ENERGY MEASUREMENTS AND EQUIVALENCE OF
BOUNDARY DATA FOR INVERSE PROBLEMS ON
NON-COMPACT MANIFOLDS

A. KATCHALOV*, Y. KURYLEVT, AND M. LASSAS*

1. Introduction. Formulation of results.

1.1. The goal of this paper is to consider inverse problems with dif-
ferent types of boundary data given as boundary forms. In particular, the
boundary measurements considered in this paper are related to the mea-
surements of energy needed to force the boundary value of a physical field
to a given one.

In various applications it is often not possible to measure the Cauchy
data on the whole boundary, as one can not attach sources and measure-
ment devices to the same locations. A perfect example is given by the
seismic measurements when the boundary sources are often made of explo-
sives. Similarly, in many cases it is difficult to measure both the amplitude
and phase of a field. On the contrary, the total energy of a wave is often
easily accessible and, in particular, it is possible to find the energy which
is required to force the boundary value of the field to a given one, that is,
to measure the energy needed to do a given measurement. In theoretical
inverse problems this idea goes back to A. Calderén who in his 1980 semi-
nal paper [C]] considered the inverse problem for the conductivity equation
from the point view of energy measurements. Similarly, the measurements
based on energy or interference of waves have been used in many applica-
tions, e.g. in impedance tomography (see e.g. [CIN]) and near field optical
tomography (see e.g. [SM]). The work of Calderén was extended by J.
Sylvester and G. Uhlmann who developed a method of complex geometric
optics to solve fully non-linear inverse problems [SUJ.

In the paper we consider also the question of the equivalence of differ-
ent boundary data used in inverse problems. Our interest in the equiva-
lence of inverse problems with various boundary data comes from the fact
that there are numerous examples when the solution of a particular inverse
problem is used to solve an inverse problem of another type. For exam-
ple, A. Nachman, J. Sylvester, and G. Uhlmann [NSU] solved the inverse
boundary spectral problem for a Schrédinger operator by reducing it to
the inverse boundary value problem in fixed frequency and then using the
method of the complex geometric optics. Similarly, inverse problems in
the time-domain are often reduced to problems in the frequency domain
(see e.g. [Is]). The equivalence is also useful for applications as it makes
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2 A. KATCHALOV ET AL.

possible the use of reconstruction algorithms developed for some type of
inverse problems to other inverse problems.

In this paper we concentrate mainly on the case of non-compact do-
mains and manifolds and Robin boundary conditions. Our intention in
doing so stems from the existence of many rather detailed expositions of
these type of results for the compact case, e.g. [Kal], [KKLM] and, in
particular, [KKL]. In addition, the non-compact case differs significantly
from the compact one and we believe that it is worth a separate discussion.
As [KKL] deals with the Dirichlet boundary condition we have decided to
concentrate here on the Robin one.

1.2. We start with necessary definitions. Let M be a smooth, complete
(possibly non-compact) m-dimensional Riemannian manifold with bound-
ary OM and let a(x, D) be an elliptic 2nd-order partial differential operator,

(1) a(z, D)o(r) = =Agv(z) + (V(2), Vo(2)), + c(z)o(z),

where A, = g71/20;g"/2g7% ()0, with g = det(gi;), [97] = [gs;]7" is the
Laplace-Beltrami operator corresponding to the metric g;;, V' is a smooth
real vector field (1st order operator) and c¢ is a smooth real valued func-
tion. As usual we use Einstein’s summation over repeated upper and lower
indices.

Next we consider an operator A related to a(x, D),

(2) Av = a(z,D)v, D(A)={ve H*(M): Bv|oy = v +nvlon = 0},

where v is the exterior unit normal vector to M and 7 is a smooth real
valued function on M. As usual H?(M) stands for the Sobolev space of
functions having square integrable derivatives up to the second order. We
assume that there is a smooth measure dy on M,

(3) du=pdV,, dVy=g"?ds' - dz™,

where dV} is Riemannian volume on (M, g), so that A is self-adjoint with
respect to du. In particular,

(4) / vAudu :/ uAvdu
M M
for u,v € D(A). Then

() a(z, Dyo(x) = —p~ g~ *(9ig"*g" pdjv(@)) + q(x)v(x).

The fact that A of form (2), (5) is self-adjoint as well as just an in-
variant definition of the Sobolev spaces H®(M) puts some restrictions on
(M, g;0M), p, q, and 1. For our purposes it is sufficient to assume that
(M,g; OM) is (possibly) a non-compact manifold of (finitely) bounded
geometry and p,p~! € C®°(M) N CZ(M), ¢ € C*(M)n CP(M) and
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n € C®(OM) N CLHOM). Here C} is the class of functions having uni-

formly bounded derivatives upto order [. For the explanation of these facts

as well the definition of a manifold of bounded geometry see Appendix.
As A is self-adjoint, it has a spectral resolution,

(©) A= /R ME(N),

where E()) is the spectral projector on the interval (—oo, A].

Since D(A™) C H?" (M) and A > Aol due to q(z) € C?, we see that
for any A € R the projection F(\) is an infinitely smoothing operator,
E(\) @ Hogpp(M) — C*(M) for any s € R. Thus E()) has a smooth

Schwartz kernel and there is a measure dp(-,-; A\) on M x M such that

(7) (s EOVO) 22 (01,01 = /MxMu@)@dx,yp(x,y; A).

Here, we use the notation dy ,p(z,y; A) = dp(z,y; M) to indicate that inte-
gration variables are z and y and A is a parameter. Clearly, the Radon-
Nikodym derivative dp, ,(x,y; \)/(dp(x)dp(y)) is a real valued C°(M x
M)-function for any A. In particular, if M is compact and \; and ¢; are
the eigenvalues and the normalized eigenfunctions of A, then

dp(z,y; \) = D 0;(@)p; (y)dp(@)du(y).

A <A
Now we consider the measure dP(z,y; ) on IM x OM,

_dpey(T,y; )

o) = Gy v )

dSq(x)dSy(y),
where dS, is the Riemannian volume of the boundary.
Let dons is the surface delta-measure with respect to dV,. Then

© [ b y)doss @ @dpla,iN) = [ (e )dPl ).
M aM

Remark 1. In the compact case, if the measure pdS,; on the bound-
ary is known, then A; and ¢;|onr determine dP(x,y;\). Operating as in
[KKL], we also see that dP(z, y; A) determines A; and ¢;|an upto a unitary
transformation of the eigenfunctions corresponding to the same eigenvalue.

Therefore, it is natural to give the following generalization of the
Gel’fand data to the case of a possibly non-compact manifold:

DEFINITION 1. We define the Gel’fand boundary spectral data of A to
be the measure dP(x,y; \) given on OM x OM for all X € R.

Other objects on OM related to the spectral properties of A are the
Robin-to-Dirichlet maps

9) A ¢ =ullon,
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where u? is the solution of the Robin problem
(10) a(z,D)u? = zu?, Bulloy = ¢

where z € C is not an eigenvalue.
DEFINITION 2. We define the Calderon-Gel’fand boundary form
A?[¢, ] related to problem (10) by the formula

(1) N(o,0] = [ N0(a) U] pla)ds,
oM
which is equivalent to a Dirichlet-type form for u? and u?,
(12) A*[¢, ] = / nufu? pdS,+ / ((Vu2, vu?)y+(a = 2yt ) pavs,
oM M

where (Vu, Vv), = g 0;ud;v (compare with e.g. with [Cl], [SU]).
1.3. We consider also the hyperbolic initial boundary value problem

corresponding to the elliptic operator A,

(13) p? +a(z, D))’ (z,t) =0 in M xRy,
13

BufbeR+ =feCyF(OM x Ry), uf|t=0 =0, atuf|t=0 —0.

For initial boundary value problem (13) we define the non-stationary Robin-
to-Dirichlet map (response operator) A,

(14) Af =u!|orrxr, -

The operator A gives rise to the hyperbolic form B([f, k],
(15) B[f, h] = / / (ayufﬁ —uf ayuh) pdsS, dt
o Jom

:/OOO/GM (fAR — AfR) pdS, dt.

There is a natural concept of energy for the wave equation (13) given by

Blu,t) = /6  nl@)lua.t)Pola)as,
(16)
. /M(|w<x,t>|3 (@) ule, ) P+ Bru, D) dyu().

When f € C§°(OM x [0, T]) we see that E(u’,t) is constant for t > T', that
is, the energy is conserved. Therefore, the energy E(u’,T) is brought into
M through the boundary OM x R,. We define the total energy flux II(f)
through the boundary as

(17) I(f) = lim E(u’,t).

t—oo
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Actually, TI(f) is given by a quadratic form of f,

(18) II(f) = Re /BM /OOO fz, )N f (z,t) p(x)dSgdt.

Because differential equation (13) is translation invariant in time, we extend
the map A, the form B, and the energy flux IT to f € C{°(OM x R) by
setting e.g. Af(z,t) = (A(f(-,-=T))(z, t +T).

1.4. Before formulating inverse problems, we need to introduce the no-
tion of a gauge-transformation. We will consider all operators and bound-
ary data in such a way that our considerations do not depend on a par-
ticular choice of the scale of measurements. For instance, if the change of
the scale of measurements is described by a function k(z), k|on = 1, that
is at a point € M the physical quantity u(z) is replaced with x(x)u(x),
this change of the scale of measurements does not affect the physical model
or the measurements of this quantity on M. However, it does change its
mathematical description, i.e., the differential equation which describes the
process. For this reason we formulate all our statements so that they are
invariant in gauge transformations u(x) — k(z)u(z).

DEFINITION 3. Let k € C®°(M), k(z) > ko > 0 for x € M. The
gauge transformation generated by the function k is the transformation

Sy s LA(M,dp) — LA(M, dpy),  Seulx) = n(z)u(z),

with dp, = k= 2(x)dp. If kloar = 1 the gauge transformation S, is normal-
ized on OM. Each gauge transformation determines the corresponding
gauge transformation A, of the operator A,

Agu = KAk ).

If A is an elliptic differential operator in L*(M,du) of form (2), (5) with
p,p~t € C3(M), g € C)(M) and n € CL(OM), then A, is also an elliptic
differential operator in L?(M, du,) of form (2), (5) with p, 7, and ¢, from
the same classes as soon as , k=1 € CZ(M). Furthermore,

D(A,) = {ve H* (M) : Byvlom = 0,v+nsvlom =0}, ns =n+r 10k,
and ax(z, D)u(x) is given by the formula

ax(z, D)u(z) = k~H(x)a(x, D)(k(z) tu(z)).
The gauge transformations S, : L?(M) — L?(M) parametrized by & :
k € C®(M), k,k~' € CZ(M) form an Abelian group G with respect to

composition

Sky ©Sks = Skira-



6 A. KATCHALOV ET AL.

The action of this group on the set of the second order elliptic differential
operators is given by S, (A) = A, = kArk~!. For any A

oA =1{8.(A): S.eG}

is the orbit of the group G through A. The gauge transformations normal-
ized on M form a subgroup Gy and the corresponding orbit is denoted
by oo A.

Although gauge transformations change a(x, D), the metric tensor
g = a¥ associated with the operator A remains invariant, g% = g%.

An important fact related to the gauge transformations is that any
orbit ¢ A of a self-adjoint operator A of form (2), (5) contains a unique
Schrédinger operator which is called the Schrodinger operator correspond-
ing to A.

LEMMA 1. 4. Let A be an elliptic differential operator of form (2),
(5). There is a unique Schréodinger operator —Ag+ q in the orbit oA, that
is, for a given A there is a unique k such that A = k(—Agy + ¢)x~" and
dp = k=2dVj,.
it. A is a Schrodinger operator if and only if dp = dVy.

Proof. The assertion is proven in [KKL], see also [K1], [KK]. The basic
idea is to consider the corresponding Dirichlet quadratic form in M and
observe that a gauge transformation is equivalent to changing the measure
in this form. g

In gauge transformations, the hyperbolic form B, energy flux Il and
Calderon-Gel’fand form A* are also changed. Indeed, if for example uf (z,t)
is a solution of problem (13) for the operator a(z, D), then v(z,t) =
k(z)uf (z,t) is the solution of the problem

(19) (0 + an(x, D))v(x,t) =0 in M xRy,
19
Byvlomxr, = &f, v|i=0 = 0, Ov|i=0 = 0.
Thus, if B,II correspond to the operator A and B, Il — to its gauge
transformation A, then

(20) An[fv h] = A[Hﬁ Hh]7 Hn[fa h] = H["@fv th]

Similarly, if A* and dP(x,y, \) are the Calderon-Gel’fand forms and bound-
ary spectral data of A and A%, dP,(z,y,\) — of A, then

(21) dPa(z,y;:A) = 6(2) " K(y) T dP(,y5\),  AZle,v] = A*[kg, k)],

The forms A% and AZ, B and By, etc. which satisfy (20), (21) are called
gauge equivalent.

1.5. Now we are in the position to formulate various inverse problems
on M related to the above concepts.

Inverse problems. Determine (M, g) and A upto a normalized gauge
transformation, i.e., determine oyy; A when we are given one of the follow-
ing data:
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i. The Gel’fand boundary spectral data dP(z,y; \) on OM x OM for
all A e R.

ii. The Calderon-Gel’fand forms A* for all z € C\ o(A), where o(A)
is the spectrum of A.

iii. The hyperbolic form B.

iv. The energy flux II.

Our aim is to show that, in particular, the energy measurements can
be used to obtain the other data. Moreover, we will show:

THEOREM 1. Inverse problems i.-iv. are equivalent, i.e., any of the
data i.-iv. determine all other data.

Thus all inverse problems i.-iv. can be reduced to solving one of them.
Instead of solving problem iii. we will solve a more general problem which
also answers the above problems. To formulate this more general problem
denote by BT the hyperbolic form B restricted to the set of sources f, h €
C§°(OM x (0,2T)). We will show that

THEOREM 2. Assume that we are given the hyperbolic form BT of an
operator A of form (2), (5). This data determines uniquely the manifold
MT ={z e M: d(z,0M) < T} and the metric tensor g on M™. More-
over, we can find a(x, D) on MT upto a normalized gauge transformation,
i.e., we can find the orbit

comAlyr ={ax(@,D)|yr : £>0, Klon =1}

In particular, if any of data i. — iv. is given, it is possible to determine the
whole manifold (M,g) and the orbit ooy A.  If, in addition, we have a
priori knowledge about the structure of the operator, we can in many cases
solve the inverse problem uniquely. For instance, we have:

COROLLARY 1. Let M C R™ is given. Assume the metric g to be
conformally Euclidean, that is g (x) = o(x)d;, where o(x) > 0. Moreover,
assume that we know any of the data i.-iv. for a Schrédinger operator
A= —-Ay,+q. Then we can determine g, ¢ and 1 uniquely.

At last we consider the case when the data is given only on an open
subset S C OM. In this case we can define the Gel’fand boundary spectral
data dPg

(22) dPs(z,y; \) = dP(z,y; \), x,y €S,
the Calderon-Gel’fand form A%

(23) AS[f,hl = AZ[f,h],  f ke CGR(S5),

the hyperbolic boundary forms Bg and even B%!

(24) BE'[f.h] = B[f,h], f.heC5o(S % (0,21)),
and the energy flux Ilg,

(25) Os(f) =10(f), feC5(SxRy).
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Then the analogs of Theorems 1 and 2 remain valid for dPs, A%, etc:

THEOREM 3. i. Assume that we are given S C OM. Then any data

(22)-(25) determine all others.
ii. Assume that we are given S C OM and B%''. Then this data determine
uniquely the manifold M(S,T) = {x € M : d(z,S5) < T}, the metric
tensor g and the operator a(x, D) on M(S,T) upto a gauge transformation
normalized on S, i.e., we can find osA|p(s,T)-

1.6. This paper gives a concise review of some of the results obtained
in the multidimensional inverse boundary value problems, especially those
regarding the equivalence of various types of data, gauge equivalence and
also reconstruction procedures and uniqueness for hyperbolic inverse prob-
lems. The used techniques are based on various variants of the BC-method
(for the original paper see [B1]). There are currently several extended ex-
positions of this method, e.g. [B2], [KK], [KaL]. The monograph [KKL]
is particularly close to our exposition in this paper and we refer the inter-
ested reader to this monograph for further details. Having said so we should
stress that the majority of works on the BC-method deal with the case of
inverse boundary problems on compact manifolds. More precisely, due to
the local in time nature of the method, the treatment of hyperbolic inverse
problems is essentially the same for compact and non-compact cases. This
makes possible to closely follow in our proof of Theorem 2 the method de-
scribed in [KKL], Ch. 4.2. An alternative approach to hyperbolic inverse
problems also based on the BC-method and technique of Gaussian beams
is given in [BKa] which deals with the wave equation for the Laplace oper-
ator on a Riemannian manifold. However, when coming to inverse spectral
problems, i.e., problems . and 4i., non-compact manifolds differ rather
significantly from the compact ones due to a more complicated nature of
the spectral properties of elliptic operators on non-compact manifolds. To
our knowledge the only paper where the BC-method is applied to an in-
verse boundary spectral problem on a non-compact domain is [BKul] where
M = R?. In particular, the definition of the boundary spectral data (Def-
inition 1) differs from that for the compact case. Moreover, the proof of
the equivalence, although ideologically close to that in [KKL], Ch. 4.1 and
[KKLM], implies some technical ideas absent in [KKL]. There are some
other differences in our exposition as compared to the previous ones. For
example, in the proof of Lemma 4 dealing with the inner products of waves
we use variational technique which, we believe, is more appropriate for
the numerical realization of the method. Furthermore, the step by step
reconstruction of the manifold from a part of the boundary is based on
the direct continuation of Green’s function for the wave equation which, to
our knowledge, has been unknown. And, of course, we deal with boundary
forms rather then the corresponding operators. We believe that the in-
variance properties possessed by the forms better reflect the nature of the
problem. This approach is essentially similar to that in, e.g. [SU], [LU],
[Sy] which use differential forms rather then functions.
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The plan of the paper is as follows: In section 2 we prove Theorem
1 about the equivalence of data i.-iv. in the case of the whole boundary,
S = 0M. In section 3 we describe the procedure of the reconstruction of a
Riemannian manifold (M7, g) and the Schrédinger operator on it from the
hyperbolic form B2?T and give the proof of Theorem (2). An alternative
approach based on Gaussian beams is given in Section 4. Section 5 is
devoted to the generalization of the above results to the case S # OM.
At last, in Appendix we collect some necessary results about properties of
manifolds of bounded geometry and elliptic operators on such manifolds.
Our exposition is rather concise, especially in Sections 4 and 5 and when
the construction used is similar to those for the compact case. Nevertheless,
we provide (at least brief) proofs of the main ingredients of the method,
namely the Blagovestchenskii identity and controllability results.

2. Proof of equivalence of the boundary data.
2.1. We start with the observation that since a(z, D) of form (5)
is real,

26)  ul=ul, W@t =ul(xt), (A-2)"'=(A-2) 10,

where 2z ¢ o(A) and u? and u/(x,t) are solutions of problems (10) and
(13), correspondingly. This allows us to work not with the inner product
in L2(M ) but with the complex bilinear pairing (-,-), namely, (®, ¥) =
Sy @ o x)dp, or the corresponding distribution duality. Using (26) we
see that the forms AZ[p, 9], B[f,h] and TI[f] determine complex
bilinear forms

A, 4] = /8 M(A%)(xw(x) pl)dS, = (6, 7]
(27)
= 'LL 'll,¢ uw —Z ’LL Uw

where (Vu, Vo), = ¢?*0;u Oy,
(28)  Belf.h] = / /8 (FN= AFR) paS, dt = B,

(29) /a ) / (DOAR(E) + DA F(E)h()) pdS,dt

with
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In the following, we will prove the equivalence for the complex forms.
Clearly, due to (27)—(30) this will prove Theorem 1.
2.2. Spectral data. We start with the equivalence of the Gel’fand bound-
ary data dP(z,y; A) and Calderon-Gel'fand forms AZ.

i. — 3. Consider the complex bilinear form

(31) (A=2)7'2, W) 2(ap), 2 ¢ 0(A).

As H-Y(M) = D((A + ¢)'/?), this form can be continued onto H (M),
in particular, onto ¥, ® of the form

(32) U =9(x)dom (), ®=¢(x)dom(z),

where 1, ¢ € Cg°(OM) or, more generally, in H~'/2(OM). Next we use
the fact that

(33) uf(Az)lCID/R%.

Then

34 AZl9, 9] = (A= 2)7'®, V) aar) = /(A) m%wik),

where mg () is the complexified spectral measure

(3) mou() = (EW®, ¥) = (EN)@. F) = | o(y)i(a) dP(a,y:).
M
Thus the boundary spectral data uniquely determine the Calderon-
Gel’fand forms, i.e., 7. determines 3.
ii. — i. To prove the opposite we use the Pleijel-Stone formula (e.g.
[Ko], [RS]) which together with (33)—(35) shows that

A
lim L/ ((A=k—ie) " — (A—k+ie) @, V) 2 (arydk

=3 ()¢ (z) (dP(z,y; A — 0) + dP(z,y; N)),
oM
where dP(x,y; A — 0) = lim._o— dP(z,y; A\ — ) is considered as a distri-
bution limit. Because ¢,1 € C§°(OM) are arbitrary, equations (34), (36)
imply that the forms A% determine dP(z,y; A —0) + dP(z,y; A). Since the
spectral projectors E(\) are continuous from the right we see that, in the
sense of distributions,
dP(z,y; \) = lirr+1O dP(z,y; A+ ¢€)
1

= - lim (dP(z,y; A +¢) +dP(x,y; A + ¢ — 0)),
2 e—+0
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Thus we can also determine dP(x,y; A), i.e., 4i. determines i.
2.3. Hyperbolic data. Next we return to the time-domain problem. For
f € C(OM x R), let f be its Fourier transform with respect to time,

o~

Fla) = [ s tyat.

R

If f =0 for [t| > co, the function f(x,k’) is analytic in & € C and
C*°—smooth in . Moreover, by the Paley-Wiener theorem this functions
satisfies

B37) I B)llom@ar < Cmon (1 + k)N explco| Tm k), m, N > 0.

The solution u (z,t) of problem (13) lies in C°>°(M x R) and, using spectral
resolution (6),

(38) uf (t) = /}R /_ M#@(E(A)F(t'))dt',

where F(z,t) = f(x,t)donm (x). Using this representation,
(39) [u? (@)l z2(ary < Cpe™, >0,

where

(40) T0 = \/IH&X(O,*)\()),

and Ao is the bottom of the spectrum o(A). Then the Fourier transform
uf (z,k) of uf(z,t) is well-defined for Im k < —7¢ and is there the solution

~

of elliptic problem (10) with z = k? and ¢(z) = f(z,k). Thus, when
Imk < —79

(41) AF(k) = uf (k) oas = A¥ F(k).

However, the right-hand side of (41) is analytic when k% ¢ o(A) which
determines an analytic continuation of K}(k) onto k € C, k? ¢ o(A) C
[)\0, OO) CcR.

After these preparations we can show that the hyperbolic data 4ii. and
1v. are equivalent to each other and to 1.

i. —iii. We will show that [ [, AfhpdSgdt, where f,h €
C§°(OM x R), may be represented in terms of the Gel’fand boundary spec-
tral data dP(z,y; A). Due to (15) and (28) this will prove that ¢. determines
iii. Indeed, by the Parseval identity and formula (41)

/O /BM AfhpdSgdt = (eTTAS, eTth>L2(3M><R+)
(42)

~

:/Ag*”>2[f(k—m,ﬁ(—k+m] dk.
R
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Using formulae (34), (35) we obtain from (42) that

//AfhpdS dt
oM

/ [/ /8M oM e k—ZT()kE;T)l;JrZT) Aoy zP(z,y; A) | dk.

Hence dP(z,y; \) determines the forms A and 5.
iti. — qv. Let f € C§°(OM x Ry). Tt follows from (30) that

OiEc(ul,t) = [  f(t)OAf(t) pdS.

oM

As OtAf = AO:f, integrating by parts and using definitions (15), (17) we
obtain

(44) T / [ HOnAL) pas = SBelf.ouf],

which implies that the hyperbolic form determines the energy flux.
iv. — 4. Let us consider the form I¢[f, h] when f,h are of the form

(45) f(@,t) = fo)p(x),  h(z,t) = ho(t)y(x),

with fo,ho € C§°(R) and ¢, v € C§°(OM).

We intend to use the Parseval formula as in (42) to represent the
integral in the rhs of (29) in terms of the Fourier transforms fA, h. When
f,h are of form (45), then f(z, k) = fo(k)d(x), h(z, k) = ho(k)¥(z) and
satisfy (37). Thus using partial integration we see that

1 o0
elf,hl =3 / / (€70, (1) (e~ AR()) + (e~ A S (1))e™ Dyh(1)] pdSadt.
0 Jom
As A is analytic for k2 ¢ o(A), applying the Parseval formula we see that

fih =1 Z/ (hir) (F (k4 i7), M~k —im)) L2 oany d
I8
(46)

aM
~ i /8M —iT) Af k—it), (k+ZT)>L2(3M)dk'

Using the above formulae together with (34) and (41) we obtain that

Telf b = — [ AF (6, 6] fa(k) Fo(—K)kdk

dmi Jr,

1 — -~ —
T J (A= K70 Wnaqan folk)ho(—k) kd,

(47)
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where T'; is the boundary of the strip {k € C: |Imk| < 7} and &, T are
given by formula (32). Because |{(A —k?)71®, U)| < ¢4 4 for k € I'; when
7> 79 (40) and ®, ¥ € H1(M) while fo(k), ho(—k) € S(R), integral (47)
converges absolutely. Using again (34) we see that

a9 el = gz [ R 3 e

Further considerations are based on the following lemma.
LEMMA 2. For any z, Imz > 1y there is a sequence f§ € C3°(R) such
that

(19) tin T1el") = 5 |

n—oo

dme (M)
— 2

(4 A
where f* = frt)p(x) and dmy(N) = dmg,o(N).
Proof. 1. We note that if fo(t) = ho(t) = exp (izt)H (t), where H(t) is

the Heaviside function, then fo(k)ho(—k) = (k2 — z2)~!. Therefore, using
formally (48) we obtain by means of the residue theorem that

L1 dmg()
HC[f]_§/g(A) N — 22

Next, let uf(t), t > 0 solve (13) with f = H(t) exp(izt)$(z). Then,

(50) uf (x,t) = exp (izt)uf2 () + w(x, t),
where qu = (A — 22)71® exists since Imz > 79 and w satisfies (07 +
Aw = 0, w|i=p = —uf2, We|t—o = —izu;’é. Using spectral resolution (6)

and formula (33), we obtain the representation

w(t) :—4W(A,z,t)dA(E(A)uf2),

B _sin(v/\t)
W (X, z,t) = cos(VAt) + zzi\/x

(51)

Since by (34),

dr(E(Nuls,uls) = dAéf (_Af)?@ - (iﬂi%)”

formula (51) implies that

Ec(w,t) :% / " [AW? + (0, W)?] dr(E(\)uls, uls)

(52)
_1 / dmg(N)
2 a(A) A — 22 '
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In particular, Ec(w,t) = Ec(w,0). Moreover, it follows from (51) that
(53)  w(®) () + 10w 22qar) < coexp (27ot), when t > 0,
while

(54) [l exp (i) 27y 10u(exp (i28)u%) 2 ary < g exp [~2(Tm 2]

Because Im z > 79, representation (50) together with (52)—(54) imply that
Ec(uf,t) is defined for t > 0 and

(55) He[f] = lim Ec(u!,t) = Ec(w,0).

Comparing formulae (52), (55) and (34) we see that

t—oo

c[f] = lim Ec(uf,t) = %Ag 6, 9.

Next we consider ue n(x,t) that is the solution of (13) with f = f. n(t)¢(2),
where f. n(t) is given by
fs,N(t) = fs(t)XN(t)v fe(t) = (H( ) exp (ZZ ) * Xs)(t)'

Here * stands for the convolution in time, x.(¢) is a usual mollifier with
supp (xe) C (—¢,¢) and X is a smooth cut-off function, Yy =1 for t < N
and 0 for ¢t > N + 1. Then

(56) UE,N(Ia t) = fe,N(t)uf2 (x) + w; (Ia t) + wz,N(xv t)a

where, for ¢t > 1,

(57) wht) = - / (WA 2, ) % xe) () da (B(Aul),
a(A)

and, for t > N + 1,

wg,N(t):—/ W25 (A, 2, ) (E(Nuls),
o(A)
(58)

W2 (t) = / SINOVAC)) 1o 2 ()00 )+ 0w () ()

VA

Clearly, (W (A, 2, )xxe(-))(t) = W(A, z,t) uniformly on any compact set of
A, t and are uniformly bounded when € € (0,1), A € 0(A) on any compact
set of t. Because fU(A)(l + |)\|)d(E()\)uf2,uf2) < oo this implies that

lim Ec(wl,t) = Ec(w,t)

for bounded t. However, Ec(w},t) does not depend on ¢ for ¢ > 1.
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Furthermore, Ec(w! + wz’N,t) does not depend on ¢ for t > N + 1
and, as is seen from (58),

(59)  lim Ec(w;+w§7N,N+1):]\llim Ec(w!, N +1) = Ec(w}, 1).

1
€

while f. n(t)u?, satisfies estimate (54). Thus,

22

In addition, w}(t), wf N (1) satisfy estimate (53) uniformly for ¢ and N

(60) Mc[fen] = Jim Ee(uey,t) = Ec(w: +w? vy, N +1).

Combining (59) and (60) with (52), we can choose a sequence e, N, so
that f, = f., n, satisfy

. _ 1 dmg ()
Jim Te(fn) = lim Be(w;,1) = 5 /U(A) N2

Lemma 2 shows that Il¢[f] determines F(w) = fU(A) defj‘)

w =22, Imz > 719. Because F(w) is analytic outside o(A) we can continue
it to C\ o(A). Then the Pleijel formula (compare with (36)) may be used
to find mg(A) and, henceforth, using polarization, mg . (A). Clearly, this
also determines dP(x,y, A).

Remark 2. When o(A4) C Ry, F(w), w ¢ o(A) can be directly found
from Il¢ without analytic continuation. Thus, the step iv. — i. does not
require analytic continuation.

for any

3. Reconstructions.

3.1. Blagovestchenskii identity. In this section we will describe a
procedure to reconstruct the manifold and the Schrédinger operator on it.
Here the given data is the hyperbolic form B?T that is gauge equivalent to
the form BT of the Schrodinger operator. In Section 5 we will generalize
our results to the case when data is given both on a finite part S C OM and
finite time-interval. To this end we present our constructions so that they
can be easily extended to this general case. Remarks in the text often give
generalizations of results which are used later in Section 5. As in [KKL], we
will actually construct an isometric copy of (M, g) and an operator on it.

For x € M and § € T,,(M), |{|4 = 1, we denote by 7y, ¢(s) the geodesic
parametrized by its path length which starts at x in the direction .

By Lemma 1 there is a gauge transformation S, which makes A into
a Schrodinger operator A, = —A, +¢. We denote by A?T, BT the Robin-
to-Dirichlet and hyperbolic forms for —A, + ¢, and by A?T, B*T" — those
forms for A. By (20), B2T[f, h] = B2T[k|oarf, kloach], ic., we are given the
form

f7h - BVQT[K/|8Mf7K‘|6Mh]7

where k|gpps is unknown. (In the future, when it does not cause confusion
we will write x instead of k|aar)-
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Consider the initial boundary value problem for the Schrédinger oper-
ator,

(61) O*uf — Ajul +quf =0 in M xR,

61
f - ! - f _

Bu ‘aquh =/, ulf_,=0, ol _s=0

The reconstruction is based on two main ingredients, namely the com-
putation of the inner products of solutions to problem (61) and controlla-
bility results.

We start with the inner products, that is the Blagovestchenskii iden-
tity. Denote by Croe (' x Ry),T" € OM the class of functions

feC('xR), f=0 whent<D0.

LEMMA 3. Let f,h € C(OM x Ry). Then

- 1 [T
02 [ o @, = g [ s Ve (1), Vel ()] dr,
M -T
where Y, is the delay opemtor (Y f)(x t) = f(z,t — 7).
Proof. Let w(t,s) = [,, u MU s) dVj. Integrating by parts and using
(61) we see that

(02 —*)w(t,s) = f/M[(ngJrq)uf(t)uh(s)fuf(t)(ngJrq)uh(s)]dVg

(63) =— / [0, uf (t)uh(s) — uf (t)D,ul(s)] dS,
OM
— [ [ORTh(s) - 5 f(e)h)] a,
OM
Moreover,
w|t:0 = w|s:0 =0, 8tw|t:0 = 8sw|s:o =0.

Thus, for s > t,

wits) = [ N [ @R - B R as, | avas

where L(t, s) is the triangle bounded by s+t =s+t, s —t' =s—tand

' = 0. Introducing 7 = (s’ — ¢), § = 3(s' +t') , we have

(s+t)/2 p(s+t - -

w(t, s) / / {YTf(G) A2TY _h(0)—A*TY, £(6) Y,Th(o)}dodT
(s—t)/2

(64)

S+t)/2 1
= / BT [Ysrf, Ys_rh] dr, where § = 2T — =(s + t).
(s—t)/2 2
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Similar formula can be written for s < ¢. When s = ¢ we can use both to
obtain a symmetrized one. Taking kf, kh instead of f, h and using relation
(20), this symmetrized formula with s = ¢ = T takes the form (62). O
Remark 3. It is clear from the proof, e.g. formula (64) that BT
determines (u"/(t), u""(s)) for s+t < 27T
3.2. Approximate controllability. Let ¢ > 0 and I' C M be open
and

(65) M@ t)={z e M : dist(z,T) < t},
be the domain of influence of " at time ¢. When f € C§°(T" x Ry),
u™ (t) € LA(M(T,t)) = {u € L*(M) : supp(u) C M(T,t)}.

The controllability result we need is based on the celebrated Tataru’s
Holmgren-John unique continuation theorem [Tal] (see also [Ta2], [Hol).
THEOREM 4. Let u be a solution of wave equation (61). Assume that

(66) ulrx(0,2r) = 0, Ovtulrx(0,2r) =0
where T' C OM, T # () is open. Then,
u(z,7) =0, Owu(z,7) =0 for x € M(T,7).
This result yields the following controllability result.

THEOREM 5. Let I' C OM be open and 7 > 0. Then the linear
subspace,

{uf (r) € L2(M(T, 7)) : feCe(T x[0,7])},

is dense in L*(M (T, T)).
Sketch of the proof. Let v € L2(M (T, 7)) be such that

(67) <uf( 77-)71/)> =0

for all f € C§°(T' x [0,7]). We need to show that ¢» = 0. To this end,
consider the following initial boundary value problem,

(68) (07 —Ay,+q)e=0, Belopxr =0, eli=r =0, Ore|i=r = 1.

Integrating by parts and using equations (67) and (68), we obtain that

0= / [w/ (02 — Ay + q)e — (82 — Ay + q)ul € dV, dt
M x[0,7]

/ feds, dt.
OM x[0,7]
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Since f € C§°(I'x [0, 7]) is arbitrary, e|py[o,-) = 0. Together with boundary
conditions in (68), this yields that the Cauchy data of e vanish on T' x [0, 7].
Moreover, since e(x,t) = —e(x, 27 — t) due to e|;—, = 0, the Cauchy data
of e vanish on I' x [0, 27]. Therefore, ¢ = 0 due to Theorem 4. O

3.3. Inner products of waves. Now our main ingredients are ob-
tained and there have been various ways to proceed. In this section we will
consider a method based on a minimization algorithm. In the next sec-
tion we will briefly present a method based on Gaussian beams (for more
detail see e.g. [BKa], [KK], [KKL]). Alternatively, one can use methods
based on propagation of singularities, e.g. [B2] or methods based on a wave
approximation of delta-distributions [KL2].

We start with projections onto domains of influences. Actually, there
are several ways to obtain these projections. Here we describe an approach
based on minimization because we want to use in the reconstruction as few
unstable procedures as possible. A more explicit construction based on the
Gram-Schmidt orthgonalization procedure may be found in e.g. [B1] or
[KKL].

Let Pr: L*(M) — L*(M (T, 7)) be the orthoprojection,

Pru(z) = Xpr,) (@)u(x),

where X (r,7) is the characteristic function of the set M (T, 7).

LEMMA 4. Let f,h € C§(OM xRy), T >0, t,s,71,72 € [0,T]. Let
also T,y C OM be open sets. Assume that we are given the form B?T.
Then it is possible to find the inner products

(Pphﬁu”f(t), PFQ,Uu"h(s))L?(M)
(%) -/ (o, ) Tz, 5) V.
M(Tq,m1)NM (Ta,72)
Proof. Using Theorem 5 we see that
[T ()1 — 1| Pry ry ™ (1)
(70) =11 = Pp, 7 )u (1)]]7
= inf{||u"/ (t) — " (r1)|[* : € C5°(T1 x [0, 7))}
Since
(1) [ () = w () |I* = [ (1)]]* — 2Re (w7 (1), u"" (7))
+ [l ()12,

the rhs of (70) can be computed by Lemma 3 and Remark 3. Therefore,
we can choose a sequence n; € C3°(I'1 x [0,71]) such that lim w"" (1) =
Pr, ,uf(t). Similarly, we find 7, € C§°(T'2 x [0, 72]) with lim w" (75) =
Pr, ,u(s). As (u"““ (1), u" (Tg)) can be found by Lemma 3 and Re-
mark 3 this proves the result. U
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M(T,5) M(OM,s—¢)

r

Fi1G. 1. The set M(T',s)\ M(0M,s —¢).

Remark 4. Lemma 4 remains valid if
t4+7 <271, s4+1 2T

This is true due to the remark after Lemma 3.

Let 21,22 € OM and denote M(z1,7) = {z € M : d(x,z1) < 7}
If sequences of open sets I'! — z;, i = 1,2, then M (I}, 1) — M(z, 7).
Hence we obtain

COROLLARY 2. Let B?T be given. Then for f,h € C§°(OM x R),
t,s, 71,72 € [0,T] we can find

(le,ﬁu”f(t), unh(s)) ) (le,ﬁu”f(t), P22,T2unh(5)) )

where P, ; is the projection to M (z,T).

3.4. Reconstruction of the manifold.

LEMMA 5. Lety € OM, s € (0,T), and 7,.,([0,s]) be a normal
geodesic. Then given B*T we can determine whether vy, is the shortest
geodesic between v, ,(s) and the boundary OM or not. Moreover, when this
geodesic is minimal, BT determines min(d(vy,,(s),z),T) for any z € M.

Proof. i. The geodesic 7, is the shortest geodesic between 7, ,(s)
and OM if and only if for any € > 0 and any neighborhood T" of y (see
Fig. 1.),

(72) M(T,s)\ M(0M,s—¢) # 0.
By Theorem 5 property (72) is true if and only if for some h € C°(I'x [0, 5])
lu™" ($)I] > (| Parcant,s—eyu" (s)

However, this inequality can be checked when B?T is given.

i1. Let now 7y, be the shortest geodesic between +, ,(s) and OM,
z € OM and t € (0,T). Then t > d(vy.(s),2) if and only if there is a
neighborhood I' C OM of y such that for sufficiently small ¢ > 0,

(73) MT,s) C M(OM,s —e)U M(z,t).
Now, property (73) is true if and only if for any h € C§°(T x [0, s]),
[ (NP = 1| Parant,s—eyu™ ($)IP + || Parz,pyu™ (5)]]?

— (Paront,s—eyW™(8), Prrge iy u™(8)) p2(an-
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This again can be checked using B?’. Thus taking infimum of all ¢ for

which property (73) is satisfied we find min(d(vyy,.(s),2),T). O
Next we introduce the truncated boundary distance functions

rL(2) = min(d(z, 2),T), z€0M, x € M,

x

and the truncated boundary distance map
RT . M — C(OM), x — rL.

Since each x has a closest boundary point z, and the shortest geodesic from
zy to  is normal, Lemma 5 implies

THEOREM 6. The hyperbolic form B?*T determines the set RT (M
(OM,T)).

One can show (e.g. [K2|, [KKL]) that the map R : M(OM,T) —
RT(M(OM,T)) is a homeomorphism.

Our further constructions use the evaluation functions, E,, z € OM,
(714) E.:RT(M(OM,T)) — R, E.(rl) = rT(2) = min(d(z, 2), T).

x

It can be shown that for any rL € RT (M (OM,T)) we can choose 21, , Zm
€ OM so that E,,, j = 1,---,m, form a system of coordinates near r%
which makes RT(M(OM,T)) diffeomorphic to M(OM,T). Let g be the
metric on RT (M (OM,T)) which makes it isometric to (M (M, T), g), i.e.,
g = ((RT)71)g. Then the differentials of E, are covectors of length 1 on
(RT(M(OM,T)),q). Using this observation it is possible to find infinitely
many covectors of length 1 at any point and reconstruct the metric g (for
details see e.g. [KKL]).

Identifying (M (0M,T), g) with its isometric copy (RT (M (OM,T)),q)
and using definition , we come to the following result:

LEMMA 6. Let the form B%T be given. Then it possible to construct
the Riemannian manifold (M (OM,T),g) = (M7T,g).

3.5. Construction of the gauge class of the operator. So far we
have constructed an isometric copy of (M (OM,T), g), namely, the manifold
(RT(M(OM,T)),q). Our next goal is to find the potential ¢ and impedance
7 on this manifold.

LEMMA 7. The form B*T determines n|aar and q|mom,1), where n,q
is the impedance and potential of the corresponding Schrodinger operator.
Moreover, it determines also k|ans .

Proof. We recall that any point x € M(0M,T) is represented as an
endpoint of a shortest normal geodesic to OM.

Let y € OM and s be such that normal geodesic 7, ([0, s]) is shortest
geodesic between its endpoints and let I' be a neighborhood of y. Let
u"f(z,t) be the solution of (61) with f € C§°(T" x [0,7]). By using Lemma
4, we can compute the inner products and find

Py Pra ) 02
1) I (31(y, )\ M(0M s — 9))

= |uf (zo,t)?, t<T,
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where xp = 7y,,(s). Indeed, the sets M(y,s)\ M(OM,s —¢) converge to
7o (see Fig. 1), the waves u"/(zg,t) are smooth while the denominator can
be found since the metric g is already known. Thus we can find |[u" (g, t)]
at any t.

Next, let o € int(M(OM,T)) be a point for which there is real-
valued f with u*f(xg,T) # 0. These points form an open dense subset
of int(M(OM,T)) as can be seen from Theorem 4 and openness of the sets
{x :uf(z,T) # 0}. Then,

=02 (20, T) + Aguf (20, T)
url (g, T')

_ =07 (w0, T)| + Ag|u! (w0, T)|

B |u/ (o, T

q(zo) =

and the rhs can be found from (75). Thus ¢ can be found in a dense subset,
and by smoothness on the whole M(OM,T).

Finally, varying f and t and using the fact that K > 0 we can find
klaam and n]ay from

Bul = [0,u"™ (t) +nu™ (t)]|oar = loar f (t).
O
Remark 5. Formula (75) and Remark 4 show that given B?? and
f we can find |[u"f(x,t)| when d(z,0M) < T and t + d(z,0M) < 2T.
Moreover, as u"/ (z,t) = 0 when d(z,0M) > T and t < T we thus can find
|u"f (x,t)| when t + d(x,0M) < 2T.

4. Alternative reconstruction via Gaussian beams.

4.1 Gaussian beams Exposition in this section is very concise. It is
based on properties of Gaussian beams (see formula (76) below) which are
essentially identical for compact and non-compact manifolds. We refer an
interested reader to [KKL], Ch. 2.4 or [KK] where the necessary properties
of Gaussian beams are discussed in detail.

Gaussian beams, called also “quasiphotons”, are a special class of so-
lutions of the wave equation depending on a parameter €. They can be
described as an asymptotic sum

(76) Uc(z,t)= M, exp{—(ie)_IH(x,t)}Zun(m,t)(ie)", xeM,teft_,ty],

n=0

where M, = (me)~™/* is the normalization constant. The function 6(z,t)
is called the phase function and u,(x,t), n = 0,1,..., N — the amplitude
functions. A phase function 6(z, t) is associated with a geodesic t — ~(¢) €
M so that

(77) ImO(y(¢),t) =0,
(78) Im6(x,t) > Cod(x,y(t))?,
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for t € [t_,t+]. These conditions guarantee that the absolute value of
Uc(x,t) looks like a Gaussian distribution in  which moves in time along
the geodesic v(t). The phase function satisfies the eikonal equation

(79) (8t9)2 - gﬂ(x)8j98l9 =0,

where < means the coincidence of the Taylor coefficients of both sides
considered as functions of z depending on ¢ as a parameter at the points
~v(t),t € [t—,t4+]. The amplitude functions u,, n = 0,..., N can be con-
structed as solutions of the transport equations

(80) Loty =< (07 — Ay + Q)un—1, with u_; =0.
Here Ly is the transport operator
(81) Lou = 20,00;u — 2(VH,Vu)y + ((’9t2 —Ag)f - u.

The following existence result is proven e.g. in [KKL], [KK]:

THEOREM 7. Let y(t), t € [t_,t4] be a geodesic lying in int(M) when
te (t_,ty). Let Og(x), ud(x), n = 0,1,... be functions with 6y satisfying
(78) fort =to € [t_,t4]. Assume that Oyy(to) = ¢ Gradfy(v(to)), ¢ > 0.

Then there are functions 6(x,t) and un(z,t) satisfying (78)-(80) such
that 0(z,tg) = Oo(), un(z,to) = ud(x,). Moreover, there is a solution
uc(x,t) of equation

(82) (0} — Ay + Que(z,t) =0, (w,t) € M x [t_,t4],
such that
(83) lue(z, t) — x(z, )Ue(z, )] < Cge,

where N — oo when N — oco. Here X 18 the cut-off function, x = 1 near
the trajectory (y(t),t), t € [t—,t4].

In the other words, for an arbitrary geodesic and matching initial data
there is a Gaussian beam that propagates along this geodesic.

Next we consider a class of boundary sources in (61) which generate
Gaussian beams. Let 29 € OM, tg > 0, and let z = (21,...2m71) be a
local system of coordinates on M near zy. Consider a class of functions
fe = fez0.t0(2,t) on the boundary cylinder 9M x R, where

(84) fe(z,t) = (7T6)_m/4X(Z, t)exp {ie 1O(z, 1)}V (2,1).

Here x is a smooth cut-off function near (zq,tp) and

(85)  ©(t) = —(t — to) + =(Ho(z — 20). (2 — 20)) +

t—tg)?
) 2( 0)7

where (-,-) is the complexified Euclidean inner product, (a,b) = > a;b;,
and Hy is a symmetric matrix with a positive definite imaginary part, i.e.,
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Hy = Hf, Im Hy > 0. At last V(z,t) is a smooth function having non-zero
value at (2, to).

The following result in valid (see e.g. [KKL]).

LEMMA 8. For any function V and t < to + 7(z0) the solution .y
of problem (61) is a Gaussian beam propagating along the normal geodesic
YVeo.w- Here T7(zp) is the first time when the geodesic 7, hits M.

4.2 Reconstruction. Using the Gaussian beams described in Lemma
8 we can give an alternative method of the reconstruction of M, g,q and n
of the Schrédinger operator in the orbit on an unknown operator A.

Indeed, by Corollary 2, the hyperbolic form B%T uniquely determines
||Py+ul(t)||. Let f = f- be of form (84)—(85) with V' = 1. Then due
to Lemma 8 u®/(t), f = f. is a Gaussian beam u. , propagating along
Vzo,v- The asymptotic expansion (76) of a Gaussian beam implies that for
5§ <Tgr(20), s+to < T,

- @), d(Vaw(s),y) < T,
Yoy 1Py, rte.n(s 4 o)l = { 0, dlyaw(s)y) >,

where h(t) is a strictly positive function. Thus we can find min(d(7,,..(s),
y),T).

To find ¢,n and k|snr we need to consider the Gaussian beam u. . (z, t)
more carefully. In particular, it follows from [KKL], Ch. 2.4 that

. 2 12/ |“(ZO)|2\/9(2070))
(86) A lhee (117 = B2 = A e ) et (Y ()]

Here the complex valued matrices H(t) and Y (¢) explicitly depend only on
the metric tensor g which is already in our disposal and the initial matrix
Hy(tp). More precisely, these matrices are solutions of some Cauchy prob-
lems for the Hamilton system of equations and a linear system of ordinary
differential equations along the geodesic 7, ., (s). Using (86) together with
Corollary 2 this gives us x(zg) > 0.

To find potential ¢ we can use the second term of the asymptotic
expansion of ||P, ;uc (s + to)||>. Using results of section 2.4.19 of [KKL]
we can easily obtain that for d(v,..(s),y) < T

(67) Ty 1P sl +10)| = 120) = as) [ vz (0D +505)
0

Here functions a(s) and b(s) again depend only on the metric g and initial
data (84), (85). These functions can be found by solving some Cauchy
problems for a system of ordinary differential equations along v, .. More-
over, a(s) # 0 for any s. Therefore, by using (87) we can find the integral
of the potential ¢ along the normal geodesic v, [0, s] and thus ¢ itself. O



24 A. KATCHALOV ET AL.

CaoCge

Fia. 2. Left: Set Mg Right: M? is union of domain of influences of balls
Br(z) c MT.

5. Reconstruction with data given on a part of the boundary.

5.1. Local constructions. In this section we will generalize construc-
tions of Section 3 to the case when B2! is given for open subset S C M,
i.e., the form f — B> [sf, kf] = B2T[f, f], f € C3°(S x Ry) is given.

The construction of M (S,T) will be given by iterating local construc-
tions. First, we will construct a subset of M adjacent to .S.

We use the function 77 : S — R,

7.1 (2) = sup{s € [0,T] : d(v2,.(s),S) = s}.

We note that the function 7, .. is, in general, not continuous but only upper
semicontinuous. Let

Qs ={(2,8) € S xRy : 5<75,.(2)}
be the open set that lies under the graph of 7, ,.. The exponential map,
(88) expoas - Qs — M, (z,8) = v2.(5),
is a diffeomorphism between Qg1 and M1,
ME = expyy (Rs,1) C M,

(see Fig 2).

Let g = (expgypr)*g be a metric on g 7 which makes expy,, an isometry.
We will first construct the function 7, and, therefore, 051 and then the
metric tensor g in this set.

We want to apply the results of Section 3. We first observe that the
main tools, Lemma 3 and Lemma 4 remain valid with B instead of B2
if we take f,h € C§°(S x Ry), T'1, Ty C S.

To construct 75,7 we observe that for s < T we have s < 7, . (y) if and
only if for any ¢t < s and any neighborhood I C S of y, M (T, s) ¢ M(S,1).
On the other hand, by Theorem 5, M (T, s) C M(S,t) if and only if

(89) 1Ps,cu™ (s)]| = [lu" (s)]

for all f € C§°(T" x (0,s)). As both sides of (89) can be computed when
BZ" is given, we see that BE determines 7, .
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Using some local coordinates y = (y',...,y™ 1) on S, we obtain
local coordinates (y',...,y™~Y s) on Qg 7.

Next we construct the metric g in these local coordinates. Using part
ii. of the proof of Lemma 5 when I' C S, and z,y € S, we see that B
determines min(d(v,,.(s), 2),T") for z,y € S and s < T.

Again, we use evaluation functions

E.: Qs — R, E.(y,s) =min(d(z,7y,,(s)),T) = T(T;;,s) (2),

where z € S. Then E,(y, s), considered as a function of (y, s) with fixed z
is a truncated distance function. Thus using them as in section 3.4 we find
g. Further steps to find q|MST and 7, k|g are also the same.

5.2. Global constructions.

LEMMA 9. Assume that we are given (MZ,g) and the gauge-equival-
ence class oga(z, D)|pr as well as the form B, Let B.(2) € MY be a
ball and consider the manifold M \ B,(z) with the boundary OM U Sy, S1 =
0By (z). Then we can find the form B?;lTl, T, <T—(r+d(z.>5)) upto a
gauge transformation.

Proof. As we know the orbit osa(z,D)|yz we can work with the

restriction to MY of the corresponding Schrédinger operator —A, + g.
(i) We start with the reconstruction of the values of waves uf(z,t), f €
C>®(S x Ry) in MZL. For at any point z = Yy (s) € MEL it is possi-
ble to construct a wave u/° with u/(z,s) > 0. Indeed, we can take, for
instance, the real part of a Gaussian beam, fo = f.,0 (84) with suffi-
ciently small €. By remark after Lemma 4 we can find the inner products
((Py,s — Ps,s—s)uf (t),u’o(s)) for t + s < 2T, s < T. As the metric in MT
is already found similar considerations to that in Lemma 5 make possible
to find u/(v,.,(s),t). Thus we obtain u/(z,t) for t < 2T — d(z,S) when
zeME fel>(SxRy).

Let now G(z,y,t) be the Green function

(0} — Ay +q)G(w,y,t) = 6,(x)6(t) in M xR, ye M
BG('a?J?')'@MX]R :07 G($7y7t)|t<0 =0.

The distribution G has a limit when y — M, G(-,y,-) € D'(M x R). It
is then the solution of problem (61) with kf = danr(x)d(t) where danr,y is
the delta-function on OM. Choosing a sequence f; € C3°(S x Ry), f; —
Sor,y(7)6(t) in D' (OM x R) we find G(z,y,t) as a limit of ufi (z,t). Thus
we can find G(z,y,t) fory € S, x € ML, t +d(x,S) < 2T.

Let us now fix x € MZ. Because G(z,y,t) = G(y,z,t) we know
G(z,y,t) when z € S, y € ML, and t +d(y, S) < 2T.

Let B.(z) C MZ be a ball and consider the initial boundary
value problem

(90)

afu—AguF—i—un:F, in M xR,

F _ F _ F _
Bu ‘6M><]R_O’ u o =0, O ‘t:O_O’

(91)
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where F(z,t) € > (B,(z) x R} ). Since

09 W= [ [ Gt 9FEs) v
R JB.(2)

we can find uf'(x,t) for x € S, t < 2T — (d(z,S) + 7).

Next we consider the inner product w(t,s) = (uf(t),u"(s)) where
he = (S x Ry). The same considerations as in the proof of Lemma 3
show that

(93) (87 — 0Hw(t,s) = —/ u®'(t)|s-h(s)dS, +/ F(t)uh(s)dV,.
oM M

Our previous results imply that we can evaluate the rhs of (93) for ¢, s <
2T — (d(z,S) + r). Therefore we can find (uf'(¢),u”(s)) for any F €
¢ (By(z) xRy) and h € € (8 x Ry) for t + s < 2T — (d(z,5) + 7).

Using an approximation to (P, s — Ps s—s)u’(s) by the waves u™,1; €
C§°(S x (0,s)) as described in the proof of Lemma 4 we find the inner
products ((Py,s — Ps,s—5)u"(s),u(t)). Because u"(vy,(s),s) is known
this gives us u (z,t) for any F(z,t) € C®(B,(z) x Ry), t +d(z,S) <
2T — (d(z,S) + ), v € ML. Approximating &,(y)d(t) by smooth func-
tions F(t,y) it is thus possible to determine G(z,z,t) in X = {(x, z,t) :
d(z,S) +d(z,S)+t < 2T, z,z € ML},
(ii) Consider the manifold M\ B,(z) and the initial boundary value problem

(04) Fef —Ayjef +qef =0 in M\B,(2) x Ry

Be! lonrsr, =0, dvel |sxr, = f;  €fimo = €] |i=0 =0,

where S; = 0B,.(z) and f € C§°(Sy xR,). If &/ is a smooth continuation of
ef inside B, (2) xR then ¢/ is the solution to (91) with F = (02 —A,+q)e’ .

Because we know uf'(z,t) in B,(2) x (0,27(z,r)), T'(2,7) = T —
(d(z,S) + r) we use the above considerations to find €f|sl><(o,2T(z,r)) for

any f € C§°(S1 x R4), i.e., to construct the response operator Ai«?(z’r) for

the manifold M \ B,(z). As the metric near B, (z) is known this provides
us with the hyperbolic form B;lT(Z’T) of the Schrodinger operator. O
After this it is possible to iterate the previous construction: We con-
struct the manifold and the Schrédinger operator in the domain (see Fig. 2)
M= |J MyFThum', where M= ME.
ze€M?1,r>0

To glue together Mgéi’(?) with different z and r we use the fact that if
G(z,y,t) = G(,y,t) for some t > 0 and y € 2 where 2 C M is open then
T =2.

In M? we can again take balls B,(z), and iterate the construction.
Then it takes only a finite number of iterations to reconstruct any compact
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subset in (M(S,T), g) and at most numerable many to construct the whole
manifold (M (S,T),g) and the Schrédinger operator on it and, therefore,
the orbit osa(x, D)|r(s,1)-

We note that the extensive use of the Green functions for a step by
step reconstruction of the manifold and the operator is somewhat similar to
that in [LaU] which, however, deals with a fixed-frequency inverse problem.

6. Appendix: Elliptic operators on manifolds of bounded ge-
ometry. Here we consider a class of second-order elliptic self-adjoint dif-
ferential operators on non-compact manifolds with boundary. Manifolds
and coefficients of the operators are C'*°-smooth. Moreover, all Rieman-
nian manifolds (M, g) are assumed to be complete as metric spaces, i.e.,
Cauchy sequences converge.

We denote by B,(x) the balls of (M,g) and by B, (y) the balls of
(OM, ganrr), where ggps is the metric inherited from (M, g).

Assume that there is 79 > 0 such that
a. For any xy € M and r < min(ro,dg(zo,0M)) the ball B,(x¢) is the

domain of Riemannian normal coordinates x = (z!,--- ,2™) centered in zo;
b. For any yo € M and r < r¢ the ball By ,(yo) is the domain of Rieman-
nian normal coordinates (on M) y = (y*,--- ,y™ 1) centered in yo;

c. For any xy € M with dg(zo,0M) < 7o there exists a unique near-
est boundary point yo = y(zg) € M and, when r < 79, the cylinder
Cr(zg) = {x € M : dy(z,0M) < r, y(x) € Bor(yo)}, is the domain of
boundary normal coordinates z = (y!, -+ ,y™ ! n) where (y!,---,y™ 1)
are Riemannian coordinates on By »(y(zo)) and n = dg4(z,0M).

We note that the supremum of all such rg is called the injectivity radius
of (M,0M). In the future we denote by By (zg), zo € M, r < r¢ either a ball
B, (zo) if r > dg(xo, 0M) or a cylinder C(zo) if r < dg(xo, OM ). Moreover,
by normal coordinates in Er(xo) we mean Riemannian normal coordinates
if E«(:CO) = B, (x0) and boundary normal coordinates if B\T(xo) = Cr(z0) -

Remark 6. By the Hopf-Rinow theorem any two points on a complete
Riemannian manifold without boundary can be connected by a shortest
geodesic. Moreover, for any z there is r(xz) > 0 such that B, (z) is a
domain of Riemannian normal coordinates. Using the Hopf’s double of
M and a locally finite partition of unity, a manifold (M,g,0M) can be
considered as a subset of a manifold without boundary. Then the Hopf-
Rinow theorem implies that any x € M can be connected with M by a
shortest geodesic which is normal to OM. Moreover, if y € OM there is
r(y) > 0 such that C.(,)(y) is a domain of boundary normal coordinates
(for results on geometry see e.g. [Cv]). What is essential in conditions a—c
is that r(x) is uniformly bounded from below.

DEFINITION 4. A complete connected smooth non-compact Rieman-
nian manifold (M, g,0M) is called a k-finite, k € Z, manifold of bounded
geometry if there is ro such that the injectivity radius of Riemannian nor-
mal coordinates and injectivity radius of boundary normal coordinates are
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larger than ro and for some C' > 0
i. In any generalized geodesic ball B,(xo) of radius v < ro there exist
normal coordinates x = (x',--- 2™) such that in these coordinates the

metric tensor satisfies
(95) CI1<g<CI, (0% <C when|a|<k.

ii. If (E«(mo),m) and (B:(:fo),:f) are above coordinates, then transition
functions satisfy || o x7||crir < C.

Remark 7. Conditions of this definition are satisfied if, for exam-
ple, the injectivity radii of the Riemannian normal coordinates in M, the
boundary normal coordinates in M and Riemannian normal coordinates in
OM are uniformly bounded, and in addition the Riemannian curvature ten-
sor R and the second fundamental form of the boundary S have bounded
covariant derivatives upto order k + 1. We note that above geometric re-
quirements can be made weaker by using harmonic coordinates, see e.g.,
[HH], [dTK] and [KaKuLT].

Examples of manifolds of bounded geometry are given by manifolds
which asymptotically at infinity look like as a finite number of cones and
waveguides.

Manifolds of bounded geometry enjoy a number of important proper-
ties:

(i) For any r < ro the manifold M has a covering of a countable set of
generalized balls E;(xl) which have a finite intersection index I, i.e., if we
take more than I balls B\T(:cz) they will have empty intersection. In addition

balls E,;(:cz) do not intersect. This result is a direct generalization to the
manifolds with boundary of the result by Gromov [Grl] using uniform
estimate of the volume of balls Br(z) (see e.g. [KaKuLal).

(ii) There is a partition of unity ¢;, supp(¢;) C EE(&JZ) which satisfy
l¢illcr+1 < Ck in normal coordinates satisfying (95).

(iii) There is an invariant definition of spaces C?(M) for ¢ < k+ 1. Also
the Sobolev spaces H*(M) have an invariant meaning for 0 < s < k + 1.
Furthermore, for such s

(96) H*(M) = cl(CF (M),

where C'2°(M) consists of C*°-functions which are equal to 0 outside some
ball Br(x). The space of Sobolev functions having compact support is
denoted by HZ(M). For these results we refer to [Shl].
(iv) Similar Sobolev spaces can be defined on OM and the usual embedding
and extension theorems remain valid for H*(M), s < k + 1.

For k-finite manifold of bounded geometry we can generalize the basic
results for second order elliptic operators given in [Shl] for non-compact
manifolds without boundary.
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Let us consider elliptic operators with smooth coefficients of the form
(97) a(z, D)v(z) = —Agv(z) + (V(z), Vo(z)), + c(z)v(z),

V is a real vector field (1st order operator) and c is a real valued function
(cf. (1)). If a(x, D) is symmetric on C§°(int(M)) with respect to a smooth
measure dp = pdVy, p > 0, dV, = g*/?dzt - dz™, then

(98) a(x, D)v(x) = —p~ g~ /2(0,9" 29" pOju(@)) + a(z)v(x)

with a smooth real ¢ (cf. (5)).

LEMMA 10. Let (M, g,0M) be a k-finite manifold of bounded geometry
and a(z, D) be an operator of form (98) with p,p=* € C*°(M) N CZ(M)
q € C®(M)NCP(M).

Then for any real valued n € C>(OM) N CL(OM) the operator A,

(99)  Av =a(z,D)v; D(A) ={ve H*(M):d,v+nv|oy = 0}

is self-adjoint and bounded from below, i.e. A > —co. Moreover, D((A +
e)/?) = HY (M) when ¢ > cg.

We remind the readers that Cf stands for the class of functions having
k uniformly bounded derivatives.

Lemma 10 can be proved by following arguments of [Sh1]. The idea of
the proof is to consider a minimal operator Ay defined by (98) on C°(M),
i.e., the set of smooth functions satisfying the Robin boundary condition
(99). Then A = cl(A4p) is a self-adjoint operator with D(A) = {v €
H?(M) : 8,v + nv|gar = 0}. This may be shown by the same technique
of minimal-maximal operators and methods based on finite propagation
speed as in [Shl] (also [Ch]).

Remark 8. For readers convenience we note that Green’s formula is
valid on the manifolds of bounded geometry. Indeed, by using definition
(96) we see for instance that for u,v € D(A) N HX(M)

/M(U a(z, D)u — wa(z, D)v) pdVy(z) = /8M(U Bu — u Bv)) pdSy(x).

This fact is used many times in our considerations.
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