Focusing Waves in Elctromagnetic Inverse Problems

Yaroslav Kurylev^∗ Matti Lassas^† Erkki Somersalo^‡

March 13, 2003

1 Introduction

This paper is devoted to the inverse boundary-value problem of electromagnetics in the case σ = 0, where σ is the conductivity. Thus the governing Maxwell equations, in the time domain, are of the form

curl E(x, t) = −B_t(x, t), (Maxwell–Faraday), div B(x, t) = 0, (1)

curl H(x, t) = D_t(x, t), (Maxwell–Ampère), div D(x, t) = 0, (2)

(x, t) ∈ N × R, N ⊂ R^3 - a bounded domain, together with the constitutive relations D(x, t) = ϵ(x)E(x, t), B(x, t) = μ(x)H(x, t). (3) Here ε, μ are 3 × 3 time-independent positive matrices, which, as also ∂N , are C^∞-smooth.

The main results in the study of inverse boundary problems of electrodynamics deal with the isotropic case, i.e. scalar ε, μ. It is shown in [5], [15], [16] that the static admittance map,

Z_0 : n × E_0|_{∂N} → n × H_0|_{∂N} ,

where (E_0, H_0) are stationary solutions to (1) - (3), determine ε, μ uniquely. What is more, the results of [5], [15], [16] make possible to find all three scalar coefficients, including conductivity, σ ≠ 0.

There are some other approaches to the inverse problem for (1) – (3), working directly in the time-domain, [1], [17]. They make possible, under additional

∗Loughborough University †University of Helsinki ‡Helsinki University of Technology

geometrical restrictions, to find some combinations of unknown parameters. Namely, [17] deals with the case when N is a simple geodesic manifold in the metric dl^2 = εμ|dx|^2, while constructions of [1] are valid in a collar neighborhood of ∂N .

Much less is known in the anisotropic case. It is, however, clear from scalar anisotropic problems that, instead of the uniqueness, one obtains a group of transformations, involving proper coordinate changes in N , e.g. [14], [19], [4], [8], [13]. Therefore, it is natural to split the solution of an anisotropic inverse problem into two steps. Firstly, to formulate and solve the corresponding coordinate-invariant inverse problem, i.e. an inverse problem on a manifold. Secondly, to analyse the properties of an inverse problem in R^n resulting from embedding the manifold into R^n . (For a systematic development of this approach see [7]).

In this paper, we confine our study to the case of the scalar wave impedance,

μ = α^2ϵ, (4)

where α is a positive scalar function. Let g be the metric on N , g^{ij} = 1 α^2det(ε) g^{ik}_0 ε^j_k = α^2 det(μ) g^{ik}_0 μ^j_k, (5)

g^{ij}_0 = δ^{ij} , where the last equation in (5) is due to (4). Introduce differential 1− and 2− forms, ω^1 ∈ Ω^1M, ω^2 ∈ Ω^2M,

ω^1 = E^♭, ω^2 = ∗_0B^♭. (6)

Here ∗_0 is the duality between 1− forms and vector fields,

X^♭(Y ) = g_0(X, Y ),

X, Y being arbitrary vector fields, and ∗_0 is the Hodge star-operator in metric g_0. Metric g_0 appears in these equations as a background metric which, in case of N ⊂ R^3 is the canonical Euclidian metric. However, we can assume from the beginning that (N , g_0) is a compact 3−dimensional Riemannian manifold with invariantly defined , in metric g_0, operators curl and div in (1), (2). All further constructions remain valid in this general case. Then equations (1) – (3) may be written as,

ω^1_t = δ_αω^2, δ_αω^1 = 0, (7)

ω^2_t = dω^1, dω^2 = 0, (8)

with α−codifferential δ_α : Ω^kM → Ω^{3−k}M given by

δ_αω^k = (−1)^kα ∗ d 1 α ∗ ω^k, (9) and ∗ being the Hodge star-operator in metric g.

We note that constitutive relations (3) are now incorporated into (7), (8) via the new metric g which, for the reasons clear from the following, is called the travel time metric. We note that Maxwell equations, (1) – (3) in the form (7), (8), may also be written for another pair of differential forms η^1 = αH^♭, η^2 = ∗_0αD^♭, with the connection between two representations given by η^2 = ∗ω^1, η^1 = ∗ω^2. (10) This reflects the well-known duality of the Maxwell equations. From now on M is a compact 3−manifold with (travel time) metric g and wave impedance α, (M, g, α). To have an initial-boundary value problem, we compliment (7), (8) with initial and boundary conditions, ω^1|_{t=0} = 0, ω^2|_{t=0} = 0. (11)

tω^1 = f ∈ C^∞_0 (R_+ , Ω^1∂M). (12) Here, tω^k is the tangential component of ω^k on ∂M, t : Ω^kM → Ω^k∂M, tω^k = i^∗ω^k, i : ∂M → M. (13) To state rigorously the initial-boundary value problem (7), (8), (12), (13), the notion of the complete Maxwell system, ω_t + Mω = 0, ω = (ω^0, ω^1, ω^2, ω^3) ∈ ΩM, (14) is introduced.

Here ΩM = Ω^0M × Ω^1M × Ω^2M × Ω^3M is the full Grassmanian bundle over M and M = d − δ_α (15) is the Dirac-type operator on ΩM. Equations (14) are supplemented by initial and boundary conditions, ω|_{t=0} = 0, tω = f ∈ C^∞_0 (R_+ , Ω∂M), (16) which give rise to a well-posed initial–boundary value problem. It turns out that the problem (14), (16) is equivalent to (7), (8), (11), (12), if tω^0 = 0, ∂_ttω^2 = −dtω^1 (for details of the construction see [10], [11]).

Denote by Z_T the admittance map, Z_T :^∘C^∞([0, T ], Ω^1∂M) →^∘C^∞([0, T ], Ω^1∂M), Z_T (f) = n(ω^f )^2(t), t ∈ [0, T ], (17) where ω^f (t) = ( (ω^f )^1(t), (ω^f )^2(t) ) is the solution to (7), (8), (12), (13), nω^k is the normal component of ω^k on ∂M, n : Ω^kM → Ω^{3−k}∂M

nω^k = i^∗( 1 α ∗ ω^k), (18)

and^∘C^∞ consists of smooth functions vanishing near t = 0. We are in the position now to formulate the main results of the paper.

Theorem 1.1 Let T > 2rad(M), where rad(M) = max_{x∈M} τ(x, ∂M). Then Z_T determines (M, g, α) uniquely.

When α = 1, a local version of Theorem 1.1 near ∂M is proven in [2]. The method to recover (M, g) from Z_T , T > 4diam(M), for an arbitrary scalar α, is in [10].

Returning to R^3 , we observe that Z_T corresponds to the map Z_T : n × E|_{∂N ×[0,T ]} → n × H|_{∂N ×[0,T ]}, which is, indeed, a well-known admittance map. Consider two copies of N as Riemannian manifolds with the metrics g and ~g of form (5), where, in case of ~g, we use ~ε^j_k, ~μ^j_k, ~α, and distance functions τ(x, y), ~τ (x, y).

Theorem 1.2 The group of transformations for the Maxwell system (1) – (3) with scalar wave impedance, which preserve the admittance map, Z_T , T > 2 max_{x∈N} max(τ(x, ∂N ), ~τ (x, ∂N )), is generated by the group of diffeomorphisms, X : N → N , X|_{∂N} = id|_{∂N} . The transformation formulae for ε, μ are then ~ε^{ij} (~x) = 1 det(DX) ∂~x^i ∂x^k ∂~x^j ∂x^l ε^{kl}(x), ~μ^{ij} (~x) = 1 det(DX) ∂~x^i ∂x^k ∂~x^j ∂x^l μ^{kl}(x), (19)

where ~x = X(x) and ε^{ij} = ε^i_kg^{jk}_0 .

The form (19) of admissible transformation for the two-dimensional conductivity problem is observed in [19] with relations between the low-frequency limit of the admittance map and the conductivity problem analysed in [12]. In this paper, we give a brief sketch of the proof of Theorems 1.1, emphasizing the part on α, and 1.2 (see [10] for more details.)

2 Reconstruction of the manifold and the metric

In this section we describe very briefly the method to determine (M, g) from Z_T referring to [10], [11] for further details. The basic analytical ideas, formulated in two theorems below, make possible to find the energy and location of an electromagnetic wave generated by a boundary source f.

Let ω(t) = (ω^1(t), ω^2(t)) satisfies (7), (8), i.e. represents an electromagnetic wave in the absence of internal sources. Electric and magnetic components of the total energy, E(t), are given, respectively, as

E_e(t) = 1 2 ∫ M 1 α ω^1(t) ∧ ∗ω^1(t) = 1 2 ‖ω^1(t)‖_L2_{(Ω}1_{M)}; (20)

E_m(t) = 1 2 ∫ M 1 α ω^2(t) ∧ ∗ω^2(t) = 1 2 ‖ω^2(t)‖_L2_{(Ω}2_{M)}, (21)

E(t) = E_e(t) + E_m(t).

with the rhs of (20), (21) defining the norms in L^2−spaces of 1− and 2− forms on M.

Theorem 2.1 Let ω^f (t) be a solution of the Maxwell equations (7), (8), (11), (12) with a smooth boundary source f. Then

1. For any T > 0, Z_{2T} determines E^f_e (t), E^f_m(t), t ≤ T .

2. For any T > 0, Z_T determines E^f (t), t ≤ T .

It is also clear from this theorem that Z_{2T} determines the inner products ((ω^f )^1(t), (ω^g )^1(s)) and ((ω^f )^2(t), (ω^g )^2(s)), s, t ≤ T , where ω^g(s) is the wave generated by a boundary source g.

Proof: Maxwell system (7), (8), (12) implies that

∂_tE(ω^f )(t) = ∫ ∂M n(ω^f )^2(t) ∧ (ω^f )^1(t) = ∫ ∂M (Z_T f)(t) ∧ f(t). As E(0) = 0, this proves part 2.. For part 1., we refer to [10], [11]. □ To formulate the second result, we need some auxiliary notions. Let Γ ⊂ ∂M be open. The domain of influence of Γ at time τ, M(Γ, τ) is given by M(Γ, τ) = {x ∈ M| τ(x, Γ) < τ}, (22) and the double cone of influence, K(Γ, τ), by K(Γ, τ) = {(x, t) ∈ M × [0, 2τ]| τ(x, Γ) < τ − |τ − t|}. (23)

Let also

X(Γ, τ) = cl_L2 {(ω^f )^1(τ) | f ∈^∘C^∞(]0, τ[, Ω^1Γ)} (24) and Y (τ) = cl_L2 {((ω^f_t )^1(τ), (ω^f_t )^2(τ)) | f ∈ C^∞_0 (]0, τ[, Ω^1∂M)}, (25)

where Ω^1Γ ⊂ Ω^1∂M consists of 1−forms with support in Γ.

Theorem 2.2 1. Let ω(t) be a solution of the Maxwell equations (7), (8) such that

tω^1|_{Γ×[0,2τ ]} = 0, nω^2|_{Γ×[0,2τ ]} = 0.

Then ∂_tω(t) = 0 in K(Γ, τ).

2. Let X(Γ, τ) be of form (24). Then,

δ_αH^1_0 (Ω^2M(Γ, T )) ⊂ X(Γ, T ) ⊂ cl_L2 ( δ_αH(δ_α, Ω^2M(Γ, T )) ) . 3. Let τ > 2rad(M). Then

Y (τ) = δ_αH(δ_α, Ω^2M) × d^∘H(d, Ω^1M) = Y.

Here H(δ_α, Ω^2M), H(d, Ω^1M) are natural domains of operators δ_α and d in L^2(Ω^2M) and L^2(Ω^1M), correspondingly, and^∘H(d, Ω^1M) ⊂ H(d, Ω^1M) is defined by tω^1 = 0. H^s(Ω^iM), s ∈ Z_+, i = 1, 2 is a Sobolev space of 1− and 2− differential forms, with H^s_0 (Ω^iM) = cl_Hs (Ω^iMint), where Ω^iMint consists of i−forms vanishing near ∂M. Furthermore, solution ω(t) in 1 . may be a weak solution of the Maxwell system (see e.g. [10], [11].)

The subspace Y = Ran(M_e), where the operator M_e is defined by (15) on ∘ H(d, Ω^1M) × H(δα, Ω^2M). Operator Me is not elliptic but the operator (15) with Dirichlet boundary condition, tω = 0, considered as operator on L^2(ΩM) is elliptic. Taking into account that, on Y , M_e and the operator (15) coincide, it is possible to use elliptic theory to study M_e|_Y , [10].

It is standard in PDE-control to introduce the spaces of generalised boundary sources, F([0, T ]). To this end, we start with the equivalence,

f ∼ g iff ω^f (t) = ω^g(t), for t > T,

which gives rise to the factor-space, C^∞_0 ([0, T ], Ω^1∂M)/ ∼, and then complete it in the norm

|||f|||^2 = ||∂_t(ω^f )^1(t)||^2 + ||∂_t(ω^f )^2(t)||^2. (26)

Clearly, rhs in (26) is independent of t > T . When T > 2rad(M), it follows from Theorem 2.2, 3., that the delay operator, f(·) → f(· − σ) is well-defined on F([0, T ]) for small σ > 0. Therefore, we can define, in a natural way, the operator of t− differentiation, D in this space. The domains of powers D^s , s ∈ Z_+ of D , which we denote by F^s([0, T ]), may be characterized by

f ∈ F^s([0, T ]) iff ∂_tω^f ∈ s⋂ j=0 C^{s−j} (]T, ∞[, D(M^j_e) ∩ Y ). (27)

There is a natural identification between F^s([0, T_1]) and F^s([0, T_2]), T_1, T_2 > 2rad(M),

f_1 ∼ f_2 iff ω^{f1} (t) = ω^{f2} (t) for t > max(T_1, T_2),

where f_i ∈ F([0, T_i]), i = 1, 2. Later, we will often write just F^s when reference to the time interval ]0, T [ is irrelevant.

Theorems 2.1, 2.2 make possible to continue Z_T to t > T . The construction below is a straightforward extension of the one for the scalar wave equation [7], [9]. Another continuation method is described in [3].

Corollary 2.3 Z_T , T > 2rad(M), uniquely determines Z_t for any t > 0.

Proof: Let 2ε = T −2rad(M). Due to Theorem 2.2, 3., for f ∈ C^∞_0 ([0, T ]; Ω^1∂M), there is a sequence f_n ∈ C^∞_0 ([ε, T ]; Ω^1∂M) with

∂_tω^{fn} (T ) → ∂_tω^f (T ) in L^2(Ω^1M) × L^2(Ω^2M), (28)

which is equivalent to the equation

E(ω^{gn} )(T ) → 0, g_n = ∂_t(f − f_n). (29)

In turn, due to Theorem 2.1, 2., equation (29) can be verified using Z_T . As f, f_n = 0 for t ≥ T , it follows from (28) that

n∂_t(ω^{fn} )^2|_{∂M×]T,∞[} → n∂_t(ω^f )^2|_{∂M×]T,∞[}. (30)

As n∂_t(ω^{fn} )^2|_{∂M×]T,T +ε[} are known from Z_T , (30) defines n(ω^f )^2|_{∂M×]T,T +ε[}. Iterating this procedure, we construct Z_τ for any τ > 0. □ In further constructions, we will need Z_T with various T > 2radM. Taking into account corollary 2.3, we will just speak about the admittance map Z. Let now Γ_j ⊂ ∂M be open disjoint sets, 1 ≤ j ≤ J and τ^−_j and τ^+_j be positive times with 0 < τ^−_j < τ^+_j ≤ diam(M), 1 ≤ j ≤ J.

We define the set S = S({Γ_j , τ^−_j , τ^+_j }) ⊂ M given as an intersection of slices,

S = J⋂ j=1 ( M(Γ_j , τ^+_j ) \ M(Γ_j , τ^−_j ) ) . (31)

A rather technical construction, [10], makes possible to check whether meas(S) > 0. To this end, let

F_S (T_1) ⊂ F^∞ = ⋂ s≥0 F^s, T_1 > 2rad(M) + diam(M),

be a subspace of generalised sources, f, such that (∂_tω^f )^1(T_1) ∈ X(Γ_j , τ^+_j ), (∂_tω^f )^2(T_1) = 0, ∂_{tt}ω^f (T_1) = 0 in X(Γ_j , τ^−_j ). (32) The following theorem, based on theorems 2.1 and 2.2, is crucial for our considerations, see [10].

Theorem 2.4 Let S and F_S(T_1) are defined as above. Then,

1. meas(S) = 0 iff F_S(T_1) = {0};

2. Given Z, it is possible to verify if f ∈ F_S(T_1) or not.

Further steps are the same as in the case of a scalar wave equation [7]. They consist of constructing, using various S({Γ_j , τ^−_j , τ^+_j }) ⊂ M, of the set of boundary distance functions, R(M), R(M) = {r_x ∈ C(∂M) | x ∈ M}, r_x : ∂M → R_+ , r_x(z) = τ(x, z), and defining a Riemannian structure on R(M) which makes it isometric to (M, g). 3 Focusing sources

Our next goal is to find sequences of generalised sources, {f_p}, such that the corresponding waves, {ω_p(t)}, at time t = T_1, converge to a δ−type distribution concentrated at a point y ∈ Mint. Let S_p of form (31) converge to y, i.e. S_{p+1} ⊂ S_p, ⋂ p>0 S_p = {y},

with

J(p) = 3, Γ^{p+1}_j ⊂ Γ^p_j , ⋂ Γ^p_j = {z_j } ∈ ∂M, τ^{−,p}_j , τ^{+,p}_j → τ(y, z_j ) (33)

(see [7] for the existence of such sequence). For a given sequence of f_p ∈ F_{Sp} (T_1), we can verify via Z if the corresponding waves,

∂_tω_p(T_1) → A_y, (34)

where A_y is a distribution-form concentrated in y. Indeed, Theorem 2.1, 1. makes possible to verify the existence of the limit,

lim_{p→∞} (∂_tω_p(T_1), ∂_tω^g(T_1)) for any g ∈ F^∞. (35)

Due to Theorem 2.2, 3., this is equivalent to the existence of lim_{p→∞} (∂_tω_p(T_1), η) for any η ∈ ⋂ s≥0 D(M^s_e) ∩ Y. As, on the other hand, (∂_tω_p(T_1), ~η) = 0 for ~η ⊥ Y , it is enough to verify (34) on ∂_tω^g(T_1), g ∈ F^∞. In the future, we refer to the described sequences {f_p} as focusing sequences. Further information about A_y is given in the following Theorem.

Theorem 3.1 Let {f_p} be a focusing sequence, i.e. ∂_tω_p(T_1) → A_y. Assume, in addition, that, for any g ∈ F^3, there exists the limit (35). Then,

A_y = (δ_α(λδ_y), 0), (36)

where λ ∈ Λ^2T^∗_y M and δ_y is the delta-function at y, ∫ M 1 α ω^0 ∧ ∗δ_y = ( ω^0, δ_y ) = ω^0(y), ω^0 ∈ Ω^0M.

Proof:^1, It follows from (32), (34) that

A_y = (A^1_y , 0), δ_αA^1_y = 0, supp(dA^1_y) = {y}, (37)

so that

supp(Δ_αA^1_y) = {y}, Δ_α = dδ_α + δ_αd. (38)

As, due to (32),

∂_tω(T_1) = 0 in M \ 3⋂ j=1 M(Γ^p_j , τ^{+,p}_j ) ,

(33) implies that

A^1_y = 0 in M \ (⋂ M(z_j , τ(y, z_j )) ) . 1Proof of this Theorem in [10] is incomplete.

By unique continuation for elliptic systems, this yields, together with (38), that

supp(A^1_y) ⊂ {y}.

Furthermore, by our assumptions,

A_y ∈ (D(M^s_e))^′ ⊂ H^{−3}(M),

so that A^1_y may contain only δ_y and its derivatives of the 1−st order,

A^1_y = 3∑ i,j=1 c^j_i ∂_j δ_y dx^i + 3∑ i ~c_iδ_y dx^i. (39)

Substituting (39) into identity δ_αA^1_y = 0, we obtain (36). □ We note that, for any λ ∈ Λ^2T^∗_y M, there is a focusing sequence, {f_p}, such that the corresponding waves ∂_tω_p(T_1) converge to (δ_α(λδ_y), 0). Indeed, let ϕ_p be a usual δ_y-sequence. Then, by Theorem 2.2, 3., there are f_p ∈ F^∞ with ∂_tω^{fp} (T_1) = (δ_α(λϕ_p), 0). Then {f_p} is a desired focusing sequence. Let vary y, i.e. consider a family {f^y_p }, y ∈ Mint, of focusing sources with

A_y = (δ_α(λ_y δ_y), 0), λ_y ∈ Λ^2T^∗_y M. (40)

Lemma 3.2 Given Z, it is possible to verify if the map y → λ_y determines a nowhere vanishing differential 2−form η ∈ Ω^2M, η(y) = λ_y. Proof: Let ϕ ∈ Ω^2M has compact support. By Theorem 2.2, 3., there is h ∈ F^∞ with ∂_tω^h(T_1) = (δ_αϕ, 0) By (34), (36), lim_{p→∞} ( ∂_tω^y_p (T_1), ∂_tω^h(T_1) ) = ( δ_α(λ_y δ_y), δ_αϕ ) = ⟨λ_y , dδ_αϕ⟩_y, (41) where ω^y_p (t) is the wave generated by f^y_p and ⟨·, ·⟩_y stands for the inner product in Λ^2T^∗_y M.

As ϕ is arbitrary, in a vicinity of any y ∈ Mint we can choose ϕ^y_i , i = 1, 2, 3, so that the 2−forms dδ_αϕ^y_i are linearly independent near y. Indeed, if (x^1, x^2, x^3), x(y) = 0, are normal coordinates, ϕ_{ik} = χ(x)(x^i )^2 dx^i ∧ dx^k, i < k, where χ(x) is a cut-off function, satisfy desired conditions. Therefore, η ∈ Ω^2M iff, for any h ∈ F^∞, the rhs in (41) defines a C^∞− function. □ It follows from this proof that, using 3 families, {f^{y,i}_p }, i = 1, 2, 3 of focusing sequences, we can verify via Z, if the corresponding 2−forms η_i form a basis in

Λ^2T^∗_y M for any y ∈ Mint. Choosing ξ_i ∈ Ω^2(M), i = 1, 2, 3, which are linearly independent at any y, consider

K(y)(∂_tω^f (t))^2 = 3∑ i=1 ⟨λ_i(y), (∂_tω^f (t))^2⟩_y ξ_i(y) ∈ Ω^2(Mint), t ≥ T_1. (42)

Lemma 3.3 Given Z, it is possible to evaluate, for f ∈ F^∞, the 2−form K(y)(∂_tω^f (t))^2, where K(y) is a smooth section of End(Ω^2M). We note that, at this stage, K(y) is unknown. Clearly, being able to identify families {f^{y,i}_p }, i = 1, 2, 3 with K(y) = id_y, where id_y is the identity in Λ^2T^∗_y M, makes possible to find α. This will be done in the next section.

4 Green’s form and reconstruction of α

Let again {h_p} be a focusing sequence, lim_{p→∞} ∂_tω^{hp} (T_1) = (δ_α(μ_yδ_y), 0), μ ∈ Λ^2T^∗_y M. (43) Then, lim_{p→∞} ∂_tω^{hp} (t + T_1) = G_m(x, t; y) = G_{m,μ}(x, t; y), (44) where G_{m,μ}(x, t; y), called the magnetic Green’s function, solves the problem (∂_t + M)G_m(x, t; y) = 0, tG_m(x, t; y) = 0, G_m(x, t; y)|_{t=0} = (δ_α(μ_y δ_y), 0). (45) Using the WKB-method, we show the following lemma. Lemma 4.1 For 0 < t < τ(y, ∂M), G_{m,μ}(x, t; y) = ( (G_{m,μ}(x, t; y))^1, (G_{m,μ}(x, t; y))^2 ) , where

(G_{m,μ}(x, t; y))^1 = [∗(∗Q(x, y)μ_y ∧ d_xτ)] δ^{(2)}(t − τ(x, y)) + r^1(x, t; y), (46)

(G_{m,μ}(x, t; y))^2 = [∗(∗Q(x, y)μ_y ∧ d_xτ) ∧ d_xτ] δ^{(2)}(t − τ(x, y)) + r^2(x, t; y). (47) Here Q(x, y) ∈ End(Λ^2T^∗_y Mint, Λ^2T^∗_x Mint) is smooth outside diag(Mint) and δ^{(2)}(t − τ) is the second derivative of the δ-function on the sphere S_y(t). Singularities of r^1, r^2 contain only δ^{(1)}(t − τ) and δ(t − τ).

Using (41) and Lemma 3.3, we see that Z determines K(x) [∗(∗Q(x, y)μ_y ∧ d_xτ) ∧ d_xτ] , for any μ_y of form (43). If it happens that K(x) = id_x, then K(x) [∗(∗Q(x, y)μ_y ∧ d_xτ) ∧ d_xτ] (v, w) = 0, for any v, w ∈ T_xS_y(t). (48) Using this, we can impose (48) as a condition for the focusing sources {f^{y,i}_p }, that define endomorphism K(x). Then we have K(x) = c(x)id_x, for a nowhere vanishing c ∈ C^∞(Mint). Furthermore, if K(x) = id_x, then d [ K(x) ( ∂_tω^h )_2 (x, t) ] = 0, for any h ∈ F^∞. (49) Imposing conditions (49) on {f^{y,i}_p }, we obtain that c(x) = const.

Returning to (42), we see that Z determine, for h ∈ F^∞, c^2 ∫ M (∂_tω^h)^2(x, t) ∧ ∗(∂_tω^h)^2(x, t).

Dividing it by E_m(∂_tω^h)^2)(T_1) evaluated by Theorem 2.1, 1., and taking a sequence {h_p} with supp(∂_tω_p(T_1)) → {y}, we find 2c^2α(y).

As Z(cα) = c^{−1}Z(α), where Z(cα) is the impedance map corresponding to (M, g, cα), we find α. This completes the proof of Theorem 1.1.

5 Proof of Theorem 1.2

Let ε^j_k(x), μ^j_k(x) and ~ε^j_k(x), ~μ^j_k(x), x ∈ N ⊂ R^3 . It then follows from assumptions of Theorem 1.2, that, due to Theorem 1.1, (N , g, α) ≈ ( ~N , ~g, ~α), where ≈ stands for isometry. Therefore, there is a diffeomorphism X, X : N → N , X|_{∂N} = id|_{∂N} , such that ~g = X_∗g, ~α = X_∗α. (50) As, due to (5), ε^j_k = 1 α √ gg^{jn} δ_{nk}, μ^j_k = α √ gg^{jn} δ_{nk},

(50) yields (19).

Acknowledgements: We would like to give our warmest thanks to Professor Alexander Katchalov for numerous useful discussions on non-stationary Gaussian beams [6] which very important to our understanding of the subject. This work was accomplished during several visits of the authors at each others’ home institutions. We wish to thank Helsinki University of Technology, Loughborough University and University of Helsinki for their kind hospitality and financial support. Furthermore, the financial support of the Academy of Finland and Royal Society is acknowledged.

References

[1] Belishev M., Glazman A. A dynamic inverse problem for the Maxwell system: reconstruction of the velocity in the regular zone. (Russian). Algebra i Analiz, 12 (2000), 131-187.

[2] Belishev, M., Isakov, V., Pestov, L., Sharafutdinov, V. On the reconstruction of a metric from external electromagnetic measurements. (Russian) Dokl. Akad. Nauk 372 (2000), no. 3, 298–300.

[3] Belishev M., Isakov V. On uniqueness of recovering the parameters of the Maxwell system via dynamical boundary data. (Russian). Zap. Nauchn. Semin. POMI, 285 (2002), 15-32.

[4] Belishev M., Kurylev, Y. To the reconstruction of Riemannian manifold via its spectral data (BC-method). Comm. PDE 17 (1992), 767-804.

[5] Colton, D., Päivärinta, L. The uniqueness of a solution to an inverse scattering problem for electromagnetic waves. Arch. Rational Mech. Anal. 119 (1992), no. 1, 59–70.

[6] Kachalov, A. P. Gaussian beams for the Maxwell equations on a manifold.

(Russian) Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 285 (2002), 58–87.

[7] Katchalov, A., Kurylev, Y., Lassas, M. Inverse Boundary Spectral Problems.

Chapman Hall/CRC Monographs and Surveys in Pure and Applied Mathematics, 123. (2001), 290pp.

[8] Kurylev Y. On admissible groups of transformations preserving boundary spectral data in multidimensional inverse problems. (RussiaN) Dokl. Akad. Nauk, 327, N3 (1992), 322-325.

[9] Kurylev, Y., Lassas, M. Hyperbolic inverse boundary-value problem and time-continuation of the non-stationary Dirichlet-to-Neumann map. Proc. Roy. Soc. Edinb., 132A (2002), 931-949.

[10] Kurylev, Y., Lassas, M., Somersalo, E. Maxwell’s Equations with Scalar Impedance: Direct and Inverse Problems. Preprint Series of Helsinki Univeristy of Technology, Institute of Mathematics 455 2003.

[11] Kurylev, Y., Lassas, M., Somersalo, E. Reconstruction of a manifold from electromagnetic boundary measurements. To appear 2003.

[12] Lassas M. The impedance imaging problem as a low-frequency limit. Inv.

Probl., 13 (1997), 1503-1518.

[13] Lassas M., Uhlmann G. On determining a Riemannian manifold from the Dirichlet-to-Neumann map. Ann. Sci. cole Norm. Sup. 34 (2001), 771–787.

[14] Lee J., Uhlmann G. Determining anisotropic real-analytic conductivities by boundary measurements. Comm. Pure Appl. Math., 42 (1989), 1097-1112.

[15] Ola, P., Päivärinta, L., Somersalo, E. An inverse boundary value problem in electrodynamics. Duke Math. J. 70 (1993), no. 3, 617–653.

[16] Ola, P., Somersalo, E. Electromagnetic inverse problems and generalized Sommerfeld potentials. SIAM J. Appl. Math. 56 (1996), no. 4, 1129–1145.

[17] Romanov, V.G. Current volume

[18] Schwarz, G. Hodge Decomposition—a Method for Solving Boundary Value Problems. Lecture Notes in Mathematics, 1607. Springer-Verlag, 1995. viii+155 pp.

[19] Sylvester J. An anisotropic inverse boundary problem. Comm. Pure Appl.

Math., 43 (1990), 201-232.