
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The SU(4) alternating spin chain
The Gaudin matrix is of size (Ku + Kw + Kv )× (Ku + Kw + Kv )

G =

 ∂uiϕuj ∂uiϕwj ∂uiϕvj

∂wiϕuj ∂wiϕwj ∂wiϕvj

∂viϕuj ∂viϕwj ∂viϕvj



Gaudin conjecture: ⟨u,w ,v |u,w ,v⟩ ∼ detG
Can be checked in specific case

Selection rules:
Ku = Kw = Kv = L ⇒ {vk} = {uk} {uk} = {−uk} {wk} = {−wk}
leads to detG = detG+ detG− (same as N = 4 SYM)

⟨MPS |u,w ,v⟩√
⟨u,w ,v |u,w ,v⟩

∼

√
detG+

detG−
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Conclusion
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Conclusion

1 For N = 4SYM and ABJM theory, there are underlying
integrable spin chains that imply the integrability.

2 One-point functions in dCFT can be expressed as a overlap
between Bethe states and boundary state.

3 Introduced domain wall corresponds to the integrable
boundary state that yields selection rules for the overlap.

4 The overlap formula includes a universal determinant part and
a model-dependent function, if the boundary state is
integrable.

⟨B|u⟩√
⟨u|u⟩

=

N/2∏
j=1

f (uj)

√
detG+

detG−
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Thank you
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