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Abstract

Ideal transformation optics cloaking at positive frequghesides rendering the cloaked region
invisible to detection by scattering of incident wavesopaliields the region from those same waves.
In contrast, we demonstrate that approximate cloaking ieanstrong coupling between the cloaked
and uncloaked regions; careful choice of parameters allbissoupling to be amplified, leading to
effective cloaks with degraded shielding. The sensor magagescribe are close to but distinct from
interior resonances, which destroy cloaking. As one apfitio, the sensor mode of a cloak makes it
possible to use transformation optics to hide sensors inltaked region and yet enable the sensors
to efficiently measure waves incident on the exterior of toal; an effect similar to the plasmon
based approach of Alu and Engheta [3]. We discuss this irhalding treated the 3D case in [9].

1. Introduction

Transformation optics has led to designs for devices hakaical effects on wave propagation, one
of the most compelling of which is cloaking![1l, 2]. The complaaterial parameters of a transforma-
tion optics cloak steer the rays around the region to be hidaled to a large extent the behavior of the
waves mimics that of the rays. The early studies on such sliEgves the impression that transforma-
tion optics cloaking produces a decoupling of the wavesiwigmd external to the cloaked region, cf.
[3,14,(5,[6,,7)8]. Later, it has been observed that the cloakgibn in fact has a coupling with the
environment surrounding the cloak, and this may be amplietheans of carefully chosen parameters
within the cloaked region_[9]. There is thus a fundamentffedince between cloaking for rays and
cloaking for waves. We emphasize that the cloaking effeotass can be made arbitrarily close to the
ideal cloak, while keeping the magnitude of the couplingdixalthough we focus on scalar equations
in the quasistatic and finite frequency regimes, modeliegtebdstatic[[10] and acoustic cloaks [11], the
same phenomenon holds with regard to transformation opliesing for transversely polarized elec-
tromagnetic waves, e.g., in the cylindrical geomeltry [12].

Here, we consider waves modeled by the Helmholtz equafion(x) Vu(z) + x(z)w?u(x) = 0 in two
and three dimensions. In electrostatios= 0 ando denotes the conductivity; in acoustics;> 0 is the
frequency, andr andx correspond to the inverse of the anisotropic mass densityttaninverse the of
bulk modulus, resp.

At nonzero frequencies, ideal cloaking [2] is accompaniggdrfectshielding, meaning that an observer
or device within the cloaked region cannot detect any infdrom about the incident wave [12]. Further-
more, approximate cloaking is also accompanied by apprershielding([5,_13] except near certain
exceptional frequencies at which the interior of the claakeisonating. In the 3-dimensional case the
resonance frequencies of the approximate cloaks tend tdeébenann eigenvalues of the interior when
the approximation becomes better|[13]. However, in therRedisional case the resonance frequencies
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of approximate cloaks tend to the eigenvalues correspgridim non-local boundary condition [16]. In
both the 2 and 3 dimensional case both the cloaking and sigeddfects are destroyed at the resonance
frequencies. In this paper we consider the sensor effecihen the parameters of an object inside the
cloak are chosen carefully so that the cloaking effect appeton the other hand the waves propagate
inside the cloaked region and are coupled with the wavedrithie cloak, see Fig. 1. We have previously
studied the 3D case inl[9]; here, we consider the situati@DinThis transformation optics based effect
is similar to the cloaked sensor effect studied by Alu andhgta for plasmonic cloaks|[3].

2. Mathematical analysisof the tuned approximative cloaks

Coordinate transformations - Let us recall the construction of approximations to ideahgk.
Let B, = {x € R?; |[x| < r} denote a disc of radius > 0 3
andsS, = 0B, be its boundary. Let < R < 2 be a parameter,
andsepp =2(R—1),0<p <2 ThenR \,1asp \, 0. Let
F, : B3 — B, — B3 — By be the coordinate transformation

-

(=]

Foy) v, for2 < |y| <3, 1)
X = =
Y (1+%)ﬁ, forp <|y| < 2.

Forp = 0, the mapF = Fj is the singular transformation of
[10,[2], leading to the ideal transformation optics cloakijles
for p > 0, F}, is nonsingular and leads to a class of approximate 5

'
-

!
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cloaks [5,[18[15]. Letb, = ¢’* denote the homogeneous, ) 1
isotropic tensor and define for then for> 0 the approximate ' Hos
cloak tensow, on B3 as 1‘ ‘ ) A
. {|ll( @)
" sk, for x| < Ror2 < |x| < 3, 4 05
o) (x) = jk
P ol%(x), forR < |y| <2. N .

w

Here, o(z) = (DF(y))oo(y) (DF(y))'/det(DF(y)), y =  ° 0 2
F~1(x) is the standard cloaking tensor. Define also

Fig. 1. Plane wave incident to the
() = { 111 1/2for x| < Ror2<|x| <3, (joaked sensor for frequency = 2
de( DF,(F, " (x))) /%, for R < |x| <2. (top) andw = 16 (bottom) in 3D case.

Now place inside the cloak a scatter@r, of radiusRy < 1,
with a surface whose impedance induces a real Robin bourdadition onSg,. Thus, we consider in
the domairf? = Bs — Bp, the solutions of the boundary value problem,

(V-0,V + wQKp)up =0 inQ, wuyls, =f, (Op + oz)up|gR0 =0, 2

for an impedance = —i« to be specified later. In the domain< |x| < 3 we can represent, in polar
coordinategr, §) asu,(r,0) = >0 _ ug(r)em@. Then equationg{2) give rise to a family of boundary

value problems for thej. For our purposes, the most important onagsi.e., the radial component of
u,, Which is independent df, and we study this next.

Lowest harmonic and the sensor effect - Consider the problenil(2) witlfi = const, so thatug (r, 0) =
uf(r). The Helmholtz equatiori|2) leads then to an ordinary dsfiéial equation for(r) = ug (r). We
can then specify the Cauchy data (i.e., the value of the waddta normal derivative) at = 3, that
is, fix (u(3), %(3)) = (f,g), solve the function:(r) for Ry < r < 3 using the ordinary differential
equation and compute the value of the parametéor this solution by settingr = —u/(Rp)/u(Rp).
In other words, for any valug > 0 and for any pair(f, g) we can determinex so that the Helmholtz

equation[(R) has a radial solutiarir) with (u(3), %(3)) = (f,9).
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In the case whelif,g) = (0,1) we say that the corresponding Robin coefficient= a"**(p) gives
a value of the impedance which induces a resonant wa¥&, Also, in the case whelif,g) =
(Jo(3w), wJ(3w) we say that the corresponding Robin coefficiant= " (p) gives a value of the
impedance which induces the sensor effect and giving riseeensor solutiory*™. A calculation
shows that**" is close ton®*: for someby # 0, one hasy"®*(p) — a*™(p) = bop + O(p?), asp \, 0.
Thus, the sensor effect is quite sensitive to perturbatitere careful analysis confirms the following
three regimes, depending on how cleses to o (p):

(i) Cloaking for generic impedance. If « is bounded away from**" i.e., |« — a*"(p)| > ¢ > 0,
then the cloak acts as an effective approximate cloak, amfléll goes to zero in the cloaked region as
p \\ 0, so that there is no sensor effect.

(i) Resonance effect. For the specific valuee = o"“*(p), the interior resonance leads to both the
destruction of cloaking and the absence of shielding, dinerw is an eigenfrequency of the equation
(@) with boundary conditiom. = 0 on 992 and(9, + a)u = 0 onr = Ry.

(iii) Cloaking with sensor effect. For the valuex = a%"(p), the cloak acts as an effective approximate
cloak, but inside the cloaked region the solution is prapodl to the value which the field would have
had at the origin in free space, with proportionality of ard§1) asp — 0, thatis, forRy < r < R,
u,(r) = °(r)vg + O(p), wherec®(r) is a not identically vanishing function ang is the value ap of

the solution to the free-spa&é Vv +w?v = 0, v|,—3 = f. Thus, in the sensor mode the cloak functions
as an “invisible magnifying glass”, where the value which field would have had in the empty space at
a single point can be measured anywhere inside the cloakelptaces inside the balt(R,) a device
which measures e.g. the Neumann boundary value of the @olati the boundaryBpg,, this allows
one to enclose a measurement device which does not affertdident fields being measured, see [9].
We also note that in the sensor mode the cloaking is actualtydved as the scattered field has in the
region|x| > 2 the magnitude)(p) asp — 0.

Roughly speaking, whea = a°“"(p), the frequencyw is so close to the eigenfrequency of the inside
of the cloak that the energy flux from the inside to outside ftach the outside to inside through the
surfacer = R are balanced. The solution inside the cloak does not blowndptee energy flux from the
inside cancels the scattering caused by the fact that tlaé edaoonly an approximate cloak, not a perfect
cloak.
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