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Inverse problem in a d-dimensional body
Let u(x, t) = uf(x, t) solve the wave equation

(02 — c(x)?A)u(x,t) =0 on (x,t) € M x R,

Opu(x, t)|omxr, = h(x,t), ult=0 =0, Oult—0 =0,
where h is boundary source, M C R?. The Neumann-to-Dirichlet map is

h
Yeh = u?(x, t)|(x,t)Et9M><R+'

In the inverse problem we aim to find the unknown wave speeds c(x) from
boundary measurements Y. (Traditionally, one denotes Y. = A.).

Next we consider this problem in the 1-dimensional case and solve it using
neural networks.
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Results on the hyperbolic inverse problem:

1-dimensional problems: Gelfand, Levitan, Marchenko 1950-1960.
Inverse problem for A + g: Nachman-Sylvester-Uhlmann 1988.

Reconstruction of a Riemannian manifold with time-indepedent
metric: Belishev-Kurylev 1992 and Tataru 1995.

Solution by modified time reversal and focusing of waves:
Bingham-Kurylev-L.-Siltanen 2008.

Combining several measurements for together for the wave equation:
Helin-L.-Oksanen 2012.

Numerical methods for focusing of waves: de Hoop-Kepley-Oksanen
2018.

Partial data: L.-Oksanen 2014, Mansouri-Milne 2017.

Inverse problems for the connection Laplacian:
Kurylev-Oksanen-Paternain 2018.

Scattering control: Caday-de Hoop-Katsnelson-Uhlmann 2018.
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Overview of the talk

© We consider the solution map S : Y. — ¢ that solves the inverse
problem in the 1-dimensional case.
For this, we use the boundary control method (Belishev 1987,
Belishev-Kurylev 1992) and its regularized version
(Bingham-Kurylev-L.-Siltanen 2008 and Korpela-L.-Oksanen 2018).

@ We propose an architecture of neural networks, where the input is
a linear operator Y.

© We show that the solution map S can be written as a neural network
with the proposed architecture.

@ The performance of the trained neural network can be estimated
using stability theorems for inverse problems.
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Outline:

@ Solution of the inverse problem in 1-dimensional space
@ Standard neural networks

o Operator recurrent networks
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Inverse problem in 1-dimensional space
Consider the wave equation in one-dimensional space, x € R.

This corresponds to subsurface imaging when the wave speed depends only
on the depth.

Let u(x, t) be the solution of the wave equation

o2 ) P
(W_C(X) @)U(X, t):O, XE]R+, tER+
0 0
5U|x=0 = h(t), ult=0=10, —-ule=0=0,

ot

where the wave speed c(x) is unknown. Denote u(x, t) = u”(x, t).
Let T > 0. Suppose we are given the Neumann-to-Dirichlet map, Y = Y,

Yeh=ul(x,t)| , te(0,27).
x=0

Y. is a linear operator or “a matrix”. Physically,

Y. : boundary source h — the boundary value of the wave u|y—g.
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Travel time function
The travel time for the wave from the boundary point 0 to the point x is

0= [ Lo

Assume that we can construct the function 77! : R, — R, . Then we can
determine the travel time function 7 : Ry — R, and the wave speed by

1
c(x) = W.

&T

Next, we study the inverse problem of finding the inverse travel time

function 77! when Y, is given.
We will consider the function F : Y. — 7~ 1 and construct a neural

network that approximates F.
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Neumann-to-Dirichlet map determines inner products of

waves

Denote
f h = UfX UhX X = L X
WD) = [ T TV, av =

1
[ (T)llzy = (W (T),u"(T))2.
By Blagovestchenskii formula,
2T T
W) = [ (KeOR de, W(TL1 = [ AT = o) de
0 0
where Y = Y, is the Neumann-to-Dirichlet map,

Ky =JY — RYRJ,
Rf(t) = f(2T —t) “time reversal operator”,

2Tt
Jf(t) = %1[07”(1“)/ f(s)ds “low pass filter".
t
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An analytic solution algorithm for the inverse problem
By Bingham-Kurylev-L.-Siltanen 2008 and dH-L-W 2020, the inverse
problem is solved as follows: Suppose we are given Y = Y.

Step 1: For the depth parameter 0 <s < T, let hgs € L?(0,2T) solve
min lu"(T) = 1/[72 + Bl Ahlla = (Kyh, h) = 2(h, b) + C + 5| Ah||

where supp(h) C [T — s, T].
Here, A: [2(0,2T) — £2 is an isometry and Ky = JY — RYRJ. Then,

{1, if 7(x) <s

jim um}ﬁs(x’ T) - 0, otherwise
, .

£5—0
We call hg s the optimized sources.
Thus, when S is small,

1, ifr(x) <s

0, otherwise.

ulss(x, T) ~ {
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An analytic solution algorithm for the inverse problem

Step 2. Using the the optimized sources hg s, we compute

)
. . hg s
V(s) = fim, [ hsce) (T = ) = lim (624 (T), Dy

— Vol ([0, 7 1(s)]) = /0 T T)l(ydx,

w(s) = % V(s).

Then
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An analytic solution algorithm for the inverse problem

The above minimization problem can be solved using an iteration.
Writing sources in a finite basis, the inverse problem is solved as follows:

Step 1: For j=1,...,K and hU) = h(,_j) be computed by doing L steps of
the iterated soft thresholding,

W, = op <(/ + PRYRJ — PjJY)hY) + ij>, g =o.

Here, 8 > 0 is the regularization parameter and

R is the matrix of the time-reversal operator, P; is a projector,

J is the matrix of the low-pass filter, b is a constant vector,

og(x) =relu(x— ) —relu(—x— () is soft thresholding, relu(x) = max(x,0).

Step 2. Compute 7 1(s;) = G;(hD), ..., h(K)), where s; = <L and G; are
explicit functions.
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Summary on the analytic solution of the inverse problem

Consider the map F : Y. — 77! that determines the inverse of the travel
time function 771 (and the wave speed c(x)) from the boundary
measurements Y.

The discretized version of this map, F : R™" — R2?X can be written as

F(Ye) = G(FB(Ye), FA(Yo), ..., FI(YL)
where fU) : R"™" _s R" map Y, to the optimized sources,
FU(v,) = AU,
Next we define a family of neural networks (operator recurrent networks)
than can approximate functions fU) : R"™*" — R".

The explicit function G can be approximated by a standard neural network.
Then, we can approximate F by a neural network.
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Outline:
@ Solution of the inverse problem in 1-dimensional space
@ Standard neural networks

@ Operator recurrent networks

input layer hidden layer 1 hidden layer 2 output layer
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Standard neural network

input layer hidden layer 1 hidden layer 2 output layer

@ In every node in the hidden layers, one operates with a non-linear
activation function ¢. In this talk, ¢ is the Rectified Linear Unit,

x, x>0
= rel = 0,x)=1<"" ’ eR.
¢(x) = relu(x) := max(0, x) {0, <0, X
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Definition of the standard deep neural network

A standard neural network is a function fy : R% — R defined by

h():X,
hz+1=¢<A§he+b§), (=0,...,L—1,
fo(x) = hi.

Architecture:
@ /: the layer index, max depth L.
@ hy: intermediate output at layer £.

o bf € R, AL € RI+1%d are the biases and weight matrixes that
depend on parameters 6 = (01,62,...,0m).

@ ¢ is the activation function, the Rectified Linear Unit (relu)

¢:RT = RY d(xi,...,xq) = (max(0,x1),...,max(0, xg))
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Applications of neural networks in inverse problems

@ Modified gradient descent: Adler-Oktem 2017.

@ Splines and Neural networks: Unser-Fageot-Ward (SIAM Rev. 2017),
Jin-McCann-Froustey-Unser 2017.

o Data driven models: Arridge-Maass-Oktem-Schénlieb (Acta Numerica
2019)

° Gener:.a_tive adversarial networks: Bora-Jalal-Price-Dimakis 2017,
Lunz-Oktem-Schonlieb 2018.

@ Neumann Networks: Gilton-Ongie-Willett 2019.

@ Diffusion problems: Arridge-Hauptmann 2019,
Antholzer-Haltmeier-Schwab 2019,
Agnelli-Col-L.-Murthy-Santacesaria-Siltanen 2020.

o Limited angle tomograpy:
Bubba-Kutyniok-L.-Marz-Samek-Siltanen-Srinivasan 2019.

@ Scattering problems: Uhlmann-Wang 2018, Khoo-Ying 2019,
Li-Wang-Teixeira-Liu-Nehorai-Cui 2019, Wei-Chen 2019.
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A modification of a neural network

Recall: A standard deep neural network is a function fy : R% — R that
takes in a vector x € R% and computes following operations

hy = x,

hg+1:¢<A§hg+b§), (=o,...

ﬁ9(X) = h[_.

We will modify this: We define a function fp : R"*" — R”" that takes in

aL_lv

a linear operator Y € R™" and computes following operations

hg = b°,

hg+1:¢(A§th+b§), (=o,...

fo(Y) = hy.
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Outline:
@ Solution of the inverse problem in 1-dimensional space
@ Standard neural networks

@ Operator recurrent networks
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Definition
An operator recurrent network with depth L, width n and parameters
0 € [-1,1]° c RP is a function f5 : R"™" — R” given by

ho = bg’l,
he = bgt + ALthy 3 + AGPY hy 3 + ¢ [ B + A he g + A§’4th_1] :
fo(Y) = he,

where the initial vector hg = bg’l € R" is independent of the input

Y € R™" and Ay’ € R™", b5’ € R”.
Activation functions ¢ are relu functions.

Matti Lassas (Univ. Helsmkl) Neural networks/lnverse Problems ww.mv.helsinki.fi/home/lassas/ 19 / 32



Iteration in the analytic algorithm is a neural network

Recall the earlier: The optimized sources were computed by doing L
steps of the iterated soft thresholding,

W, = o <(/ + PRYRJ — Py )R + P,-b>, hy =o.

Here, 6 > 0 and

R is the matrix of the time-reversal operator, P; is a projector,

J is the matrix of the low-pass filter, b is a constant vector,

This iteration can be written as an operator recurrent network by using
matrixes of operators.
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Parametrization of the weight matrixes in the network
The weight matrixes Ag" € R"*" have the form

Gi _ ALi0 2i(1) AL i (1 0
Ayl = AP0 4 A, ZQQpla

where A%(0) are fixed matrixes that do not depend on 6,
Ag"’(l) are sparse matrixes that are determined by parameters Gf;" € R".
The above iterated soft thresholding can be written as an operator
recurrent network as follows:

@ The compact operators in the analytic method (e.g. the low pass

filter J) are replaced by sparse matrixes Ag"’(l). These matrixes are
learned from the training data.

e Non-compact operators in the analytic method (e.g. the identity
operator / or the time reversal R) determine the fixed matrixes
AL0) The matrixes A%(®) are not learned but determined by the
analytic method.
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Loss function and regularization

Next, we consider a general target function f : R"*" — R".
We want to learn the parameters 6 such that the neural network
fy : R"*" — R"™ approximate the function f : R™" — R".

Definition
The regularized loss function £ with regularization parameter o > 0 is
given by

L(O,Y) = (V) — f(Y)|&n + aR(6)
To make the weight matrixes Ag’i’(l)

R(0) = 0]l =) _ ll6;

L,k,p

sparse, we use the ¢*-norm

RnN.
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Training a neural network with sampled data

Assume that Y is random and has a priori distribution p, that is, Y ~ pu.
Let Y1, Yo,..., Yy be independent samples from a priori distribution .
Suppose we are given the training set

S={(,f(V1)),-.. (Yn, F(Yn))}-

Training of the neural network means minimizing the the empirical loss
function,

0(S) = argmin L(6,5),
0

N
1
£(0,5) = > Ifo(Ye) = F(YD)I[2e + |0
i=1
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Definition of the optimal neural network

For a network fy with parameters @, the expected loss is
L(O, 1) :=Ey,[L(0,Y)].
The parameters 6* of the optimal neural network fp« : R"™" — R" are

0* = argmin L(0, n).
0
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Neural network vs. analytic solution algorithm

Let fy,(Y') be a deterministic approximation of an analytic solution
algorithm (e.g. the analytic solution method for the inverse problem).

A trivial, but important result is that
By [£(07, V)] < Eyp [£(60, Y]

This means that the optimal neural network fy«(Y) has at least as good
expected performance as fp,(Y).
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Approximation of the target function by a neural network

Definition

We say that the target function f : R"*" — R" can be approximated with
accuracy g by a neural network with a depth L and a sparsity bound Ry,
if there is 6y such that

1ol < Ro, (1)
and the network fy, satisfies

sup [[F(Y) = foo (Y)llrr < 0. (2)
Iyi<t

Stability results for the inverse problem for the 1-dimensional wave
equation [Korpela-L.-Oksanen 2018], show that (1)-(2) are valid with
g0 >0, L= Clog(1l/ep), n= C55175, and Ry = C5516.
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How well a trained network works?

Next we estimate the expected performance gap between the trained
neural network fy(sy and the optimal neural network fp«, that is,

Gper(S) = |[Ey~, L(0(S),Y) — Ey L(0",Y)

Gper(S) is the difference of the expected loss of fysy and f-.

Also, we estimate the expected generalization error that is the difference of
the empirical loss function and the true loss function for the neural
network f};(s),

ggen(s) = [’(9(5)7 S) - EYNM‘C(G(S)v Y) .

Ggen(S) measures how well we can estimate the performance of fys) with
a general input Y by using only the training data.
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Theorem

Let o > 0.

Let S ={(Y1,f(Y1)),...,(Yn,f(Yn))} be the training set that consists
of N independent samples from the distribution (. Then,

1\ @ 1 )
< >1-— - S V3
]P’SNuN [gge,,(S) ~ 5] = 1 C1 <5> exp( 50n2|!f\|§06 N)

where

G- (8L+4n3(1 i HfHoo)exp(5Hf||§oa‘1)),

G = 8" nexp(4|f[3a™ ),
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Theorem

Suppose the target function f can be approximated with accuracy €y by a
neural network with the depth L and the sparsity bound Ry.

Let a > £3/Ro.

Let S ={(Y1,f(Y1)),...,(Yn,f(Yn))} be the training set that consists
of N independent samples from the distribution (. Then,

1

1\ @
< >1-— = -
]PSNMN [gge,,(S) S 5] = 1 Cl < > exp( 50”2”ng0

2
N
5 0% N)

where

= oxp (80H (o + L+ ) R0,

C2 — 8L+1n e6ROO[71/2.
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Theorem

Suppose the target function f can be approximated with accuracy €y by a
neural network with the depth L and the sparsity bound Ry.

Let a > £3/Ro.

Let S ={(Y1,f(Y1)),...,(Yn,f(Yn))} be the training set that consists
of N independent samples from the distribution (. Then,

1

1\ <
<26]>1-— - T 50m2|[F][A.
Ps.un [Gper(S) <26] > 1 2C1(> ARG TN

2
N
5 0% N)

where

= oxp (80H (o + L+ ) R0,

C2 — 8L+1n e6ROO[71/2.
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Learning travel depth in inverse problem for wave equation

Preliminary numerical tests on solving the inverse problem for a wave
equation with a recurrent operator neural network (without sparsity):

0 05 1 15 2 25 3 a5 4 0 05 1 15 2 25 30 05 1 15 25 3

(a) c(x) (b) True depth (c) Predicted depth

Sample piecewise-constant wavespeed c(x); True depth 771(t) on how deep the
waves propagate as a function of time t; Predicted depth as a function of time.

Numerical details: Training with piecewise-constant medium; 5000 data
pairs, 20% withheld as testing data; Testing error: 6.3e-5; Networks with
16.5M parameters, sparsity regularization is not yet implemented.
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Thank you for your attention!
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