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��^L_4`�aWbScd`e3gfghjilknmpo]qsr*tYuGv
h%wxwzy{i�h%|NmStQk~}��X�]i�}���kn}x��h�op�X��td}������X��td�td�p}xi~�dk~�~�X�p}x����h%op}xmp���d��t�i~�=h%��}�tdw�k�qG�=hd�
���Std�ntQ��knh��~}x�%h%o��eq�kn�ph��=�Xw�tQ�~}��%tY�kn}x�X�'}x�poph��\h��poph%�ek)�dh%wx�E��}xk�q��d�Ck~�ph�v�t��Xh��]�~�X�StQ�etQkn}x�X�V�/���j�ptd��k~}��%m]w�td���pkn�p}xi�p�~�d�\h���k�q }�i�intYkn}�il¡Sh%o¢�NqgtdwxwJ}�i��dkn���X�p}�� ��h%op}�t]��£/�ph�td�Stdw¤qGi~}�i�}xi��StQi~h%o¢�X�td� }��e�Qtd�~}�td�ek	���X�~��m]w�tQk~}��X�j�Q��kn�]h�ilqGi�knh��¥�Q��h�w�h%�4kn���Eo]qG�StQ��}x�%i2tdi2t'¦§}��ntQ�k�qG�\h�¡p�~i�k��X�~o]h%��ilqEilknh����X��t'¨-}xh%��td�p�p}�td�

3− ��td�]}x���XwxoV�(f¢h�i�knm]o]qgk~�ph�p�~�d�\h���kn}xh%iC�Q�\k~�p}�iCilqGi�knh��©}���k~�phª¡S��i�k$�Std�lk$�d�«kn�ph/�ptd�\h��%�K£/�ph�i~h%���X�po��Std�lk}�i
oph��d�dknh�o�k~��kn�ph�}��e�Xh��~i~h	�]�~�X�pwxh%�¬�d�Tk~�ph)}�o]h%�ekn}¤¡S��tQk~}��X���d�Akn�ph)¨-}xh%��td�p�E�}�td� ��td�p}x���dw�o
M
td�]ogkn�]h����X�~��h%i~�=�X�po]}��p�'i�qGi�k~h%��d�ªh�|GmptQkn}x�X�pi������X�®k~�pho]qG�Std��}����\�Xm]�poStd�lq¯oStQknt]��£/�ph%i�h�oStQk�t�tQ�~h�k~�ph(�\�dmp�poStd�lq

∂M
td�po¯k~�phtdop��}xk�k�td�p��h/��tQ� ZT �C°$�eqGi~}x��tdwxwxqd�Nk~�p}�i$��td� �%�X���~h�i~�=�X�popi$kn��kn�ph-��h�tdi�mp�~h±���h��ekni/�d�Akn�]h)k�td�p�dh%�ekn}�tdw6���X���=�X�ph��ekni/�d�Akn�]h	h%w�h���k~�~}��)td�po���tQ�X�ph�k~}��-¡Sh%wxopi�X��kn�ph �=�Xmp�poStQ��q�tQk2t(¡S�p}¤knh�k~}���h9}��eknh����Qtdw

[0, T ]
� �²k�}xi	i~�p��v�� kn�StQk%�T���X�i~m]³���}�h%�ek~wxq�w�td���Xh

T > 0
� ZT o]h�knh��~��}��ph�i-k~�ph�¨�}�h���tQ�p�p}�tQ�(��td�]}x���Xwxo'tQ�pokn�ph�mp�]oph%��wxqG}��p� h�w�h%�4kn���X��tQ�X�ph�k~}��)�ptd�ntd��h�k~h%��i%�
´E}���}�w�td�!�~h%i�mpwxk~i�tQ�~h	�p���W�dh%�}�� kn�ph��%tdi~h�v��ph%��kn�]h��=�Xmp�poStQ��qgoStQk�t*td�~h��X}x�dh%�¯�X�]wxq �X��td���d�\h��¯�Std�lk�d�Lk~�ph��\�dmp�poStd�lqX�
���*op�X��td}x�piª�d�

R
3 �pv
h�o]h%i~���~}x�\h�kn�ph2�X���Xmp���d�Kk~�ntd�]i����X�µ���tYkn}��d�piJv��p}����(�p��h%i�h%���dh)kn�ph)tdop��}xk~kntd�p��h§��td� ZT �E�p�~���G}�o]}��p��t��%�d���pwxh�k~h���Std�~td��k~h%�~}x��tQk~}��X���d�«kn�ph/�p�d�E��mp�]}�|Nmph%�]h%i~i$�d�«k~�phªmp�po]h%�~w¤qG}��p�	�p�eqGi~}x��tdw]�p�~�X�G�w�h��'�§���jkn�ph�}xi~�dk~�~�X�]}����%tdi~h�v�}xkn�

M ⊂ R
3 �\v
h9�p�~���Xh�k~�StQk§kn�ph��=�Xmp�]oStd��qoStQknt��X}x�dh%���d��td���X�=h%�(�StQ��kª�Q�Tkn�ph)�=�Xmp�]oStd��q�oph4knh��~��}��ph-kn�ph)o]�X��tQ}��

M
�kn�ph��=h%����}¤k~kn}¤�G}xk�q

ε
tQ�po�k~�ph��\h��~��h�td�]}�w�}¤k�q

µ
m]�p}�|Nmph�wxqX�¶'·e¸V¹�º=aY»?_d3�r*tWuEv
h%wxwzy{i�h%|NmStQk~}��X�pi��S��tQ�p}x���Xwxopi%�G}��e�dh%�~i�h��]�~�X�pwxh%��i%��(�:�ce¼½bp_�_�¾À¿CcXb]`�¾½º=Á$3/ÂdÃeÄdÅeÂE�SÆeÂd¨-ÆXÇ]�]ÆeÂXÈ	ÉXÇ]�

ÊnËAÌAÍ6ÎLÏLÐ?ÑVÌAÒÀÎCË
���*kn�]}�i��ptd�\h��§v
h�i�k~mpo]q*op}���h%��k)td�poj}x�e�Xh%��i~h��=�Xmp�]oStd��q��Qtdw�m]h��p���X�pwxh%��i���X��r*tYuGv
h%w�wÓyÔi2h%|NmStYkn}��d�pi�}��gÕ$m]�%w�}xoph�tQ�gop�d��td}x�pi	}��

R
3 td�pog�X� �%�X���Std�4k��tQ�p}x���Xwxopi%������t��\�Xm]�poph%o�i����G�dk~�*op�X��td}x�

M int ⊂ R
3 �Tr*tWuEv
h%wxwzy{i�h�|GmptY�kn}x�X�pi����X�§k~�ph�h�w�h%�4kn��}���tQ�poj��td�X�ph4kn}��	¡Sh�w�opi

E
td�po

H
td�po'kn�ph9tQi~i~�G�%}�tQknh�oh%wxh%��k~�~}x�	op}�i��pw�td��h%��h%�ek

D
td�po���tQ�X�ph�k~}���ÖpmEu�oph��pi~}¤k�q

B
td�~h

curlE(x, t) = −Bt(x, t), × r*tYuGv
h%w�wÙØEÚ«td�ntQoSt�qpÛ ,×lÜ Û
curlH(x, t) = Dt(x, t), × r'tYuGv�h�w�wÝØNÞ����\ß��~h�Û .×zà Û á
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&§�po]h%�Vkn�]h$tdi~i�mp���Ekn}��d�	�d�ptª�]�X�E�����X�popm]��kn}x�p�p�Ww�}x�ph�tQ�Vtd�po��p�d�E�����p}x�ntdwQ��h�op}�m]�'�kn�ph�i~h�td�~h�tQmp�X��h%�eknh�o�v�}¤kn�(kn�ph����X�pi�k~}xk~m]kn}¤�Xh��~h�w�tQk~}��X�pi

D(x, t) = ε(x)E(x, t), B(x, t) = µ(x)H(x, t).× ÆXÛ
'§h��~h�h�w�h���kn��}����\h��~��}xk�kn}x�G}¤k�q

ε
td�po¢��td�d�ph�k~}�� �\h��~��h�td�]}�w�}¤k�q

µ
tQ�~h�i����G�dk~�

3 × 3
kn}x��h±��}��]oph%�=h%�po]h%�ek��\�di~}xk~}x�dh)��tYkn�~}x�%h�i%�£/�ph!}��p}¤kn}�tQwQ�=�Xmp�poptd��q	�QtdwxmphJ�p�~�d�pw�h�� v�h
��tQ}��pw¤q�oph%tdwXv�}xk~��}x�2k~�p}�iA�StQ�\h��}�i ×lÜ Û²� × ÆeÛ6v�}xkn��kn�ph
�p�X���X�Xh%�]h%�Xmpi?}��]}xkn}�tdwXoStYk�t�tQ�po9t§�]�~h%i��%��}��=h%o�kntd�p�Xh��Nk~}�tdw�%�X���=�X�ph%�ek��d�?kn�]h2h�w�h���kn��}��)¡Sh�w�o

E
�]k~�StQk-}�i��

E(x, t)|t=0 = 0, H(x, t)|t=0 = 0,× ÅeÛ
n× E|∂M×R+

= f,× ÂdÛv��ph%��h
n
}xiLkn�]h-m]�p}xk$h±uEk~h%��}��X�J�p�d�~��tdwE�dh%��k~�X�Jkn�

∂M
�J£/�ph�}x�N�dh%��i~h-�p�~�X�]w�h%�tdi~i��E��}�tQk~h%o v�}xk~� ×lÜ Û²� × ÂXÛ4�/v��p}x��� v
h�td�~h�wx�E�(G}x�p��tQk%�§}xi�kn�]h �]�~�X�pwxh%� �d�oph%i��%��}��p}x�p��tQw�wX�=�Xi~i�}��pwxhJh%wxh%��k~�~�X��td�X�]h�kn}x�J�Std�~td��h4knh��~i
ε(x)

td�]o
µ(x)

�St��G}��p�kn�ph�i~td��h	}x���=h%optd�p�%h	��td�
Z : n× E|∂M×R+

7→ n×H|∂M×R+
.���¯kn�p}xi��%�d�p�ph%�4kn}x�X�V�Jkn�ph(�]�~h%i�h%�ek v��d�)(¢���X�pi�}�i�k~i9�d��k�v����StQ��kni��¢���¯k~�ph¡S�~ilk��Std�lk���v�h��pm]�~i~m]h���m]��kn�]h%��kn�]h�}��e�Qtd�~}�td�ek����X����mpw�tYkn}��d� �d��r*tWuEv
h%wxwzy{ih%|NmStQk~}��X�]i ×µÜ Û²Ø × ÆeÛ4�����gk~�ph�}x�e�dtQ�~}�tQ�Nk2tQ�p�p�~�Xtd���gk~�jr*tWuEv
h%wxwzy{i�h�|NmStQkn}x�X�pi��kn�ph9o]�X��tQ}��

M
}�i	���X�pi~}xoph%��h%ogtdi�t�ÆWØG��td�p}¤���Xw�o*td�po�kn�ph��dh%�4kn�X�	¡Sh�w�opi

E
�

H
�
D
�JtQ�po

B
tdi�o]}+*\h%�~h��ekn}�tQw!���X����i���£/�p}�i�tdwxk~h%�~�ptQkn}¤�Xh����d�~��mpw�tQkn}x�X� �Stdii~h4�Xh%�~tdw§tdo]�Qtd�ek�td�dh%i��\�dk~�������X��k~�ph(kn�ph��X�~h4kn}��%tdw�td�po �p�ntQ��kn}x��tdw��\�X}x�ekni �d��G}�h�v��!ÚL}x�~ilk��]k~�ph�}��e�Qtd�~}�td�p�%h	�Q�Kk~�ph�i�qGi�k~h%��td�po��\�dmp�poStd�lq(��h�tdi�mp�~h���h��Nk~iv�}xk~� ��h%i~�=h%�4k�k~�gkn�]h'op},*6h��X���X�~�p�]}�i~��i9�d�

M
kn�StYk��]�~h%i�h%�l�Xh*k~�ph*�StQ��k��d�kn�ph �=�Xmp�poptd��qjv��]h%�~h kn�]h%i~h���h�tdi�mp�~h���h��Nk~i2td�~h op�X�]h�}xi	h%i�i~h%�ek~}�tdwJ���X�)k~�ph}��e�Xh��~i�h��p�~�d�pw�h��'��´Gh%�%�d�poV�\k~�ph����d�~��mpw�tQkn}x�X�(�d�Jh�w�h���kn���EoEqE�ptd��}x�%i�}���knh��~��i�d�$op},*6h��~h%�ek~}�tdwT���X����i§�~h�Öph%��k~i)kn�ph2vªt�q*}��*v��p}x���jkn�ph�i~h�¡ph%w�o]i	td�~h�td��k~mStdwxwxq�X�pi�h%���dh%oV�§ÚS�X��}��pilk�td�]�%hd�«ÖSmEu'|NmStd�ek~}xkn}xh%i§td�~h2h4uE�p��h%i�i~h%o�tQi à ØN���d�~��i�v��]}�w�h¡Sh%wxo�|NmStd�ekn}¤kn}�h�i�kn�ptQk����X�~��h%i~�=�X�po�k~�j���X�~��h%i td��h��StQk~mp�ntdwxwxq�v���}xk~k~h%��tdi Ü Ø���X�~��i%� £/�ph%��h����X��hd��k~�ph�h%w�h���k~�~�X��td�X�ph4kn}x�(��tQk~h%��}�tdwª�ptd�~h���h4knh%��i

ε(x)
td�po

µ(x)
i��p�Xmpwxo��=h�}��ek~h%�~�]�~h�k~h%o(tQi�'§�Gop�Xh±�²k�qG�=h§�X�=h%�~tQkn�d�~i$���~�X� Ü �z���X�~��iCkn� à ����X�~��i6k~�Gm]iKoph4¡S�p}x�p�/k�v��-mp�poph��~w¤qE}x�p�-¨-}xh%��td�p�p}�td�)��h�k~�~}���i

gε
td�po

gµ
�d�
M
�£/�p}�iL�\�X}x�ekC�d�S�G}�h4v��StdiC�=h%h���tQop�X�]k~h%o9}������Goph%�����p�eqGi~}x�%i%�ei�h%h/hQ�Ô�p��- Ü Ã�.z�Xtdiv�h�w�w6tdiª}���td�p�pwx}���tYkn}��d�pi!v��]h%�~h)k~�ph)�Nmp��h%��}���tQw=k~�~h�tYkn��h%�ek/�d�Tk~�ph	h%|NmStQk~}��X�]i}�i�op�X�ph�m]i~}��]�*kn�ph�f �p}xk~�ph�qgh%wxh%��h%�ekni��jÞ���h±uEk~h%�pi�}x�dh�k~�~h%tQkn��h%�ek��Q�/kn�p}xikn�X�]}��ª�%td���=hª���Xmp�]o�}x�/- ÜXÜ � ÜWà .Ó�CÚS�X�Ck~�ph/�X�~}x�X}��ptdwE��h���h��~h%�]�%h-�%�X�p��h%���p}��p�	k~�phf �p}xk~�ph�q�h%w�h���h��ekni%�Si�h%h0-21 Ü .Ó�£/�ph3'§�Gop�Xh±�²k�qG�=h��X�\h��ntQk~�X�~i ∗ε

td�po ∗µ

�Xh%�ph��ntQk~h%o �eq
ε(x)

td�po
µ(x)��t�q��X����t�q��p�dk��\h'�p�~�d�\�X�lkn}x�X�StdwÓ� £/�ph*���X����h����%tdi~hQ�-v��ph��~h*k~�ph�q td��hh%|NmStdwÓ�Vmp��kn�(i��X��h9��mpwxk~}��pwx}��%tQkn}¤�Xh	i~�%tdw�tQ����mp�p�4kn}��d�V�V}�i§kn�ph9�X�]h tdopop��h%i~i�h%o}���kn�p}xi
�StQ�\h��%�Gi~h%h§op}�i��%mpi�i~}x�X��}���´Eh%�4kn}x�X� Ü � Ü �Lf¢t��Xh-�Xh%wx�E��}xk�q }xi!k~�ph%��}x�poph±��\h��poph��Nk��d�
�\�dw�td��}���tYkn}��d�V�6���X�ekn�ntQ��qjk~��v��StYk��ptd�p�=h%�pi2}���kn�]h�w�tQk~k~h%�	�%tdi~hQ�f¯t��dh����~�d�Nk~i	��t�q�w��G�4((h�w�w�}x�pi~�d}�oStdwV�����X� kn�ph��\�X}x�ek��d�J�G}xh�v��d�Jkn�]h��Xm]k~i~}�o]h�X�pi�h%���dh%��v��p�*}xi	mpi~}x�p�(kn�ph9�Qtd��mpmp�7�StQk~mp�ntQwJ��h4kn�~}x�d�5'-�Wv
h��dh%���Kkn�]h�q td��h
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td��k~mStdwxwxq'i~�p�ph��~}x��tdwCv�}¤kn� �~h%i��\h���k2kn�(kn�]h���h�k~�~}x��kn�StQk2��t(dh�i��\�dk~� ∗ε

tQ�po
∗µ

i~�%tdw�td����mpw¤kn}x�pw�h�i9�d�)kn�]h*tdi�i~�G�%}�tQknh�o '§�Gop�Xh��X�=h%�~tQkn�X��oph4¡S�ph%o �Nq�k~�phmp�poph��~w¤qE}x�p��k~�nt��Xh�w\k~}���h§��h�k~�~}��Q�C£/�p}xi���h�kn��}��-}�i!�~h�i~�=�X�pi~}x�pw�h-���X�
k~�ph§�dh%wx�E�±�}xk�q'�d�$kn�ph9h�w�h���kn���X��td�X�ph4kn}��2vªt��dh��]�~�X�StQ�etQkn}x�X�j}x�*kn�ph9��h%o]}�mp������� �Qkn�ph��v��d�~opi��6td�]}�i~�Qkn�~�d�Nq�}xi§�d�pwxq�tQ�p�Std��h%�ek��=�Xh%�Nmp}x�ph�td�p}�i��dkn���X�eq��X�pw¤q(�E���%mp���~}x�p�v��ph%� '-�Eop�dh��X�=h%�ntYkn�X��i ∗ε

td�]o ∗µ

td��h��p�dk9�]�~�X�=�X��k~}��X�ptdwz���	��k~�ph�w�h4�Xh�w�d�Jkn�]h���tYknh%��}�tdwT�ptd�ntd��h�k~h%��i%�
ε
tQ�po

µ
td��h

3 × 3
��tQk~�~}x�%h%i-kn�StYk)�~h��p�~h�i~h��Nkkn�ph*td��k~}��X���d�)k~�ph '-�Eo]�Xh4�²�X�\h��ntQk~}��X�]i9}��st �X}x�dh%� �%�G�X�~op}x�StQk~h����~td��hQ�s���kn�ph�i~h9���E�X��op}��ptQknh����ntd��h2�p�~�X�=�X�lkn}��d�Stdw�}¤k�q(�d�Jk~�ph '-�Eop�dh��X�=h%�ntYkn�X��i ∗ε

tQ�po
∗µ

��h�td�piªk~�StQk
µ = α2ε,× ÉeÛv��ph%��h

α
}xi�t*�=�Xi�}xkn}¤�Xh�i~�%tdw�td�2��mp�p�4kn}��d�V�*���¯wx}xk~h%�ntYknmp��hd�Kk~�ph��ptd�ntd��h�k~h%�

α}�i	�%tdw�wxh%ojkn�]h���������������� �!��"$#%�4�Vi�h%h hd�{�p� -{ÆXÇE�TÆ Ü �AÂ à .Ó��f �ph�� ε td�po µ td��h�%�X�]i�k�tQ�Nk)��tQk~�~}x�%h%i��«}z�{hd�-}��poph��poph��Nk)�d�
x
�\v�}¤kn�

α
�\h�}��p��t��%�d�pi�kntd�ek)i~�%tdw�tQ��Std�~td��h4knh��%�Nkn�ph-�%�X���~h�i~�=�X�pop}x�p����tQknh��~}�tQwp}�i (N�p��v���tdi&�(')"$�*�,+.-0/213-%�	�4# -ÔÂdÇ]�Â Ü .Ó�65�w�h%td�~w¤qX�E���d��t �dh%�ph��ntdwTtQ�p}�i��dkn���X�p}��

ε
tQ�po

µ
i�mp���jt9i���tdw�td����mp�p�4kn}x�X�

αop�Gh%i��p�dk2h4uE}xi�k������gk~�p}�i	�ptd�\h��	v�h�int�q�kn�StYk	kn�ph���tYknh%��}�tdwK�%�X���~h�i~�=�X�pop}x�p�kn�
ε
td�po

µ
�ptdi7+.# ��89��1&��������������� �!��"$#%�

α(x) > 0
}x� × ÉeÛ�}xi/intQk~}�il¡Sh%oV�´Emp����tQ�~}���}��p�	k~�ph	td�=���Xhd�Gv�h	���X�pi�}�oph���op}x�~h%�4k�td�po�}��e�Xh��~i~h	�]�~�X�pwxh%��i!���d�kn�ph
���di�kK�Xh%�ph��ntdwEi~mp�=�%w�tdi~iK�d�\r*tYuGv
h%wxwzy{iLh%|NmStYkn}��d�piKv��p}x����}�iKop}�ilkn}x�p�Xmp}xi~�ph�o�eq9kn�ph/�½td�4k!k~�StQk!h%wxh%�4kn�~�d��td�d�ph�k~}���¡Sh�w�opi$v�}xk~� op}+*\h%��h%�ek��=�Xw�td�~}x��tQk~}��X���p�~�X�G�td�etQk~h/v�}xkn�9k~�ph§i~td��h��dh%wx�E��}xk�q�v��]}����V�G�d�V�%tdmpi�hd�G��t�q9oph��\h��po��d��k~�ph��p�~�X�G�td�etQk~}��X�2op}x�~h%�4kn}x�X�V�A£/�p}�iK��tdi�h�}xiKh��p�%�Xm]�Nk~h%��h%o9}�����tQ�Nq��]�NqGi�}���tQw]i~}¤knmStYkn}��d�pi%�ÚS�X�	}��pilk�td�]�%hd�?}�� t��%mp�l�Xh�o¢i~�ptd�%h4kn}���h9v�}xk~� ���E�d�~op}x�StQknh�i

(x, t) ∈ R
3 × Rtd�po�t�:�kn}x��h±��}x�poph%�=h%�]oph%�ek(;2��h�k~�~}x�

ds2 = gjk(x)dx
jdxk − dt2

�Tr*tWuEv
h%wxwzy{ih%|NmStQk~}��X�]i
v�}xk~��i���tdw�td�
�=h%����}¤k~k~}x�G}xk�q�td�po��=h%����h%td�p}�wx}xk�q��%�X���~h%i��\�d�poV�]}x��k~�ph�%�G�X�~o]}��StQk~h�}x�e�dtQ�~}�tQ�Nk����X�~�7k~��r*tYuGv
h%w�wÓyÔi�h%|NmStQk~}��X�pi ×lÜ ÛzØ × ÆeÛ)v�}xk~�¯i~�%tdw�tQ�vªt��dhj}����\h�oStd�p��hd�ªi�h%h - Ü ÃE��´Eh%�Q� Ü Åp� Ü �Ô��.§�d� - Å à �-´Gh%�d�=<XÇ .z�=5�wxh�td��wxqX�ªtdw�w}�i��dkn���X�p}��$��h%op}�t]�d}Ó�ÔhQ�x�Yv�}xk~��i~�%tdw�td�
ε
td�]o

µ
�d�St��dh/t�i~�%tdw�tQ�?v�t��Xh/}����=h%oStd�]�%hd�£/�ph(}��e�Qtd��}�td�ek td�]�p�~�etQ����wxh�tdo]i9mpi�kn�����X����mpw�tYknh(r'tYuGv�h�w�wzy{i h%|NmStQk~}��X�]i�X��ÆWØN��td�]}x���Xwxopi/tdi�t�¡S�~ilk)�X��oph%��¦�}��~td��k�qE�=h�ilqGi�knh��'��ÚS�~�X� k~�ph��X�=h%�~tQkn�d�kn�ph��X�~h4kn}x�(�\�X}x�ek �d���G}�h4v��!k~�p}�i9���X����mpw�tQkn}x�X�¯}�i9�ptdi~h�o �X� td��h%wxw�}��Ekn}��%tQkn}x�X��p�~�G�%h�opmp��h��eq�h±uEk~h%�po]}��p�*r*tYuGv
h%w�wÓyÔi�h�|GmptQkn}x�X�pi	kn�(kn�]h��]mp�popwxh��Q�
k~�ph h4uN�knh��~}��d��op},*6h��~h%�ek~}�tdw?���X�~��i����Xh��)kn�ph9��td�p}¤���Xw�o6�)£/�p}�i�}�i	t��Xh��ph%�~tdw�}x��tQk~}��X�'�d�kn�ph�h�w�w�}x�]kn}x��tQk~}��X���d�?>�}�����tQ��td�po*´E�Xw��d��qet(�td�po�°J}��%td�~o × i�h%h - à �«ÉXÇ .�Û4���� kn�]h*i~h��%�X�]o �ptd��k��d�	kn�]h'v
�X�)(«��v�hj���X�pi�}�oph���td�s}x�e�Xh%��i~hj�=�Xmp�]oStd��q�Qtdw�mph'�p�~�d�pw�h�� ���d��r*tWuEv
h%wxwzy{i�h%|NmStYkn}��d�pi�v�}xk~� i���tdw�td��v�t��Xh�}����=h%oStd�]�%hd���� �p�eqGi~}x��tdw	k~h%�~��i%�§kn�ph �X�etdw�}�i(kn��oph�k~h%����}x�ph�kn�ph ��tYknh%��}�tdw§�Std�~td��h4knh��knh��pi~�X��i

ε
tQ�po

µ
}���tj�\�dmp�poph�o op�d��td}x�¢���~�d�¡Sh�w�o��X�pi�h%�l�dtYkn}��d�pi tQk�k~�ph�\�dmp�poStd�lqj�X��t��Std�lk	�d�$kn�ph9�=�Xmp�]oStd��q*�d�Jkn�ptQk	op�X��td}x�V�	�²k�}�i§�\�Xi�i~}x�pw�h�k~��p�~���dh�mp�]}�|Nmph }�oph��ekn}x¡Std�p}�wx}xk�q�}���k~�ph }��e�Qtd�~}�td�ek)���X�~��mpw�tQk~}��X�jtd�po�kn�ph��¢mpi�hkn�p}xi��~h�i~mpw¤k(kn���%�d���pwxh�k~h%wxq����StQ�ntd�4knh%��}���h�k~�ph��X���Xmp�pi(�d��k~�ntd�pil���X�~��tQk~}��X�pi�\h4k�v�h�h%�j}x�pop}xi�kn}x�p�Xmp}xi~�StQ�pw�h§�Std�ntQ��h4knh%��i

ε
td�po

µ
}��(kn�ph2��tQi~h

M ⊂ R
3 �!����Std�lkn}���mpw�tQ�%�Av��ph%�

ε
td�po

µ
td�~h�i~�%tdw�td�2��mp�p�4kn}��d�pi%�Lk~�p}�i��~h�i~mpw¤k�}����pwx}�h%i	k~�ph
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mp�p}x|Gm]h%�ph�i~i��d�Tkn�]h)oph�k~h%����}x�StQkn}x�X���Q�

ε
�
µ
�Etd�po

M
�����X�¬oStQk�t��d�(t��Std�lkª�d��\�dmp�poStd�lq(�p�dk-tQi~i~m]��}x�p��td� � �	1 �4-01 ��(N�p��v�w�h%o]�Xh��d�
M
�Þ�i§}��e�Xh��~i~h9�]�~�X�pwxh%��i��d�$h�w�h���kn���EoEqE�ptd��}x�%i-�St��Xh t��d�~h�tYk)i~}x�X�p}¤¡S��td�]�%h�}x��p�eqGi~}���iJtd�po�td�p�pwx}���tYkn}��d�pi%��kn�]h�q��St��Xhª�=h%h��9i�knm]op}�h�o�i�kntd��k~}��p�-���~�X� k~�ph/ÆXÇ]y{i%�i~h�h)hd�{�p� - ÅeÆ]�EÉXÆ .Ó�Ev��]h%�~h§kn�ph§�X�ph4�²op}���h%�]i~}��d�StdwS��tQi~h�v�tdi����X�pi�}�oph��~h%o6� '-��vª�h��dh%�%�]�~h%i�mpwxk~iª�%�d�p�%h��~�p}x�p��kn�ph���mpwxk~}�op}x��h��pi~}x�X�Stdw]}��e�Xh��~i~h	�]�~�X�pwxh%��i
}x��h%wxh%�±�kn���Eo]qG�StQ��}x�%i)tQ�~h���h%w�tYkn}x�dh%w¤q'��h%��h%�ek��2£/�ph�¡S��i�k��p��h�t(ekn�]�~�Xmp�d��td���p}�h4�Xh�o }x�

-ÔÉXÂE� Ü Å]�EÂ41N�EÂdÃ .Sv�tdi��ptdi~h�o��X� kn�ph-mpi�h§�d�\kn�ph����X���]w�h4u9�Xh%�X��h�k~�~}x��tdwp�d�]kn}x�%i%�£/�ph%i�h��Std�=h%��i�v
h%��h�oph��d�dknh�o¢kn��kn�ph�}�oph��ekn}x¡Std�p}�wx}xk�q*�d�/}�i��dkn���X�p}x����tQk~h%�~}�tdw�Std�~td��h4knh��~i
ε
td�]o

µ
���~�X��k~�ph�¡]uEh%oE�z���~h%|Nmph��p��q oStQknt ���Xw�wxh%�4knh%o��X�

∂M
��Std��h%w¤qX�Tkn�ph�i�kntQkn}x�X�Std�lq�tdop��}xk�k�td�]�%h9��td�V�#&-�poph���i��X��h���}�w�o��dh%�X��h�k~�~}��tdi~i�mp���]kn}x�X�pi�}¤k�v�tdi)i��p��v���k~�ph%��h�kn�StYk�kn�]h%i~h9optQk�t�o]h�knh��~��}��ph�}�i��dkn���X�p}��
εtd�po

µ
td�po tdwxi~��}xi~�dk~�~�X�]}������X�popmp�4kn}¤�E}¤k�qX�

σ
�6mp�p}�|Nmph�wxqd��£/�ph�i~h9v��d�)(Ni	v�h��~h�Stdi�h%o��X�¯kn�]h�}�oph%tdi��p��h��G}��dmpi~w¤q¢oph4�Xh�w��X�=h%o�}�� -ÔÉXÃE�JÂdÆ]�CÂQÅ�.
kn�jkntd� (Nw�h�k~�phi~�%tdw�td��5ªtdwxoph%���X�j�p���X�pw�h��'�«}x�Nk~�~�Gopmp��h%oj}x� - Ü Æ�.Ó�7��kn�]h%�	td�]�p�~�etQ���ph%i�k~��k~�ph}�i��dkn���X�p}��	}x�e�Xh%��i~h��p�~�X�]w�h%� ���X�§r*tYuGv�h�w�wÓyÔi-h%|NmStQk~}��X�]i-v
�X�)(�op}x�~h���knw¤q�}x��k~�phkn}x��h�op�X��td}x�V�ei~h�h�-ÔÃE�]É Ü .z�$¨�h%�Xtd�~op}x�p��kn�ph§��tdi�h σ = 0

v��]}�����}xi
���X�pi~}xoph%��h%o}��¯k~�p}�i��ptd�\h��%�Ck~�ph(�~h�i~mpw¤k9�X�]kntd}��ph�o�}�� -{É Ü .ª�p�~���Xh�i9kn�ph(}xoph%�ekn}¤¡«td�p}xw�}¤k�q��d�
ε
tQ�po

µ
���~�d�®kn�ph9k~}���h4��o]h%�=h%�poph��ek�optQk�t��%�Xwxw�h���knh�o��X� k~�ph v��p�Xw�h

∂M
}��kn�ph���tdi�h�v��ph��

M
�C�%�X�]i~}�o]h%�~h�o�tdi�t*¨-}xh%��td�p�p}�td�g��td�p}¤���Xw�o�v�}¤kn�¯��h�k~�~}��

dl2 = εµ|dx|2 �J}xi�i~}x���]w�h��Xh%�Goph%i�}��Q�*f¢h��~h%��}��]ogkn�]h��~h%tdoph%��kn�StQk�tj¨�}�h4���tQ�p�p}�tQ�j��tQ�p}x���Xwxo�v�}¤kn���=�Xmp�poptd��q'}�i)�%tdw�wxh%oji�}����pw�h��Xh%�Goph�i~}���}x�!td�eq*k�v
��\�d}��ekni
x, y ∈M

��td���\h-�%�X�]�ph%�4knh%o(�eq�t�mp�]}�|Nmph��dh%�Goph%i�}��d� 5��X�pi�k~�~mp�4kn}x�X�pi�d� -{Ã�.?��t(dh2}xk-�=�Xi~i�}��pwxh2k~��¡S�]o*kn�ph2�p���Eopm]��k��
εµ
�d�Cmp� (G�]�Wv����ptd�ntd��h�k~h%��i

ε, µ
�Lr'�X�~h����Xh%���Xkn�ph��~h%i�mpwxk~iC�d� -{Ã�.]td�~h��d�«t�wx�E�%tdwN�StQknm]�~hª��t(N}��p�-}xkK�=�Xi~i�}��pwxhkn�*¡p�po¯kn�p}xi��p���Eo]mp��k9�d�pwxq }��¢i~�X��h����Xw�w�td���ph%}x�X�N�\�Xm]�~�p�G�Eo¢�d�

∂M
��£/�phkn}x��h±��oph��\h��poph%�ek-}��e�dh%�~i�h��]�~�X�pwxh%� ���d�-}xi~�dk~�~�X�]}���r*tWuEv
h%wxwzy{i§h�|NmStQkn}x�X�pi/v�tditdw�i����%�X�pi�}�oph��~h�o�}x� - Ü Ç�.Sv��p}�����mpi~h�o�k~�ph/kn}���h/ÚS�Xmp��}�h��Ckn�ntQ�pi����X��� k~�2��h%opm]�%hkn�ph9�]�~�X�pwxh%� kn��k~�ph9�X�ph9}x�jkn�ph�����h%|Nmph%�]��q�op�d��td}x�ji~�(k~�StQk)k~��td�p�pw¤q'k~�ph�~h�i~mpw¤kni��d� - Â41G�«ÂdÃ�.Ó�r'mp��� w�h�i~i	}�i (G�]�Wv�� }��jk~�ph td�p}xi~�dk~�~�X�]}����%tdi~hQ�Tv��ph%��h k~�ph9��tQknh��~}�tQwK�StW��ntd��h�k~h%��i�td��h���tQk~�~}¤uj�dtQw�mph�og��mp�p�4kn}x�X�pi%��£/�ph���tdi�h��d�/td�p}�i��dkn���X�p}x�
ε = µvªtQi§���X�pi~}xoph%��h%o�}�� -ÔÉ�.Tv��ph%��h�}¤k/vªtQi§i��p��v��'kn�ptQk�kn�ph	kn}x��h±��oph��\h��poph��Nk§tdoG���}¤k~kntd�p�%h���td�0(G�]�Wv����X�

∂M
��t(Qh%i�}¤k!�\�Xi�i~}x�pw�h/kn���~h��%���Xh��

ε = µ
w��G��tdwxwxqX�}z�{hd�¤�§}x� i~�X��h��%�Xwxw�td���ph%}x�X�N�\�dmp�~�p�G�Go �d�

∂M
� ��� i~�]}xknh��Q��t¯�Xh���q wx}xk�knw�h

(N�p��v�w�h%o]�Xhd�N}xkC}�i%�e�]�Wv
h��dh%���]�%wxh�td�K���~�X��kn�ph�i�k~mpo]q9�Q�\k~�ph�i~��tQw�td�JtQ�p}�i��dkn���X�p}���p�~�d�pw�h���i-kn�StQk%�V}��]i�knh%tdo��d�$mp�]}�|Nmph%�]h%i~i��A�X�ph��X�Ek�td}x�pi�mp�]}�|Nmph%�]h%i~i��X�]wxq�mp�kn��tg�X�~�Xm]� �d�	kn�~td�pi����d�~��tQkn}x�X�pi%��}��e�X�Xw¤�G}��p�g�p�~�X�=h%���%�G�X�~op}x�StQk~h'���StQ�p�Xh%i��i~h�h2hQ�Ô�]� - Å!<G�«ÉXÉE� 1G�«ÆXÆE� à É]�pÅeÃ]�]Å$1�.Ó�$Þ i~}���}�w�td�!�~h%i�mpwxk/���d�-r*tYuGv�h�w�wÓyÔi/h�|GmptY�kn}x�X�pi�v�tdi����X����h���knm]�~h%o�}x� -{É�1 .Ó�C�Stdi�h%o��X�¢k~�ph(td�ptdwxqGi~}xi��d�/k~�ph�wx}��ph%td�~}x�%h�o}��e�Xh��~i�hg�p���X�pwxh%��� £/�ph%��h����X��hd�)}¤k�}�i(�StQk~mp�ntQw)kn��i~�pwx}xk(k~�ph�i�knm]o]q �d�2kn�p}xi�p�~�d�pw�h���}x�ekn��k�v
��ilknh%�]i%�	ÚL}x�~ilk��«kn�����d�~��mpw�tQknh�td�po*i~�Xw¤�Xh�k~�ph����X�~��h%i��\�X�]oE�}��p�����E�d�~op}x�StQknh±��}x�N�Qtd��}�td�ek�}��e�Xh��~i~h��p���X�pwxh%���!}Ó�ÔhQ�x�
td��}��e�dh%�~i�h'�]�~�X�pwxh%�¥�X�
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t*��td�p}x���dw�oV��´Eh��%�X�]oV�Jkn�jtQ�StdwxqGi�h�kn�ph��p�~�d�\h���kn}xh%i��~h%i�mpwxk~}��p�'���~�X�+td��h�� ��\h�opop}x�p�9�d�Tkn�]h)��tQ�p}x���Xwxo�}x�Nk~�
R

3 �$ÚS�X�ªt�ilqEilknh���tQk~}��)o]h��Xh�w��X�]��h��Nk��Q�Tkn�p}xitd�p�p���etd���V�Si�h%h - à 1�.Ó�������h%�%h��ekCqXh%td�~i��X}��e�Xh��~i�hª�p�~�d�pw�h���iTv�}xk~��oStYk�t§�d��t§�ptd��kK�d�pk~�ph
�=�Xmp�]oStd��q�St��Xh!tQk�kn�ntQ��knh�o���mp����}��eknh��~h%ilk��Yi~h�h - à Ç]� à É]��Æ à � àXà �%ÅeÃ�.Ó�L°Ktd��kA�d�Gkn�]hJ���dk~}x�QtY�kn}x�X�����X��h$���~�d��k~�phª�p�eqGi~}x��tdwGi~h4k~k~}��p��v��]h%�9�X�pw¤q�t§�Std�lkC�d�]kn�phª�=�Xmp�]oStd��q2}xitd�%��h%i�i~}��]w�hd� '§��v�h4�Xh��%�Atdi-�½td�)tdi-v�h (G�]�Wv��\kn�ph��~h9td��h���mp�~��h%�eknw¤q*�p���~h%i�mpwxk~i�X��}�o]h%�ekn}¤¡«td�p}xw�}xk�qj�d��kn�ph�i��Std�=h(�d�/kn�]h(op�X��td}��
M
tQ�po��Q�X�2kn�ph(��tQk~h%�~}�tdw�Std�~td��h4knh��~i

ε, µ
�X��}xkª�����X� }x�e�Xh%��i~h�oStQknt9�%�Xwxw�h%�4knh�o(�X��td��td�~�p}¤kn�~td��q��X�\h��i~mp�]i~h�k%�

Γ ⊂ ∂M
�Þ ���~mp}¤k~��mpw$td�]�p�~�etQ���gkn��kn�]h�i���tdw�td��}��e�Xh��~i~h��p�~�d�pw�h���i��?}x�p�%wxmpop}x�p�(kn�p�Xi�hv�}xk~�2optQk�tª�X�2t/�Std�lkT�d�Gkn�phJ�=�Xmp�]oStd��qd�Yk~mp�~�]h%o2�Xm]kVk~�-�=hCkn�]h!�=�Xmp�]oStd��q��%�X�G�kn���XwV��h�kn�]�EoV�E�X�~}x�X}��ptQknh�o�}��3-ÔÂ .V���X�
kn�ph�}�i��dkn���X�p}x�)td���Xmpi�k~}��)v�t��Xh2h%|NmStQk~}��X�V���� kn�ph�tQ�p}�i��dkn���X�p}��'�%�X�ek~h4uGk��§}xk(�StQi(�\h�h%� oph��dh%wx�X�\h�o ���X��kn�]h��?tQ�pw�td��}�td��X�s¨�}�h���tQ�p�p}�tQ����td�]}x���Xwxopi -21 .§td�po ���d���dh%�ph��ntdw-td�p}xi~�dk~�~�X�]}��(i~h�wx����tdo����X}x�Nk

-ÔÆQÅp�SÆeÂ .Ttd�po��%h%�lk�td}x���p�X�E�²i~h%w¤�½tdo����X}x�ek/}��e�Xh��~i�h��p���X�pwxh%��i -ÔÆ�1 .z�£/�phJ�%m]�~�~h��ekLtQ��kn}x�%wxhL�pmp��i~mph�i?k~�phJi�k~mpo]q	�Q�E}x�e�Xh%��i~h$�p���X�pw�h���i\���X�Ar*tYuGv
h%wxwzy{ih%|NmStQk~}��X�]iCi~}x�X�p}x¡p��td�eknw¤q���m]��kn�]h%�Coph%tdw�}x�p��v�}¤kn��kn�]h/�Xw��X�ptdwN�~h%���X�pilkn�~m]��kn}x�X� �d�kn�ph!i~�ptd�\h
�d�]k~�ph!op�X��td}����X���d���X�~h$�Xh��ph%�~tdwz�
3− ��tQ�p}x���Xwxo M �d��h�k~�~}x�$k~h%�pi��X�

g
tQ�po'i���tdw�td��v�t��Xh2}����\h�oStd�p��h

α
�]k~�ph	w�tYk~knh���k�v
���=h%}x�p� h%|Nmp}x�Qtdwxh%�ekªk~� k~�ph�~h��%�X�pilkn��mp��k~}��X� �d�

ε
td�]o

µ
� >�h�}��p���StQi~h%o �X��kn�ph �=�Xmp�poptd��q����X�ekn���Xwz�Vk~�ph��h4kn�p�Go oph��dh%wx�X�\h�o��]h%�~h����X���p}x�ph%iJ}xoph�tdiJ�Q�\k~�ph-td��k~}��%wxh%i -{ÆXÃ�.=td�po -ÔÆ�<�.pv�}xk~�kn�p�di~h �d� - Â41 .!td�po -ÔÂdÃ .Ó��f �StQk�}xi	���X��hd�Vk~���=h td�pwxh�kn��i�k~mpo]q�tQ�p}�i��dkn���X�p}��r*tYuGv
h%w�wÓyÔi�h�|GmptQkn}x�X�pi%�Av
h�}x�Nk~�~�Gopmp��h k�v
�*h�i~i�h%�ekn}�tdw$�ph�v }xoph�tQi%��ÚL}���i�k��Tv
h���Std�~td��k~h%�~}x�%h*k~�ph�i~m]�pi~�StQ�%h%i����X�ekn�~�dw�w�h�o ���~�d� k~�ph��=�Xmp�poStQ��q���� �
	 ��8 ��/��Y�kn�Nmpi*t��d�X}�o]}��p��kn�]hgop}¤³��%mpw¤kn}�h�i�td�~}xi~}��]�������X� k~�phg���X���pw�}x��tQk~h%o kn�X�=�Xwx�X�dq�d��kn�ph�op�X��td}��pi��d�-}��]Öpmph%�p��h��pm]k ilkn}xw�w!�p�~���G}�op}x�p�j�ph��%h�i~intQ��q�}x�]���X�~��tQk~}��X�td�=�Xm]k$kn�ph�ilkn�~m]��knm]�~h��Q�Ttd���p}xh��Qtd�pwxh�i~h�k~i%�Gi~h�h�hd�{�p�C£/�]h%�X��h%� Ü � Ü É�}���i~h%�4kn}x�X�Ü � ÂE��£/�]}�i���t�(dh%i2�Xmp��tQ�p�p�~�Xtd���¢��m]���gop},*6h��~h��Nk2���~�d�®kn�StYk�}�� -ÔÉ]�AÃ�.
tdw�i���Stdi�h%o �X� k~�ph �\�dmp�poStd�lqj���X�ekn�~�dwJ��h4kn�p�GoV�9���poph�h%oV�Akn�]h���h�k~�p�Go��d� -{É]�AÃ�.�~h�|Gm]}��~h�i w��G��tdwª���X�ekn���Xw�w�td�p}�wx}xk�q�}x��k~�ph�op�X��td}��]i��d�)}x�]ÖSmph��p�%h(v��p}x��� }xi �p����d�~h��Qtdwx}�oj���X�)w�td�~�dh�kn}x��h�i%�Vi�h%h�hd�{�p� - <�.Ckn�Nmpi���t(N}��p��k~�ph9�%�d�pi�k~�~mp�4kn}��d�pi�d� -{É]�«Ã�.A}x�Std�p�]�~�X�p��}�tQk~h	�Xm]k~i~}�o]h�t �%�dw�w�tQ�ª�ph%}x�X�N�\�dmp�~�p�G�Go��Q�

∂M
�-´Eh��%�X�]oV�v�h�oph��dh%wx�X�jt � � /��- � -���� -.#�	!+.� � �������%+ªv��p}x���*h%�ptd�pw�h�i§m]i-k~���~h��%���Xh��§k~�ph�\�d}��ek�v�}�i�h��Qtdwxmph%i��d�Lh%wxh%��k~�~�X��td�X�]h�kn}x�)vªt��dh%i��d�'kn�]h2��td�p}¤���Xw�o�tQ�poV�pkn�]h%�~h±����X�~hQ�d��h%�%�d�pi�k~�~mp�4kJ�p�dkK�X�pw¤q	kn�ph
��h4kn�~}x�

g
�dtdi?}��#-{Ã�.Ó�d�pmEkJtdwxi~��kn�ph
}����\h�oStd�p��h

α
� £/�ph���tQ}��(�~h�i~mpw¤kni��d�?kn�p}xi/�Std�=h%����tQ���=h�i~mp����td�~}x�%h%o�tdiª���dw�w���v�i��
×µÜ Û�£/�ph (G�]�Wv�wxh%op�dh��d�Kkn�ph����X���]w�h�k~h�o]qG�Std��}���tQwV�\�dmp�poStd�lq�oStQknt����Xh��t�i~m]³��%}xh%�eknw¤q w�td���Xhj¡S�p}¤knh��=h%��}��Go �Q��kn}x��h�o]h�knh��~��}��ph�i�mp�p}�|Nmph�wxqkn�]h����X���Std��k���td�p}¤���Xw�o'h%�po]�Wv
h%o v�}xk~�jkn�ph9kn�~t��Xh%wCk~}���h���h�kn��}���tdiv
h%w�w6tdi�k~�ph)i~�%tdw�tQ�
v�t��dh�}����\h�oStd�p��h × £/�]h%�X��h%� à � Ü Û4�J£/�p}xi�}�i
�dtQw�}�otdwxi~��v��ph%�g��h%tdi~mp��h%��h%�ekni�td��h���tdoph9�d�¢t��Std�lk��Q��kn�]h��=�Xmp�]oStd��q

× £/�]h%�X��h%� à � Ü ÂXÛ4�L£/�ph��ph��%h�i~intQ��q�kn}���h/�d�6�X�pi~h����QtQk~}��X��}�i!op�Xmp�]w�h��d�
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kn�]h)kn}���h-�~h%|Nmp}x�~h�o�kn��¡Swxw=k~�ph)��td�p}x���dw�o ���~�X�¬kn�ph��X�pi~h����dh%o��Std��k��d�kn�]h2�=�Xmp�]oStd��qd�

×Óà Û�ÚS�X�Ckn�]h-���X�~��h%i��\�X�]op}��p�2td�]}�i~�Qkn�~�d�p}��ª}x�e�Xh%��i~h-�\�dmp�poStd�lq��Qtdw�m]h/�p�~�X�G�w�h��¥v�}¤kn��i~�%tdw�tQ��vªt��dh'}x���=h%oStQ�p�%h����d���\�dmp�poph�o op�d��td}x�pi�}x�
R

3 �kn�]h��p�X�E�²mp�p}�|Nmph��ph%i�i(}�i��%�X���pw�h4knh�wxq����Std�~td��k~h%�~}x�%h�o �Nq oph%i��%��}��p}x�p�kn�]h���w�tdi�i2�Q���=�Xi~i�}��pwxh�kn�~td�pi����d�~��tQkn}x�X�pi)�=h�k�v
h%h��¯��tYknh%��}�tdw?knh��pi~�X��ikn�ptQk
td�~h-}��po]}�i�k~}��p�dmp}�i��Std�pwxh
���~�d�:kn�ph-�X�pi�h%�l�Xh%o��Std��k!�d�=kn�]h§�=�Xmp�poG�td�lq × £/�ph��X�~h�� à � Ü <eÛ4�× ÆeÛ�ÚS�X�Kk~�ph����X�~��h%i��\�X�]op}��p��}�i~�Qkn�~�d�p}��!}��e�Xh��~i�h/�\�Xm]�poStd�lq2�Qtdwxmph��]�~�X�pwxh%����X���=�Xmp�poph�o¢op�d��td}x�pi	}��
R

3 �?k~�ph i~�StQ�\h��d��k~�ph op�X��td}�� td�]o k~�ph��tQknh��~}�tQwS�Std�ntQ��h4knh%��i�}x�pi~}xoph§}¤kªtQ�~h�m]�p}�|Nmph�wxq oph4knh%����}x�ph%o����~�X�©k~�ph��h�tdi�mp�~h���h��Nk~iªop�X�]h��X�(t2�Std�lkª�d�Vk~�ph��=�Xmp�]oStd��q × £/�ph%�X��h%� à � àEÜ Û4�´E�X��h	�d�?kn�ph��~h�i~mpw¤kni��d�?kn�ph��StQ�\h��-�pt��dh��\h�h%�jtQ�p�p�Xmp�]�%h%o�}�� - ÅeÇ]�pÅ Ü .z�
Ü ���������
	��������	��CÐ��pÌAÒÀÎCË���ÎLË������KË?Ò��GÎ��EÏ

£/�p}�iT���ptd�]knh��A}�iToph4�X�dk~h%o�kn�§r*tYuGv
h%w�wÓyÔiAh�|GmptQkn}x�X�piT�X�2t/�%�X���Std�4kA�X�~}xh%�eknh�oÆWØG��td�p}¤���Xw�o�v�}¤kn���\�Xm]�poStd�lqX�ªfgh��%�d�p�%h��Nk~�ntQk~h��X��kn�ph2�p���X�\h���k~}�h%i-�d�Kkn�ph�i~hh%|NmStQk~}��X�]i-}x���=�X�lk�td�ek����d�ªkn�ph�}��e�dh%�~i�h��]�~�X�pwxh%� �%�X�pi�}�oph��~h�o*}�� 5��ptd�]knh�� à �f¢h-i�kntd��k
v�}xk~��kn�]h§���X����mpw�tYkn}��d���Q�?r*tYuGv
h%w�wÓyÔi
h%|NmStQk~}��X�]i
���X�$kn�ph Ü Ø�tQ�poà ØN���X����i��A£/�ph%i�h
h�|GmptQkn}x�X�pi?td�~h$tQmp�X��h%�eknh�o2k~�§t��%�d���pwxh�k~h$r*tYuGv
h%w�wNilqEilknh���X�¢k~�ph���mpwxw
�]mp�popwxh��d�/h±uGknh%��}��X��op}+*\h%��h%�ekn}�tdw$���X�~��i����dh%�9tjÆ�ØGop}���h%�]i~}��d�Stdw¨-}xh%��td�p�p}�td����td�p}¤���Xw�oV�K£/�p}�i�tQw�w���v�i/mpi/k~��o]h�¡S�ph�td�po�td�ptdwxqG�%h��p���X�=h%��k~}�h�i�d��td� h�w�wx}��]k~}����X�\h��ntQk~�X�(�~h�w�tQk~h%o kn� r*tYuGv
h%wxwzy{i�h�|NmStQkn}x�X�pi�td�]o k~��ilknmpoEqkn�ph��%�X���~h�i~�=�X�pop}x�p�j}��]}xkn}�tdwC�=�Xmp�poptd��q �Qtdw�mph��p���X�pw�h��'� 5��~m]�%}�tQw
��h%i~m]wxkni��d�´Eh%�4kn}x�X�pi Ü �ÔÆ�tQ�po Ü �ÔÅ�td��h)kn�ph >�w�td�X���Xh�i�kn���]h%�pi (G}x}?���d�~��mpw�t]�G£/�ph%�X��h%� Ü � Ü Ç]�h%�StQ�pw�}x�p��mpiªk~��h��QtdwxmStQk~h§kn�]h	}��p�ph����p���Eo]mp��k~i/�d�Ah%wxh%��k~�~�X��td�X�]h�kn}x�-v�t��Xh�i-}x�knh��~��i2�Q�ªkn�ph�tdop��}xk�k�td�]�%h9��td� Z �Ktdwxi~��oph�¡S�]h%o¯}x�¯´Eh���k~}��X� Ü � ÆE�KtQ�pogk~�phmp�p}x|Gm]h����X�ekn}x�GmptQkn}x�X���~h�i~mpw¤k	���X��r*tYuGv
h%wxwzy{i2h�|NmStQkn}x�X�pi)v�}¤kn� 5ªtdmp���eq�oStQknt�X��k~�ph-w�tQk~h%�ntQwS�\�Xm]�poStd�lqX� >�m]}�w�o]}��p���X� kn�ph�i~h§�~h%i�mpwxk~i%�Nv�h§�X�]kntd}���w��G��tdw«tQ�po�Xw��d�Stdw]���X�ekn���Xw�w�td�p}�wx}xk�q	���X�Jh�w�h���kn���X��td�X�ph4kn}��
vªt��Xh�i��Xh��ph%�~tQknh�o��eq9�=�Xmp�]oStd��qi~�Xm]�~�%h�i�tQ�po'o]h�¡S�phQ�S}���t9mpi~mptdwA��td�]�ph%���pi~�StQ�%h%i-�d�K�Xh%�]h%�ntQw�}���h%o�i~�dmp�~��h%i%�
Ü � Ü �/�%Á��pbpaY¾�bSÁ\`2»A·N¿LÁ?¾�`W¾�º=Ágº��$� b��V¹�·E¼½¼µ�x_)·! #"Ab]`W¾�º=ÁK_%$	£K�2oph�¡p�ph)r'tYuN�v�h�w�wÓyÔi)h�|NmStQkn}x�X�pi)}x�e�dtQ�~}�tQ�Nk~wxqd�6�%�d�pi~}xoph%�	t�i����G�dk~���%�X���Std�4k	�X�~}xh%�eknh�o��%�X�G��ph%�4knh�oj¨�}�h%��td�p�]}�td��ÆY�²��tQ�p}x���Xwxo

M
�
∂M 6= ∅ �pv�}¤kn�'t���h�k~�~}�� g0

�Skn�StQk�v
h��tdwxwLkn�]h��StQ� (G�d�~�Xmp�]o¢��h�kn��}��Q� 5�wxh�td��wxqX�A}x� �]�NqGi�}���tQw
tQ�p�pw�}x��tQk~}��X�]i)v�h k�t(Qh
M ⊂ R

3 v�}¤kn� g0

�\h�}��p��k~�ph ÕJmp�%wx}�oph%td����h�kn��}��Q�	Þ��Stdwx�X�X�Xm]i~wxq�k~� ×lÜ Û�tQ�po×zà Û±�«r*tYuGv
h%wxwzy{i/h%|NmStQk~}��X�pi/�d��k~�ph���tQ�p}x���Xwxo M td�~h	h�|NmStQkn}x�X�pi/�d�Ak~�ph	���X�~�
curlE(x, t) = −Bt(x, t),× 1dÛ
curlH(x, t) = Dt(x, t).× ÃXÛ

'§h��~h
E
�
H
�
D
�
B ∈ ΓM

�=k~�ph�i��Std��h��d�
C∞
��i~���G�dkn�(�Xh���k~�X��¡Sh�w�opi-�X�

M
�£/�ph�q�tQ�~h	�~h�w�tQk~h%o��eq(kn�ph����X�pi�k~}xk~m]kn}¤�Xh	�~h�w�tQk~}��X�]i%�

D(x, t) = ε(x)E(x, t), B(x, t) = µ(x)H(x, t),× <XÛ
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v��ph%��h
ε
td�]o

µ
td��h

C∞
�²i~���E�dk~���\�di~}xk~}x�dh4��o]h�¡S�p}¤knh

(1, 1)
ØNk~h%�pi��X�)¡Sh�w�opi��X�

M
�Jf¢h���h%��}��po(kn�ptQk��]���d�

X ∈ ΓM
�

(curlX)[ = ∗0dX
[, divX = − ∗0 d ∗0 X

[.×lÜ ÇXÛ
'§h��~hd�

d
}�i2kn�ph(h±uGknh%��}��X��op}+*\h%��h%�ekn}�tdwz� [ }�i2kn�ph�¡S�=h%�lv�}�i�h(opmStdwx}xk�q �\h4k�v�h�h%�

Ü ØN���X����iªtd�po��Xh%�4kn�X�/¡Sh�w�opi
X ∈ ΓM → X [ ∈ Ω1M, X[(Y ) = g0(X, Y ),v�}xk~�

Ω1M
td�po6�?�dh%�ph��ntdwxwxqX�

ΩkM
i�k�tQ�pop}��]�����d�)kn�ph �pmp�]opw�h9�d�!kn�]h�o]}+*\h%�l�h%�ekn}�tdw

k− ���d�~��i/�X� M �Jf¢h	o]h�¡S�ph	k~�ph Ü �²���d�~��i E = E[ td�po H = H [ tQ�pokn�ph à �²���d�~��i B = ∗0B
[ td�po D = ∗0D

[ �\v��ph��~h ∗0

}xi-k~�ph�'-�Eop�dh��X�=h%�~tQkn�d�v�}xk~����h%i��\h���k-kn�9kn�ph���h�k~�~}��
g0

�StQ��kn}x�p�9¡S�=h%��v�}xi~hQ�
∗0 : ΩkM → Ω3−kM.£/�ph%��v
h	��td�(v��~}¤knh2r*tWuEv
h%wxwzy{i/h%|NmStQk~}��X�]i × 1XÛzØ × ÃXÛ
}���k~h%�~��iª�d�Kop},*6h��~h%�ek~}�tdw���X�~��i�tdi
dE = −Bt, dH = Dt,×lÜXÜ Ûv��ph%��h2v
h�mpi~h�o'k~�ph�}�oph��Nk~}xk�q ∗0∗0 = id

�Qtdw�}xo�}��(k~�ph2ÆWØGop}x��h��pi~}x�X�Stdw\��tdi�hd�
5��X�pi�}�oph����p��v kn�]h��%�d�pi�k~}xknmEkn}x�dh���h%w�tYkn}��d�pi × <eÛ±��´Nk�td�lkn}��]��v�}xk~�*h�|GmptQkn}x�X�

D = εE
�§v�h�v�}�wxw)�ph±uEk����X�pi�k~�~mp�4kjt � � / 1 �4#

gε

i~mp��� kn�StQk(k~�ph '§�Gop�Xh±��X�=h%�ntYkn�X��v�}xk~�j�~h�i~�=h%��k�kn��k~�p}�i§��h4kn�~}x�d�=oph%�]�dknh�o��Nq ∗ε

�\v
�Xmpw�o*intQk~}�i��Àq�k~�ph}�oph��ekn}xk�q
D = ∗0(εE)[ = ∗εE .×lÜ�à ÛÚS�X��i~m]��� ��h�k~�~}��Q�C}���wx�E�%tdw����E�d�~op}x�StQknh�i

(x1, x2, x3)
�Ck~�ph(��}�opopwxh�k~h%�~�¥�d�

×lÜWà Û
qE}xh%wxopi
∗0(εE)[ =

√
g0g

ij
0 ejpqg0,ijε

j
kE

kdxp ∧ dxq =
√

g0ejpqε
j
kE

kdxp ∧ dxq,v��ph%��h
ejpq

}�i�k~�ph(kn�dkntdw�w¤qgtd�ekn}�ilqG����h�k~�~}����\h��~��m]kntQkn}x�X��}��]oph4u�td�po
g0 =

det(g0,ij)
� �T} (Qh�v�}�i�hd�pk~�ph��~}��d�Nkl���StQ�po(i~}xoph��~h�tQopi

∗εE =
√

gεg
ij
ε ejpqg0,ikE

kdxp ∧ dxq,i~��h��G}�o]h%�eknw¤q(h%|NmStdwx}xk�q ×lÜWà Û�}xiª�Qtdw�}xo�}x�?v�h�i�h�k
√

gεg
ij
ε g0,ik =

√
g0ε

k
j .

>
q k�t(N}x�p� k~�ph¢oph4knh��~��}��Std�ek~i'�d�9k~�ph¢�=�dk~� i~}xoph%i�v�hg¡S�po k~�StQk √
gε =√

g0det(ε).
£/�Gm]i-v
h�i~h%h�kn�ptQk/���X�ªkn�]h2��h�k~�~}x�)knh%�]i~�X�

gij
ε =

1

det(ε)
gik
0 ε

j
k×lÜ ÆXÛ

}�oph��ekn}xk�q ×lÜ�à Û-}xi��Qtdw�}xoV�	���jkn�ph9i~td��h��½tdi~�]}��X�V�=v�h9i�h%h9kn�ptQk)���X�-kn�ph9��h�k~�~}��
gij

µ = det(µ)−1gik
0 µ

j
k

v
h2�St��Xh
B = ∗0(µH)[ = ∗µH.£/�Nmpi-k~�ph��%�X�]i�kn}¤knm]k~}x�dh	�~h%w�tQkn}x�X�piªknt(dh	kn�]h����d�~�

D(x, t) = ∗εE(x, t), B(x, t) = ∗µH(x, t).×lÜ ÅNÛ
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��� �Xh��ph%�~tdwz�!kn�ph���h�kn��}���i

gµ

td�po
gε

��tQ� �=h'�Xh���q�op},*6h��~h%�ek����~�X�5h%td����dkn�]h%�%�����jkn�p}xi)td�lkn}���w�hQ�=v
h9�%�X�]i~}�o]h%�)t��ptd��k~}��%m]w�td����tQi~h�v��ph��~h�k~�ph���h�kn��}���i
gµ

td�po
gε

tQ�~h�h%|NmStdwTm]��k~��t i~�%tdw�tQ���½td��k~�X�%�
&(·N¿LÁ?¾�`W¾�º=Á���$�� $�� ��+ �
��/ ���/6� � ��/ � 1 � ��8 ��0+ ��i~�%tdw�td�!vªt��dh	}����\h�oStd�p��h��
� ��/���&� � /21 �4#%+�#%-01 13�%+ ��-0"	����"	� / - /��� / � "+.-013+

ε
��"	�

µ
+ ��/ �,+� �

gij
ε = α4gij

µ ,
-01 ��
�	����0��8,� "�/28 � ∗ε = α−2∗µ : Ω1M → Ω2M,×lÜ ÂdÛ

� ��� 13� /����������� ������� �!��"$#%�
α = α(x)

�,+ � + � -.-0/ � ��-.+ ��/ ����� � 	 "$# / �4-0" -0"

M �
§�dk~h�kn�StYk��$}���knh��~��i9�d� ×lÜ � Ü Û��zknh��pi~�X��i ε td�po µ � ×lÜ ÂXÛ2}�i9h%|Nmp}¤�Qtdw�h��Nk9k~�

µ = α2ε
�£/�p}�i�tQw�w���v�i/mpi/k~��}x�ekn�~�Gopmp��h�t��]h�v ��h�k~�~}x�d�

g
�X�

M
�eq

×lÜ ÉXÛ gij =
1

α2
gij

ε = α2gij
µ .Þ�i/v
h�i�h%h2w�tQk~h%�%�Gkn�p}xi���h4kn�~}x�)oph4¡S�ph%i-kn�ph	�dh%w��G�%}¤k�q��d�?kn�]h2h�w�h���kn���X��td�X�ph4kn}��vªt��dh§�p���X�Std�XtQkn}x�X� td�po v�h��%tdw�wp}¤kCkn�]h / 1(����� 8�� /2��� � � � / 1 �4#4�L�����dkn�]h%�Jv��d�~opi��}���kn�p}xi���tQi~hj�d�	k~�phji���tdw�td��v�t��Xh�}x���=h%oStQ�p�%h�kn�ph'h%w�h���k~�~�X��td�X�ph4kn}x��v�t��Xh�p�~�d�Std�etQk~}��X���Stdi��X�pwxq �d�ph§v�t��Xh)�Xh�w��G�%}¤k�q�k~��h�tQ����op}���h%�4kn}��d�V�E}Ó�ÔhQ�x�Nkn�]h§�Qt��Xh�Xh�w��G�%}xk�q�op�Gh%i��p�dk-oph��\h��po'�d�'�=�Xw�tQ�~}��%tQkn}x�X�V�

§h±uEk�v
h��%�X�pi�}�oph��/kn�ph	v�t��dh%i-kn�StQk�i~tQkn}xi��Àq�k~�ph�}��p}¤kn}�tdw\���X�pop}¤kn}x�X�pi
B(x, t)|t=0 = 0, D(x, t)|t=0 = 0.×lÜ 1XÛ

�)�\h��ntQk~}��p��v�}¤kn�(op}¤�Xh��~�Xh��p�%h)k~��kn�ph2r*tWuEv
h%wxwVh%|NmStYkn}��d�pi%�Gkn�p}xiª}����pw�}xh%i$kn�StYk
divB(x, t) = 0, divD(x, t) = 0,

���d�
t > 0, x ∈M.����k~h%����i/�d�Kop},*6h��~h%�ek~}�tdw6���d�~��iªkn�ph�i~h��~h%tdo*tQi

dD = 0, dE = 0.×lÜ ÃeÛ����k~�ph/��mp��k~�ph%�$���X�pi~}xoph%�~tQkn}x�X�pi��Xv�h�v�}�wxw]mpi�h§�X�]wxq�k~�ph-�Std}��
(E ,B)

td�]oV�Ntditd�jtQmEuE}�w�}�td��q�kn�G�XwÓ�pv�h2v�}�w�w6�%�X�pi�}�oph���t����d�~h��Xh%�]h%�ntQw?ilqGi�knh�� �Q�Jh%|NmStQk~}��X�]ikn�StQ��k~�ph��p�eqEi�}��%tdw-r*tYuGv
h%w�w�h�|GmptQkn}x�X�pi%��£?� �~h�Öph%��k�kn�]}�i�v
h�v�}xw�w�o]h%�p�dk~h
(E ,B)

�Nq(t��StQ}��
(ω1, ω2)

�pv��ph%��h
ω1 = E ∈ Ω1M, ω2 = B ∈ Ω2M.×lÜ <XÛ£/�ph%�'h%|NmStQk~}��X�]i ×lÜXÜ Û±� ×lÜ ÅNÛ4�StQ�po ×µÜ ÃeÛ�}x���pw¤q

ω1
t = δαω

2, δαω
1 = 0,×zà ÇeÛ

ω2
t = −dω1, dω2 = 0.×zàGÜ Ûv��ph%��h

δα : ΩkM → Ω3−kM
}�iªk~�ph

α
ØG���Eo]}+*\h%�~h��ekn}�tQwz�G�X}x�dh%���Nq

δαω
k = (−1)k ∗ α d 1

α
∗ ωk,×zàXà Ûtd�po ∗ }xi9kn�ph '§�Gop�Xh��X�=h%�~tQkn�X��v�}¤kn���~h�i~�=h%��k�kn��kn�ph(k~�nt��Xh�w¤�²k~}���h(��h4kn��}��d�

g
� £/�ph%i�h�h%|NmStQk~}��X�pi�td�~hj�%tdw�wxh%o�� ��� � � 8�8�� + ��
�	��/2�4-0"+ � -01 � -01 � + ��"=/���

������� 1���� "$#%� � 1%�%� # �0+.���X� t ¨-}xh%��td�p�p}�td� ��td�p}¤���Xw�o v�}¤kn��t i���tdw�td�'v�t��Xh}����\h�oStd�p��hd�
(M, g, α)

�
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£K�2h4uGk~h%�po�kn�ph-td�=���Xh-h%|NmStQk~}��X�piJk~�2k~�ph/��mpw�wp�]mp�popwxh-�Q�Vh4uGk~h%�~}x�X�Jop},*6h��~h%�G�kn}�tdw\���X����i
ΩM = Ω0M × Ω1M × Ω2M × Ω3M

�pv
h�}x�ekn�~�Gopmp��h�tdmEuE}�wx}�td�lq���X�~��i%�
ω0 ∈ Ω0M

td�po
ω3 ∈ Ω3M

�Sv��p}������Qtd�p}xi~��}��(kn�]h2h�w�h���kn���X��td�X�ph4kn}��kn�ph��X��qd�S�eq
ω0

t = δαω
1, ω3

t = −dω2.´E}��]�%h
ω0 = 0

td�po
ω3 = 0

}���h�w�h%�4kn���X��tQ�X�ph�k~}���i%�ev�h	�%td�����Eo]}x�Àq h%|NmStYkn}��d�pi
×zà ÇXÛªtd�po ×zàEÜ Û
kn���~h�tQo

ω1
t = −dω0 + δαω

2, ω3
t = −dω2,×zà ÆXÛ

ω2
t = −dω1 + δαω

3, ω0
t = δαω

1,×zà ÅeÛ�X�%�]}��(kn�ph���tQkn��}¤u����X�~���
×zà ÂdÛ ωt + Mω = 0,v��ph%��h

ω = (ω0, ω1, ω2, ω3) ∈ ΩM,
td�po�kn�ph9�d�\h��ntQk~�X� M × v�}¤kn�p�XmEk	�p�~h±�i~���~}��]}��p��}¤kni)o]�X��tQ}��jtYk)kn�p}xi)�=�X}��ek��\}z�{hd�¤�Voph4¡S�ph%o tdi)t�op}+*\h%��h%�ekn}�tdwKh±uE�p�~h�il�i~}x�X�«Û�}�i/�d}x�Xh��*tQi

×zà ÉXÛ M =




0 −δα 0 0
d 0 −δα 0
0 d 0 −δα
0 0 d 0


 .

ÕJ|GmptQkn}x�X�pi ×zà ÂdÛ4� ×Óà ÉeÛªtd��h	��tdwxw�h%o / ����#%-0���	8,� / � � ��� � � 8�8�+��.+ / � �9�Cf¢h��p�dk~hkn�StYk �p�dk�tdwxw!k~�ph�i~�Xwxm]kn}x�X�pi��d� ×Óà ÂXÛ��%�d�~�~h�i~�=�X�po�kn��k~�ph��p�eqEi�}��%tdwªh%wxh%�4kn�~�Y���tQ�X�ph�k~}��)v�t��Xh%i�}��(kn�ph�td�pi�h%�p��h��d�L}��eknh��~�StQwTi~�Xmp���%h�i��pm]k-�X�]wxq�k~�p�Xi~h�v�}xk~�
ω0 = 0

tQ�po
ω3 = 0 × ���µ� �Ah�����t Ü � ÉXÛ4�JÚS�X�$i~}x��}xw�td�Lh4uGknh��pi~}x�X�pi%�Ei~h�h - à �GÉXÇ�.Ó�§�dk~h�k~�StQk%�L}�o]h%�ekn}¤�ÀqE}x�p�

ΩM
v�}xk~�

Ω0M ⊕ Ω1M ⊕ Ω2M ⊕ Ω3M
�Kk~�ph�%�X���pwxh�knh2r'tYuGv�h�w�wT�X�=h%�~tQkn�X�/�%td���\h)v���}xk~k~h%�'tdi

M = d− δα,×zà 1dÛ}z�{hd�¤�p}xk��=h%���X��h%i-t ¦�}��~td�4�zk�qE�=h	�X�=h%�~tQkn�X�/�d�
ΩM

�Þ���}����=�X��kntd�ek/�p�~�d�\h���k�q(�d� M }�iªkn�ptQk
M2 = −diag(∆0

α,∆
1
α,∆

2
α,∆

3
α) = −∆α,v��ph%��h2k~�ph��X�=h%�ntYkn�X�

∆k
α

td��k~i-�d��k~�ph
k
ØN���d�~��i�tdi

∆k
α = dδα + δαd = ∆k

g +Qk(x,D).×zà ÃeÛ
'§h��~h

∆k
g

}�iCkn�]h �Atd�]w�td��h4� >
h%wxk~�ntd��}G�X�\h��ntQk~�X�C}x� k~�ph���h4kn��}��
g
td�po

Qk(x,D)}�i(t¢¡p�~i�k��d�~oph����\h���k~mp�~�StYkn}��d�V� '§h%�]�%hd�§}x�
ω
intYkn}�il¡Sh%i(h�|NmStQkn}x�X� ×zà ÂXÛ4��}xkintQk~}�il¡Sh%i-tdwxi~�9kn�ph	v�t��Xh2h%|NmStQk~}��X�

×zà <XÛ (∂2
t + ∆α)ω = (∂t −M)(∂t + M)ω = 0.£/�p}�i?���X�~��mpw�t�w�h��X}xk~}���tQknh�iVkn�ph
�p�dkn}x�X���Q�pkn�ph!kn�~t��dh%wGkn}���h$��h4kn��}��
td�po���t(dh�i}xk2�%wxh�td�	k~�StQk2}���kn�ph�r*tYuGv
h%wxw
ilqEilknh��v�}¤kn� i~��tQw�td�	v�t��dh�}����=h%oStd�]�%hd�Tk~�phh%wxh%��k~�~�X��td�X�]h�kn}x�Lv�t��dh%iK�d�]o]}+*\h%�~h��ekK�=�Xw�td�~}x��tQk~}��X�§�p�~�X�ptd�etQk~hCv�}xkn��kn�]h!i~td��hi~�=h%h�o'oph4knh��~��}��ph�o(�Nq�kn�ph	��h�k~�~}��

g
� �)��k~�ph	�dk~�ph%�/�StQ�poV�Stdiª���dw�wx�Wv�i!���~�X�



á
� ���������
	������������	������
����������	���
�
�������! !"#�$�!�������%�����$������	�
- à Åp� à Â . × i~h�h�tdwxi~�/- Ü É�.�Û4�pv��ph�� ε td�po µ td�~h��p�dk-�p���X�=�X��k~}��X�StQwz�Nvªt��Xh�i§v�}¤kn�op}+*\h%��h%�ek-�\�dw�td��}���tYkn}��d���p���X�Std�etYknh)v�}xk~��op}+*\h%��h%�ek��Xh%wx�E��}xk�qd�f¢h�h%�]o¢kn�p}xi�i�h%�4kn}��d�¢v�}xk~�¯t'��h%�p��h%i�h%�ek�tQk~}��X�¢�d�ªkn�]h�h%�]h%�~�Qqg�Q�/h%wxh%��k~�~}x�td�po���tQ�X�ph�k~}���¡ph%w�o]i�}x��knh%����i9�Q�§k~�ph��%�X���~h%i��\�d�pop}��]�gop},*6h��~h��Nk~}�tdw!���X�~��i%�i~h4k~kn}x�p�

E(E) =
1

2

∫

M

g0(εE, E) dV0 =
1

2

∫

M

1

α
ω1 ∧ ∗ω1,

E(B) =
1

2

∫

M

g0(µH,H) dV0 =
1

2

∫

M

1

α
ω2 ∧ ∗ω2,

v��ph%��h
dV0

}�i�kn�]h��d�Xw�m]��hj���X��� �d�
(M, g0)

� £/�ph�i~h����X�~��m]w�tdhji�h%�l�Xhgtdit����dk~}x�QtQkn}x�X�j���X���Xmp�2oph4¡S�p}xk~}��X���d�
kn�ph�}��p�]h%���p�~�Gopmp�4kni2}���kn�ph ���Xwxw���v�}��p�i~h���kn}x�X�V�
Ü � à �����A·¯� b��V¹�·G¼Ó¼�º��J·GaWb]`�º=a $	���jk~�p}�i§i~h%�4kn}x�X�jv�h9h�i�kntd�pw�}xi~��t��Gm]���\h���d�J�p�Qk�tQk~}��X�StQwT�%�X�e�Xh��ekn}��d�pi)td�]ojoph�¡p�p}xk~}��X�pi-�%�d�p�%h��~�p}x�p��op},*6h��~h��Nk~}�tdwV���d�~��impi~h�o*}x��kn�p}xi-�ptd�\h��%�f¢h	o]h�¡S�ph�kn�]h

L2 ØG}x�p�ph��/�p�~�Gopmp�4kni/���X�ªkn�]h k ØN���X����i/}x� ΩkM
tdi

(ωk, ηk)L2 =

∫

M

1

α
ωk ∧ ∗ηk, ωk, ηk ∈ ΩkM,

td�po'oph%�p�Qknh��eq
L2(ΩkM)

kn�ph2�%�X���pwxh�kn}x�X���d�
ΩkM

}���kn�ph2�%�X���~h�i~�=�X�pop}x�p��p�X���'�Lfgh2tdw�i�� oph�¡S�]h
L

2(M) = L2(Ω0M) × L2(Ω1M) × L2(Ω2M) × L2(Ω3M),v�}xk~��k~�ph�´E�X�=�Xw�h4��i��Std�%h�i
H

s(M)
�
H

s
0(M)

�
s ∈ R

�]�X}x�dh%�'tdi
H

s(M) = Hs(Ω0M) ×Hs(Ω1M) ×Hs(Ω2M) ×Hs(Ω3M),

H
s
0(M) = Hs

0(Ω
0M) ×Hs

0(Ω
1M) ×Hs

0(Ω
2M) ×Hs

0(Ω
3M).

'§h��~hd�
Hs(ΩkM)

}�i-kn�ph9´E�X�=�Xw�h4�'i��Std��h9�d�Jkn�ph
k
ØN���X����i§td�po

Hs
0(Ω

kM)
}xikn�ph��%w��di~mp��h�}��

Hs(ΩkM)
�d�Sk~�phªi~h4kJ�d�Sk~�ph

k
ØN���d�~��iL}��

ΩkM
�Xv��p}x�����Qtd�p}�i���ph�tQ�

∂M
�

5�w�h%td�~w¤qX�Nt��StQknm]�ntdwSop�d��td}x�9�d�6k~�ph�h4uGknh��~}x�X�$oph%��}x�QtQkn}¤�XhQ�
d
}��
L2(ΩkM)

}xi
H(d,ΩkM) =

{
ωk ∈ L2(ΩkM) | dωk ∈ L2(Ωk+1M)

}
,td�po't9�StQknm]�ntdwVo]�X��tQ}��(�d�

δα
}�i

H(δα,Ω
kM) =

{
ωk ∈ L2(ΩkM) | δαωk ∈ L2(Ωk−1M)

}
.����k~�ph�i~h�|Gm]h%wz�pv
h2op�~�X�(k~�ph�i~mp�E�²}��po]h4u

α
���~�d� kn�]h2���Eo]}+*\h%�~h��ekn}�tQwz�£/�ph��X�=h%�ntYkn�X��i

d
td�po

δ
td��h�tdo����X}x�ek��p}Ó�ÔhQ�x�]���d�ªkn�ph

C∞
0

Øe���X�~��i
ωk, ηk+1 �

(dωk, ηk+1)L2 = (ωk, δηk+1)L2 .£K�9h±uGknh%�]o�k~�p}�i!���X�~��m]w�t�k~��w�h�i~i/�~h��Xmpw�td�
���X����i��]wxh�kªm]iª¡]u(i��X��h��p�dk�tYkn}��d�pi%�ÚS�X�
ωk ∈ ΩkM

�«v�h�o]h�¡S�ph�}xk~i /4��"	��� "�/2� ��8ptd�po "$-01 � ��8E�\�Xm]�poStd�lq'���X���\�Q��ph%�ek~i§�X�
∂M

tdi
tωk = i∗ωk, nωk = i∗(α−1 ∗ ωk),
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á�á

�~h�i~�=h%��k~}x�dh%wxqd�6v��ph��~h
i∗ : ΩkM → Ωk∂M

}�i§k~�ph��pm]w�w¤�²�Std� (��d�Jk~�ph��StQk~mp�ntQw}����=h%o]op}��p�
i : ∂M → M

�gf }¤kn�¯kn�]h%i~h(�]�dk�tQk~}��X�]i%�!´Gk~�4(dh�i%yC���X����mpw�t����X����X�~��i/��tQ���=h	v��~}¤k~knh��*tQi
× ÆXÇXÛ (dωk, ηk+1)L2 − (ωk, δηk+1)L2 = 〈tωk,nηk+1〉,v��ph%��hd�S���X�

ωk ∈ ΩkM
tQ�po

ηk+1 ∈ Ωk+1M
�

〈tωk,nηk+1〉 =

∫

∂M

tωk ∧ nηk+1.£/�ph%��h*tQ�~h(v�h�w�w/oph4¡S�ph�osh4uGknh��pi~}x�X�pi��d�-kn�ph��\�dmp�poStd�lq¯kn�~td�%h��X�=h%�~tQkn�d�~i
ttd�po

n
kn�
H(d,ΩkM)

td�po
H(δ,ΩkM)

�*£/�ph����Xw�wx�Wv�}x�p���~h�i~mpw¤k�}�i2opmph�kn�°Ltd|Nmph4k -ÔÂ�<�.��
��aWº��Jº=_�¾À`W¾½º=Á � $��#$�� ��� -%��� 1 ��/ -013+

t
��"	�

n
# ��" � � � � / � "	��� �7/ - #%-0"�/ ��" 	�- 	 +

+�	 1�� �%# / ������� � ��+

t : H(d,ΩkM) → H−1/2(d,Ωk∂M),

n : H(δ,Ωk+1M) → H−1/2(d,Ω2−k∂M),
� ��� 13��/ ��� + ���#%�

H−1/2(d,Ωk∂M)
�,+*/��� + ���#%��-��*/ ���

k
� � -01 � +

ωk -0"
∂M+ ��/2�,+� �0��"	�

ωk ∈ H−1/2(Ωk∂M), dωk ∈ H−1/2(Ωk+1∂M).ÚS�X�~��m]w�t × ÆXÇeÛ�}xi)}��pilkn��mp��h��ek�tdwL���d�	���Std�ntQ��knh��~}x�%}��]��kn�ph9i��Std�%h�i��Q�!���d�~��iv�}xk~�'�Qtd�p}xi~�p}x�p� �\�Xm]�poStd�lq'optQk�t]�����Nk~�~�Gopmp��}��p� ◦

H(d,ΩkM) = � h%� (t) td�po
◦

H(δ,Ωk+1M) = � h%� (n)
td�]o¢td�]�pwxqG}��]�j´Gk~�4(dh�i%yA���X�~��mpw�t]�T�d�ph��%td� �p�~���Xh}���i�kntd�poStQ�~o�vªt�q�k~�ph	���Xw�wx�Wv�}x�p��wxh%����t]�

�!·
	�	gb � $�#$�� ��� �!��� -0��"�/ -���/ ����-%��� 1(��/ -01

d : L2(ΩkM) ⊃ H(d,ΩkM) → L2(Ωk+1M)

�,+ /����-%��� 1(��/ -01
δ : L2(Ωk+1M) ⊃

◦

H(δ,Ωk+1M) → L2(ΩkM)
��"	���G}x�%h�Xh��~int

��� ������89��1 8 � � / ��� �!��� -0��"�/ -��

δ : L2(Ωk+1M) ⊃ H(δ,Ωk+1M) → L2(ΩkM)

�,+ /��� -%��� 1 ��/ -01
d : L2(ΩkM) ⊃

◦

H(d,ΩkM) → L2(Ωk+1M).f �ph%��kn�ph��~h2}�i��p���~}�i (��d�J���X�]��mpi�}��X��v
h2v�}xw�wVv��~}¤knh	���X���p��h��G}xk�q
H(d) =

H(d,ΩkM)
td�]o'i�}���}�w�tQ�~wxqd��� 	 /4��/ �,+ � 	�/4��"	���,+����X�ªk~�ph��dkn�]h%�/i~�ptd�%h�i%�ÚS�X��w�tQk~h%���~h4��h%�~h��p�%h�i%�6v
h��=�X}x�Nk-�XmEk§k~�StQk)´Gkn�4(Qh%i�y\���X����mpw�t����X�/k~�ph����X� ��pw�h4knh2r*tWuEv
h%wxwAi�qGi�k~h%� ��tQ�'�=h	v��~}xk�knh��'tQi

× Æ Ü Û (η,Mω)L2 + (Mη, ω)L2 = 〈tω,nη〉+ 〈tη,nω〉,v��ph%��h
ω ∈ H

v�}¤kn�
H = H(d) × [H(d) ∩H(δ)] × [H(d) ∩H(δ)] ×H(δ),× Æ à Û

η ∈ H
1(M)

�
tω = (tω0, tω1, tω2)

�
nω = (nω3,nω2,nω1),

td�]o
〈tω,nη〉 = 〈tω0,nη1〉 + 〈tω1,nη2〉 + 〈tω2,nη3〉.
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f }xk~��kn�ph�i~h��p�dkntQkn}x�X�pi��dv�h/�d}x�Xhªk~�phª���Xwxw���v�}��p�§oph�¡p�p}xk~}��X���Q�=k~�ph-r*tYuGv
h%wxw�X�=h%�ntYkn�X��iªv�}xkn��h�w�h%�4kn��}��	�=�Xmp�poStQ��q(���X�pop}¤kn}��d�V�

&(·N¿LÁ?¾�`W¾�º=Á � $���$ � ��� � ��� � � 8�8 -%��� 1(��/ -01 � ��/ � � 8,�%# / 1 �4# � - 	�"	�!��1 � #%-0"	��� �
/2�4-0" � Me

� �,+ ��" -%��� 1(��/ -01���"
L

2(M)
�6� ��/�

D(Me) =
◦

Ht :=
◦

H(d) × [
◦

H(d) ∩H(δ)] × [
◦

H(d) ∩H(δ)] ×H(δ),

��"	� Meω
�
ω ∈ D(Me)

�,+ ������� "���� /��� ��� �7� 13� "�/ � ��8 � � �	13�%+%+ �4-0"������
	
����	knh%����iT�Q�]�p�eqGi~}x�%i��Yk~�ph$h%w�h���k~�~}��L�\�Xm]�poStd�lq	�%�X�]op}xk~}��X�	}xiTtdi~i��E��}�tQk~h%o	v�}xk~�h%wxh%��k~�~}x��tdwxwxq9�=h%�l��h%��k~wxq��%�X�]opmp��k~}��p�9�=�Xmp�]oStd�~}xh%i��]}z�{hd�¤�

n×E = 0
�
n ·B = 0

�v��ph%��h
n
}xi�kn�ph�h±uEk~h%��}��X�9�p�d�~��tdw��Xh���k~�X��tQk kn�ph(�=�Xmp�poptd��qd������knh��~��i9�d�op}+*\h%��h%�ekn}�tdwS���X�~��i%�Nkn�]}�i!��h%td�pi�i�}����pwxq�kn�StQk

tE[ = tω1 = 0
td�po

t ∗0B
[ =

tω2 = 0
��Þ§wxkn�]�Xmp�X���p�dk§mpi~h�o�}���kn�ph�i~h�|Gm]h%wz�=kn�ph�r*tYuGv
h%wxwL�X�=h%�~tQkn�X�/v�}¤kn���tQ�X�ph�k~}��)�=�Xmp�]oStd��q��%�X�po]}xkn}x�X�V� Mm

�p}xi/�X}x�dh%���Nq ×zà ÉeÛ
v�}¤kn��kn�ph	o]�X��tQ}��
D(Mm) =

◦

Hn := H(d) × [H(d) ∩
◦

H(δ)] × [H(d) ∩
◦

H(δ)] ×
◦

H(δ).

5��X�pi�}�oph��-k~�ph�}x�Nk~h%��i~h%�4kn}x�X�pi-�d�Ji~�ptd�%h�i�}���kn�ph2oph4¡S�p}xk~}��X���d� D(Me)
tQ�po

D(Mm)
���Th�k

◦

H
1
t
(ΩkM) = {ωk ∈ H1(ΩkM) | tωk = 0},

◦

H
1
n
(ΩkM) = {ωk ∈ H1(ΩkM) | nωk = 0}.�²k-}�i�t9op}���h%�4k��%�X�pi�h%|Nmph��p�%h��Q����t�*\�ph�q=y{i-}x�ph%|NmStQw�}xk�q × i�h%h -ÔÉQÅ.ÀÛ
k~�StQk

◦

H(d,ΩkM) ∩H(δ,ΩkM) =
◦

H
1
t
(ΩkM),

H(d,ΩkM) ∩
◦

H(δ,ΩkM) =
◦

H
1
n
(ΩkM).£/�ph����Xw�wx�Wv�}x�p�9w�h�����t�}�i-t�i�kn�~td}��d�Nk����X��v�td��o*td�]�pw�}x��tQk~}��X�(�d� �Th%����t Ü �ÔÆtd�po�kn�ph���w�tdi�i~}��%tdw�'-�Eo]�Xh4�zf¢h4qEwTo]h%�%�d���=�Xi~}¤kn}x�X�3-ÔÉQÅ.z�

�!·
	�	gb � $�#$ � ��� � 8,�%# /21 �4# � ��� � � 8�8 -%��� 1(��/ -01 ��0+ / ��� � -08�8,-0� ��"	� �	13-%��� 1 �
/2�4�%+��

× }�Û � ����-%��� 1(��/ -01 Me

�,+&+
�!� � � �!��� -0��"�/
�× }�}ÀÛ � ��� -%��� 1(��/ -01 Me

����� "$�%+���" � 8�8 � �	/2�4# ��� �7� 13� "�/ � ��8 -%��� 1(��/ -01 ��"
M int.

× }�}x}ÀÛ Ker (Me) =
{
(0, ω1, ω2, ω3) ∈

◦

Ht | dω1 = 0, δω1 = 0, dω2 =

0, δω2 = 0, δω3 = 0
}
�

× }¤�]Û Ran (Me) = L2(Ω0M) ×
(
δH(δ,Ω2M) + d

◦

H(d,Ω0M)
)
×

×
(
δH(δ,Ω3M) + d

◦

H(d,Ω1M)
)
× d

◦

H(d,Ω2M) �
>
q¢k~�ph�i)(Qh�vª�µtQo����X}��ek~�ph%i�i%�ª}¤k }�i9�=�Xi~i�}��pwxh�kn��oph4¡S�ph�v�h%t(�i~�Xwxm]kn}x�X�pi�k~�}��p}¤kn}�tdw\�=�Xmp�]oStd��qe�z�dtQw�mph)�]�~�X�pwxh%��i/�ph%h�oph%o'w�tQk~h%���
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Ü �ÔÆ]�/�%Á?¾À`W¾½bp¼��6^Jº�"KÁ?»Abpa�¸ �pbS¼ "A· �?aWº=^K¼�· 	�$)���9kn�ph�i~h�|Nmph%wÓ�Nv
h�oph%�]�dknhªk~�ph���X�~��i
ω(x, t)

�eq
ω(t)

�X�
ω
v��ph%��k~�ph%��h�}xiK�p��oStd�p�Xh��K�Q�S��}xi~mp�]oph%��i�k�tQ�pop}��]�p�

>
q�t�� � � � +.-08 	�/2�4-0" kn�9k~�ph�}��p}¤kn}�tQw\�=�Xmp�poptd��q��Qtdwxmph	�p���X�pw�h��
∂tω + Mω = ρ ∈ L1

loc(R,L
2(M)),× ÆdÆeÛ

tω
∣∣
∂M×R

= 0, ω(0) = ω0 ∈ L
2,v�h2��h�td�(kn�]h����d�~�

ω(t) ∈ C(R,L2(M))
oph�¡S�]h%ojtQi

ω(t) = U(t)ω0 +

∫ t

0

U(t− s)ρ(s)ds,× ÆdÅNÛ
v��ph%��h U(t) = exp(−tMe)

}�i	k~�ph mp�p}xkntd��q*�X�=h%�ntYkn�X�	}x�
L

2 �Xh%�ph��ntQk~h%og�Nq
Me

��´E}x��}xw�td��wxqd�?v
h�oph�¡S�]h�v
h�t�(¯i~�Xwxm]kn}x�X�pi2v�}xkn��}x�p}xk~}�tdw$oStQknt�tQk
t = T

�
T ∈ R

� Þ�i�i~mp��}��]�
ρ ∈ C(R,L2)

�/kn�ph*i~�Xwxm]kn}x�X�s�Stdi����X��h*��h%�Xmpw�td�~}¤k�qX�
ω ∈ C(R,L2) ∩ C1(R,H′)

�]v��ph%��h
H

′
oph%�p�Qknh%i/k~�ph�opmStdwT�d�

H
�£/�ph����Xwxw���v�}��p���~h�i~mpw¤k	�X}¤�Xh%i�t�i�m]³��%}xh%�ek��%�X�]op}xk~}��X�*���d�	t�v�h%t(*i��Xw�mEkn}��d��d�?kn�ph��%�d���pwxh�k~h	i�qGi�k~h%� kn� �=h2tdw�i���t9i��Xw�m]k~}��X�(�Q�Jr*tWuEv
h%wxwzy{i�h%|NmStQk~}��X�pi��

�!·
	�	gb � $��#$���+%+�	 � � /���/ /������"���/2� ��8&�!��/ �
ω0

�,+ -���/ ��� � -01 �
ω0 =

(0, ω1
0, ω

2
0, 0)

� � ��� 13�
δω1

0 = 0
�
dω2

0 = 0
� ��"	�

ρ = 0 �
� ��� " / ��� � � � �

+.-08 	 / �4-0"
ω(t)

-�� � -01 � ���	� 	*+ ��/2�,+�� �%+ ��8 +.- � ��� � � 8�8�� +���
�	 ��/ �4-0"+ ����

	 � ���� 	 �
�
�
�
�
�
ω0 = 0

��"	�
ω3 = 0 �

�61%-.-�� �JÞ�i-i~h�h%�����~�X� ×zà <eÛ±� ω0(t)
intQk~}�il¡Sh%i/kn�]h�v�t��Xh�h%|NmStQk~}��X�

∆0
αω

0 + ω0
tt = 0,v�}xk~��kn�]h	¦�}���}����pwxh�k!�=�Xmp�poStQ��q��%�X�]op}xk~}��X�

tω0 = 0
�L£/�ph)}��]}xkn}�tdwpoStYk�t����X�

ω0}�i
ω0(0) = ω0

0 = 0, ω0
t (0) = δω1

∣∣
t=0

= δω1
0 = 0.

'§h��p�%hQ�
ω0(t) = 0

���d��tdw�w
t ∈ R

�´E}���}�w�td�~w¤qX�
ω3(t)

intYkn}�il¡Sh%i�kn�]h�v�t��Xh2h%|NmStQk~}��X�(v�}¤kn�(kn�ph�}x�p}xk~}�tdw=oStQknt
ω3(0) = ω0

3 = 0, ω3
t (0) = −dω2

∣∣
t=0

= −dω2
0 = 0.Þ�i/���X�ªk~�ph��\�Xm]�poStd�lq(�%�X�]op}xk~}��X�V�Gv�h2�X�pi�h%�l�Xh�kn�StQk

tδω3 = tω2
t − tdω1 = ∂ttω

2 − dtω1 = 0,}z�{hd�¤�-k~�ph §h�mp��tQ�p� oStQk�t¯���X��k~�phj��mp�p�4kn}x�X� ∗ω3 �dtQ�p}�i�� tYk ∂M �¬£/�Gm]i%�
ω3(t) = 0

�
2Þ�i�i~mp��h	kn�StQk

ω(t)
}�i-t9i~���G�dkn��i~�dw�m]k~}��X�(�d�?kn�]h2���X���pw�h4knh	i�qGilknh%� × ÆXÆeÛ±�£/�ph #%-0���	8,� / ��� �
	 # � � �!��/ �	�d�

ω(t)
���X�pi�}�i�k-�d�

(
tω(x, t),nω(x, t)

)
, (x, t) ∈ ∂M × R.£/�ph 5ªtdmp���eq*optQk�t9���X�/kn�ph2i~�dw�m]k~}��X�pi
ω(t)

�d�$r'tYuGv�h�w�wzy{i-h%|NmStQk~}��X�pi��St��dh�t�Std�lkn}���mpw�tQ�Li�k~�~mp�4knmp��hd�J���po]h%h%o6�E�eq�knt(N}��p�	kn�]hªk�td�p�dh%�ekn}�tdw]kn�~td�%h/�Q�6h�|GmptQkn}x�X�
×zà ÅeÛ4�]v
h��X�]k�tQ}�� tω2

t = −dtω1 �$ÚSmp��k~�ph%���S�eq(}��eknh��X�ntYkn}��]�p�
tω2(x, t) = tω2(x, 0) −

∫ t

0

d(tω1(x, t′)) dt′, x ∈ ∂M.× ÆXÂXÛ
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�
�������! !"#�$�!�������%�����$������	�
´E}���}�w�td�~w¤qX�K�Nq�knt(N}��p��k~�ph��p�X�~��tdw!kn�ntQ�%h��d�)h�|NmStQkn}x�X� ×zà ÆXÛ4�$v�h�¡S�po�kn�StYk
nω1

t = dnω2 �pi����eq�}��ek~h%�X�~tQkn}x�p�
nω1(x, t) = nω1(x, 0) +

∫ t

0

d(nω2(x, t′)) dt′, x ∈ ∂M.× ÆdÉeÛ
����kn�p}xi)v��X� («�?v
h �%�X�pi�}�oph��	��tQ}��pw¤q�k~�ph ��tdi�h

ω(0) = 0
�Vv��ph�� k~�ph w�tQk~h%�ntQw

5ªtdmp���eq�oStQknt ���d�ªkn�ph	�X��}��X}x�Stdw\�p�~�X�]w�h%� �d�Kh%w�h���k~�~�Go]qG�Std��}��%i/}xi/i~}x���pw¤q
tω = (0, f,−

∫ t

0

df(t′)dt′),× Æ�1dÛ
nω = (0, g,

∫ t

0

dg(t′)dt′),× ÆXÃXÛ
v��ph%��h

f
tQ�po

g
td��h���mp�]��kn}x�X�pi§�d�

t
v�}xk~�'�Qtdwxmph%i§}��

Ω1∂M
��£/�ph����Xwxw���v�}��]�kn�ph��X�~h�� }����pw�}xh%iªk~�StQk-i~�Xwxm]kn}x�X�pi��d�Jr*tYuGv�h�w�wÓyÔi-h%|NmStQk~}��X�]i�td��h�i��Xw�mEkn}��d�pi/�d�kn�ph'�%�X���pwxh�knh*r*tYuGv
h%wxw§ilqEilknh�� td�po �X}x�dh%i�i�m]³��%}xh%�ek(�%�d�pop}xk~}��X�]i ���d��k~�ph�%�X�e�dh%�~i�h���h%i~m]wxk��

���A·Nº=aW·
	 � $�� $���
ω(t) ∈ C(R,H) ∩ C1(R,L2)

+ ��/2�,+�� �%+ / ��� ��
�	��/2�4-0"

× Æ <XÛ ωt + Mω = 0, t > 0,
� ��/�

ω(0) = 0
� ��"	�

ω0(t) = 0
�
ω3(t) = 0

� / ��� "
tω, nω

��13� -�� /��� � -01 �
����� 	�� ���	� 	

��6-0"���� 13+.� 8 � ��� �
tω, nω

��13��-�� /��� � -01 � ����� 	�� ���	� 	 � -01
0 ≤ t ≤ T

� ��"	�

ω(t)
+ ��/2�,+�� �%+ ����
 	 ��� ��/�

ω(0) = 0
��/ ��� "

ω(t)
�,+ � +.-08 	 / �4-0" -�� � ��� � � 8�8�� +

��
�	 ��/ �4-0"+ ����

	 � ���� 	 � ���
�
�
�
�
ω0(t) = 0

�
ω3(t) = 0 �

�61%-.-�� ��£/�ph�¡S�~ilk��Std�lk��Q�	kn�ph�kn�ph��X�~h�� ���dw�w���v�i9���~�d� k~�phjtQ�\���Xh'�%�X�G�i~}xoph%�~tQkn}x�X�pi�}x��v
h i��p��v kn�StYk
ω(t)

}�i�i�m]³��%}xh%�eknw¤q��~h%�dmpw�td��� ÚS�X�
ω2 ∈

C(R, H(δ,Ω2M))
�G�eq�°$���X�=�Xi~}¤kn}��d� Ü � à � nω2 ∈ C(R, H−1/2(Ω1∂M))

v�}¤kn�
dnω2 ∈ C(R, H−1/2(Ω2∂M))

��Þ§i
δω1

t (t) = δδω2(t) = 0
�K}¤k��]�Xw�opi�tdwxi~�kn�StYk

nω1
t ∈ C(R, H−1/2(Ω2∂M)),}����pwxqG}x�p� × ÆXÃXÛ4��£K�*�p�~���Xh × Æ�1dÛ4�Kv
h�m]i~h�k~�ph(r*tWuEv
h%wxw
o]mStdw�}¤k�q ��5��X�pi�}�oph��kn�ph	���X����i
η3−k = (−1)k ∗ α−1ωk.£/�ph%�

η = (η0, η1, η2, η3)
i~tQkn}xi�¡Sh�ijkn�ph¯���X���pw�h4knh¯ilqEilknh�� opmStdw2kn�sk~�phr*tYuGv
h%w�w	ilqGi�knh��'�

ηt + M̃η = 0
�-v��ph%��h M̃ }�i�kn�]h r*tYuGv�h�w�w	�X�=h%�~tQkn�d�v�}xk~�¯��h4kn��}��

g
td�po¯i���tdw�td��}x���=h%oStQ�p�%h

α−1 �*£/�ph%�¯���X����mpw�t × ÆXÃeÛ����d�2k~�phi~�Xwxm]kn}x�X�
η
}x���pwx}�h�i × Æ41XÛ
���X� ω �£K� �p�����Xh�kn�ph��%�d�N�dh%��i~hd�«v
h2�d�pi~h����Xh2kn�StYk/kn�ph�h%|NmStYkn}��d�pi%�

∂tω
0(t) − δω1(t) = 0, ∂tω

1(t) + dω0(t) − δω2(t) = 0× ÅeÇeÛ}����pwxq�kn�ptQk
ω0

tt(t) + δdω0(t) = 0.
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���¢tQopop}xk~}��X�6�
ω0(0) = 0

�
ω0

t (0) = 0
�Ktd�po����~�X� × Æ�1XÛ±� tω0(t) = 0

��£/�Nmpi%�
ω0 = 0

���d�
0 ≤ t ≤ T

� >
q�kn�ph�r*tWuEv
h%wxwCopmStQw�}xk�q�oph�i~���~}��=h%o�h%td�~wx}�h%���\k~�p}�i}����pw�}xh%i�tdw�i�� k~�StQk
ω3(t) = 0

�
2£/�ph����Xwxw���v�}��]��oph4¡S�p}¤kn}��d�V�=v��]h%�~h

R
}xi)t���}��X�ek§}��e�Xh��~i�h�kn��k~�ph���td�p�p}x�p�

t
�]¡]uEh�i-k~�ph�i~�Xwxm]kn}x�X�piª�d�Kkn�ph	���X�lvªtQ�~o��p�~�d�pw�h�� mpi�h%o*}x�(kn�p}xiªv��X� («�
&(·N¿LÁ?¾�`W¾�º=Á � $��#$�� � /

h = (h0, h1, h2) ∈ C∞([0, T ],Ω∂M) �
� ��� +.-08 	�/2�4-0"

ω(t)
-���/ ��� ��"���/2� ��8 � - 	�"	�!��1 � �0��8 	�� �	13-
� 8,� �

ωt + Mω = 0, t > 0,

ω(0) = ω0 ∈ L
2(M), tω = h,

�,+ ������� " ���

ω(t) = Rh(t) + U(t)ω0 −
∫ t

0

U(t− s)(MRh(s) +Rhs(s))ds.

� ��� "
ω0 = 0

��"	�
h

�,+ � + � -.-0/� � - 	 "	�!��1 � +.- 	 13#%��-�� � -01 � ����� 	 �

h = (0, f,−
∫ t

0

df(t′)dt′), f ∈ C∞
0 (]0, T [,Ω1∂M),

ω(t)
�,+ # ��8�8,� � / ��� +.-08 	 / �4-0"�-�� � ��� � � 8�8�� +&��
�	��/2�4-0"+*��"

M × [0, T ]
� ��/ � /���

� - 	 "	�!��1 � #%-0"	����/ �4-0"
tω1 = f

��"	� /��� ��"���/ � ��8 #%-0"	����/ �4-0"
ω(0) = 0 �£K�2h%���p�StQi~}���h-k~�ph-oph%�=h%�po]h%�p��h)�d�

ω(t)
�X�

f
td�=���Xhd�Gv�h�v��~}¤knh-�E����tdi�}��X�G�tdw�w¤q

ω(t) = ωf(t) = (0, (ωf)1, (ωf)2, 0).× Å Ü Ûf¢h��]�dknh¯k~�StQk
f
�%�dmpw�o��=h����p�Xi~h�� �����X� t v�}xoph%����w�tdi�i%��hQ�Ô�]�����~�X�

H1/2(∂M × [0, T ])
�

f¢h/m]i~hªkn�]h/�p�dk�tYkn}��d� •

C∞([0, T ],Ω1∂M)
���X�Lkn�]h-i��Std��h/�d�

C∞
��mp�p��k~}��X�]i

[0, T ] → Ω1∂M
�Qtd�p}�i��p}��]���ph�td�

t = 0
�:£/�ph%�X��h%� Ü � 1¢���dkn}¤�dtYknh%i�kn�ph���Xw�wx��v�}��p��o]h�¡S�p}¤kn}x�X�V�

&(·N¿LÁ?¾�`W¾�º=Á � $��#$�� ��� �!������/ / ��"$#%�&� � � � ZT �,+ ����� "$� � �0+

ZT :
•

C
∞([0, T ],Ω1∂M) →

•

C
∞([0, T ],Ω1∂M),

tω1|∂M×[0,T ] 7→ nω2|∂M×[0,T ],
� ��� 13�

ω(t)
�,+ / ����+.-08 	 / �4-0" -�� � ��� � � 8�8�� + ��
�	 ��/ �4-0"+ ����

	 � ���� 	 �*��"

M ×
[0, T ]

� ��/�
ω(0) = 0 �

§�dk~h9kn�StQk2}x��k~�ph��%w�tQi~i~}x��tdwCk~h%����}x�p�Xw��d�dq*�Q�
k~�ph�h�w�h���kn��}���td�po ��td�X�ph4kn}��¡Sh%wxopi%� ZT ��td�pi/kn�]h�k�tQ�p�Xh%�ek~}�tdwTh�w�h%�4kn��}���¡Sh%wxo n × E|∂M×[0,T ]
kn��kn�ph�k�td�G��Xh%�ek~}�tdwV��td�X�]h�kn}x��¡Sh�w�o

n×H|∂M×[0,T ]

�£/�ph
���dw�w���v�}x�p���~h%i�mpwxk%�dv��p}x�����~h�w�tQk~h%iKk~�ph��=�Xmp�]oStd��q2oStYk�t)td�]o�kn�]hªh%�ph��~�dq�d�)k~�ph'h�w�h���kn���X��td�X�ph4kn}��(¡Sh�w�oV��}�i �%��mp�%}�tdw/���X���=�Xmp�]oStd��q����X�ekn���Xwz� �²k�}�i�t�Xh��~i~}x�X���d�Kk~�ph >�w�tQ�X���Xh%ilkn���ph��pi)(N}x}A���d�~��mpw�t × i�h%h0-{Å�.T���X�ªkn�ph�i���tdw�td�/��tdi�h�Û±�



á
� ���������
	������������	������
����������	���
�
�������! !"#�$�!�������%�����$������	�

���A·Nº=aW·
	 � $���� $ ×lÜ Û�� -01���" �
T > 0

��"	�
f, h ∈

•

C∞([0, 2T ],Ω1∂M)
�

/ ��� �0"$-0� 8,� � ����-��7/ �����!������/ /4��"$#%�7� � � Z2T ��8�8,-0�?+ 	 +7/ - � �0��8 	 ��/ �
/ ��� ��"�"$� 1 �	13- �
	�# / +

((ωf)j(t), (ωh)j(s))L2, j = 1, 2, 0 ≤ s, t ≤ T.

×Óà Û�� -01 ��" �
T > 0

��"	�
f ∈

•

C∞([0, T ],Ω1(∂M))
� ZT ��� / � 1 ����"$�%+

/ ����� "$� 1 �
��-��&/ ��� � � 89�
ωf ��/

t = T
� ����� "$� � �0+

ET (ωf) =
1

2
‖(ωf)1(T )‖2

L2 +
1

2
‖(ωf)2(T )‖2

L2.

�61%-.-�� � �
�

�Th�k
ω(t) = ωf(t)

td�po
η(s) = ωh(s)

v�}xk~�
F j(s, t) =

(ωj(s), ηj(t))L2 , j = 1, 2.
>
q ×Óà ÂXÛ±�

(∂2
s − ∂2

t )F
j(s, t) = (ωj

ss(s), η
j(t))L2 − (ωj(s), ηj

tt(t))L2× Å à Û
= −((dδ + δd)ωj(s), ηj(t))L2 + (ωj(s), (dδ + δd)ηj(t))L2 = bj(s, t).f¢h�tQ�p�pwxq¯r*tYuGv
h%wxwzy{i9h%|NmStQk~}��X�pi ×Óà ÇeÛ±� ×zàEÜ Û�td�po�kn�ph(���X����m]k�tYkn}��d�¢�~h�w�tY�kn}x�X�pi%�

tdωj = dtωj, nδωj = t ∗ ∗d 1

α
∗ ωj = dt

1

α
∗ ωj = dnωj,× ÅeÆXÛv��ph%��h

j ∈ {1, 2} �dtQ�po d �d}x��k~�ph
��}��X�ekl���Std�]o�i~}xophd�Q}�iTkn�]h�h4uGk~h%�~}x�X�?oph%��}x�QtQkn}¤�Xh�X�
∂M

��Þ ilkn�~td}��X�ek����X��v�td�~o�td�]�pw�}x��tQk~}��X�pi
�d�C´Gkn�4(Qh%i�y=���X����mpw�t × ÆXÇXÛ4�]qG}�h�w�opi
b1(s, t) = 〈nω2

s(s), tη
1(t)〉 − 〈tω1(s),nη2

t (t)〉,
b2(s, t) = 〈nω2(s), tη1

t (t)〉 − 〈tω1
s(s),nη

2(t)〉.Þ�i Z2T o]h�knh��~��}��ph�i b1(s, t) td�po b2(s, t) ���X� t, s < 2T
td�]o

F j(0, t) = F j(s, 0) = 0, F j
s (0, t) = F j

t (s, 0) = 0,× ÅXÅNÛkn�phj��m]�p��k~}��X�
F j(s, t)

��td� �=h*���Xmp�pos�����X� kn�phjv�t��Xh�h%|NmStQk~}��X� × Å à Û9���X�
s+ t < 2T

�
�
�
Þ��etd}x�V���eq o]}+*\h%�~h��ekn}�tYkn}��]�std�po�mpi�}��p� r*tWuEv
h%wxwzy{i�h%|NmStQk~}��X�]igtQ�po´Gkn�(dh%i�yS���X�~��m]w�t]�Gv�h��X�]kntd}��
∂tE t(ωf) = −〈tω1(t),nω2(t)〉 = −〈f(t),ZTf(t)〉.Þ�i E0(ωf) = 0

�]kn�]h2h��ph%���dq�}�i/��h�tdo]}�wxq��X�]kntd}��]h%o(���X�
t ≤ T

�
2

Ü �{Åp����ÁK¾  #"A· cXº=Á\`W¾½Á#"Ab]`W¾�º=Á¬aW·G_ "?¼�`�_ $	ÚS�X� ��mp��k~�ph%��td�p�pwx}��%tQkn}x�X�pi�kn�g}��E��Xh��~i~h��p�~�X�]w�h%��i%�«}x�'kn�]}�i-i~h%�4kn}x�X�*v
h��%�d�pi~}xoph%�-kn�ph�mp�p}�|Nmph��%�X�ek~}��NmStQk~}��X���d�kn�ph '-�Xw����X�~h��E�lÄd�d�p�¯k�qG�\h(���X��r*tYuGv
h%wxwzy{i�h�|NmStQkn}x�X�pi���fgh�i�kntd��k9v�}¤kn� td�h4uGknh��pi~}x�X�¢�Q��op},*6h��~h��Nk~}�tdwK���X�~��i	�Xm]k~i~}�o]h k~�ph ��tQ�p}x���Xwxo
M
� �Th�k

Γ ⊂ ∂M�\h§�X�=h%��tQ�po
M̃
�=h�td��h4uGknh��pi~}x�X���d�

M
td�%���Xi~i

Γ
�G}z�{hd�¤�

M ⊂ M̃
�
Γ ⊂ M̃ inttd�po

∂M \ Γ ⊂ ∂M̃
� �Th4k

g̃, α̃
�=h i~���E�Qkn���%�d�Nk~}��NmStQk~}��X�]i2�Q�

g
td�po

α
kn�

M̃
������kn�p}xi-�%tdi~hQ�=v
h�i~t�q(kn�StQk-kn�]h���td�p}¤���Xw�o

(M̃, g̃, α̃)
}�i-td� � � / � "+ �4-0" -��

(M, g, α)
��# 13-.+%+

Γ ��Th�k
ωk �=h$t k �²���X��� �X� M td�po

ω̃k }xkniTh±uGknh%�]i~}��d���eq��%h��~�/kn� M̃ �?�²kA���Xw�wx�Wv�i���~�X� ´Gkn�4(Qh%i�yN���d�~��mpw�t × ÆXÇeÛKk~�StQk$���X� ωk ∈ H(d,ΩkM)
v�}xkn�

tωk
∣∣
Γ

= 0
�Nv
h



�  !���$����� � ����� 	��� ������ �����	�5��	�	�
 � ���������� �� ��
á

�

�St��Xh
ω̃k ∈ H(d,ΩkM̃)

� ´E}���}�w�td�~w¤qX�=}x�
ωk ∈ H(δ,ΩkM)

td�po
nωk

∣∣
Γ

= 0
�

kn�ph��
ω̃k ∈ H(δ,ΩkM̃)

�$£/�ph�i~h�qG}�h%wxo(kn�ph	���Xwxw���v�}��p���~h�i~mpw¤k��
��aWº��Jº=_�¾À`W¾½º=Á � $�� � $ � � /

ω(t) ∈ C1(R,L2)∩C(R,H)
� ��/�

tω|Γ×[0,T ] = 0��"	�
nω|Γ×[0,T ] = 0

� � � � +.-08 	�/2�4-0" -�� / ��� #%-0���	8,� / � � ��� � � 8�8�+��.+ / � � ����� 	
��"
M × [0, T ] �

� � /
ω̃

� � ��/�+ � � / � "+ �4-0" �����0� 13- ��# 13-.+%+
Γ ⊂ ∂M �

� ��� "
ω̃(t)

+ ��/ �,+�� �%+�/����#%-0���	8,� / � � ��� � � 8�8�+��.+ / � � ����� 	 ��"
M̃ × [0, T ] �f¢h'td��h��ptd��k~}��%m]w�td��wxqg}��eknh��~h%ilknh�os}���kn�ph�i~�dw�m]k~}��X�pi9�Q��r*tYuGv
h%wxwzy{i�h�|GmptY�kn}x�X�pi%�J£/�]h����dw�w���v�}x�p���~h�i~mpw¤k�h4uGknh��popi�°$���X�=�Xi~}¤kn}��d� Ü � ÜdÜ k~�9kn�p}xi/��tdi�hd��!·
	�	gb � $�� �#$ � � /

ω(t) ∈ C1(R,L2)∩C(R,H)
� �6� +.-08 	�/2�4-0" -�� � ��� � � 8�8�� +

��
�	 ��/ �4-0"+ ����

	 � ���� 	 ��"
M × [0, T ]

� �
�
�
�
�
ω0(t) = 0, ω3(t) = 0 �

� "
�!�!����/2�4-0" ��8,� /

tω1|Γ×[0,T ] = 0
�
nω2|Γ×[0,T ] = 0

� ��"	�
ω(0) = 0 �

� ��� "
ω̃(t) ∈ C1(R,L2(M̃)) ∩ C(R,H(M̃))

�,+ � +.-08 	�/2�4-0" -�� � ��� � � 8�8�� +���
�	 � �
/2�4-0"+ ����
�� �� 	 ��"

M̃ × [0, T ] �
�61%-.-�� �J£/�ph�td�=�W�dh��%�X�po]}xkn}x�X�piªk~�X�Xh�k~�ph%�ªv�}¤kn��£/�ph%�d�~h%� Ü � 19}����pw¤q�k~�StQk
tω = (0, tω1,−

∫ t

0

dtω1dt′) = 0, nω = (0,nω2,

∫ t

0

dnω2dt′) = 0}��
Γ × [0, T ]

�©£/�]h%�~h4���X�~hQ�)�eq °J�~�X�=�Xi�}xkn}x�X� Ü � ÜXÜ � ω̃(t)
intQk~}�i�¡ph%i ×zà ÂdÛ�}��

M̃ × [0, T ]
� 5�w�h%td�~w¤qX�-tdwxi~�

ω̃0(t) = 0
�
ω̃3(t) = 0

}��
M̃ × [0, T ],

td�po
ω̃(0) = 0

�
2f �ph%�'v�h�oph�tdwTv�}¤kn�jt��Xh%�]h%�ntQw?i��Xw�mEkn}��d��k~�(r*tYuGv
h%wxwzy{i§h�|GmptQkn}x�X�pi ×Óà ÇeÛzØ×zàEÜ Û4�Vv��p}x��� ��t�qj�p�Qk�intQk~}�i��Àq*�%h��~��}��p}¤kn}�tQw?���X�pop}¤kn}x�X�pi%�AtQ�po�kn��q'kn��h4uGk~h%�pokn�ph��7�eq��%h��~�jtQ�%�~�di~i

Γ
�Ak~�ph�td�~�Xm]��h��Nk~i��d� �Th�����t Ü � Ü�à �½tQ}�wz�����poph%h�oV�L}¤�

ω(0) 6= 0
�Tkn�]h%� × ÆXÉeÛ-i~�p��v©k~�StQk nω2 = 0

}�i	�]�dk�i~m]³���}�h%�ek2���X�
nω1 = 0

�
'§��v
h��Xh��%�S�eq�op}+*\h%��h%�ekn}�tQkn}x�p��v�}xkn���~h%i��\h���kªk~�

t
�Gkn�ph§�Std�ntQi~}xk~h§k~h%�~�

nω1(0)�Qtd�p}�i��ph%i��9£/�p}�i	}xi)kn�ph9���dk~}x�QtQkn}x�X�'v��eq�£/�]h%�X��h%� Ü � Ü Æ��=h%w���v oph�tQw�i)v�}xk~�kn�ph	k~}���h)oph%��}x�QtQk~}x�Xh�i/�d�Lk~�ph	v�h%t(�i��Xw�m]k~}��X�]i%�
�Th�k��Ctd�etd}x�V�

Γ ⊂ ∂M
�=h��X�=h%��td�po

T > 0
��¦§h%�p�dk~h(�eq

K(Γ, T )
kn�]hop�Xmp�]w�h	�%�d�ph��d�L}x�]ÖSmph��p�%h�v�}xk~�(kn�ph��Stdi�h��X��k~�ph�i~wx}��%h

t = T
�

K(Γ, T ) = {(x, t) ∈M × [0, 2T ] | τ(x,Γ) < T − |T − t|},v��ph%��h
τ(x, y)

}xiªkn�ph�op}xi�k�tQ�p�%h	��mp�p�4kn}x�X���X�
(M, g) × i~h�h2ÚL}��Xm]�~h Ü Û±�f¢hJ�]�~���Xh$kn�phJ���Xwxw���v�}��]��mp�p}x|Nmph$�%�X�ekn}x�NmStQkn}x�X�	�~h�i~mpw¤kT���X�Vkn�]h$k~}���hCoph��~}x�QtY�kn}¤�Xh%i��d�?kn�]h�¡ph%w�o]i%�

���A·Nº=aW·
	 � $�� �#$ � � /
ω(t)

� � �7� � � � +.-08 	 / �4-0" ���	� 	&-��6/ ���6��"���/2� ��8 � - 	�"	�!��1 �
�0��8 	 �6�	13-
� 8,� � ��� � 	

�
�7+%+�	�� ��/ ���/

ω0 = (0, ω1
0, ω

2
0, 0)

�
δω1

0 = 0
�
dω2

0 = 0,��"	�
ρ = 0 �

� �
nω2 = 0

-0"
Γ×]0, 2T [

� / ��� "
ωt = 0

��"
K(Γ, T ) �

�61%-.-�� ��f �ph%�
ω(t) ∈ C2(]0, 2T [,L2) ∩ C1(]0, 2T [,H)

��kn�]h%�
η(t) =

ωt(t) ∈ C1(]0, 2T [,L2) ∩ C0(]0, 2T [,H)
tdwxi~��intQk~}�il¡Sh%i�r*tYuGv
h%wxwzy{i9h%|NmStY�kn}x�X�pi ×Óà ÇeÛ±� ×zàEÜ Û4� �Ah4k M̃ �\h
kn�phªh±uGknh%�]i~}��d�9�d�
M
td�%���Xi~i

Γ
td�]o

η̃
�=h�kn�]hªh4uN�knh��pi~}x�X���Q�

η
�eq �%h��~�p�J��� ���Xwxw���v�iC���X� × ÆeÂdÛ$tQ�po × ÆXÉeÛLkn�ptQk tη2 = −dtω1 = 0
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Γ Γ

�
Ò��JÐ?Í�	���� �Th��Àk ��£/�]h�op�Xmp�]w�h����X�ph��d��}x�]ÖSmph��p�%hQ� ¨-}x�X�ek �ÚS�X�
T
w�td�~�dhgh��p�Xmp�X�6��kn�]h¢op�Xm]�pw�hg�%�X�ph¢�%�X�ek�tQ}��pi*t i~wx}��%h

{T/2} ×M
�

td�po
nη1 = dnω2 = 0

}x�
Γ×]0, 2T [

�J£/�ph��~h����d�~hd�«�eq�°J�~�d�\�Xi�}xk~}��X� Ü � ÜXÜ �
η̃(t) ∈ C1(]0, 2T [,L2(M̃)) ∩ C0(]0, 2T [,H(M̃)),}�i�t(i~�dw�m]k~}��X���d�
kn�ph ���X���]w�h�k~h�i�qGilknh%�td�]og�X�e�G}��dmpi~w¤qX�Atdwxi~��t(i~�Xwxm]kn}x�X���d�r*tYuGv
h%w�wÓyÔi�h�|GmptQkn}x�X�pi ×zà ÇXÛ4� ×ÓàEÜ Û
}x� M̃×]0, 2T [

�
>
q�k~�ph�mp�p}x|Gm]h/�%�X�ekn}x�NmStQkn}x�X�����X�Ji�m]³��%}�h��eknwxq�i~���E�dk~�9i~�Xwxm]kn}x�X�pi × i~h�h - Ü 1 .td�po¢¨-h���td� ( Ü � Ü Å*�=h%wx�Wv§Û±�Kv
h��St��dh�kn�StYk��K���d��tQ�Nq σ > 0

�
η̃ = 0

}���kn�phop�Xmp�]w�h	�%�d�ph
{(x, t), x ∈ M̃, t ∈ R| τ̃(x, M̃ \M) < T − σ − |T − t|}.£/�Nmpi%�
η = 0

}x�
K(Γ, T )

�f �ph%�
ω(t) ∈ C0(]0, 2T [,L2)

}�i�t'v�h%t(¢i��Xw�mEkn}��d�V�?v
h(mpi�h(ÚS�~}�h�op�~}x���Vy{i���dw�w�}¤¡Sh%�!}��
t
�

ωσ = ψσ ∗ ω, ψσ(t) = (1/σ)ψ(t/σ)
���X�

σ > 0,v��ph%��h
ψ ∈ C∞

0 ([−1, 1])
� ∫

ψ(s)ds = 1
��£/�ph%�

ωσ(t)
intQk~}�il¡Sh%i�k~�ph����X�pop}Ý�kn}x�X�pi/�d�?kn�ph	k~�ph%�X��h%� v�}¤kn�

Γ×]0, 2T [
�~h��pw�tQ�%h%o��eq

Γ×]σ, 2T − σ[.
Þ§i

Mjωσ = (−∂t)
jωσ ∈ C∞(]σ, 2T − σ[,L2(M)),

���X��td�eq
j > 0,v�h9�pt��dhd�A}����ptd��k~}��%m]w�td���\kn�ptQk

ωσ(t) ∈ C2(]σ, 2T − σ[,L2) ∩ C1(]σ, 2T −
σ[,H)

� >
q�kn�]h�tQ�\���XhQ�
∂tωσ(t) = 0

}��
Kσ(Γ, T )

�Ev��ph%��h
Kσ(Γ, T ) = {(x, t) | τ̃(x, M̃ \M) < T − σ − |T − t|}.Þ�i

∂tωσ(t) → ∂tω(t)
}x�(kn�ph�op}xi�kn��}��pmEkn}��d��i~h��pi~hQ�=k~�ph��~h%i�mpwxk/���dw�w���v�i��

2"�·
	¢bpa�� � $�� ��$T£/�]h
tQ��kn}x�%wxh - Ü 1�.Ó�Q�StQi~h%o2�X���~h�i~mpw¤kniT�d�E£KtQk�td��m0-ÔÉ <E��1dÇ�.eo]h�tdwxiv�}xk~�(i~��tQw�td�
ε
tQ�po

µ
� '§��v
h��dh%�%�So]mph)kn��k~�ph	�\�dw�td��}���tYkn}��d��}x�poph��\h��poph%�]�%h��d�kn�phJv�t��Xh$�Xh%wx�E��}xk�qd�Y}¤kT}�i��W}����p�~}x�p�%}x�pw�hQ���\�di~i~}x�pw�hCk~���Xh%�ph��ntdwx}���hC}xkTk~��k~�phJi~�%tdw�tQ�}����\h�oStd�p��hª��tQi~hd�LÞ��p�dk~�ph%�Cv�t�q�kn���p�����Xhªkn�]h-o]h%i~}x�~h�o�m]�p}�|Nmph/���X�ekn}��NmStYkn}��d�
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�

���X�6k~�ph$i~m]³��%}xh%�eknw¤q	i~���G�dkn�	i��Xw�m]k~}��X�]iV�d�Eh%|NmStQk~}��X� ×Óà <eÛ6}�iVk~�/mpi~hJk~�ph$i~}����pwx}¤�¡Sh%o��Xh%��i~}x�X���d�A£KtQk�tQ�~mVy{i����X�pi�k~�~mp�4kn}x�X�V�G�X}x�dh%��}x� - à 1E�Gi~h%�Q� à � Â�.z�C£/�]h%�~hQ�Ek~�phmp�p}x|Gm]h/�%�X�ekn}x�NmStQkn}x�X�9�~h�i~mpw¤k$}�iC�ptdi~h�o��X� wx�E�%tdw�5ªtd��w�h���td��h%i�k~}���tQknh�iC���X�Lk~�phi~�Xwxm]kn}x�X�piK�d�Skn�ph/i���tdw�td�Kv�t��Xh�h%|NmStYkn}��d�V�
utt−aij(x)∂i∂ju+A1(x,D)u = 0

�v��ph%��h
A1(x,D)

}�i�t�¡p�~i�kl���X��oph%��op}+*\h%��h%�ekn}�tdw$�X�=h%�ntYkn�X����£/�]h%i~h�h%i�k~}���tQknh�im]kn}xw�}x�%h%o�t§��mp�]��kn}x�X�
φ(x, t)

kn�ptQkL}xiL�pi�h%mpo]�E���X�e�Xh4u�v�}xk~���~h�i~�=h%��kLkn�§k~�phª��h�kl��~}x�
aij

�AtQ�po td�pi~�d�~�=h%o�kn�ph9�=h%�lknmp���StQk~}��X��opm]h k~�
A1(x,D)

}x�ekn��kn�]h9��td}x�knh��~��i§�d�Lkn�ph 5ªtd�~wxh%��td�'h�i�k~}���tQknh�i%� >
q ×zà ÃXÛ-td�]o ×zà <XÛ4�Skn�ph��X�=h%�ntYkn�X� M2}�i��\}x�*w��G��tQwT�%�G�X�~op}x�StQk~h%i%�\t��p��}��p��}��StQw�wxq�op}�tQ�X�X�StdwT�d�\h��ntQk~�X�-v�}¤kn�*k~�ph�i~td��hi~h��%�X�po��X��oph%�/op},*6h��~h��Nk~}�tdw\�X�=h%�ntYkn�X���
gij∂i∂j

�StQ��kn}x�p�9�X��tdwxw6�%�d���=�X�ph��Nk~i/�d�
ω(t)

�)Þ�i�}�� - à 1�.Ó�V�X�]h���tQ�jkn�~h%tQk)k~�ph�¡S��i�k��²�X�~o]h%�§k~h%����i	tQi)t��=h%��k~mp�~�ptQkn}x�X�td�po��X�]kntd}���t�oph%i�}��~h�o�5ªtd��w�h���td� h�i�kn}x��tYknhd�K����k~�p}�i$��td�p�ph��%�Xkn�]h§���X�pi�k~�~mp�±�kn}x�X�pi!}�� - à 1 .=�%td���=h§v
�X�~oE�²�eqN�zv��d�~o(�Xh��ph%�~tdw�}x�%h%o�kn��k~�ph����X�pi�}�oph��~h%o(�%tdi~h§�d�r*tYuGv
h%w�wÓyÔi�h�|GmptQkn}x�X�pi/v�}xk~��i���tdw�td�ªv�t��dh�}x���=h%optd�p�%hQ�
"�·
	¢bpa�� � $�� #$/�²k�}xi)�%wxh�td�������X� kn�ph td�=���Xh�td���Xmp��h%�ekni�k~�StQk�}¤�

ω(t)
}xi	tv�h%t( i~�Xwxm]kn}x�X���d�ªkn�]h�}��]}xkn}�tdwC�=�Xmp�poptd��q��Qtdwxmph��]�~�X�pwxh%� × ÆXÆeÛ�td�po ω(t) ∈

C∞(]0, 2T [,L2(M))
�pk~�ph%�

ω(t) ∈ C∞(]0, 2T [,D∞(Me)), ω(t) ∈ C∞(M int×]0, 2T [),v��ph%��h2v
h�mpi~h�o'k~�ph��p�dk�tYkn}��d� D∞(Me) =
⋂

N>0 D(MN
e )
�

Ü � ÂE��0�º\Á=`�aWº\¼½¼�bp^L¾½¼½¾�`±¸ aY·G_ "?¼À`W_ $	���¯kn�]}�i�i�h%��k~}��X��v
h�oph%��}x�Xh(���X�ekn���Xw�w�td�p}�wÝ�}xk�q*�~h%i�mpwxk~i	���X��r*tYuGv
h%wxwzy{i2h�|NmStQkn}x�X�pi���f¢h9op}¤�G}�oph�k~�ph%i�h���h%i�mpwxk~i2}x�ekn� 8,-.# ��8
13�%+�	 8 /�+4�«}z�{hd�¤�=���X�ekn���Xw�w�td�p}�wx}xk�q�tQk§i~�p�d��k-kn}���h%i-td�]o ��8,-
�%��8 13�%+�	 8 /�+4�Sv��ph%��h�k~�phkn}x��h �d���%�X�ekn���Xw$}�i2w��X�]�'h��p�Xmp�X�gi~��kn�StQk2kn�]h����X�ekn�~�dw�w�h�ogh�w�h���kn���X��td�X�ph4kn}��vªt��dh%i�¡Sw�w?kn�ph�v��p�dw�h9��td�p}x���dw�oV��>��Qkn��k�qG�\h�i2�Q�
��h%i�mpwxk~i�td�~h9�StQi~h%o �X�jk~�phmp�p}x|Gm]h2���X�ekn}x�GmptQkn}x�X�(�d�K£/�ph%�X��h%� Ü � Ü Æ]��Th�k

ωf(t)
�
f ∈ C∞

0 (R+,Ω
1∂M)

�=h�t i��Xw�mEkn}��d�(�d�Lr*tYuGv�h�w�wÓyÔi�h%|NmStYkn}��d�pi}��sk~�ph�i~h%�]i~h��d��¦�h�¡S�]}xkn}x�X� Ü �ÔÃ¯v�}xkn�sk~�ph�}��p}¤kn}�tdw��%�X�po]}xkn}x�X� ωf(0) = 0
�

�Th�k
ω̃
�=h�kn�ph�v
h�t( i��Xw�mEkn}��d� �d� × ÆXÆeÛ��X}¤�Xh�� �eq × ÆQÅNÛ�v�}xk~� ρ = 0

td�po
ω̃(T ) = ω0 = (0, ω1

0, ω
2
0, 0)

�$´E}x��}xw�td�C���X�pi�}�oph��ntQk~}��X�pi!kn�2kn�p�Xi�h)}���kn�ph��p�~�G�d��d�K£/�ph%�X��h%� Ü � Ü Ç]�]i~�p��v k~�StQk
× ÅNÂdÛ (ωf(T ), ω0)L2 = −

∫ T

0

〈tωf(t),nω̃(t)〉dt,

v��p}�����v
h2v�}xw�w6��h���h���k~��tdi/kn�ph #%-0"�/ 1%-08$� ��� "�/2��/��Q�
Ü � ÂE� Ü � � -.# ��8�#%-0"�/213-08�89� � ��8 ��/��

�
��� k~�p}�i(i�h%�4kn}��d�V��v
h ilknmpoEq kn�ph�op},*6h��~h%�ek~}�tdw

1− ���X�~��i/}�� M �Xh��ph%�~tQknh�o'�eq(�=�Xmp�poptd��q(i��Xmp���%h%i§td�4kn}x�dh)���X�/i~�]�X��k��=h%��}��Gopi�d�=kn}���hd�?���pilknh�tQo��d�6t	�%�X���pwxh�knh/���ptd�ntd�4knh��~}��%tQkn}x�X�9�d�=kn�ph�i~h����X�~��i%�Qv�h-i~�p��vkn�StYk!k~�ph�q9���d�~�©t�i~mE³���}�h��Nk~wxq w�td�~�Xh/i�mp�pi��Std�%h-}��
L2(Ω1M)

�J£/�ph-op}¤³���mpwxk�qkn�StYk��]�~h��dh%�ekni�t����X���]w�h�k~h9���Std�~td��k~h%�~}x��tQk~}��X���d�
kn�p}xi�i~mp�pi��Std��h�w�}xh%i�}���k~�phkn�X�=�Xwx�X�dq��d�Kk~�ph�op�X��td}��]iª�d�K}��]ÖSm]h%�p��hd�Sv��p}�������tQ���=h	�Xh���q��%�d���pwx}��%tQknh�oV�
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�
�������! !"#�$�!�������%�����$������	�
�Th�k

Γ ⊂ ∂M
�=h��X�=h%��tQ�po

T > 0
�L£/�ph ��-0� ����" -�� ��"�� 	 � "$#%�4�

M(Γ, T )
�}�i/oph4¡S�ph�ojtdi

M(Γ, T ) = {x ∈M |τ(x,Γ) < T},× ÅeÉXÛ
M(Γ, T )×{T} = K(Γ, T ) ∩ {t = T}.

�Th�k
C∞

0 (]0, T [,Ω1Γ) ⊂ C∞
0 (]0, T [,Ω1∂M)

���X�pi~}xi�k~i2�Q�
k~�ph����X�~��i)i�mp�E��\�d��knh�o�}��
Γ × [0, T ]

tQ�po
X(Γ, T ) = clL2{(ωf)1(T ) | f ∈ C∞

0 (]0, T [,Ω1Γ)}.× Å�1XÛÚSmp��k~�ph%�����X��hd�pwxh�k
H(δ,M(Γ, T )) = {ω2 ∈ H(δ,Ω2M) | supp (ω2) ∈M(Γ, T )}.ÚS�X�

S ⊂M
�Gv�h§oph�¡p�ph

H1
0 (ΩkS) ⊂ H1

0 (ΩkM)
�%�X�]i~}�ilkn}x�p���Q�6kn�]h

k
ØN���d�~��iv�}xk~��i�mp�p�=�X��k-}x�

S
�

���A·Nº=aW·
	 � $���#$ � -01 ��" � -%��� "
Γ ⊂ ∂M

��"	�
T > 0

�

δH1
0 (Ω2M(Γ, T )) ⊂ X(Γ, T ) ⊂ clL2 (δH(δ,M(Γ, T ))) .× ÅeÃeÛ

�61%-.-�� �?£/�ph��~}��d�Nk~���di�kC}x�p�%wxmpi~}x�X���=h%}x�p��td� }�����h�op}�tYknh$�%�X���Xw�w�td��q2�d� ×Óà ÇeÛ4�v�h2�%�d�p�%h��Nk~�ntQk~h��X��k~�ph�w�h4�Àkn���Xi�k/�d�phd�
�Th�k

ω1
0 ∈ L2(Ω1M)

i~tQkn}xi��Àq
(
ω1

0, (ω
f)1(T )

)
L2 = 0,

���X��tdwxw
f ∈ C∞

0 (]0, T [,Ω1Γ).× Å!<XÛ
>
q�k~�ph '§�Gop�Xh	oph��%�X���\�di~}xk~}��X� × i~h�h -{ÉdÅ�.�Ûª}�� L2(Ω1M)

�pv
h��pt��dh
ω1

0 = ω̂1
0 + δη2

0,× ÂdÇXÛv��ph%��h
dω̂1

0 = 0
�
tω̂1

0 = 0
td�]o

η2
0 ∈ H(δ,Ω2M)

�
£/�Nmpi�� × Å!<eÛª}�i/h�|Nmp}x�Qtdwxh%�ekkn�
(
δη2

0, (ω
f)1(T )

)
L2 = 0.× Â Ü Û

�Th�k
ω̃(t)

�=h�kn�]h�v�h%t(*i��Xw�mEkn}��d�*kn� × ÆXÆeÛ/v�}xkn� ρ = 0
td�]ojkn�ph�}x�p}xk~}�tdwToptQk�ttQk

t = T
�d}x�Xh��g�eq

ω̃(T ) = (0, δη2
0, 0, 0)

� >!qjkn�ph ���X�ekn�~�dw!}xoph%�ek~}xk�q × ÅNÂXÛ±�kn�ph��X��k~�p�X�X�d�Stdw�}¤k�q × Å!<eÛ�td�pogk~�ph��ptd��k~}��%m]w�td�	���X���7�d�ªkn�]h��=�Xmp�poptd��q oStQknt���X�/i~�dw�m]k~}��X�pi��d�Jr'tYuGv�h�w�wzy{i�h%|NmStQk~}��X�]i × Æ�1XÛ±� × ÆXÃXÛ4�]v
h�i�h%h	kn�ptQk
0 =

∫ T

0

〈tωf(t),nω̃(t)〉 =

∫ T

0

〈t(ωf)1(t),nω̃2(t)〉 =

∫ T

0

〈f,nω̃2(t)〉,
}z�{hd�¤�

nω̃2 = 0
�d�

Γ×]0, T [
�!´G}��p��h

ω̃(T + t) = (0, ω̃1(T − t),−ω̃2(T − t), 0),tdw�i��
nω̃2 = 0

�d�
Γ×]T, 2T [

�	´E}x�p�%h
δω̃2(t) = 0

�=v
h9i~h�h��eq*mpi�}��p��°$���X�=�Q�i~}¤kn}��d� Ü � à k~�StQk nω̃2 ∈ C0(R, H−1/2(Ω1∂M))
� '§h��p�%h

nω̃2 = 0
�X�

Γ×]0, 2T [.£/�ph%��h����X��hd�X�eq�£/�ph%�d�~h%� Ü � Ü Æ]� ∂tω̃
2 = 0

}��
K(Γ, T )

�Q�����Std�lkn}x�%mpw�td�%�
dδη2

0 =
−∂tω̃

2(T ) = 0
}x�
M(Γ, T )

�!���*�Qkn�ph���v
�X��opi%�=}x�
ω1

0 ∈ X(Γ, T )⊥
�pkn�ph��'k~�ph
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knh��~�
η2

0

}��jk~�ph9oph��%�X���\�di~}xk~}��X� × ÂdÇXÛ§intQk~}�il¡Sh%i dδη2
0 = 0

}��
M(Γ, T )

��ÚS�X�td�eq
ν2 ∈ H1

0 (Ω2M(Γ, T ))
�]v
h��pt��dh2k~�ph%��h����X��h

(
δν2, ω1

0

)
L2 =

(
ν2, dδη2

0

)
L2 = 0,td�po*k~�Nmpi

δν2 ∈ (X(Γ, T )⊥)⊥
�-£/�p}xi�}�i-h%|Nmp}¤�Qtdw�h��Nk§kn��kn�ph�w�h��Àk~���di�k-}��p��w�mE�i~}x�X��}�� × ÅeÃXÛ4� 2"�·
	¢bpa�� � $�� � $ �AtQk~h%�A}��	kn�]}�iTv��d�)(«�Yv
h!oph�tdwN��td}��]wxq�v�}xk~�2k~�phJkn}���hJoph��~}x�QtY�kn}¤�Xh%i9�Q�§k~�ph(h%wxh%��k~�~�X��td�X�]h�kn}x��¡Sh�w�opi���´E}��]�%h

ωf
t (t) = ω∂tf(t)

�$v�h�i�h%h��eqmpi~}x�p�
X(Γ, T ) ⊂ clL2{(ωf

t (T ))1 | f ∈
•

C
∞([0, T ],Ω1∂M)}× Â à Ûtd�po ×zà ÇXÛ4��kn�StYk?k~�ph!}��p��w�mpi�}��X�pi × ÅeÃeÛ6��h%��td}��	�Qtdw�}xo)v��ph%� X(Γ, T )

}xiA�~h%�]w�td��h%ov�}xk~��k~�ph��~}x�X�ek����ptd�po�i~}xoph	�d� × Â à Û±�
Ü � ÂE� à ��� 8,-
�%��8 #%-0"�/ 1%-08�89� � ��8 ��/��

�
£/�p}xi(i~h%�4kn}x�X� }�i(oph4�X�dk~h%o kn��kn�ph�ilknmpoEq �d��%�X�ek~�~�Xwxw�td�p}xw�}¤k�q �~h%i�mpwxk~i-v��]h%�'k~�ph2�%�X�ekn���XwVkn}x��h�i-td�~h�w�tQ�~�Xh	h��p�Xmp�X�'i~� kn�StYkkn�ph	v�t��Xh%i-¡Sw�w\kn�ph	v��p�Xwxh	��tQ�p}x���XwxoV�ÚS�X�

Γ ⊂ ∂M
td�po

T > 0
�]v
h�oph4¡S�ph

Y (Γ, T ) = {ωf
t (T ) | f ∈ C∞

0 (]0, T [,Ω1Γ)},× ÂQÆeÛv��ph%��h
Ω1Γ

}�i�k~�ph�i~h�k��d�2kn�]h Ü �²���X����i�}x� Ω1∂M
i~m]�p�\�d��knh�o �d�

Γ
td�potd�p�p��h��G}�tYknh

Y (∂M, T ) = Y (T )
� �)mp�L�d� ��h%�4kn}x�dh/}�i?kn�	���Std�~td��k~h%��}��%h

Y (Γ, T )���X�
T
w�td�~�dh	h%�p�Xm]�X�V�J����kn�ph	���Xwxw���v�}��p��kn�ph��X�~h��'�]v
h2mpi~h	kn�]h2�]�dk�tQk~}��X�

radΓ (M) = max
x∈M

τ(x,Γ), rad (M) = rad∂M (M).× ÂYÅNÛ
���A·Nº=aW·
	 ��$�� �#$ � -01���" -%��� " "$-0" � � ���	/ �

Γ ⊂ ∂M
��"	�

T ≥ T0 >
2 radΓ(M)

�6� � ������
clL2(M)Y (Γ, T ) = Y

��� ��� 13�

Y = {0} × δH(δ) × d
◦

H(d) × {0}.× ÂXÂXÛ
�61%-.-�� � �Ah4k

ω(t) = ωf(t)
�\h*k~�phji��Xw�m]k~}��X�6�/}�� k~�phji~h��pi~h��Q�2¦�h�¡S�]}xkn}x�X�

Ü �ÔÃ]�A�d��k~�ph }��p}¤kn}�tQwK�=�Xmp�poptd��qe�²�Qtdwxmph �p�~�d�pw�h�� v�}xk~� f ∈ C∞
0 ([0, T0],Ω

1Γ)
�´E}��]�%h

f = 0
���X�

T ≥ T0

�Lv
h��St��dh
tω1(T ) = 0

�JtQ�po¯�%�d�pi~h�|Gm]h%�eknw¤qX�J���X�
ωt(T ) = −Mω(T )

�
ωt(T ) = (0, δω2(T ),−dω1(T ), 0) ∈ {0} × δH(δ) × d

◦

H(d) × {0}.£K� �p���W�dh�k~�ph��%�X�e�dh%�~i�hd��v
h�v�}�w�w
i~�p��v k~�StQk
Y (Γ, T )

}�i9oph��pi~h�}�� {0} ×
δH(δ)×d

◦

H(d)×{0} �L£?��kn�p}xi
h��poV�Gw�h�k ω0 ∈ {0}× δH(δ)×d
◦

H(d)×{0}td�po
ω0 ⊥ Y (Γ, T )

�]}z�{hd�¤�
× ÂdÉXÛ (ω0, ωt(T ))L2 = (ω1

0, ω
1
t (T ))L2 + (ω2

0, ω
2
t (T ))L2 = 0,���X��td�eq

f ∈ C∞
0 ([0, T0],Ω

1Γ)
�

�Th�k
ω̃
�\h	kn�]h�v
h�t�((i~�Xwxm]kn}x�X�(�d�?kn�ph��p���X�pw�h��

ω̃t + Mω̃ = 0, tω̃ = 0, ω̃(T ) = ω0.



�)� ���������
	������������	������
����������	���
�
�������! !"#�$�!�������%�����$������	�
�)�pi~h����Xhjk~�StQk

ω0

intQk~}�i�¡ph%i
δω1

0 = 0
td�po

dω2
0 = 0,

i~�¢k~�StQk
ω̃
intQk~}�i�¡ph%ir*tYuGv
h%w�wÓyÔi�h%|NmStYkn}��d�pi ×Óà ÇeÛ±� ×zàGÜ Û4� 5��d�pi~}xoph%� kn�ph���mp�p�4kn}x�X�

F : R → R
�

F (t) = (ω̃(t), ωt(t))L2 .
>
q�r*tYuGv�h�w�wÓyÔi�h%|NmStYkn}��d�pi%�

Ft(t) = (ω̃(t), ωtt(t))L2 + (ω̃t(t), ωt(t))L2

= −(ω̃1, δdω1)L2 − (ω̃2, dδω2)L2 + (dω̃1, dω1)L2 + (δω̃2, δω2)L2,td�po���mp��k~�ph%���p�eq'´Gkn�(dh%i�yS���X�~��m]w�t × ÆdÇeÛ4�
Ft(t) = −〈tω̃1(t),ndω1(t)〉 − 〈nω̃2(t), tδω2(t)〉.

'§��v
h��Xh��%�
tω̃ = 0

td�]o
δω2 = ω1

t

�J£/�Gm]i%�
Ft(t) = −〈nω̃2(t), tω1

t (t)〉 = −〈nω̃2(t), ft(t)〉.
�)�¢kn�ph��dkn�]h%���ptd�poV�Ci�}��p��h

ω(0) = 0
�Lkn�]h��X�lkn�p�X�d�X�Stdwx}xk�q����X�pop}¤kn}��d� × ÂdÉeÛ}����pw�}xh%i!kn�StQk

F (0) = F (T ) = 0
�S}z�{hd�¤�

∫ T

0

〈nω̃2(t), ft(t)〉dt = −
∫ T

0

Ft(t)dt = 0.

´E}��]�%h
f ∈ C∞

0 (]0, T [,Ω1Γ)
}�i'td���p}xk~�ntd�lqX��k~�p}�i�}����pw�}xh%i�k~�StQk

nω̃2
t = 0}��

Γ×]0, T [
�®£/�Nmpi%���Nq £/�ph��X�~h�� Ü � Ü Æ]� ω̃tt = 0

}�� kn�phgop�Xmp�pwxh¢���X�ph
K(Γ, T/2)

�J´E}x�p�%h
T0 > 2 radΓ(M)

�Gkn�p}xi!o]�Xmp�pwxh§���X�ph����X�ek�td}x�pi
t���qGwx}��poph���d�Ck~�ph����X���
C = M×]T/2 − s, T/2 + s[

v�}¤kn�ji��X��h
s > 0

� × ´Eh%h9ÚK}��Xmp��hÜ Û4� Þ�i
ω̃tt
intQk~}�i�¡ph%i!r*tYuGv
h%wxwzy{i!h�|NmStQkn}x�X�piCv�}¤kn��kn�]h/�p�X���X�Xh%�]h%�XmpiJ�=�Xmp�]oStd��q�%�X�]op}xk~}��X�
tω̃tt = 0

��k~�p}�i�}����pwx}�h%i�k~�StQk
ω̃tt = 0

}��
M × R.

£/�ph%��h����X��hd�
ω̃(t) = ω1 + tω2,

v��ph%��h
ω1

td�po
ω2

o]�¯�p�dk�oph%�=h%�po �d�
t
� Þ��Xtd}��V���Nqr*tYuGv
h%w�wÓyÔi�h�|GmptQkn}x�X�pi%�

ω2 = ω̃t = Mω1 + tMω2.£/�ph%��h����X��hd�
ω2 = Mω1

td�po Mω2 = 0.
>�mEk�kn�]h%�'´Gkn�(dh%i�y]���X����mpw�t�}����pwx}�h%ikn�StYk

(ω2, ω2)L2 = (ω2,Mω1)L2 = −(Mω2, ω1)L2 = 0,}z�{hd�¤�
ω2 = 0

td�po Mω1 = 0
�!Ú«m]��kn�]h%�~���X��hd�p�eq�k~�ph����p�X}���h��d�

ω0

�
ω1 = ω̃(T ) = ω0 = (0,−δν2, dν1, 0) = Mν,

v�}xk~�
ν ∈ {0}×

◦

H(d)×H(δ)×{0} � >
q�t���mp��k~�ph%��td�p�pwx}��%tQkn}x�X� �d�K´Gkn�(dh%i�y���X�~��mpw�t]�
(ω1, ω1)L2 = (ω1,Mν)L2 = −(Mω1, ν)L2 = 0,}z�{hd�¤�

ω1 = 0
td�poV�pk~�ph%��h����X��hd�

ω0 = 0
�

2
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Ü �ÔÉ]���(·GÁA·GaWbS¼½¾��e·E»g_%º�"?aYcX·G_ $2´E���½td���Xv�h�oph%tdwxk$�X�]wxq�v�}¤kn� i~���G�dkn�9�=�Xmp�poG�td��q�i~�Xmp���%h�i�td�]o�k~�ph��%�X���~h%i��\�d�pop}��]��¡Sh�w�opi�� �?tYknh%���pv�h��ph�h%o'���X��h	�Xh%�]h%�ntQwi~�Xm]�~�%h�i-v��]}����'td�~h�oph�i~�%��}��=h%o�}��(kn�]}�i/i~h���k~}��X�V�
�Th�k

W T �=h	kn�ph	v�t��Xh��d�\h��ntQk~�X�%�
W T : C∞

0 (]0, T0[,Ω
1∂M) → Y, f 7→ ωf

t (T ),v��ph%��h
T ≥ T0 > 2 rad (M)

� �Th�k ‖ · ‖F �=h�t |NmStdi~}x�p�X�����d�'kn�]h�i��Std�%h��d��\�dmp�poStd�lq(i~�dmp�~��h%i-oph�¡S�]h%o'�G}�t
W T �

× Â41dÛ ‖f‖F = ‖W Tf‖L2.
>
qjk~�ph h%�ph��~�dq����X�pi~h����QtQk~}��X�V�Tk~�p}�i��p�X���®}xi2}x�poph��\h��poph%�ek��d�

T ≥ T0

tQ�po�eq�£/�ph%�X��h%� Ü � Ü Ç]�S}¤�Kk~�ph2tdop��}xk�k�td�p��h	��tQ� ZT }�i��X}¤�Xh%�6�pv�h2��td��h��QtdwxmStQk~h
‖f‖F

���d�
f ∈ C∞

0 (]0, T0[,Ω
1∂M)

�
&§i�}��p�9kn�]h�ilk�td�poptd�~o��p�~�G�%h�opmp��h�}x�'°$¦)ÕL�²�%�X�ekn���Xwz�«hQ�Ô�p� -{É à �«ÅXÅ .z�pk~�ph%��h�}xit5'§}�wx�\h���k�i��Std�%h2�d� ��� "$� 1(��8 � �0� � � - 	�"	�!��1���+.- 	�1%#%�%+�v�}xk~��k~�ph��p�X��� oph�¡p�ph%o�eq × Â41dÛ4�J���poph�h%oV�Sv
h2¡p�~i�k-}x�Nk~�~�Gopmp��h)kn�ph�i~�ptd�%h F([0, T0])

�
F([0, T0]) = C∞

0 (]0, T0[,Ω
1∂M)/ ∼,v��ph%��h

f ∼ g
}+*
W Tf = W Tg,

td�po kn�ph����%�d���pwxh�k~h-}¤kJv�}xk~����h%i~�=h%�4k�k~�2k~�ph�p�X��� × Â41XÛ�k~�(�X�]kntd}�� F([0, T0])
��>!qj£/�ph��X�~h�� Ü � Ü Ã]� W T }xi	td�j}xi~�X��h�k~��q�\h4k�v�h�h%� F([0, T0])

td�]o
Y
���X�)td�eq

T ≥ T0 > 2 rad (M)
�9£/�ph9h%wxh%��h%�ekni�d� F([0, T0])

td�~h�h�|Nmp}x�Qtdwxh%�p��h(�%w�tQi~i~h�i9�d�*5ªtdmp���eq�i�h%|Nmph��p�%h�i
(fj)

∞
j=1

tQ�pov�h�oph��p�dknh kn�]h%�.�eq
f̂ = (fj)

∞
j=1

� × £/�p}�i�}xi�t(i�w�}��d�Nk2tQ�pmpi~h��d���p�dk�tYkn}��d�pi%�tdi
(fj)

∞
j=1

}�i	t���h%�p��h%i~h��ek�tQk~}x�Xh �d�Jk~�ph9h%|Nmp}¤�Qtdw�h��p�%h���w�tdi�i
f̂
� Û�£?�(�pm]k)}xk)}x�td�p�dk~�ph%�9v�t�qX�
���d� td�eq

ω0 ∈ Y
�!k~�ph%��h'}xi t�i~h%|Nmph��p�%h

(fj)
∞
j=0

v�}xkn�
fj ∈

C∞
0 (]0, T0[,Ω

1∂M)
�
oph�¡S�]}��p� t��Xh%�]h%�ntQw�}���h%o�i��Xmp�~��h

f̂ ∈ F([0, T0])
��tQ�po���X�ªkn�]h2���X�~��h%i��\�X�]op}��p�9v�t��Xh

ω
bf
t (t) := lim

j→∞
ω

fj

t (t),
���X�

t ≥ T0,× ÂdÃXÛ
v�h��St��Xh

ω
bf
t (T ) = ω0.

´E}��]�%h�}���kn�p}xi9v��X� (
T0

}�i �%�X�]i~}�o]h%�~h�ostdi�t�¡]uEh%o�Std�~td��h4knh��%�]v
h�o]h%�p�dk~h F([0, T0])
���X�/�p��h��G}xk�q(tdi F �f¢h�int�qjkn�ptQk

ĥ ∈ F }�i	t ��� "$� 1(��8 � �0� ��/2��� � ��� 1 ���0��/ �����-�d�
f̂ ∈ F �V}¤�J���X�

T = T0

�
lim

σ→0+

∥∥∥∥∥
f̂(·+σ) − f̂(· )

σ
− ĥ

∥∥∥∥∥
F

= 0,× Â <eÛ
td�po�v���}xk~h

ĥ = Df̂
�E�X��i�}����pwxq

ĥ = ∂tf̂
�Lfgh	tdwxi~���]h%h%o(i��Std��h%iªv�}xk~�

s
�Xh��E�h%�~tdw�}x�%h%o�o]h%�~}¤�QtQkn}¤�Xh%i�� F s = D(Ds)

�Vv�}¤kn�
s ∈ Z+

�Atd�po F∞ =
⋂

s∈Z+
F s �Þ�i�}���¨�h%��td�)( Ü � Ü ÂE�p}¤� f̂ ∈ F s �

ω
bf
t ∈

s⋂

j=0

(
Cs−j([T0,∞[,D(Mj

e)) ∩
¨-td�

(Me)
)
,× ÉXÇXÛ

i~� kn�StYk
ω

bf
t (T ) ∈ H

s
loc(M

int)
���X�

T ≥ T0
�
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f¢h	�]h%h%o'tdwxi~��kn�]h	opmStdwV�Q�Kk~�ph	i~�StQ�%h D(Ms

e)
�
´E}x�p�%h

H
s
0 ⊂ D(Ms

e)
�]v
h�St��Xh

(D(Ms
e))

′ ⊂ H
−s � ´G}���}�w�tQ�~wxqd�

H
−s
0 ⊂ (D(Ms

e))
′
�9£/�ph%i�h��½tQ��kni)v�}xw�w�\h�mpi�h%o�w�tQk~h%�ªk~�����X�pilkn�~m]��k-���E��mpi~}x�p� i~h%|Nmph��p�%h�i%�

Ü � 1E��0�º\Á=`W¾ÓÁ "?b]`�¾½º=Á¢º��$` �?·�^Jº "?Á?»?bpa�¸¯»?b]`�b#$�£/�ph%�X��h%��i Ü � Ü Ç2td�po Ü � Ü Ã��t�(dh	}xk��=�Xi�i~}��]w�h)kn� ���X�ekn}��Nmph��=�Xmp�poptd��q(optQk�t]�]�X�~}x�X}��StQw�wxq��X}x�dh%�����X�
t ≤ Tkn��w�tQ�~�Xh���kn}���h%i

t > T
�!v��ph%�

T
}�i9w�td�~�dh(h%�p�Xm]�X�V���eq�mpi�}��p��h�i~i~h��ekn}�tQw�wxqkn�ph�intd��h2}�oph%tdi)tdi§}���kn�ph�i~�%tdw�td�-��tQi~hd� - à 1E�6ÆdÃ . × i~h�h9tdwxi~� - Ü Ç .K���X�§td�p�Qkn�ph���%�X�ek~}��NmStQk~}��X�(��h�k~�p�EoSÛ4�

�!·
	�	gb ��$�� �#$ � ��� �!������/2/4��"$#%� � � � ZT ��������� " � -01
T > 2 rad(M)

�
	 "���
�	�� 8 � ��� / � 1 ����"$�%+ Z t � -01 ��" �

t > 0 �
�61%-.-�� � �Th4k

2ε = T −2 rad(M)
�CÚ«�d�

f ∈ C∞
0 ([0, T ], Ω1∂M)

�E£/�ph��X�~h��
Ü � Ü Ã9�XmStd�~td�eknh%h�i/kn�StQk�k~�ph%��h2}xi�t9i~h%|Nmph��p�%h fn ∈ C∞

0 ([ε, T ], Ω1∂M)
v�}¤kn�

lim
n→∞

ωfn

t (T ) = ωf
t (T )

}��
L2(Ω1M) × L2(Ω2M),× É Ü Û�X�%�]h%|Nmp}x�Qtdwxh%�eknw¤qX�p}x�(knh%����i/�Q�Kk~�ph�h%�ph��~�dq��d�Lt�¡Sh%wxoV�

lim
n→∞

ET (ωgn) = 0, gn = ∂t(f − fn).× É à Û
>
q)m]i~}��]�/£/�ph%�X��h%� Ü � Ü Çª�d�phJ��td�	�dh%�~}¤�ÀqX�W���X�Ttd��tQ�~�p}¤kn�ntQ��q§i~h%|Nmph��p�%h (fn)∞n=1

�v��ph�k~�ph%�
kn�ph§�%�X�e�Xh��~�Xh��p�%h����X�pop}¤kn}��d� × É à Û!}xi!�Qtdwx}�o��X���]�dk��$r��X�~h��W�dh%���p�%�X�G�op}xk~}��X� × É à ÛK}xiC�Qtdw�}xo����X�Ji~�X��h/i~h�|Nmph%�p��h (fn)∞n=1

�C£/�Nmpi%�Nv��ph%� kn�]h-��td� ZT}�iª�d}x�Xh��V�p�X�]h)��td�(¡S�]o't�i�h%|Nmph��p�%h
(fn)∞n=1

kn�StYk/intQk~}�il¡Sh%i/���X�pop}¤kn}��d� × É à Û4�ÚS�~�X� kn�ph	oph4¡S�p}¤kn}��d� × ÆdÅNÛ��d�Lt�v�h%t((i~�dw�m]k~}��X�V� × É Ü Û�}����pw�}xh%i
k~�StQk
lim

n→∞
n∂t(ω

fn)2|∂M×]T,∞[ = n∂t(ω
f)2|∂M×]T,∞[.× ÉXÆXÛ

�Th�k
hn(x, t) = fn(x, t + ε) ∈ C∞

0 ([0, T − ε])
�2´E}��]�%h�k~�ph���mp�]��kn}x�X� ZThnoph�k~h%����}x�ph%i

n∂t(ω
fn)2|∂M×]T,T+ε[

�Av�h�i~h�h�k~�StQk ZT oph4knh��~��}��ph�i�k~�ph ���X�~�
n(ωf)2|∂M×]T,T+ε[

�¢�²k~h%�~tQkn}x�p�jkn�p}xi9�p�~�G�%h�opmp��hd�$v�h��%�d�pi�k~�~mp�4k Z t ���X�9tQ�Nq
t > 0

�
2����kn�ph/i�h%|Nmph�wz�ev�h��ph�h%o ZT v�}xkn���Qtd��}��Xm]iK�Qtdw�m]h%i T > 2

�ntdo
(M)

�C£Kt(N}��p�}��ekn��td�%���Xmp�ek �Th�����t Ü � Ü <]�Nv
h�oph��p�dknh�i~}����pw¤q9�eq Z k~�ph)tdo]��}¤k~k�tQ�p�%h���td�(N�p��v��'���X��tdwxw
t
�

"�·
	¢bpa�� � $�� � $?£/�ph����X�ekn�~�dw�w�tQ�p}�wx}xk�q§�~h%i�mpwxk~i%�Q£/�ph%�X��h%� Ü � Ü É-k~�X�Xh�k~�ph%�Av�}xk~�kn�ph >�w�tQ���p���Xh%ilkn���ph��pi)(N}x}����X�~��mpw�t]�A£/�ph��X�~h�� Ü � Ü Ç]�L��t(dh�}xk�}�i��=�Xi~i�}��pwxh�k~��Xh��~}x�Àq(�����X� k~�ph (N�p��v�wxh%op�Xh2�d� ZT v��ph4kn�ph��§kn�]h����X�pop}¤kn}��d� T > 2 rad(M)�p�Xwxopi/�X�/�p�dk%�$���poph%h�oV�
T ≤ 2 rad(M)

}x�Ktd�po��X�pw¤q�}¤�µ�E���X��td�eq
ε > 0

�
M(∂M, (T − ε)/2) 6= M(∂M, T/2).£/�p}�i2}�i�h�|Gm]}x�Qtdw�h��ek�k~�'kn�]h��½td�4k�k~�StQk2kn�ph��~h�td�~h

fn ∈ C∞
0 (∂M×]0, T/2[)

�
n = 1, 2, . . .

i~mp����kn�ptQk
(ωfn)1(T/2)

���X��� t 5ªtdm]���Nq�i�h%|Nmph��p�%h2}��
L2(M)

��St��Xhj�]�X�~�5�X�]h*td�]os�%�X�e�dh%�~�dh*kn�¢t ��mp�p�4kn}x�X� k~�StQk�}�i �X��k~�p�X�X�d�Stdw/kn�¢tdw�w
(ωh)1((T − ε)/2)

�
h ∈ C∞

0 (∂M×]0, (T − ε)/2[)
�Cf �ph�� ZT }�i!�X}x�dh%�V�Gkn�p}xi��td���=h)�Xh%��}x¡Sh�o'���X��tQw�w

fn
td�po

h
�
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à �§ÊnË���	=Í�� 	��=Í\Î�� �!	��£/�p}�i	���ptd�]knh���}xi	oph��d�dknh�ogk~��k~�ph }��e�Xh��~i�h��p���X�pwxh%�®�Q��h�w�h%�4kn���Eo]qG�StQ��}x�%i%�
>�mp}xw�op}x�p���X��k~�ph��p���X�=h%��k~}�h�i
�d�Ar*tYuGv�h�w�wÓyÔi!h%|NmStQk~}��X�]i��X�]kntd}��]h%o�}���5��ptd�]knh��
Ü �]v
h��]�~���Xh�kn�ph	���Xwxw���v�}��]��mp�p}x|Nmph%�ph�i~i§�~h%i�mpwxk%����A·Nº=aW·
	 �#$�� $ � ��� � - 	 "	�!��1 �

∂M
��"	� /��� �!������/ /4��"$#%��� � � ZT � T >

2 rad(M)
� 	 "���
�	�� 8 � ��� / � 1 ����"$� /��� � ��"�� � -089�

M
�*/����/21(����� 8�� / ��� ��� � / 1 �4#

g
�6��"	� / ���&+.# ��89��1&��������������� �!��"$#%�

α �£/�ph��]�~�G�d�ª�d��kn�p}xi2k~�ph%�X��h%�+�%�d�pi~}xi�kni��d�ªi�h��dh%�ntQw�i�k~h%�pi��'£/�]h�¡S�~ilk�}xi2k~��~h��%�X�pilkn��mp��k	k~�ph�¨�}�h���td�]�p}�td����td�p}x���dw�o
(M, g)

� '§t��G}x�p�
(M, g)

�=v�h�kn�ph��}�oph��ekn}x�Àq�kn�]�Xi~h��=�Xmp�poptd��q i~�Xmp���%h�i�v��p}x��� �Xh%�ph��ntQk~hjkn�ph�h�w�h���kn���X��td�X�ph4kn}��vªt��dh%i ���E��mpi~}x�p�j}���t*¡Eu]h�o �=�X}x�Nk�}��
M
tQk�k~}���h

T > 2 rad(M)
�g£/�ph%i�hi~�Xm]�~�%h�i�td�~h�}��pilkn�~m]��h��NkntdwL}x�j�~h��%�X�]i�kn��mp��k~}��p�(k~�ph�}����=h%oStd�]�%h

α
�)f �StQk	}xi���d�~hd�N}x��i�h%�4kn}��d� à �{Å2v
h-�p�~���Xh�t2�dh%�ph��ntdwx}���tYkn}��d�9�d�6k~�ph§��td}x�9£/�ph%�X��h%� à � Ü���X�§k~�ph9��tQi~h�v��ph��~h�kn�]h9tdop��}xk�k�td�p��h���td�j}xi)�X}x�dh%���X�]wxq��X��t��Std�lk	�d�Jk~�ph�\�dmp�poStd�lqX�Þªk$kn�ph�h%�]oV�ev�h-�~h4knmp����k~�

R
3 k~�����Std�ntQ��knh��~}x�%h-�X�~�Xm]���Q�\k~�ntd�pil���X�~��tQk~}��X�pi�d�?kn�ph��Std�~td��h�knh��~i

ε
td�po

µ
w�h�t��G}��]� k~�ph��\�dmp�poStd�lq�oStYk�t }��ek�td�4k��

à � Ü �/"�·GcXº=ÁK_�`�a%"?cd`W¾�º=Á¯º��!` �A· 	¢bSÁ?¾ �²º=¼½» $�����kn�p}xi�i�h%��k~}��X��v�h�oph�k~h%�~��}��]hkn�ph-��td�p}x���dw�o
M
td�po kn�ph�kn�~t��dh%wSkn}x��h/��h�k~�~}x�

g
���~�d�:kn�ph-tdo]��}¤k~k�tQ�p�%h/��td�

Z �C£/�ph§}�oph%t�}�iJk~��mpi�h)t�i�w�}x�%}��]�2�]�~�G�%h%o]mp�~h-kn�2�%�X�ekn���XwSkn�ph§i~mp�]�\�X�lkni
�d�6k~�phvªt��dh%i
�����X�:k~�ph§�=�Xmp�]oStd��q }x� �X�~oph��Jkn�2oph�k~h%�~��}��]h�k~�ph-i~h�k
�d�=kn�ph � - 	�"	�!��1��
���,+ / ��"$#%� � 	 "$# / �4-0"+4�f¢h	ilk�td�lk-�Nq�¡]uE}��p���%h���k�tQ}����p�dkntQkn}x�X�pi%� �Ah4k

T0 < T1 < T2

intQk~}�i��Àq
T0 > 2 rad(M), T1 ≥ T0 + diam(M), T2 ≥ 2T1.

�Th�k
Γj ⊂ ∂M

�=hjtd���p}xk~�ntd�lq��X�=h%�so]}�i ���d}��ek�i~h�k~i(td�po
0 < τ−j < τ+

j <
diam(M)

�=h�td�~�]}xkn�~td��q kn}x��h�i%�
1 ≤ j ≤ J

��fgh�oph�¡p�ph�t i�h�k
S =

S({Γj, τ
−
j , τ

+
j }J

j=1) ⊂M
tQi§tQ��}x�eknh%��i~h���kn}x�X���d�Li�w�}x�%h%i��

× ÉdÅeÛ S =

J⋂

j=1

(
M(Γj, τ

+
j ) \M(Γj, τ

−
j )

)
.

× ´Eh�h(ÚL}x�Xmp�~h à � Û �)mp�2¡S�~ilk9�X�etQw!}xi2k~�*¡S�po6�C}�� knh%����i��d� Z �Lv��]h�kn�]h%��k~�phi~h4k
S
���X�ek�td}x�pi	td���X�=h%���StQw�w?�X�)�p�dk%��£K�(kn�]}�i�h��poV�Vv
h mpi~h�k~�ph����Xwxw���v�}��p�oph�¡p�p}xk~}��X�V�

&(·N¿LÁ?¾�`W¾�º=Á��#$�#$ � ��� +.� /
Q = Q({Γj, τ

−
j , τ

+
j }J

j=1) ⊂ F∞
#%-0"+ �,+ /�+�-��*/ ���

��� "$� 1(��8 � �0� ��+.- 	�1%#%�%+
f̂

+�	 # � / ���/�/��� �������%+ �
ωt = ω

bf
t

� + ��/ �,+� �

× }�Û ω1
t (T1) ∈ X(Γj, τ

+
j )

��� -01 ��8�8
j
�
1 ≤ j ≤ J

�

× }�}ÀÛ ω2
t (T1) = 0

�

× }�}x}ÀÛ ωtt(T1) = 0
��"
M(Γj, τ

−
j )

� � -01 ��8�8
j
�
1 ≤ j ≤ J �

�)�pi~h����Xh(k~�StQk�r*tWuEv
h%wxwzy{i�h%|NmStYkn}��d�pi����X�
ωt = ω

bf
t

�
f̂ ∈ Q

}x���]wxq�kn�ptQk
ωtt = (0, δω2

t ,−dω1
t , 0)

�\i��p�V}x�j�Std�lkn}���mpw�tQ�%�\tQk
t = T1

�6v
h��St��dh
ωtt(T1) =



� � ���������
	������������	������
����������	���
�
�������! !"#�$�!�������%�����$������	�

(0, 0, dη1, 0)
��v��ph%��h

η1 = −ω1
t (T1)

�StdiVk~�phJi~mp�]�\�X�lkA�p�~�d�\h���k�q
supp(dη1) ⊂

S
�

S
Γ1

Γ2

τ−1 τ+
1

�!Ò��JÐKÍ�	�� ��£/�ph�i�h�k
S
}���k~�ph���tdi�h2v��]h%�

J = 2
�

£/�phJ�%h��ekn�ntQwXkn�G�XwQ���X�Vk~�phJ�~h��%�X�]i�kn��mp��k~}��X�2�d�Nkn�]hJ��td�]}x���Xwxo)}�i6k~�phC���Xwxw���v�}��p�kn�ph��X�~h��'�
���A·Nº=aW·
	 �#$��#$ � � /

S
��"	�

Q
� � ����� "$� � �0+ � � -0���

�
� ��� " �

×µÜ Û �� S #%-0"�/4����"+ ��" -%��� "��%��8�8 � /��� "
dim(Q) = ∞ �

×Óà Û �� S ��-.�%+ "$-0/ #%-0"�/4����" ��" -%��� "��%��8�8 � / ��� "
Q = {0} �£/�ph��p�~�G�d�K�d�K£/�ph%�X��h%� à �ÔÆ9}�i/�X}¤�Xh���w�tQknh��%����A·Nº=aW·
	 �#$���$ � -01 ��" �

f̂ ∈ F∞
��/ �,+*��-.+%+ ��� 8,� � ������� " Z � / - ��� / � 1 ����"$�

� ��� /��� 1
f̂ ∈ Q

-01�"$-0/
�

�61%-.-�� � �Th�k
f̂ = (fk)

∞
k=0

�=h�t*�dh%�ph��ntdwx}��%h�o¢i��Xmp�~��hd� >
q¢¨�h%��td�)( Ü � Ü 1E�5��X�pop}¤kn}x�X� � � 	��Q�Jkn�ph�o]h�¡S�p}¤kn}x�X�*�d�
Q
}xi�h%|Nmp}¤�Qtdw�h��Nk§kn��k~�ph�h±uE}�i�k~h%�p��h9�d�!t

i~h�|Gm]h%�p��h
ĥ = (h`)

∞
`=0

�
h` ∈

•

C∞([0, τ+
j ],Ω1Γj)

�Si�mp���'k~�StQk
lim

k,`→∞
‖(ωfk

t )1(T1) − (ωh`
t )1(τ+

j )‖ = 0.× ÉeÂXÛ
>
q�k~�ph�w�}��]h�td��}xk�q��d�Kk~�ph�}��p}¤kn}�tdw«�\�Xm]�poStd�lq��Qtdw�mph	�]�~�X�pwxh%���]v
h2�pt��dh

‖(ωfk

t )1(T1) − (ωh`

t )1(τ+
j )‖ = ‖(ωgk,`)1(T1)‖,v��ph%��h2k~�ph�i~�Xm]�~�%h

gk,`
}xi

gk,`(t) = ∂t

(
fk(t) − h`(t+ τ+

j − T1)
)
∈ C∞

0 (]0, T1[,Ω
1∂M).

&§i�}��p� �Th%����t Ü � Ü ÇE�Xv�h-��td��h��QtdwxmStQk~hªkn�ph��p�X��� ‖(ωgk,`)1(T1)‖
���d�C�dtQ�~}��dmpi

(h`)
tQ�po�k~�Nmpi-�dh%��}x�Àq(���X�pop}¤kn}��d� × ÉeÂXÛ±�����t�i�}���}�w�tQ�!�½tdi��p}��d�V� 5��X�po]}xkn}x�X� � ��� 	�}�iª�Qtdw�}xo����X�

f̂
�S}¤�

lim
k→∞

‖(ωfk

t )2(T1))‖ = 0,v��p}�������tQ�*tdwxi~�9�=h	�Xh%��}x¡Sh�o��G}�t Z �eq �Th%����t Ü � Ü Ç]�ÚL}��ptdw�w¤qX�«�%�X�]i~}�o]h%��5��X�]op}xk~}��X� � ����� 	2���X�
f̂
intQk~}�il�ÀqE}x�p� 5��X�po]}xkn}x�X�pi � � 	�td�po

� ��� 	Y���)�pi~h����Xh�kn�ptQk
(∂t + M)ωtt = 0

}x�
M × R+,



�  !���$����� � ����� 	��� ������ �����	�5��	�	�
 � ���������� �� �� � �

v��ph%��h
ωtt = ω

bf
tt

�Gtd�po
tωtt = 0

}��
∂M × [T0,∞[.

�²��5��X�pop}¤kn}��d� � ����� 	��p�Xwxopi%�kn�ph��V�S�eq(kn�ph	¡S�]}xknh	�]�~�X�StQ�etQkn}x�X�(i~�=h%h�oV�
ωtt = 0

}��
Kj = {(x, t) ∈ M × R+ | τ(x,Γj) + |t− T1| < τ−j },}z�{hd�¤�

ωtt

�Qtd�p}xi~�ph�iC}��2kn�phªo]�Xmp�pwxh
���X�phª�d�«}x�]ÖSmph��p�%h��d�
Γj×]T1−τ−j , T1+τ

−
j [
����X�Jtdwxw

j = 1, . . . , J
�L£/�ph��~h4���X�~hQ�G}x� h�td���

Kj

�
ωt

o]�Eh�iJ�p�dk$oph��\h��po��d� k~}���hd�td�poV�S�eq 5��d�pop}xk~}��X� � ��� 	Y�
ω2

t = 0
}x�
Kj

� '§h%�]�%hd�
× ÉXÉXÛ nω2

t = Zf = 0
�X�

Γj×]T1 − τ−j , T1 + τ−j [.
5��X�e�Xh��~i~h�wxqd�/}x�§�%�X�po]}xkn}x�X� × ÉdÉeÛ��p�Xw�o]i k~�X�Xh4kn�ph�� v�}¤kn� 5��X�pop}¤kn}x�X�pi � � 	�tQ�po
� ��� 	Y�]kn�]h%�

ωt

intYkn}�il¡Sh%i
(∂t + M)ωt = 0

}x�
M × R+v�}xk~��k~�ph��\�dmp�poStd�lq(�%�d�pop}xk~}��X�]i

tω1
t = 0, nω2

t = 0
}��

Γj×]T1 − τ−j , T1 + τ−j [,�\h���tdm]i~h
T1 − τ−j > T0

�\i~��k~�StQk
f̂ = 0

}x�
Γj×]T1 − τ−j , T1 + τ−j [

��£/�Nmpi���eq�£/�ph%�X��h%� Ü � Ü Æ]� ωtt = 0
}��
Kj

td�]oV�K}x���Std��k~}���mpw�td��� 5��X�pop}¤kn}x�X� � ����� 	�}xi�Qtdw�}xoV�CÞ�i × ÉXÉeÛ�}�i/�d}x�Xh���}��(knh��~��i/�d� Z �]k~�p}�i/���X���pw�h4knh%i/k~�ph��p�~�G�d�µ� 2�61%-.-��&-�� � ���%-013� � �
�
� �CÞ�i~i�mp��h-k~�StQk!kn�ph��~h-}�i
td���d�\h����Stdwxw

B ⊂ S
td�pow�h4k

ϕ ∈ Ω2M
v�}xk~��i~mp�p�

(ϕ) ⊂⊂ B
� >
q*£/�ph%�X��h%� Ü � Ü ÃE�6kn�ph��~h9}xi f̂ ∈ Fi~mp����kn�StYk

ω
bf
t (T1) = (0, δϕ, 0, 0),× É�1XÛ

5�w�h%td�~w¤qX�
ϕ ∈ D∞(Me)

�Si~�9kn�ptQk
f̂ ∈ F∞

�
�Th�kJmpiJi��p��v k~�StQk

f̂ ∈ Q
� 5��d�pop}xk~}��X�]i � � 	nØ � ��� 	
td��hª}�����h�op}�tYknhJ���~�X� × É41XÛtd�po�£/�ph%�d�~h%� Ü � Ü É]�$ÚL}��ptdw�w¤qX�Gi~}��]�%h

ω
bf
tt(T1) = −Mω

bf(T1) = (0, 0, dδϕ, 0),
i~mp�p�

(dδϕ) ⊂⊂ B,
5��X�pop}¤kn}x�X� � ����� 	)}xi�tdw�i��9�dtQw�}�o6�L£/�p}xi-�]�~���Xh�i-k~�ph	¡S�~ilk§�ptd��k��d�?kn�]h�k~�ph%�d�~h%���£K���p�~���Xh�k~�ph�i�h%�%�d�po��Std��k%�Ttdi�i~mp��h�kn�ptQk

S
op�Gh%i)�p�Qk	�%�X�ekntd}���tQ���X�\h���StdwxwKtQ�poV�=�p��v�h4�Xh%���6kn�]h%�~h�}�i

f̂ ∈ Q, f̂ 6= 0
� �Th4k

ω(t) = ω
bf(t)
��£/�ph%�6�V�eq

5��X�pop}¤kn}x�X�pi � � 	nØ � ��� 	Y�
i�mp�p�

(ωt(T1)) ⊂
J⋂

j=1

M(Γj , τ
+
j ) = S+,× ÉXÃXÛ

}����pwxqG}x�p�p�6o]mph�k~�
ωtt(T1) = −Mωt(T1)

�Tkn�StYk
supp(ωtt(T1)) ⊂ S+ � �)�kn�ph��dk~�ph%���StQ�poV�p�eq 5��X�po]}xkn}x�X� � ����� 	Y�

ωtt(T1) = 0
}x� ⋃J

j=1M(Γj, τ
−
j ) = S−

�
£/�Nmpi%�

supp(ωtt(T1)) ⊂ S+ \ S−
�Av��]}���� }�i	�p��v��ph��~h�oph%�pi�h�}x�

M
��´G}��p��h

ωtt(T1)
}�i/i~���G�dkn�V�

ωtt(T1) = 0
�StQ�poV�pkn�]h%�~h4���X�~hQ�

dω1
t (T1) = −ω2

tt(T1) = 0.× É�<eÛ



� � ���������
	������������	������
����������	���
�
�������! !"#�$�!�������%�����$������	�
'§��v
h��Xh��%�=�eq(£/�ph%�d�~h%� Ü � Ü ÃE�

ω1
t (T1) = δη2,

v�}xk~�
η2 ∈ H(δ,Ω2M).

5��X���p}x�p}��]��k~�p}�i§h%|NmStQk~}��X��v�}xkn� × É <eÛ�td�po*mpi~}x�p� tω1
t (T1) = 0

�\v
h��X�]kntd}��V��eq�´Gkn�(dh%i�yS���X�~��m]w�t × ÆdÇeÛ4�]k~�StQk
(ω1

t (T1), ω
1
t (T1))L2 = (δη2, ω1

t (T1))L2 = (η2, dω1
t (T1))L2 = 0,}z�{hd�¤�

ω1
t (T1) = 0

�JÞ§w�i��p�N�Nq 5��X�po]}xkn}x�X� � ��� 	Y�
ω2

t (T1) = 0
�J£/�ph�i~h)}x���pw¤q�kn�ptQk

f̂ = 0
�

2f¢hªtd�~h/�p��v �~h%tdo]q�k~�	�%�X�]i�kn��mp��k$k~�ph/i~h4k$�d�«kn�ph � - 	�"	�!��1 � ���,+ /4��"$#%� � 	�"$# �
/2�4-0"+4�

rx

�Gv��p}x���(td��h§oph4¡S�ph�oV�E���X�!td�eq
x ∈M

�ptQi
���X�ekn}��Nmp�dmpi
��mp�]��kn}x�X�pi!�X�
∂M

�
rx : ∂M → R+, rx(z) = τ(x, z), z ∈ ∂M.£/�ph�q�oph4¡S�ph /��� � - 	�"	�!��1�� ���,+ / ��"$#%� � � � R : M → C(∂M)

� R(x) = rx

�v��p}�����}�i9���X�ekn}x�Gm]�Xmpi�td�po�}�����h���k~}x�XhQ� -{ÆXÉE� à 1 .z��£/�]h'i�h�k��d�)tQw�w��=�Xmp�]oStd��qop}�ilk�td�]�%h	��mp�p�4kn}��d�pi%�p}Ó�ÔhQ�x�Ekn�ph�}���td�Xh��d� R �
R(M) = {rx ∈ C(∂M) | x ∈M},��td���=h�h��pop��v�h�oV�A}���t��ptQknmp�~tdwAvªt�qX�Vv�}¤kn��t�o]}+*\h%�~h��ekn}�tQ�pw�h�i�kn��mp��k~mp�~h tQ�pot���h�k~�~}���knh��pi~�d�

g̃
�=i~��k~�StQk

(R(M), g̃)
�=h%�%�d��h�i�}�i��X��h�kn��}��	kn�

(M, g)
�=i~h�hhd�{�p� -ÔÆdÉ]� à 1�.Ó� '-h%�p��hd��}�� �X�~o]h%��k~�¢��h%�%�d�pi�k~�~mp�4k

M × �d�����X�~h��p��h%��}�i~h�wxqd�kn�ph9}xi~�X��h�k~��q�k�qG�\h �d�
M
Û4�T}¤k	i~mE³���h%i�kn��oph4knh%����}x�ph�k~�ph i~h�k R(M)

�9£/�ph���Xw�wx��v�}��p����h%i�mpwxk�}xiªkn�ph��~h����d�~h��%��mp�%}�tdwz�
���A·Nº=aW·
	 �#$ #$ � -01 ��" �

h ∈ C(∂M)
� ��/ �,+ ��-.+%+ ��� 8,� � ������� " Z �6/ - ��� / � 1 �

����"$��� ��� / ��� 1
h ∈ R(M)

-01�"$-0/
�

�61%-.-�� �A£/�phª�p���E�Q�S}�i?�Stdi�h%o��X��t§op}xi~�%��h�k~hªtd�p�]�~��uE}���tQkn}x�X���]�~�G�%h%i�i%�JÚK}��~ilk��v�h$�X�]i~h%�l�XhJkn�ptQk
h ∈ R(M)

}¤�]tQ�po��X�pwxq§}x�µ�����d�Ttd�eq�¡S�]}xknhJi�mp�pi�h�k {z1, . . . , zJ}�d�
∂M

�Skn�ph��~h2}�i�td�
x ∈M

v�}¤kn�
h(zj) = τ(x, zj), 1 ≤ j ≤ J.¦�h%�]�dknh

τj = h(zj)
� >
q�kn�ph'�%�X�ekn}x�Nmp}xk�q��d�)k~�phjop}xi�kntd�p�%h���mp�p�4kn}��d�V�

τ :
M ×∂M → R+

�ekn�]h�td�=���Xh§�%�X�po]}xkn}x�X� }�i$h%|Nmp}¤�Qtdw�h��Nk$k~�2k~�ph§���Xwxw���v�}��]�)�X�ph �ÚS�X�Atd�eq
ε > 0

�Yk~�ph%��h�tQ�~h$�X�=h%�2i~h�k~i
Γj ⊂ ∂M

�
zj ∈ Γj

v�}¤kn�
diam(Γj) < ε

�i~mp����kn�StYk
× 1dÇXÛ int

( J⋂

j=1

M(Γj, τj + ε) \M(Γj, τj − ε)

)
6= ∅.

�)��k~�ph��dkn�]h%���Std�po6�S�Nq�£/�ph%�X��h%� à �ÔÆ]�p���X�pop}¤kn}x�X� × 1dÇXÛ�}�i/h%|Nmp}¤�Qtdw�h��Nk�k~�
dim

(
Q({Γj, τj + ε, τj − ε}J

j=1)
)

= ∞,t'���X�pop}¤kn}��d��k~�StQk2��tQ�¯�\h �Xh��~}¤¡Sh%og}���knh%����i2�d� Z �eqg��h�tQ�pi��Q�ª£/�ph��X�~h��
à �{Åp� 2Þ�i-t9�%�X�]i~h%|Nmph��p�%hQ�=v
h2�X�]k�tQ}���kn�]h2��td}x�(�~h%i�mpwxk-�d�?kn�]}�i/i~h���k~}��X�V�



�  !���$����� � ����� 	��� ������ �����	�5��	�	�
 � ���������� �� �� � �

0�º=aWº=¼½¼½bpa�¸ �#$ � $ � ��� � - 	�"	�!��1��
∂M

��"	� / ��� �!������/2/4��"$#%��� � � �

Z :
•

C
∞(∂M × R+) →

•

C
∞(∂M × R+),

��� / � 1 ����"$� 	�"���
�	�� 8 � / ��� � ��"�� � -089�
M

��"	� / ��� / 1 ����� 8$/2��� � � � / 1 �4#
g �"�·
	¢bpa�� �#$ � $ � ��� #%-0"+ � ��� 1(��/2�4-0"+ -�� / ���,+ +.�%# / �4-0")# ��" � � � ��" �	1 ��"$# � �	8,� �

� �!����#%-0"+ / 1�	�# / ����� / -��	13-0�.� ��� � ���
� / - ��	���89� / ����+.� / -�� / ��� � - 	�"	�!��1��
���,+ / ��"$#%� � 	�"$# / �4-0"+

R(M)
��"	� ��" �,+.-0� � / 1 �4# #%-%� �)-��

(M, g)
� 13-0�

∂M��"	� / ��� �!������/ / ��"$#%� � � � Z �
� ����� " � � "���/ � � �!�	13- � ��� ��/ �4-0" -��

∂M
��"	�

/��� �!������/2/4��"$#%��� � � Z ��"	� 	!+ ��"	� �
�
�
�
� "���/ � � 8,� � � "�/�+ � ��/ �,+7��-.+%+ ��� 8,��/ -

#%-0"+ /21 	�# /*� � "���/ � � � /21 �4# + ���#%� / ���/ �,+ # 8,-.+.��/ -
(M, g)

��" /��� � 13-0� -0� �
���
	!+ ��-01 � +.� "+.� � � -01&/ ��� #%-0"+ / 1 	 # / �4-0"���"�/ ���7+.# ��89��1 # �0+.� � +.�%� - à <�. 	 � � -01� " 	�� � 1 �4# ��8613� ��8 � �.��/2�4-0" -�� � + ������89��1 � � / ��- � � -01 +.# ��89��1 ��
�	��/2�4-0"+ ��+.�%�
- à Æ]� 5��V��Å. �
'�t��G}��p�����Xmp�]o

(M, g)
�Av�h��p�~�G�%h�h%o¯}x�gkn�]h��ph±uEk�i~h���kn}x�X�gk~�'k~�ph���h%�%�d�E�i�k~�~mp�4kn}��d���Q�Kk~�ph�}����\h�oStd�p��h

α
�

à � à ���TºTc "K_%¾ÓÁ�� _�· "?·GÁ?cX·�$����¯k~�p}�i2i~h���kn}x�X�V�Cv
h��%�d�pi�k~�~mp�4k9i~h�|Gm]h%�p��h%i �d�i~�Xm]�~�%h�i%�
(f̂p)

∞
p=1

v�}xkn��kn�]h*�p���X�\h���k�q�k~�StQk
(ω

bfp

t )2(T1) = 0
td�po�kn�ph'i~h4kni

i~mp�]� (
(ω

bfp

t )1(T1)
) ���X�e�Xh��~�XhQ�Cv��ph%�

p → ∞ �Kk~�jt*i�}��p�dw�h �\�d}��ek�}x� M int �}z�{hd�¤�]kn�]h�k~}���h)oph��~}x�QtQk~}x�dh	�d�Kk~�ph�h%wxh%��k~�~}x�)¡Sh%wxo����G�%mpi�h%i/kn��t i~}x�p�Xw�h��\�X}x�ek��
�Th�k

y ∈M int td�]o δy

oph��p�dk~h2k~�ph2¦�}��~td�	oph%w¤k�t tQk
y
}��(kn�]h2i�h%�pi�h2k~�StQk

∫

M

1

α
δy(x) ∧ ∗φ(x) = φ(y),

���X��tQ�Nq
φ ∈ C∞

0 (M).

´E}��]�%h§k~�ph	¨�}�h���td�]�p}�td� ��td�p}¤���Xw�o
(M, g)

}xi�tdwx�~h%tdo]q ���Xmp�po6�Gv
h	��td�����p�E�di~h
Γjp ⊂ ∂M

�
0 < τ−jp < τ+

jp < diam(M)
�
j = 1, . . . , J(p)

�Si~�9kn�ptQk
Sp+1 ⊂ Sp,

∞⋂

p=1

Sp = {y}, Sp = S
(
{Γjp, τ

−
jp, τ

+
jp}J(p)

j=1

)
.× 1 Ü Û

£/�ph%�6�
Qp = Q

(
{Γjp, τ

−
jp, τ

+
jp}

J(p)
j=1 }

) td��h¢kn�]h�i��Std��h%i��d� kn�ph��=�Xmp�]oStd��qi~�Xm]�~�%h�i%�Sv��p}x���'���X�~��h%i~�=�X�po6�S�Nq�¦§h�¡S�p}¤kn}x�X� à � à �]kn�9kn�]h2i�h�k~i Sp

�
&(·N¿LÁ?¾�`W¾�º=Á �#$��#$ � -01

y ∈ M int � 8,� /
Sp, p = 1, 2, . . . ,

� � ������� " ��� � � � 	
�
�

+.��
�	 � "$#%�
(f̂p)

∞
p=1

� ��/ �
f̂p ∈ Qp

���,+*# ��8�8,� �&�ª���G�%mpi�}��p�-i~h�|Gm]h%�p��h -�� � - 	�"	�!��1��
+.- 	 13#%�%+&-�� / ����-01 ��� 1

s
�
s ∈ Z+

� � � /��� 13� �,+7�����,+ /21 ����	�/2�4-0" � -01 �
Ay

-0"
M

�

Ay 6= 0
� +�	�# � /���/

lim
p→∞

(ω
bfp

t (T1), η)L2 = (Ay, η)L2,
� ��� "

η ∈ D(Ms
e).× 1 à Û

f }xk~��t�i�w�}x�X�ek�td�pmpi�h �d�!�p�dk�tYkn}��d�pi%�Vv
h mpi~h9kn�]h9intd��h9�p�dkntQkn}x�X�j���X��k~�ph}��p�]h%�(�p���Eopm]��k�}��
L

2 tQ�po ���X��kn�ph�op}xi�k~�~}��]m]kn}x�X�sopmStQw�}xk�qd� fgh�oph%�p�Qknh t���E��mpi~}x�p� i~h�|Gm]h%�p��h��%�d�N�dh%���X}��p� kn�
y
�Nq

f̃y = (f̂p)
∞
p=1

�£/�ph����Xw�wx�Wv�}x�p��k~�ph%�X��h%� ���StQ�ntd�4knh%��}���h%i
t2��w�tdi�i!�Q�6kn�]h§wx}���}xkKop}�ilkn�~}x�pm]k~}��X�pikn�StYk
�%td���\h��p���Eopm]�%h%o��eq9���E��mpi~}x�p��i~h%|Nmph��p�%h�i%�!£/�p}�i!�%w�tdi~i$}xiJw�td���Xh/h%�p�dmp�X�



� � ���������
	������������	������
����������	���
�
�������! !"#�$�!�������%�����$������	�
���X�/�Xmp�ª��m]��kn�]h%���X�etdw\kn� i~�Xw¤�G}��p��k~�ph�}��e�Xh��~i~h2�p���X�pw�h��'�Kf �StQk�}�i/���X��hd�]k~�phi~h�|Gm]h%�p��h%i������X� k~�p}�i/��w�tdi�i-�%td���\h����X�pi�k~�~mp�4knh�o'�G}�t�kn�]h�tQop��}¤k~kntd�p�%h���td�6�
���A·Nº=aW·
	 �#$�� $ � � 	 � � /

y ∈ M int ��"	�
(f̂p)

∞
p=1

� � � +.��
�	 � "$#%� -�� � - 	�"	� �
��1 ��+.- 	�13#%�%+ �

f̂p ∈ Qp �
� ����� " /��� �!������/2/4��"$#%��� � � � Z � ��/ �,+7��-.+%+ ��� 8,��/ -

��� / � 1 ����"$� � � -01���" �
s ∈ Z+

� � ��� / ��� 1
(f̂p)

�,+ � � -.#�	!+ ��"	� +.��
�	 � "$#%� -�� / ���
-01(��� 1

s
-01�"$-0/

�����	 � � /
f̃y

� � � � -.#�	 + ��"	� +.��
�	�� "$#%�
�
� ��� "

supp(Ay) = {y} ���� 	 � -01
s = 3

��/��� 8 ������/6���,+ / 1 ����	�/ �4-0"
Ay

��0+ /��� � -01 �

Ay = (0, δ(λ(y)δy), 0, 0),× 1dÆeÛ
� ��� 13�

λ(y) ∈ Λ2T ∗
yM ���� 	 � -01 ��" �

y ∈M int ��"	�
λ(y) ∈ Λ2T ∗

yM
�6/ ��� 1%� �,+ � � -.#�	 + ��"	� +.��
�	�� "$#%�

f̃y

� -���/ ����-01 ��� 1
s = 3

��� ��/ �
(Ay)

1 = δ(λ(y)δy) �
�61%-.-�� � �

�
£Kt(Qh

η ∈ D(Ms
e)
td�po�oph%���X���=�Xi�h2}¤k�tdi

η = η1 + η2,
v��]h%�~h

η1 ∈ D(Ms
e) ∩ Y, η2 ∈ D(Ms

e) ∩ Y ⊥.Þ�i U(t)
}�� × ÆdÅNÛT}�iKmp�p}¤k�td�lq�}x� D(Ms

e)
�X�eq�£/�ph��X�~h�� Ü � Ü Ã�kn�ph��~hª}xiCt��=�Xmp�poG�td��q�i~�Xm]�~�%h

ĥ ∈ F s i~mp����kn�ptQk η1 = ω
bh
t (T1)

� �)�pi�h%�l�Xh$kn�StQk
(ω

bfp

t (T1), η2)L2 =

0
�pi���k~�StQk

(f̂p)
}�i-t����E��mpi~}x�p� i~h�|Gm]h%�p��h�}x�Ktd�]o'�X�]wxq�}¤�Akn�ph��~h2}�i�t9w�}x��}¤k��

× 1QÅeÛ (Ay, η)L2 = lim
p→∞

(ω
bfp

t (T1), ω
bh
t (T1))L2,

v��ph%�
ĥ ∈ F s.

>
q�£/�ph%�d�~h%� Ü � Ü Ç]�ek~�ph�h±u]}xi�k~h%�p��h)�d�6k~�p}�i!w�}x��}¤kJ��tQ���=h§�Xh��~}¤¡Sh%o�}x��k~h%����i!�d�
Z � 5��X�e�Xh��~i~h�wxqd�§tQi~i~m]��h�kn�StQk�kn�]h*w�}x��}¤k × 1YÅNÛ o]�Eh�i�h4uE}xi�k����X��tQw�w ĥ ∈ F s �£/�ph%�6�=�eq�k~�ph2°J�~}��]�%}��]w�h)�d� &§�]}x���X��� >��Xm]�poph%o]�ph%i�i%�«kn�ph	��mp�p�4kn}x�X�Stdwxi

η 7→ (ω
bfp

t (T1), η)L2, p ∈ Z+,td�~h¢mp�p}x���d�~��wxq �=�Xmp�poph�o�}�� k~�ph�opmStdw��d�
(D(Ms

e))
′ � >!q kn�]h >ªtd�Std���G�Þ�w�td�X�Xwxm�kn�ph��X�~h��'�pk~�ph%��h�}�i�t�v�h%t(

∗
���%�d�N�dh%���Xh%�ek§i~mp�pi�h%|Nmph��p�%hQ�

ω
bfp

t (T1) → Ay ∈
(
D(Ms

e)

)′

,

v��ph%��h
Ay

}�iªk~�ph�i~�Xm]�X�ek�tY�Àknh%�/o]}�i�k~�~}x�pm]kn}x�X�����X�ªv��p}x��� × 1 à Û�}xiª�dtQw�}�o6��
�
�Th�k

f̃y = (f̂p)
∞
p=1

�=hªt-���E��mpi~}x�p�)i~h�|Nmph%�p��hd�
´E}x�p�%h
f̂p ∈ Qp

�!5��X�pop}¤kn}��d�
� ��� 	/�d�V¦�h�¡p�p}xk~}��X� à � à }x���pwx}�h�iLkn�StYk Ay = (0, A1

y, 0, 0)
td�po 5��X�pop}¤kn}x�X�pi � � 	nØ

� ����� 	Y�]kn�d�Xh�k~�ph%�/v�}xk~� × 1 Ü Û±�]qG}�h�w�o
i~mp�p�

(dA1
y) ⊂ lim inf

p→∞

i~m]�p� (
d(ω

bfp

t )1(T1)
)
⊂

∞⋂

p=1

Sp = {y}.× 1XÂXÛ
Þ�i

ω
bfp

t (T1) ∈ Y
�
δA1

y = limp→∞ δ(ω
bfp

t )1(T1) = 0
�$£/�Nmpi%�

i~mp�]�
(∆αA

1
y) ⊂ {y}.× 1dÉeÛ



�  !���$����� � ����� 	��� ������ �����	�5��	�	�
 � ���������� �� �� �
á

�)��k~�ph��dkn�]h%���Std�po6�S�Nq 5��X�pop}¤kn}��d� � � 	��d�L¦�h�¡p�p}xk~}��X� à � à �
(ω

bfp

t )1(T1) = 0
}x�

M \ S+
p , S+

p =

J(p)⋂

j=1

M(Γjp, τ
+
jp).

>
q*k~�ph oph�¡p�p}xk~}��X� × 1 à Û��d�
t����G�%mpi�}��p�(i�h%|Nmph%�]�%hd� A1
y = 0

}��
M \ S+

p

��Þ§i�ntdo
(M) <

op}�td�
(M),

v
h���td��tQwxv�t�qGi§���p�E�di~h
Γjp, τ

+
jp

�6i~��k~�StQk
M \ S+

p

}xi�p�X�E�²h%���]k�qX� >
q�kn�]h�mp�p}x|Nmph����X�ekn}��NmStYkn}��d�g�p��}��p��}��pwxh9���X��h�w�w�}x�]kn}x��i�qGilknh%��i
× i�h%h�hd�{�p� - àEÜ .�Û4��}¤k�k~�ph%�s���Xwxw���v�i������X�5kn�ph*i~mp�p�=�X�lk(�p�~�d�\h���k�q × 1dÉeÛ9kn�StYki~mp�]�

(A1
y) ⊂ {y}. ´E}��]�%h Ay

}xi��p�d�E����h%�~���eq�tdi�i~mp���]k~}��X�V�Ni�mp�p�
(A1

y) = {y} ��
�
�Th�k

s = 3
� >
qs�ptd��k �

�
�d�2kn�]hjkn�ph��X�~h��'�-}�� wx�E�%tdw§���E�d�~op}x�StQknh�ikn�ph��%�X���=�X�ph%�ek~i��d�

Ay

td�~h�¡S�p}¤knh�i~mp��i��Q�ªkn�ph�oph%��}x�QtQk~}x�Xh�i��Q�ªkn�ph�oph%w¤k�tY�op}�ilkn��}��pm]k~}��X�6�J´E}x�p�%h
Ay ∈ (D(Ms

e))
′ ⊂ H

−3(M),
}xk����Xw�wx�Wv�iªk~�StQk

A1
y =

3∑

i,j=1

cji∂jδy dx
i +

3∑

i=1

c̃iδy dx
i.× 141dÛ

´Emp�pilkn}¤knm]k~}��p� × 11XÛ
}��ek~� k~�ph�}�oph��ekn}xk�q δA1
y = 0

�pv�h��X�]kntd}�� × 1dÆeÛ4��
�
�Ah4k

ψp ∈ C∞
0 (Sp)

�
p = 1, 2, . . .

�e�\h à ØN���d�~��iLkn�StYk$�%�X�e�Xh��~�Xh�kn� λδy

}x�
H1−s(Ω2M)

� >
q(k~�ph��dw��X�StQwT�%�X�ekn���XwA£/�ph%�d�~h%� Ü � Ü Ã]�pk~�ph%��h�td��h��\�Xm]�poStd�lqi~�Xm]�~�%h�i
f̂p

i�mp����kn�StQk
ω

bfp

t (T1) = (0, δψp, 0, 0)
�j£/�ph��

f̃y = (f̂p)
∞
p=1

}�i�toph%i�}���h%o����E��mpi~}x�p� i~h%|Nmph��p�%hQ�
2Þ�i

y
��mp�pi	���Xh��

M int �6v
h��Xh4k�t��StQ�ntd��h�k~h%�~}x�%h�o*�½td��}�wxq��d�Jkn�ph����E��mpi~}x�p�i~h�|Gm]h%�p��h%i {f̃y}y∈M int

v��p}���� o]h�¡S�ph�i(t¢��td�
y 7→ λ(y)

� '§��v�h4�Xh��%��kn�phtdop��}xk�k�td�p��h���td�¯o]�Eh�i��p�dk��p�~���G}�oph�t*op}���h%�4k td�%��h%i�i�kn�*k~�ph��Qtdw�m]h%i
λ(y)

�Þ�w¤kn�p�Xm]�X�(kn�p}xi/��td�]�p}��p�9}xi/mp��(N�p��v��V�Sv
h��St��dh2k~�ph	���Xw�wx�Wv�}x�p����h%i�mpwxk%�
�!·
	�	gb �#$�����$ � ����� " /��� �!������/2/4��"$#%� � � � Z � ��/ �,+ ��-.+%+ ��� 8,� / - ��� / � 1 ����"$�
� ��� /��� 1&/ ��� � � �

y 7→ λ(y)
�,+ � ��� � -01 � �0��8 	 � �

C∞
� � 	 "$# / �4-0" ��"

M int ���aWºVº��n3 �Th4k {Ay}y∈M int

�\h t��½td��}�wxq �d��op}�ilkn�~}x�pm]k~}��X�pi(�Q�����X��� × 1QÆeÛ�%�X���~h�i~�=�X�pop}x�p�§k~�)t§�½td��}�w¤q {f̃y}y∈M int

�d�pkn�]h
���G�%mpi�}��p�§i~h%|Nmph��p�%h�i%�$Þ�i�i~mp��hkn�StYk
y 7→ λ(y)

}�i§i~���E�dk~�V�6}Ó�ÔhQ�x�
λ ∈ Ω2M int �	£/�ph%�V�V���d�	td�eq*�dh%�ph��ntdwx}��%h�oi~�Xm]�~�%h

ĥ = (hj) ∈ F∞
�pv
h2�St��Xh

(Ay, ω
hj(T1))L2 = (δλδy, (ω

hj)1(T1))L2 = (λδy, d(ω
hj)1(T1))L2

= −(λδy, (ω
hj

t )2(T1))L2.
>
q k�t(N}��]� kn�]h¯w�}x��}¤k

j → ∞ �d��kn�]h¯�\�Qkn� i�}�oph�i�td�po m]i~}��]�s�p�dkntQkn}x�X�
〈λ, η〉y = ∗(λ ∧ ∗η) ���X� kn�ph'}��p�ph����]�~�Gopmp��k��d� λ, η ∈ ΛkT ∗

yM
�ªv
h�td�l��~}¤�Xh2tQk/kn�]h2}xoph%�ek~}xk�q

× 1dÃXÛ (Ay, ω
bh(T1))L2 = −〈λ(y), (ω

bh
t )2(y, T1)〉y.Þ�i

(Ay, ω
bh(T1))L2 = limj→∞ limp→∞(ω

bfp,y

t (T1), ω
hj(T1))L2,

v
h2�%td��h��Qtdw¤�mStQk~h × 1dÃeÛ�}x��knh%����i��d� Z �Nq�£/�]h%�X��h%� Ü � Ü Ç]�
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	������������	������
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5��X�e�Xh��~i~h�wxqd�)}x�
(Ay, ω

bh(T1))L2 ∈ C∞(M int)
���X�(td�eq

ĥ ∈ F∞
�§kn�]h%�

λ(y) ∈ Ω2(M int)
�g���]oph%h�oV�
�eq¢£/�ph%�X��h%� Ü � Ü ÃE�C���X�9td�eq ϕ ∈ Ω1M

v�}xk~�
supp(ϕ) ⊂⊂ M int �ekn�ph��~h�}�iCt��dh%�ph��ntdwx}��%h�o �\�Xm]�poStd�lq�i~�dmp�~��h ĥ ∈ F∞

v�}xk~�
ω

bh
t (T1) = (0, 0,−dϕ, 0)

�ptd�po6�p�eq × 1dÃeÛ±�
(Ay, ω

bh(T1))L2 = 〈λ(y), dϕ(y)〉y ∈ C∞(M int).× 1�<XÛÞ�i
ϕ
}�i�tQ�~�p}¤kn�ntQ��qX�����X�pop}¤kn}��d� × 1�<XÛ�}�i�h�|Gm]}x�Qtdw�h��ek(kn�¯kn�ptQk λ(y)

}�i
C∞
Øi~���E�Qkn��}��

M int �
2¨-h4knmp���p}��]��kn� × 1dÃeÛ±�=v
h����X�p�%wxmpoph2kn�StQk)t����G�%mpi�}��p��i~h%|Nmph��p�%h {f̃y}

�X}x�dh%i�~}xi~h(kn� t���mp�p��k~}��X�ptdw/�X�
(ω

hj

t )2(T1))
���²k�oph%�=h%�]opi��X�]wxq¯�d��k~�ph��Qtdwxmph(�d�

(ω
hj

t )2(T1))
tYkªkn�ph��\�X}x�ek

y
td�po�v�}�wxw\�=h)�%tdw�wxh%o�k~�ph*��-0��"�/ � �0��8 	��/2�4-0" � 	 "$# �

/2�4-0"	��8E}���kn�ph2i~h�|Nmph%wÓ� >
q(kn�]h�td�=���Xh2�~h�i~mpw¤k§k~�p}�i/��mp�p�4kn}x�X�StdwT}xi-o]h�knh��~��}��ph�omp�*k~��td�jm]��(N�p��v��j�½td��k~�X�
λ(y)

� '§h%�]�%hd�6�Nq�mpi�}��p��kn�p��h%h��]�~�X�=h%�����E��mpi~}x�p�i~h�|Gm]h%�p��h%i%�Tv
h��%td��h��QtdwxmStQknh�kn�]h à ØN���d�~� (ω
bh
t )2 tQk�td�eq*�=�X}x�Nk§}�� M int �=mp�kn��t�wx}��ph%td�/kn�ntQ�pi����X����tYkn}��d�V�
£/�]h��=�Xi~i�}��p}xw�}xk�q�kn���%�X�ekn���XwTkn�ph2�p��h%�%}xi~h2���X�~��d�?kn�p}xiªkn�ntQ�pi����X����tYkn}��d��}�i�op}xi~�%m]i~i~h�o*}x��k~�ph	�ph±uEk§i~h���k~}��X�V�

�!·
	�	gb � $�� � $ � � /
t > T1

��"	�
ĥ ∈ F �

� ����� " / ��� �!������/ / ��"$#%� � � � Z �
��/6�,+ ��-.+%+ ��� 8,�7/ - � "	� /��� ��� � -01 � +

K(y)(ω
bh
t (y, t))2, y ∈M int.× ÃXÇXÛ

� � 13�
K(y) : Λ2T ∗

yM → Λ2T ∗
yM

�,+ � + � -.-0/� +.�%# / �4-0" -��
End(Λ2T ∗M int)����.��"	� / ��� � ��� ��� ��8$1(��"��

�
�61%-.-�� � �Th4k

U
�=h(tj�~h�w�tQk~}x�dh%wxq �X�=h%�����E�d�~op}x�StQknh��StQk~����}x�

M
v�}xk~� à Ø���X�~��i

ξk ∈ Ω2U
�
k = 1, 2, 3

�Jw�}��]h�td��wxq }��po]h%�=h%�poph��ek�tYk�td�eq
y ∈ U

���²�
{f̃k(y)}y∈U

�
k = 1, 2, 3

td�~h�kn�]�~h%h��½td��}�wx}�h%i��d�����G�%m]i~}��]�gi�h%|Nmph%�]�%h%i�v�}xkn�kn�ph����X�~��h%i~�=�X�po]}��p�2w�}x��}¤kn}��]� à Øe���X�~��i λk(y)
�dv�h-oph4¡S�ph�kn�ph�h%�]op�X���X�~�p�]}�i~�

KU(y)
�eq
KU(y)ω2(y) =

3∑

k=1

〈λk(y), ω
2(y)〉y ξk(y), y ∈ U.× Ã Ü Û

Þ�i2v�h���td�¯h4�Qtdw�mStYknh }��p�]h%�2�p�~�Gopmp�4kni × 1dÃeÛ	�eqgm]i~}��]�*£/�ph��X�~h�� Ü � Ü ÇE�L}xk2}xi�\�di~i~}x�pw�hQ�G���d�ªtd�eq��X}x�dh%��kn�]�~h%h§�½td��}xw�}xh%iJ�d�T���G�%mpi�}��p��i~h�|Gm]h%�p��h%i {f̃k(y)}y∈U

�
k = 1, 2, 3

td�]o
ĥ
�Yk~�/�%�X�pilkn��mp��k

K(y)(ω
bh
t (y, t))2 ���X� y ∈ U

�
t > T

�KÚ«m]��kn�]h%��%�X�]i~}�o]h%�ntYkn}��d�pi�tQ�~h��ptdi~h�o��X��k~�ph���h%i~m]wxk!kn�StQk
v�h-���X�~��mpw�tQk~h�i~h%�ptd�ntQk~h%w¤q����d���m]knm]�~h��~h4��h%�~h��p�%h�i%�
��aWº��Jº=_�¾À`W¾½º=Á �#$�� �#$ � � /

U ⊂ M int � � -%��� " ��"	�
ξk ∈ Ω2U

�
k = 1, 2, 3

�
8 ��"$� ��1 8 � ��"	��� ��� "	��� "�/ ��/ � ��# �

y ∈ U �
� ��� 13� ��13� � -.#�	 + ��"	�)+.��
�	�� "$#%�%+

{f̃k(y)}y∈U

+�	�# � /���/ / ����#%-01 13�%+ ��-0"	����"	� � "	��-0� -01 � ���,+ � � � � 	&�,+
KU(y) =

Iy
�
y ∈ U

��/ ��� � ��� "�/ ��/ � ��"
Λ2T ∗

yM �
�61%-.-�� ���Th�k

λk(y)
�
k = 1, 2, 3

���X�~� kn�ph	o]mStdwV�StQi~}�i/�Q�
ξk(y)

�
k = 1, 2, 3

�
〈λk(y), ξ`(y)〉y = δk`.
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 � ���������� �� �� �(�

�²k2}�i2t(�%�X�pi�h%|Nmph��p�%h��Q�ª£/�ph��X�~h�� à � <(kn�ptQk�kn�ph��~h�td�~h9���G�%mpi�}��p��i~h�|Nmph%�p��h%i
f̃k(y)

�X}¤�E}x�p�9�~}xi~h)k~��k~�ph à ØN���X����i λk(y)
�]v��p}x���'i��p��v�i-k~�ph��%w�td}����

2
�6"	� -�� /��� �	13-.-�� -�� � � ��� � �

�
� � � >
q kn�ph�td�=���Xh��]�~�X�=�Xi~}¤kn}x�X�V�Kk~�ph%��htd�~hQ�K���X���X}¤�Xh��¢w�}x�ph�tQ�~wxq*}��po]h%�=h%�poph��ek
ξk(y)

�T���G�%mpi�}��p�'i~h�|Gm]h%�p��h%i
f̃k(y)

i~�kn�StYk
KU(y)

}�i)�d�!kn�]h9��tYuE}x��tdw?�ntQ��(«� r'�X��h%���Xh��%�?i~}��]�%h
KUω

2(y)
��tQ� �=hh��QtdwxmStQknh�o����d��td�eq

ω2 = (ω
bh
t )2(T1)

�Gk~�ph-��tYuE}x��tdwx}xk�q2�d�Vk~�ph-�ntd��(9�Q�
KU(y)��td���=h)�Xh%��}x¡Sh�o'�G}�t Z ��Th�k

Uj

�
j = 1, . . . , J

�E�=h�t	¡S�p}¤knh��%���dh%�~}x�p���Q�
M
�eq��%�G�X��op}��StYknh/�StQk~���ph%itd�po

Kj

kn�ph��%�X���~h%i��\�d�pop}��]�*w��G��tQw!h��pop�X���X���p�p}�i���i��d�����X�~� × Ã Ü Û�}x� Uj ∩
M int ��Þ�i�v�h���td� �%�d���pmEknh × Ã Ü Û§���d��tQw�w ĥ ∈ F∞

�
t > T

tQ�po
x ∈ U

�L}¤k�\�di~i~}x�pw�h�kn���Xh��~}¤�Àq*kn�ptQk
Kj(y) = K`(y)

���X�
y ∈ Uj ∩ U`

���d�	tdw�w
j
tQ�po

`
�Þ�i/�eq�°J�~�d�\�Xi�}xk~}��X� à � ÜWà k~�ph%��h�td�~h)�½td��}�wx}�h�i
�d�?kn�]h)���E��mpi~}x�p�9i~h�|Gm]h%�p��h%i§���d�v��p}�����kn�]}�i/}�iªk~�~mphQ�pv�h2��tQ�'���X�pi�k~�~mp�4k�kn�ph�oph�i~}���h%o�h%�po]�X���d�~�p�p}xi~���

2

à �ÔÆ]�/"�·GcXº=ÁK_�`�a%"?cd`W¾�º=Á�º��6` �?·	¹�b �=·2¾ 	 �J·E»AbSÁ?cX·�$2´E�ª�½td�%��v
hJ�St��XhJ���Xmp�]okn�ph2vªt��dh%i
(ω

bh
t )2(t)

�
t > T1

�=mp�*k~�(t�wx}��ph%td�-k~�ntd�]i����X����tQk~}��X�
K
v��p}x���V�VtYkkn�p}xi�ilk�td�dhd�L}xi�m]��(N�p��v��V�j´G}��p��h�kn�]h����p�d}��%h��d�ªk~�ph����G�%m]i~}��]�*i~h�|Nmph%�p��h%i9}xi�p�X�E�²mp�p}x|Gm]hd�«v�h2v�}�w�wA���p�G�Xi�h�kn�]h%� }��'i~mp����t���td�]�ph%��kn�StYk§k~�ph�h��pop�X���X�l��p�p}xi~�

K
�=h%���X��h%i	tdi	i�}����pw�h�tdi)�=�Xi�i~}��]w�hd�\}z�{hd�¤�

K = c0I
�Ttd��}xoph%�ek~}xk�q�mp�kn��t��%�d�pi�kntd�ek	��mpw¤kn}��]w�}�h��%�!£/�ph�¡S��i�k�i�knh��j}���kn�p}xi§o]}��~h���k~}��X��}�i�kn���%�X�pi�}�oph��kn�ph��=�Xw�tQ�~}��%tQkn}x�X���Q�\k~�ph � 8,�%# /21 �4# � 13�%� " � + � 	 "$# / �4-0"S�eoph4¡S�ph%o�tdiCkn�]h-i��Xw�mEkn}��d��d�?kn�ph	���Xwxw���v�}��p��}��p}¤kn}�tQw=�=�Xmp�]oStd��q��dtQw�mph	�p���X�pwxh%���

(∂t + M)Ge(x, y, t) = 0
}��
M × R+,

tGe(x, y, t) = 0
}��

(x, t) ∈ ∂M × R+,× Ã à Û
Ge(x, y, t)|t=0 = (0, δ(λδy), 0, 0).´E�X��h�k~}���h%i%�Gv�h	o]h%�p�dk~h

Ge(x, y, t) = Ge(x, y, t;λ)
k~��}x�pop}x��tQk~h�kn�ph	i��Xmp���%h

λ ∈ Λ2T ∗
yM

�JÞ�i�i~mp��h�kn�ptQk
h̃ = h̃y

}xi�t����E��mpi~}x�p��i�h%|Nmph��p�%h)k~�StQkª�]�~�Gopmp�%h�it v�t��Xh*���G�%mpi�}��p�¢tQk
y
��k~�ph��%�X���~h�i~�=�X�pop}x�p� à ØN���d�~� �=h%}x�p�

λ
� ´E}��p��h�k~�ph�\�dmp�poStd�lq(i~�dmp�~��h%i§td�~h	�*�v��]h%�

t > T1
�pv
h2��mpi�k-�St��Xh

× ÃXÆXÛ Ge(x, y, t) = ω
eh
t (x, t + T1).

�)� kn�]hg�dk~�ph%���Std�]oV�	�eq �Ah�����t à � ÜXÜ �)v
hg�%td� �%tdw���mpw�tQk~h�kn�ph à ØN���X����i
K(x)(ω

eh
t )2(x, t + T1)

���d�
x ∈ M int td�po t > 0

� '§h%�]�%hd�ªv
h (G�]�Wv k~�phh%wxh%��k~�~}x� ����h%h%�6yÔi/��mp�p�4kn}x�X��mp��k~��t�wx}��ph%td�
k~�ntd�pil���X�~��tQk~}��X�V�
�Th�kªm]i�oph��p�dknh��Nq

Φ = Φλ(x, y, t)
kn�ph§i�k�tQ�poStd��o ����h%h%�6yÔi à ØN���X�~���eintYkn}�iµ��ÀqG}��p�

(∂2
t + ∆2

α)Φ(x, y, t) = 0
}x�
M × R+,

Φ(x, y, t)|∂M×R+
= 0,× ÃQÅNÛ

Φ(x, y, 0) = 0, Φt(x, y, 0) = λ(y)δy(x),× ÃXÂXÛv��ph%��h
λ(y) ∈ Λ2T ∗

yM
td�]o*kn�ph��\�dmp�poStd�lq��%�X�po]}xkn}x�X��}�� × ÃeÂXÛ/��h�td�pi-kn�StYktdw�w=kn�p��h%h2�%�X���=�X�ph%�ek~i-�Q�

Φ
�dtQ�p}�i����d�

∂M × R+
�
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�
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�Th�k
G̃e = G̃e(x, y, t)

�=h�oph�¡p�ph%o*tdi
G̃e = (∂t −M)(0, δΦ, 0, 0) = (0, ∂tδΦ,−dδΦ, 0).× ÃXÉeÛÞ�i

(∂2
t + ∆α) = (∂t +M)(∂t −M), G̃e

i~tQkn}xi�¡Sh�i/kn�ph	���X���]w�h�k~h�r*tYuGv
h%wxwi�qGi�k~h%�®td�poV�V�eq × ÃeÂdÛ4�«kn�ph�}x�p}xk~}�tdwT���X�pop}¤kn}x�X�*}x� × Ã à Û4�&>!q'k~�ph�mp�p}¤k��]�~�X�StW��etQk~}��X��i~�=h%h�oV�
G̃e = 0

�ph�td�
∂M×]0, τ(y, ∂M )[

�=i~tQkn}xi��ÀqG}��]��k~�ph��=�Xmp�]oStd��q�%�X�]op}xk~}��X�(}x� × Ã à Û±�J£/�Gm]i%� G̃e(x, y, t) = Ge(x, y, t)
���X�

t < τ(y, ∂M)
�£K����mp��k~�ph%��k~�ph)ilknmpo]q��d�

Ge

�Gv�h)���d�~��mpw�tQknh�kn�]h����Xw�wx��v�}��p�2�~h�i~mpw¤kª�p���W�dh%o}��(kn�]h2Þ§�p�=h%�pop}Ýu\�
�!·
	�	gb �#$��
�#$ � -01 � ��� 1��

y ∈ M int /��� 13� �,+ ��" -%��� "�"$� � � � � -01 ��-.- �
U ⊂

M int -��
y
� � ��-.+ ��/2�����

ty
��"	� � � � �!�	��"	�

Qy(x)
/ ���/ �,+ + � -.-0/ � � ��/� 13�%+ ���%# /

/ -
x ∈ U

�6� ��� 13�
Qy(x) : Λ2T ∗

yM → Λ2T ∗
xM

�,+ � � � �%# / ����� � +�	�# � / ���/

Φ(x, y, t) = Qy(x)λδ(t
2 − τ 2(x, y)) + r(x, y, t)× Ã�1XÛ

� -01
(x, t) ∈ U×]0, ty[.

� -013�%-0��� 1 � � ��/ � +.-0� ��+ � -.-0/ �
Qp

y(x) : Λ2T ∗
yM →

Λ2T ∗
xM

�
p = 1, 2

��"	�
C1,1 � + � -.-0/ � ��� � -01 �

r̂(x, y, t)
�?/����13� � ����"	��� 1�# ��"

� ��� 1 ��/2/ � " �0+

× ÃXÃXÛ r(x, y, t) =
∑

p=1,2

Qp
y(x)λ(t2 − τ 2(x, y))p−1

+ + r̂(x, y, t).

>
q × ÃXÉeÛ4�]}xkª���Xwxw���v�i������X� × Ã41XÛ!kn�ptQk��p���X�/i�m]³��%}xh%�eknw¤q(i~��tdw�w t �
Ge = (0, G1

e, G
2
e, 0) + r1,× Ã <XÛv��ph%��h

G1
e = −2t ∗ (dτ 2 ∧ ∗Qyλ)δ(2)(t2 − τ 2),

G2
e = dτ 2 ∧ ∗(dτ 2 ∧ ∗Qyλ)δ(2)(t2 − τ 2),td�po

r1
}xi-t�wx}��ph%td�/�%�X���p}��StYkn}��d�(�d�Jt��\�Xm]�poph%o���mp�p�4kn}��d�V�pkn�ph2oph�wxk�t op}xi�kn��}¤��pm]k~}��X���d�

∂By(t)
td�]o(}xkni!¡S�~ilk/oph��~}x�QtQk~}x�dhd�

By(t)
�=h%}��]��kn�]h)�Stdwxw\�d�A�~tdop}xmpi

t
�%h%�ek~h%�~h�o }x�

y
� &-i~}x�p� �Th%����t à � ÜdÜ td�po × ÃdÆeÛ2kn�d�Xh�k~�ph%��v�}¤kn� × Ã <eÛ4�Cv
h�X�]kntd}���k~�ph	���Xw�wx�Wv�}x�p����h%i~m]wxk��

�!·
	�	gb �#$�� ��$ � ����� " / �����!������/ /4��"$#%� � � � Z � ��/ �,+ ��-.+%+ ��� 8,� / - � "	��/ ���
���,+ /21 ����	�/2�4-0" ��� � -01 �

K(x)G2
e(x, y, t) = K(x)(ω

eh
t )2(x, t + T1),

� ��� 13�
K ∈ End(Ω2M int)

��"	�
t > 0 �

� -01%�%-0��� 1 � /��� 8,� �!����"	� + ��"	�
	 89��1 ��/��
-��&/ ���,+�� -01 � � ��� "

0 < t < ty
��� / � 1 ����"$�%+�/��� ��� � -01 �

K(x)
(
dτ 2(x, y) ∧ ∗(dτ 2(x, y) ∧ ∗Qy(x)λ)

)
, x ∈ ∂By(t).× <dÇeÛ£/�ph�wx}��ph%td�2k~�ntd�]i����X����tQk~}��X�

K(x)
�d� �Th%����t à � ÜdÜ oph%�=h%�]opi9�X� f̃k(x)

�
ξk(x)

�
k = 1, 2, 3

� �	m]�ª�ph4uGk/�d�etdw6}xi
k~�����X�~��m]w�tQk~h§���X�pop}¤kn}��d�pi%�G}���k~h%����iª�Q�
Z �S�X� f̃k, ξk

k~����t(Qh
K
}�i��dkn���X�p}x�d�]}Ó�ÔhQ�x�

K(x) = c(x)I, c ∈ C∞(M int), c(x) 6= 0.× < Ü Û
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£K� kn�]}�i/h%�]oV�S�X�pi�h%���dh2k~�StQk����X�
λ ∈ Λ2T ∗

yM,

tBy(t)

(
dτ 2 ∧ ∗(dτ 2 ∧ ∗Qyλ)

)
= 0,× < à Ûv��ph%��h

tBy(t)ω
k }�iKk~�ph�kntd�p�Xh��Nk~}�tdwG�%�d���=�X�ph��NkL�d� ωk �d� ∂By(t)

�L°$�eqGi~}x��tdwxwxqd��%�X�]op}xk~}��X� × < à Û§���X�~��h%i��\�X�]opi)kn��k~�ph9�X��k~�p�X�X�d�Stdw�}¤k�q��d�$kn�ph9�=�Xw�td�~}x��tQk~}��X���d�kn�ph���td�X�ph4kn}���ÖSmEugoph%�]i~}xk�q tQ�po k~�ph�op}���h%��k~}��X���d�
kn�ph9v�t��Xh��]�~�X�StQ�etQkn}x�X�V�
× ´Eh�h2ÚL}��Xm]�~h�Æ]� Û��²� K }�i/}�i��dkn���X�p}x�d�Ev
h2�St��Xh

tBy(t)

(
K

(
dτ 2 ∧ ∗(dτ 2 ∧ ∗Qyλ)

))
= 0.× <dÆeÛ

~v
~w

�
Ò��JÐ?Í�	�� ���$h���k~�X�
~v
}xi
kn�]h)�~}x�X�ek��=�Xw�tQ�~}��%tQkn}x�X� �d�Tkn�]h�h%wxh%�±�kn���X��td�X�ph4kn}���v�t��Xh¯}x� kn�]h¢�pw�td�ph

M × {t} � £/�ph¯��h%�%�d�E�i�k~�~mp�4knh�o��=�Xw�tQ�~}��%tQkn}x�X�
~w
�StdiJv��~�X�]��op}x�~h���kn}x�X�V�X}¤�«kn�ph/kn�~td�piµ����X����tQk~}��X����tQk~�~}Ýu

K(x)
}�i/�p�dk�}xi~�dk~�~�X�]}��d�

5��X�e�Xh��~i~h�wxqd�!v
h(i~�p��v kn�StQk��%�X�po]}xkn}x�X� × <XÆeÛ����d�9tdw�w y ∈ M int tQ�po t <
ty
�Xmptd�ntd�ek~h%h%i(k~�StQk

K
}�i�}xi~�dk~�~�X�]}��d� f �StYk�}�i����X�~hQ���%�X�po]}xkn}x�X� × <XÆeÛ�}xi�Xh��~}x¡Std�pw�h����~�X�+kn�ph (N�p��v�wxh%op�Xh(�Q� Z � ���poph�h%oV�$���X� λ(y) ∈ Λ2T ∗

yM
tQ�po

t = τ(x, y)
� × <XÆeÛ ��h%td�pi�k~�StQk K(

dτ 2 ∧ ∗(dτ 2 ∧ ∗Qyλ)
) }xi��p�d�~��tdw-k~�

Tx∂By(t) ⊂ TxM
�«}Ó�ÔhQ�]���X�ª�Xh���k~�X�~i

X
�
Y ∈ Tx∂By(t)

�pv
h��St��Xh
K(x)

(
dτ 2(x, y) ∧ ∗(dτ 2(x, y) ∧ ∗Qy(x)λ(y))

)
(X, Y ) = 0.

�)�pi~h����Xhªk~�StQk%�dv��ph%�
λ(y)

�~mp�piKkn�p���Xmp�X�
Λ2T ∗

yM
�Xkn�]h%� ∗(Qy(x)λ(y))

��mp�pikn�p���Xmp�X�
T ∗

xM
� -��v v�h'��t�q¯�Qtd�lq

y
td�]o

t
v�}¤kn� t ¡]uEh�o

x
i�mp��� kn�ptQk

τ(x, y) = t
�p��t(N}��p�

Tx∂By(t)
��mp�(kn�p���Xmp�X�(kn�]h ���~tdi~i���td�]�p}�td�(��td�p}¤���Xw�o

G3,2(TxM)
�*£/�ph�kn�ntQ�pi����X����tYkn}��d�

K(x)
}xi (dh��]k�}x�e�dtQ�~}�tQ�Nk�}���kn�]}�i��Qtd��}�tY�kn}x�X�V� '§h��p�%hQ�Av
h oph%o]mp�%h9kn�ptQk

K(x)
(dh%h��pi�td�eq à ØGo]}���h%�pi�}��X�StQwKi�mp�pi~�ptd�%h�d�

Λ2T ∗
xM

}��e�Qtd�~}�td�ek��]i�� }xk���mpilk-�\h	}xi~�dk~�~�X�p}x�	tdi��%w�td}���h%o6�Þ�i�i~mp��h�k~�StQk9k~�ph����G�%m]i~}��]� i�h%|Nmph��p�%h�i(mpi~h�o ���X�9kn�]h��=�X}x�Nk�h4�dtQw�mStQk~}��X���mp�p�4kn}��d�Stdw�i�tQ�~h����p�Xi�h%� i���k~�StQk
K(x) = c(x)I

� ÚS�X��td�eq �Xh%�]h%�ntQw�}���h%oi~�Xm]�~�%h
f̂ ∈ F �pv
h���t�q�kn�Nmpi�h4�dtQw�mStQk~h

(ω̃
bf
t )2(x, T1) = c(x)(ω

bf
t )2(x, T1),v�}xk~��qXh4kJmp��(N�p��v��

c(x)
�J´E}��p��h

ω
bf intYkn}�il¡Sh%iJr*tYuGv�h�w�wÓyÔiCh�|NmStQkn}x�X�pi��dv�h��St��Xh

d(ω̃
bf
t )2 = dc ∧ (ω

bf
t )2 + cd(ω

bf
t )2 = dc ∧ (ω

bf
t )2.
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�������! !"#�$�!�������%�����$������	�
£/�ph��Xw��d�Stdw=�%�X�ekn���XwT£/�ph��X�~h�� Ü � Ü Ã�kn�Nmpi-tdi�i~h%�lkni/kn�ptQk c(x) = c0

}xiªh%|Nmp}¤�dtW�w�h��Nk/k~�
d(ω̃

bf
t )2(x, T1) = 0,

���X��tQw�w
f̂ ∈ F ,× <QÅNÛt¢�%�d�pop}xk~}��X��kn�StYk�}�i��Xh��~}x¡Std�pw�h����~�X�5k~�ph (N�p��v�w�h�op�Xh��d� Z � '§h��p�%hQ�-k~�ph���E��mpi~}x�p��i~h�|Gm]h%�p��h%i�m]i~h%o ���X�	�=�X}��ek	h4�dtQw�mStQk~}��X���%td���\h ���p�di~h%�gi~mp��� kn�StYk

c(x) = c0 6= 0
�£K���p�~�G�%h�h%o�v�}xkn��kn�ph-�~h��%�X�]i�kn��mp��k~}��X���d�

α
�G���X�pi�}�oph��!k~�ph�}x�p�ph%�$�p���Eo]mp��k%�

× <eÂdÛ∫
M

(ω̃
bf
t )2(x, T1) ∧ ∗(ω̃bh

t )2(x, T1) = c20

∫

M

(ω
bf
t )2(x, T1) ∧ ∗(ωbh

t )2(x, T1),v��p}����g��td�g�\h ���Xmp�]og�G}�t Z � �)�gkn�]h��dk~�ph%�2�Std�]oV�L�eq £/�ph%�d�~h%� Ü � Ü Ç]� Zoph�k~h%����}x�ph%i/kn�]h	h%�ph��~�dq�}x�p�ph%�/�]�~�Gopmp��k%�
1

2

∫

M

1

α(x)
(ω

bf
t )2(x, T1) ∧ ∗(ωbh

t )2(x, T1).

>
q ���p�E�di~}��]��t¢�=�Xmp�poStQ��q�i~�Xm]�~�%h
ĥ = ĥj

i~mp���sk~�StQk
h̃ = (ĥj)

∞
j=1

}�i�t���E��mpi~}x�p��i~h�|Gm]h%�p��h�td�po �eq��%�d���StQ�~}��]��kn�ph�td�=���Xh }��p�]h%���p�~�Gopmp�4kni2tQk	k~�phw�}x��}¤k
j → ∞ �]v
h2�~h%�����Xh%��kn�]h��Qtdwxmph c20α(x)

tYk-td�eq(�\�d}��ek
x ∈M

�ÚL}��ptdw�w¤qX�«v�h �p�dk~}���h�hd�{�p���eq����X�pi~}xoph%��}��p��k~�ph9h%�]h%�~�Qq�}��eknh��X�ntQw�i�k~�StQk)k~�phtdop��}xk�k�td�p��h¢��td� �Stdi�k~�ph�i~�%tdw�}x�p�s�p���X�\h���k�q Z(M,g,c2
0
α) = c−2

0 Z(M,g,α)

�v�}xk~� h��G}xoph%�ek��p�dk�tYkn}��d�pi%�s£/�]h%�~h4���X�~hQ�/�X}x�dh%� Z td�po
(g, c20α)

tdwx�~h�tQo]q��~h±��%�X�]i�kn��mp��k~h%oV��}¤k�}�i�tdwxi~���\�di~i~}x�pw�h�k~��o]h�knh��~��}��ph
c0
tQ�po �]h%�p��h

α
� £/�p}xi�%�X���pwxh�knh�iªkn�ph��p���E�Q�L�d�K£/�ph��X�~h�� à � Ü � 2

à �{Åp��&(b]`�b �=¾ �=·GÁ�º=Á�b �Kbpa�`�º���` �A· ^Jº�"?ÁK»Abpa�¸ $����¢k~�p}�i�i~h%�4kn}x�X�V�Lv
h�Xh%�]h%�ntQw�}���h�kn�]h��]�~�G�d�-�d��£/�]h%�X��h%� à � Ü ���X��kn�]h��%tdi~h(v��ph�� optQk�t�}�i9�d}x�Xh���X�st �p�X�E�²h%���]k�q��X�=h%�si�mp�pi�h�k
Γ ⊂ ∂M

� ����kn�p}xi��%tdi~hQ�/}��pilknh%tdo �d��kn�ph�%�X���pwxh�knh�tdop��}xk�k�td�p��h���td� ZT v
h9td��h��X}x�dh%�jk~�ph�w��G��tQwKtQop��}¤k~kntd�p�%h2��td�
ZT

Γ

�Soph�¡p�ph%o'�Nq
ZT

Γ f = ZTf |Γ×]0,T [, f ∈
•

C
∞([0, T ],Ω1Γ),v��ph%��h

Ω1Γ
}�i�kn�ph'i~�Std��h��d�)k~�ph Ü �z���X�~��i f ∈ Ω1∂M

i~mp�p�=�X�lknh%o �d�
Γ
�¦�h%�]�dknh Z = ZT v�}xkn� T = ∞ td�po*�~h%�%tdw�wAkn�ptQk

radΓ(M)
}xi-k~�ph��Xh��Eo]h%i~}x��ntdo]}�mpi/�d�

M
v�}xkn���~h�i~�=h%�4k-k~�

Γ
�]i~h%h × ÂYÅNÛ4����A·Nº=aW·
	 �#$�� #$ � ����� "

Γ
��/ ����8,-.# ��8 �!������/ / ��"$#%� � � � ZT

Γ

�
T > 2 radΓ(M)

�
	 "���
�	�� 8 � ��� / � 1 ����"$�%+ / ���*� ��"�� � -089�

M
� /���*� � / 1 �4#

g
�?��"	� /��� +.# ��89��1 �������

������� �!��"$#%�
α ���aWºVº�� $5'-h%��h v
h9mpi�h9�p�dk�tYkn}��d�pi)�d�!i~h���k~}��X� Ü �ÔÉ]� >
qj£/�]h%�X��h%� Ü � Ü Ã�v
h�St��Xh9kn�ptQk)kn�]h9i~h�k FΓ = C∞

0 (]0, T0[,Ω
1Γ)/∼ v�}xk~�

T > T0 > 2
�ntQo

Γ(M)}�i§t�oph��pi~h9i�mp�pi�h�k	�d� F �-£/�Nmpi�v
h���tQ�j}�oph��ekn}x�Àq FΓ
v�}xkn� F ��£/�p}xi���t(dh�i}xk��=�Xi~i�}��pwxh�kn��mpi~hQ�Kv��ph��gk~�ph�optQk�t(}�i��X}¤�Xh��g�X�gt��Std��k2�d�
kn�ph �=�Xmp�poptd��qd�tdw�wSk~�ph)�~h�i~mpw¤kni�td�\�dm]kª�Xh��ph%�~tdw�}x�%h�o�i~�dmp�~��h%i/�X�]kntd}��]h%o�}x��i~h���k~}��X� Ü � É����d�!k~�phv��p�Xwxh9�\�Xm]�poStd�lqX� ���g�ptd��k~}��%m]w�td���6v�h �%td�go]h�¡S�ph�i~h4kni F s

Γ ⊂ FΓ

kn�StQk��%td��\h�}xoph%�ekn}¤¡Sh%o(v�}¤kn� F s �



�  !���$����� � ����� 	��� ������ �����	�5��	�	�
 � ���������� �� �� � �

ÕLuptQ��knw¤q tdi$}���i~h���k~}��X� Ü �{Å2v
h§�%td��i~�p��vsk~�StQk$kn�ph-w��G��tQwStdop��}xk�k�td�p��hª��td�
ZT

Γ , T > 2
�ntQo

Γ(M),
oph4knh��~��}��ph	kn�]h2��td� Z t

Γ

���X��tdwxw
t > 0

�S}z�{hd�¤�pkn�ph���td�
ZΓ

�
�)mp�K¡S��i�k!td}x��}�iKk~�	�~h��%�X�pilkn��mp��k

(M, g)
�]h�td�

Γ
�JÚS�X�?kn�p}xi%�Xwxh�k

θ
Γ

: Γ → R�\h
θ

Γ
(z) = sup{s > 0 : τ(γz,ν(s),Γ) = s}td�po

MΓ = {γz,ν(s) ∈M : z ∈ Γ, 0 ≤ s < θ
Γ
(z)},v��ph%��h

γz,ν(s)
}�i(kn�ph �Xh��Eoph�i~}x�gilk�td�lkn}��]�������X�

z ∈ ∂M
}�� kn�]hg�p�d�~��tdwop}���h%�4kn}��d�V�

�!·
	�	gb �#$���#$�� ����� "
Γ
� / ��� 8,-.# ��8 �!������/ / ��"$#%� � � � ZΓ

��� / � 1 ����"$�%+�/ ���
� 	 "$# / �4-0"

θ
Γ

: Γ → R
� / ����� �4� � ��"�"�� ��" � ��"�� � -089�

(MΓ, g)
� ��"	� /��� �������

������� �!��"$#%�
α

-0"
MΓ �

�61%-.-�� � �Th�k
z ∈ Γ

� &§i�}��p���p�Qk�tQk~}��X�piT�Q�pi~h���k~}��X� à � Ü v
h
i�h%h$kn�StYk s ≤ θ
Γ
(z)}x�Ltd�po��X�pw¤q(}x�

S = M(Γz, s) \M(Γ, s− ε)
�Stdi-t �p�X�E�²h%���]k�q�}��ek~h%�~}x�X�����X�tdw�w
�X�=h%�

Γz ⊂ Γ
�%�X�ek�tQ}��p}x�p�

z
td�po

ε > 0
�¢����knmp���V�

S = (M(Γz, s) \
M(Γz, 0))∩(M(Γ, s)\M(Γ, s−ε)) }�iA�d�p���d�~� × ÉQÅNÛ4�?£/�Nmpi%�Xm]i~}��]�§£/�ph��X�~h��à �{Å v�}¤kn� ZΓ

}��pilknh�tQo��Q� Z �pv
h���td��¡S�po��Xm]k/v��]h�kn�]h%� S �StQi§t9�p�d�E��h����]k�q}��eknh��~}x�X�ª�X�/�p�Qk��J£/�Nmpi§v
h���td��¡S�po
θ

Γ
(z)
�Þªk�kn�]}�i�ilk�td�dhd�Jv�h(�%td���p���E��h%h%o�}x��t*i~}x��}xw�td����td�p�ph���k~�jkn�ph��]�~�G�d���d�£/�ph%�d�~h%� à � Â'k~�j¡S�po���mp�p�4kn}x�X�pi RΓ(MΓ) = {rx|Γ : x ∈ MΓ}

�g£?��op�kn�p}xi%�«v�h ��mpi�k�mpi~h�kn�ph��p�~�G�%h�opmp�~h��p�~h�i~h%�ek~h%o�}���kn�ph��p�~�G�d�J�Q�J£/�ph%�d�~h%� à � Â�pm]k��%�X�pi�}�oph����X�]wxq(kn�]�Xi~h2��mp�p��k~}��X�]i
h ∈ C(Γ)

kn�StQk§�St��Xh�t�mp�p}x|Nmph��Xwx�X�Stdw��}x�p}���mp�'�Si~t�q
z0 ∈ Γ

�\v�}xkn�
h(z0) < θ

Γ
(z0)

�	Þ-�Àknh��)�%�X�]i�kn��mp��k~}��X���Q�Jkn�p}xii~h4k��Cv
h(i~h%h�tdi�}�� - à 1N�!´Eh%�4k���Åp�{Å.!kn�StYk�kn�]h�i~h4k RΓ(MΓ)
o]h�knh��~��}��ph�i�k~�ph¨-}xh%��td�p�p}�td����td�p}¤���Xw�o

(MΓ, g)
�¨-h��%�X�]i�kn��mp��k~}��X���d�

α
}��
MΓ

���Xw�wx�Wv�iCk~�ph-intd��h��~�Xm]k~h-tdiJv�}xkn��oStQknt2�d}x�Xh���X�skn�]hjv��p�Xw�h��=�Xmp�]oStd��q �eqs�~h�i�k~�~}��4kn}x�p���Xmp�(tYk~knh��ekn}��d�skn�¯kn�]hj���E��mpi~}x�p�i~h�|Gm]h%�p��h%i��%�X���~h�i~�=�X�pop}x�p��k~���=�X}��ekni
y ∈ MΓ

tQ�pojmpi�}��p��td�*}xoph%�ekn}¤¡S��tYkn}��d��d� F s
Γ

v�}¤kn� F s �
2����k~�ph��]h4uGk�ilknh��'v
h�v�}�wxwVi~�]�Wv k~�StQk�v
h���tQ�'¡S�po�kn�ph�tdop��}xk�k�td�]�%h	��td��X�(kn�ph	�=�Xmp�]oStd��q��d�CtQ�'tQ�~�p}¤kn�ntQ��q��Stdw�w

B ⊂MΓ

�Jf¢h)v�}xw�w\oph%�p�Qknh��eq Z∂Bkn�ph-w��G��tQw«tdop��}xk~kntd�p��h-��td��oph�¡S�]h%o��eq�mpi~}x�p��k~�ph-��td�]}x���Xwxo
M \B }��]i�knh%tdo�d�

M
td�]o

∂B
}��pilknh%tdog�Q�

Γ
� ÚS�X�	i�}���}�w�tQ��td���Xmp��h%�ekni	}x��kn�ph i~�%tdw�tQ�	��tdi�hd�i~h�h - à Ã .Ó���aWº��Jº=_�¾À`W¾½º=Á �#$�� � $ � ����� "
(MΓ, g, α)

��"	��/��� � � � ZΓ

� -01
(M, g, α)

� � �
# ��" � "	� / ��� 8,-.# ��8 �!������/ / ��"$#%��� � � Z∂B

� -01
(M \B, g, α) ���aWºVº�� $!ÚL}x�~ilkKv
hª�X�pi�h%�l�Xhªkn�ptQk

(MΓ, g, α)
td�po ZΓ

oph4knh��~��}��ph!kn�ph!�dtQw�mph�i�d�Ck~�ph�h�w�h%�4kn��}�� ����h%h%�6yÔi���m]�p��k~}��X�
G2

e(x, y, t;λ)
���d��td�eq

x, y ∈ MΓ

�
t > 0

�td�po
λ ∈ Λ2T ∗

yM
�
£/�p}�i��~h�i~mpw¤k-}�i��p�~���dh%�j}x��i�h%�4kn}��d� à �ÔÆ9}���kn�ph���tQi~h�v��]h%�kn�ph�tdop��}xk�k�td�p��h���td��}�i!�X}x�dh%���d��kn�ph-v��p�Xwxh§�=�Xmp�poptd��q�td�po�kn�ph§�p�~�G�d�V�%td��\h�op}x�~h���knw¤q�h±uEk~h%�po]h%o'k~�9kn�ph��%�d�pi~}xoph%��h%o*�%tdi~hQ�
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5��X�pi�}�oph��/�p��v kn�ph�}x�p}xk~}�tdw«�=�Xmp�poStQ��q��Qtdwxmph	�p�~�d�pw�h��

∂tη + Mη = κ,
}x�
M × R+, tη

∣∣
∂M×R+

= 0, η(0) = 0,× <XÉeÛ
v��ph%��h

κ = (0, δβ, 0, 0)
v�}¤kn�

β ∈
•

C∞(R+,Ω
2B)

tQ�po*oph��p�dk~h�}xk~i�i~�Xwxm]kn}x�X��eq
η = ηβ = (0, η1, η2, 0)

��fg�~}¤kn}x�p�
η2 }��jk~h%����i��d�$kn�]h�h�w�h���kn��}�� �	�~h�h%�Vy{i��mp�p�4kn}��d��v
h��X�]kntd}��

η2(x, t) =

∫

R+

∫

B

G2
e(x, y, t− t′;

β(y, t′)

α(y)
) dVg(y)dt

′,× <�1dÛ
v��ph%��h

dVg
}�i�kn�ph�¨-}xh%��td�p�p}�td�(�X�Xwxmp��h���h�tdi�mp�~h��X�

(M, g)
� &§i~}x�p��h�|NmStY�kn}x�X� × <XÉXÛ
v�h�tdw�i���¡S�po

η1(x, t) =

∫ t

0

(δη2(x, t′) + δβ(x, t′))dt′.× <XÃXÛf¢h	���X�ekn}x�Gm]h2k~�ph��p�~�G�d�Av�}xk~��k~�ph	���Xw�wx��v�}��p��wxh%����t��
�!·
	�	gb �#$�� �#$ � � /

ω = (0, ω1, ω2, 0) ∈
•

C∞(R+,ΩM)
� � � +.-08 	 / �4-0" -��

� ��� � � 8�8�� + ��
�	��/2�4-0"+ ��� � 	 ��"	� ��� � 	���"
(M \B)×R+

� ���4# � + ��/ �,+�� �%+7/ ���
� 8,�%# /21 �4# � - 	�"	�!��1�� #%-0"	����/2�4-0"

tω = 0
-0"

∂M × R+

��"	� ��"���/ � ��8 #%-0"	����/ �4-0"

ω(0) = 0 �
� ��� " / ��� 13�7�,+

β ∈
•

C∞(R+,Ω
2B)

+�	 # � / ���/ /��� +.-08 	 / �4-0"
ηβ

-��
��"���/2� ��8 � - 	�"	�!��1 ���0��8 	 � �	13-
� 8,� � � 
 �
	�#%-0��"$# � ���%+ � ��/�

ωtt

��"
(M \B)×R+ ���aWºVº�� $ �Ah4k

ω̃ = (0, ω̃1, ω̃2, 0) ∈
•

C∞(R+,ΩM)
�=h�td� td�~�p}¤kn�~td��qi~���E�Qkn���%�X�ek~}��NmStQk~}��X�(�d�

ω
}��ekn�

B × R+

���Ah4k
ρ = (0, ρ1, ρ2, 0), ρ1 = −δdω̃1, ρ2 = −dδω̃2.£/�ph%�

ρ = ωtt

}��
(M \B) × R+

�Std�po
ρ
intQk~}�i�¡ph%i§r*tYuGv
h%w�wÓyÔi�h�|GmptQkn}x�X�pi

ρ1
t − δρ2 = δda1, a1 = −ω̃1

t + δω̃2,

ρ2
t + dρ1 = dδa2, a2 = −ω̃2

t − dω̃1,}��
M × R+

��£/�ph%�
η = (0, ρ1 − δa2, ρ2, 0)

i~tQkn}xi�¡Sh�i�kn�ph�}x�p}xk~}�tdwJ�=�Xmp�]oE�td��q��Qtdwxmph��p�~�X�]w�h%� × <XÉeÛ)v�}xk~� β = da1 − a2
t

i~mp�p�=�X�lknh%o�}x�
B × R+

������Std�lkn}���mpw�tQ�%�
ωtt = ηβ

}x�
(M \B) × R+

�
2£K�2�%�d���pwxh�k~hªkn�ph-�p�~�G�d�\�d�T°J���X�\�di~}xk~}��X� à � Ü 1�v
h§ilk�td�lk
v�}¤kn��td��tQ�~�p}¤kn�ntQ��q

β ∈
•

C∞(R+,Ω
2B)

td�]o�¡S�poV�dmpi~}x�p�§���X����mpw�tdh × <�1XÛ±� × <dÃeÛ4�Ykn�ph!vªt��Xh ηβ(x, t)���X�
x ∈MΓ

���Th�k
ω(x, t)

�\h��p��v oph�¡S�]h%ojtQi
ω0(x, t) = 0, ω1(x, t) =

∫ t

0

∫ t′

0

η1
β(x, t′′) dt′′dt′,× < <XÛ

ω2(x, t) =

∫ t

0

∫ t′

0

η2
β(x, t′′) dt′′dt′, ω3(x, t) = 0.£/�ph%�

ω(t)
}�i/kn�ph�i��Xw�m]k~}��X�(�Q�Kk~�ph�}��p}¤kn}�tQw¤���=�Xmp�]oStd��q��dtQw�mph	�p���X�pwxh%���
ωt + Mω = 0

}x�
(M \B) × R+, ω(0) = 0,

tω|∂M×R+
= 0, tω|∂B×R+

= (0, fβ,−
∫ t

0

dfβ),



�  !���$����� � ����� 	��� ������ �����	�5��	�	�
 � ���������� �� �� � �

v��ph%��h
fβ =

∫ t

0

∫ t′

0

tη1
β(x, t′′) dt′′dt′ ∈

•

C
∞(R+,Ω

1∂B).×lÜ ÇXÇeÛ
&§i�}��p��td�etQ}��j���X����mpw�tQh × <41XÛ4� × <XÃeÛ4�Vv
h i~h�h�k~�StQk (MΓ, g, α)

kn�d�Xh�k~�ph%�)v�}¤kn�
ZΓ
oph4knh��~��}��ph)k~�ph���td�

f 1
β −→ nω2|∂B×R+

=

∫ t

0

∫ t′

0

nη2
β(x, t′′) dt′′dt′ ∈

•

C
∞(R+,Ω

1∂B)×lÜ Ç Ü Û
���X�?td�eq

f 1
β

�d�E���X�~� ×µÜ ÇXÇeÛ±�AÞ�iCtQ�%�%�d�~op}x�p�-k~� �Th�����t à � Ü ÃE�?k~�ph
��td� β → f 1
β}�i§t�i~m]� ��h%�4kn}¤�Xh���td�'�����X� •

C∞(R+,Ω
2B)

�X�ekn� •

C∞(R+,Ω
1∂B)

�6k~�ph���td�
×lÜ Ç Ü Û�oph�k~h%����}x�ph%i Z∂B

�:£/�p}�i��p���W�dh%i§°J�~�X�=�Xi~}¤kn}x�X� à � Ü 1E� 2'�t��G}��p�j���dmp�po Z∂B

v�h����X�pi�k~�~mp�4k9kn�ph�¨�}�h���tQ�p�p}�tQ�¢��td�p}x���dw�o
M∂B ⊂

M \ B ����h4kn�~}x� g �d� M∂B

td�pos}x���=h%optd�p�%h
α
�X�

M∂B

� '-h%�~h
M∂B

}xioph�¡p�ph%o�}x�¢t�i~}���}�w�td��v�t�q¯tdi
MΓ

���Std�p�X}x�p�
M
kn�
M \ B td�po

Γ
k~�
∂B
�

5��X���p}x�p}��]� k~�p}�i�v�}xk~�'k~�ph��p��h��G}��dmpi���h%i~m]wxkni��=v
h�¡p�po*kn�]h��Std�lk
MΓ ∪M∂B�d�

M
tQi2v
h%wxw�tdi�kn�]h���h�kn��}��

g
td�]ogkn�]h�v�t��dh�}����=h%oStd�]�%h

α
�X�g}xk%�(�²knh%�µ�tQkn}x�p�(kn�p}xi��]�~�G�%h%o]mp�~hQ�Kv
h���h%�%�d�pi�k~�~mp�4k��C}x�¢t(¡S�p}¤knh �Nmp���=h%�2�d�/i�k~h%�pi��Kk~�phv��p�Xwxh2��td�p}¤���Xw�o

(M, g, α)
�
ÚS�X�/o]h�k�tQ}�w�i��Si~h�h - à 1E�=´Eh���k§Åp�{Åp� < .z�!£/�p}�i��p�����Xh%i£/�ph%�d�~h%� à � Ü ÂG� 2

à � ÂE�/�%Á��\·NaY_%· �?aWº=^K¼�· 	 �²º«a � b��V¹�·E¼½¼µ�x_�·! #"Ab]`W¾�º\Á?_�¾½Á
R

3 $	����kn�]}�i!i~h%�±�kn}x�X�V�	kn�ph¢mp�p}�|Nmph��ph%i�i��~h�i~mpw¤kni*���X�jr*tYuGv
h%w�wÓyÔi'h%|NmStQk~}��X�]ij�X� ts��td�p}¤���Xw�otd�~h�m]i~h%o kn�����ptd�ntd�4knh��~}���hjkn�ph��p�d�E��mp�]}�|Nmph%�]h%i~i��d�2}x�N�dh%��i~h��p�~�d�pw�h���i����d�r*tYuGv
h%w�wÓyÔi�h%|NmStQk~}��X�pi ×lÜ ÛzØ ×zà Û!}���t��=�Xmp�poph�o(op�X��td}����d� M ⊂ R
3 v�}¤kn��k~�phÕJmp�%wx}�oph%td����h4kn�~}x�

(g0)ij = δij
�

�Th�k
Mj ⊂ R

3 � j = 1, 2
���\h*k�v
���=�Xmp�poph�o i~���E�Qkn�s��w��Xi�h%o op�X��td}x�piv�}xk~� t¯�%�X�����d�s�Std�lk

Γ
�d��k~�ph%}x���\�dmp�poStd��}�h�i%�

Γ ⊂ ∂M1 ∩ ∂M2

� �Th4k
εj
td�po

µj

�
j = 1, 2

�=hgk~�ph¯�=h%����}¤k~kn}¤�G}xk�q tQ�po �\h��~��h�td�]}�w�}¤k�q ��tQkn��}��%h�i}��
Mj

�-�~h�i~�=h%��k~}x�dh%wxqd�-v�}¤kn�
µj = α2

jεj
�
αj > 0

�=h%}��]�¢kn�ph*�%�X���~h%i��\�d�poE�}��p�(i���tdw�td��v�t��Xh }����\h�oStd�p��h%i���Þ�i�i~mp��h�kn�StYk	kn�ph9wx�E�%tdwLtQop��}¤k~kntd�p�%h���td�]i
ZΓ,j

���X�
(Mj, εj, µj)

�%�X}x�p�%}xophd��>
q*£/�]h%�X��h%� à � Ü ÂG�6�=�dkn� (M1, ε1, µ1)
tQ�po

(M2, ε2, µ2)
���X�~��h%i~�=�X�po�kn��kn�ph2intd��h�td�pi�k~�ntd�4k���td�p}¤���Xw�o

(M̃, g̃, α̃)
v��p}����}�iJmp�]}�|Nmph%w¤q9oph4knh%����}x�ph%o��eq ZΓ,j

v�}xk~��k~�ph��Std��k
Γ
���X�~��h%i��\�X�]op}��p��kn�2t��Std�lk

Γ̃ ⊂ ∂M̃
�/£/�p}�i§}����pw�}xh%iªkn�ptQk�kn�ph��~h�tQ�~h�h����=h%opop}x�p�Xi

Fj : M̃ → Mj ⊂ R
3�d�Tkn�]h)��tQ�p}x���Xwxo

M̃
}���k~�ph)ÕJmp��w�}�o]h�td��i��Std��h	i~mp���(kn�ptQk�k~�ph���h�k~�~}��-knh��pi~�X��itd�po�kn�ph i���tdw�td�)vªt��dh�}����=h%oStd�]�%h%i�i~tQkn}xi��Àq

g̃ = (Fj)
∗gj

td�]o
α̃ = (Fj)

∗αjtd�po
F1|eΓ = F2|eΓ

�C¨-h���tdwxwEkn�ptQk
gj

td�~h�oph�k~h%�~��}��]h%o �eq9h4uE�p��h%i~i�}��X� ×lÜ ÉeÛ?v�}xk~�
εj
td�po

µj
}����pw�tQ�%h-�d�

ε, µ
�L£/�ph§h%���=h%opo]}��p�Xi

Fj
}x�popmp��h�t�op}+*\h%�d���X���p�p}xi~�

×lÜ Ç à Û Φ = F2 ◦ F−1
1 : M1 →M2, Φ

∣∣
Γ

= id.

5��X�pi�}�oph��-k�v
���Xh���k~�X�§¡Sh�w�opi
X1

td�]o
Y1

}��
M1

�=td�po'oph%�]�dknh
X2 = DΦX1

�
Y2 = DΦY1

� £/�ph h%wxh%��k~�~}x�9h%�ph��~�dq�}x�p�ph%�	�]�~�Gopmp��k����X�)k~�ph �%�X���~h�i~�=�X�pop}x�p�
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����������	���
�
�������! !"#�$�!�������%�����$������	�

Ü ØN���X����i ω1 � η1 ∈ Ω1M
}�i/}x�N�Qtd��}�td�ek%�]}z�{hd�¤�]v
h��pt��dh

∫

M1

g0(X1, ε1Y1)dV0 =

∫

fM

1

α̃
ω1 ∧ ∗η1 =

∫

M2

g0(X2, ε2Y2)dV0.

�)��k~�ph��dkn�]h%���Std�po6�«tdi
X2 = DΦX1

td�po
Y2 = DΦY1

�
∫

M2

g0(X2, ε2Y2)dV0 =

∫

M1

g0(X1,Φ
∗ε2Y1)dV0,v��ph%��h

×lÜ ÇdÆeÛ Φ∗ε2 =
1

detDΦ
(DΦ)T (ε2 ◦ Φ)DΦ.´E}��]�%h

X1

td�]o
Y1

tQ�~h�td�~�]}xkn�~td��qd�Vv�h���mpilk2�St��Xh
ε1 = Φ∗ε2

��´E}���}�w�td�-�~h�tW�i~�X�]}��p� i~�]�Wv�i�kn�ptQk
µ1 = Φ∗µ2

�£/�Nmpi-v
h��St��Xh2�p�~���dh%�'k~�ph	���Xw�wx��v�}��p����h%i�mpwxk%�
���A·Nº=aW·
	 �#$�� � $ � � /

M1,M2 ⊂ R
3 � � � - 	�"	��� � + � -.-0/ � ��-0� ����"+ ��"	�

Γ ⊂ ∂M1 ∩ ∂M2
� � -%��� " ��"	� "$-0" � � ���	/ �

�
� � / ZΓ,1

��"	� ZΓ,2
� � / ���

8,-.# ��8*�!������/2/4��"$#%� � � ��+ #%-01 13�%+ ��-0"	����"	� / -
(M1, ε1, µ1)

��"	�
(M2, ε2, µ2)

�
13�%+ ���%# /2����� 8 �

�
� ��� " ZΓ,1 = ZΓ,2

� � ��"	� -0"�8 � � ��/ ��� 1%�&�,+ � ��� �7�%-0� -01 � ���,+ �

Φ : M1 →M2

�
Φ

∣∣
Γ

= id
��"	�

ε1 = Φ∗ε2
�
µ1 = Φ∗µ2 �"�·
	¢bpa�� �#$� � $-�²k����Xwxw���v�i2�����X� ×lÜ ÇdÆeÛ�k~�StQk ε tQ�po µ op�j�]�dk�kn�~td�pil���X�~�w�}+(dh)knh��pi~�d�~i��d�Lk�qG�=h ×lÜ � Ü Û4�J£/�]}�i�}�i/opm]h�k~�9kn�ph�i~�=h%��}�tdwT���Xw�h	�]w�t�qXh�o'�eq�k~�phmp�poph��~w¤qE}x�p�gÕ$m]�%w�}xoph�tQ� ��h�k~�~}��

gij
0 = δij ��v��p}���� }�i �p�dk����Std�]�Xh%os�eq�k~�phop}+*\h%�d���X���p�p}xi~��i

Φ
��£/�]h%i~h�kn�ntQ�pi����X����tYkn}��d�pi	v�h��~h��d�pi~h����Xh�o�tdw�i��*}x� k~�phi�k~mpo]q��d�6k~�ph*5ªtdw�o]h%� �d��}��e�dh%�~i�h§���X�popm]��kn}¤�G}xk�q �p���X�pw�h��'�K�²k�}xi$i~�p��v���}x� -{ÉXÉ�.kn�StYk��A���X�

Ω ⊂ R
2 �L�=�Xmp�poStQ��q���h�tdi�mp�~h���h��Nk~i�o]h�knh��~��}��ph9k~�ph�tQ�p}�i��dkn���X�p}���%�X�]opmp��k~}x�G}xk�q'mp�jk~��kn�ph�i~td��h��X�~�dmp�j�d�$kn�~td�pil���X�~��tQkn}x�X�pi§tdi)oph�i~���~}��=h%o�}x�£/�ph%�d�~h%� à � Ü <]�$ÚS�X� n ≥ 3

�St9i�}���}�w�tQ�
��h%i~m]wxk�}�i/���X����h���knm]�~h%o6�S�Stdi~h�o'�d��k~�phtd�Stdw¤qGi~}�iL�d�\k~�ph/w�}x�ph�tQ�~}���h%o9}x�N�dh%��i~h��p�~�d�pw�h��'�Xi�h%h -{É�1 .Ó�L£/�ph*5ªtdwxoph%���X� �p�~�X�G�w�h��®}�i	��w��Xi�h%w¤q*��h%w�tYknh%o�k~��k~�ph }��e�Xh��~i�h��]�~�X�pwxh%�����X�2r*tYuGv
h%w�wÓyÔi	h�|NmStQkn}x�X�pi��tdi�k~�ph	w���vª�²����h%|Nmph��p��q�w�}���}xk!�d� Z }�i
�~h�w�tQk~h%o�kn��k~�ph	¦�}x�~}x���pw�h4k��²k~�Q� -h%mp��td�p���tQ�����d�ªkn�ph��%�d�popmp�4kn}x�G}¤k�q�h%|NmStYkn}��d� - ÅeÉ .Ó�
f �ph%�

ε
tQ�po

µ
td��h�}�i��dkn���X�p}��Q�Sv�h9�X�Ek�td}x�*kn�ph����Xw�wx�Wv�}x�p� mp�p}x|Gm]h%�ph�i~i��~h±�i~mpw¤k��

���A·Nº=aW·
	 �#$� � $ � � /
M ⊂ R

3 � � � � - 	�"	��� � + � -.-0/� ��-0� ����" �
Γ ⊂ ∂M� ��-%��� " ��"	� "$-0" � � ���	/ � �

ε
��"	�

µ
� �6+ � -.-0/�*��-.+ ��/2����� � 	 "$# / �4-0"+�-0"

M
��"	�

ZΓ

� � � 8,-.# ��8 �!������/ / ��"$#%�7� � � � -01
(M, ε, µ) �

� ��� "
Γ

��"	� ZΓ

��� / � 1 ����"$�

(M, ε, µ)
	�"���
�	 � 8 �

�
§�dk~h2k~�StQk-kn�ph (N�p��v�w�h�op�Xh��Q�

M
}xi§�p�Qk)t �p�~}x�X�~}AtQi~i~m]��h�oj}���kn�ph�td�=�W�dhkn�ph��X�~h��'���aWºVº�� $�Þ�i~i�mp��h�kn�ptQk§���d�

(M1, ε1, µ1)
td�po

(M2, ε2, µ2)
i~mp���jk~�StQk

Γ ⊂
∂M1 ∩ ∂M2

v
h��St��Xh ZΓ,1 = ZΓ,2

��£/�ph%� kn�ph��~h�}xi(t¯op}+*\h%�d���X���p�p}xi~�
Φ : M1 → M2

intQk~}�i��ÀqG}x�p�
Φ

∣∣
Γ

= id
td�]o

ε1 = Φ∗ε2
�
µ1 = Φ∗µ2

�*´G}��p��h
ε1
tQ�po

ε2
td�~h2}�i��dkn���X�p}��Q�p}xk����Xwxw���v�iª���~�d� kn�ph �T}��Xm]�G}xw�w�h§kn�ph��X�~h�� kn�StQk

Φ
}xi�%�X�E���X�~��tdwz�C´E}��]�%h

Φ
∣∣
Γ

= id
�S}¤kª���Xw�wx��v�iªkn�StQk

Φ
}�i/}xoph%�ekn}¤k�qX�

2



�  !���$����� � ����� 	��� ������ �����	�5��	�	�
 � ���������� �� �� �

á

à �ÔÉ]��� "T`W¼½º6º ��$	£/�ph%��h td�~h9i�h��Xh��ntdwJo]}��~h���k~}��X�*k~��v��p}�����k~�ph9�p�~h�i~h��Nk�v
�X�)(��td���=h	h4uGknh��poph%o6�
Ü �JÞ �StQk~mp�ntQwV}��e�Xh��~i�h��p���X�pwxh%� }xi�kn�ph�}x�N�dh%��i~h2�\�Xm]�poStd�lq(i~�=h%�4kn�ntQwT�p�~�X�G�w�h������d�Kkn�]hªh%wxh%��k~�~}x�ªr*tWuEv
h%wxwp�X�=h%�~tQkn�X� Me

�L£/�ph��p�~�X�]w�h%��}xiKkn��oph�k~h%�~��}��]hkn�ph2��h�kn��}��
g
td�]o'v�t��dh�}����=h%oStd�]�%h

α
�«�X���=}x�'�Qkn�ph��-v
�X�~o]i%�

ε
td�po

µ
���~�X�kn�ph��p�X�E�²�%h��~��h�}��Xh��N�Qtdwxmph%i

λj

�d� Me

td�po*k~�ph��p�d�~��tdwA�%�X���\�d�ph%�ekni§�d�Ck~�ph�%�X���~h�i~�=�X�pop}x�p�jh%}x�Xh%�E���X�~��i��X�
∂M
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Φ(x, y, t) =
Φλ(x, y, t)
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(∂2

t + ∆2
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Φλ(x)|t=0 = 0, ∂tΦλ(x)|t=0 = λδy(x), Φλ(x)|∂M×R+
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t < ρ
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(∂2

t − gij∂i∂j)I +Bi∂i + C
}

Φ = 0,
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Φ|t=0 = 0, ∂tΦ|t=0 = Iδ(x),v��ph%��h
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Φ(x, t) ≈ G0(x) δ(t

2 − τ 2) +
∑

`≥1

G`(x) (t2 − τ 2)`−1
+ /(`− 1)!,×µÜ Ç�1XÛ
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G0

�
4τ
dG0

dτ
(τ x̂) +

{
(gij(τ x̂) ∂i∂jτ

2 − 6) I +Bi(τ x̂) ∂iτ
2
}
G0(τ x̂) = 0,
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x̂ = x/τ
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G0(0) = (2π)−1I.
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