Decidability of positivity under

Stone compactification

Sara Negri

Department of Philosophy PL 24, Unioninkatu 40 B 00014 University of Helsinki, Finland e-mail: negri@helsinki.fi

Summary

The original definition of formal topology contains a positivity predicate that is a constructive expression of non-emptiness. We show that keeping the same positivity predicate for the Stone compactification of a formal topology implies its decidability.

We recall here the original definition of formal topology, as given in [S]. For references, further details and motivations the reader is referred to [S] (where sometimes a different notation is used), [NV], [SVV].

Definition A formal topology is a structure A = ⟨S, ·, 1, �, P os⟩ where

• (S, ·, 1) is a (formal) base, i.e. a commutative monoid with unit;

• � is a relation between elements and subsets of S, called (formal) cover,

satisfying: a ∈ U a � U^{reflexivity,} a � U U � V a � V^{transitivity,} a � U a � V a � U · V^{dot-right,} a � U a · b � U dot-left, where U � V ≡ (∀u ∈ U) u � V and U · V ≡ {u · v | u ∈ U, v ∈ V }; • P os is a predicate, called positivity predicate satisfying:

P os(a) a � U P os(U) monotonicity, P os(a) → a � U a � U^{positivity,} where P os(U) ≡ (∃b ∈ U)P os(b). There are several equivalent formulations of positivity (cf. [S1]). The one we will use here is the following:

a � a^+

where a+ denotes the subset of {a} given by {b ∈ S | b ∈ {a} & P os(b)}.

The notion of Stone compactification of a formal topology has been introduced in [S] and further explored in [N] in its application to a constructive version of Stone representation for distributive lattices. We recall here the basic definitions: Definition A formal cover � on a base S is said to be a Stone cover if for all a ∈ S and U subset of S, a � U implies that there exists a finite subset U0 of U such that a � U0.

Given a cover on a base S one can define a Stone cover �! from this by a �! U ≡ (∃U0 ∈ P!(S))(U0 ⊆ U & a � U0) where P!(S) is the set of finite subsets of S. The set of finite subsets of a given set can be formally defined in type theory as in [NV], but for our purposes it will be enough to think of it as the set of finite lists (modulo exchange and contraction) over S.

The cover �! thus obtained is called the Stone compactification of the cover �. Definition Given a formal topology A = ⟨S, ·, 1, �, P os⟩, its Stone compactification is defined by A! ≡ ⟨S, ·, 1, �!, P os⟩

Whereas it is immediate to verify that �! is a cover and that monotonicity of P os w.r.t. �! is satisfied, it is not at all clear that positivity is satisfied. In fact, we have:

Theorem Let A = ⟨S, ·, 1, �, P os⟩ be a formal topology. If P os is a positivity predicate for the Stone compactification of A then it is decidable. Proof: Suppose that P os satisfies positivity with respect to the cover �!. Then we have, by the equivalence recalled above,

a �! a^+ .

Since �! is a Stone cover, there exists a finite subset U0 of the base which is a subset of a+ and such that a �! U0 .

Consider such a finite subset U0. Whatever definition for the set P!(S) we choose, we know, from the fact that U0 belongs to this set, whether it is empty or it contains at least one element. In the first case we have a �! ∅ and therefore, by monotonicity of P os, also ¬P os(a), for, if we assume P os(a), we obtain that there exists b ∈ ∅ such that P os(b), a contradiction. In the second case, since U0 is a subset of a+, there exists at least one element in a+, that is, P os(a). Therefore for all a ∈ S, P os(a)∨¬P os(a) holds, that is, P os is decidable. 2 Conclusion

We have shown that positivity for the Stone compactification of a cover is not satisfied, unless we assume the positivity predicate to be decidable. In particular, for a given formal topology its Stone compactification is not in general a formal topology, contrary to [S], proposition 4.8.

Subsequent literature can be adjusted on this point. The notion of Stone base defined in [N] must be restricted to the cover part and the positivity predicate has to be left out. The representation theorem for distributive lattices continues to hold, and no corresponding notion of apartness from zero has to be introduced on the algebraic side to match the equivalence between Stone bases and distributive lattices.

However, in cases studied so far in applications to constructive analysis, where the Stone compactification of a cover plays an important role, namely in the formal topologies of formal reals, formal intervals, linear functionals (see [CCN, CN, N1, NS]), the positivity predicate is either not needed or it is decidable.

References

[CCN] J. Cederquist, T. Coquand, S. Negri. The Hahn-Banach theorem in type theory, to appear in “Twenty-Five Years of Constructive Type Theory” G. Sambin and J. Smith (eds), Oxford University Press.

[CN] J. Cederquist, S. Negri. A constructive proof of the Heine-Borel covering theorem for formal reals, in “Types for Proofs and Programs”, S. Berardi and M. Coppo (eds), Lecture Notes in Computer Science 1158, pp. 62–75, Springer, 1996.

[N] S. Negri. Stone bases, alias the constructive content of Stone representation, in “Logic and Algebra”, A. Ursini and P. Aglianó (eds), Dekker, New York, pp. 617–636, 1996.

[N1] S. Negri. Continuous lattices in formal topology, to appear in Lecture Notes in Computer Science, E. Gimenez and C. Paulin (eds), selected papers of the Types meeting, Aussois, 1996.

[NV] S. Negri, S. Valentini. Tychonoff’s theorem in the framework of formal topologies, The Journal of Symbolic Logic (in press).

[NS] S. Negri, D. Soravia. The continuum as a formal space, to appear in Archive for Mathematical Logic.

[S] G. Sambin. Intuitionistic formal spaces – a first communication, in “Mathematical logic and its applications”, D. Skordev (ed), Plenum Press, New York, pp. 187–204, 1987.

[S1] G. Sambin. Intuitionistic formal spaces vs. Scott domains, in Atti del Congresso “Temi e prospettive della logica e della filisofia della scienza contemporanee”, Cesena 7-10 gennaio 1987, vol. I, CLUEB, Bologna, pp. 159–163, 1988.

[SVV] G. Sambin, S. Valentini, P. Virgili. Constructive domain theory as a branch of intuitionistic pointfree topology, Theoretical Computer Science 159, pp. 319–341, 1996.