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ABSTRACT. A novel method to solve inverse problems for the wave equation is
introduced. The method is a combination of the boundary control method and
an iterative time reversal scheme, leading to adaptive imaging of coefficient
functions of the wave equation using focusing waves in unknown medium. The
approach is computationally effective since the iteration lets the medium do
most of the processing of the data.
The iterative time reversal scheme also gives an algorithm for approximating
a given wave in a subset of the domain without knowing the coefficients of the
wave equation.
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1. Introduction. We present a novel inversion method for the wave equation.
Suppose that we can send waves from the boundary into an unknown body with
spatially varying wave speed ¢(x). Using a combination of the boundary control
(BC) method and an iterative time reversal scheme, we show how to focus waves
near a point zg inside the medium and simultaneously recover c¢(zg) if the wave
speed is isotropic. In the anisotropic case we can reconstruct the wave speed up to
a change of coordinates.

Let us describe the simple isotropic case more precisely. Take a closed and
bounded set M C R?® with smooth boundary dM, and let c¢(z) be a scalar-valued
wave speed in M. Consider the wave equation

ugy — c(z)?Au =0 in M xRy, (1)
ult=0 =0, ut|t=0 =0,
— ()20 = f(x,t) in OM x Ry,

where 0,, denotes the Euclidean normal derivative. We denote by uf = uf(x,t) the

solution of (1) corresponding to the boundary source term f.
The inverse problem is to reconstruct the wave speed c(z) from the set

{Floarx 0,21y, u¥ lonix(02ry 1 f € CFP(OM x (0,2T))},

that is, the Cauchy data of solutions corresponding to all possible boundary sources
f € C§°(OM % (0,2T))with large enough observation time 27". This data constitutes
the response operator

Aor o f = uf|onrx0,21) (2)
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also called the non-stationary Neumann-to-Dirichlet map. Physically, Aorf de-
scribes the measurement of the medium response to any applied boundary source
f, see [26].

In the classical BC method material parameters are reconstructed from As7 us-
ing hyperbolic techniques, see [1, 6, 7, 9, 23, 24, 25]. Straightforward numerical
implementation of the BC method is difficult: some procedures involved (such as
the Gram-Schmidt orthogonalization) are unstable, as seen in [8]. Inspired by Isaac-
son’s iterative measurement scheme [20] for electrical impedance tomography (EIT),
we overcome these problems by combining the BC method with an adaptive time
reversal iteration that lets the medium do most processing of the data.

Traditional time reversal methods record waves, invert them in time, and send
them back into the medium. If the recorded signal originates from point sources,
or is the reflection of an input wave from small scatterers in the medium, the time
reversed waves focus at the source or scatterer points. This is useful for time reversal
mirrors in communication technologies and medical therapies. The efficient use of
feedback is the main advantage of time reversal: outputs of previous measurements
dictate the input of the next one. For early references on time reversal (using
ultrasound in air), see the seminal works of Fink et al. [17, 16, 15]. For a microlocal
discussion of time reversal, see [3, 4], and for another mathematical treatment see
[27].

Time reversal in known background medium with random fluctuations has also
been extensively studied, see e.g. [5, 12], and applied to medical imaging, non-
destructive testing and underwater acoustics. These methods are outside the scope
of this paper.

Iterative time reversal has been used to find best measurements for inverse prob-
lems. By “best” we here mean “optimal for detecting the presence of an object”.
This distinguishability problem has been studied for fixed-frequency problems in EIT
[20] and acoustic scattering [36]. The connection between optimal measurements
and iterative time-reversal experiments was pointed out in [36, 37, 38]. For the
wave equation, the best measurement problem has been studied in [14], where the
optimal incident field for probing a half space was found by an iteration involving
time reversal.

Take T > 0 larger than the radius of M in travel time metric, so that any point
inside M can be reached by waves sent from the boundary before time 7". The new
method introduced in this paper is based on a family of boundary sources h(«)
obtained from an arbitrary initial source f. For a > 0, the sources E(a) produce

waves u(®) (T) that converge to Co(zo)uf (zg, T)d(x — x0) as a — 0, where zg € M

has prescribed travel time coordinates. We call u"(®)(z,t) the focusing waves, as at
time t = T the function u"(®) (2, T) is concentrated near 2y when « is small.

The sources E(a) are constructed iteratively for any o > 0. Each step in the
iteration uses time reversal, two very simple linear operators, and the response
Aorg; for one specific source g;. We call this process the iterative time reversal
control (ITRC).

The ITRC method proposed here has the advantage of the BC-method to be
applicable to fully non-linear inverse problems with an unknown background. Si-
multaneously, ITRC exploits feedback properties of the time reversal schemes with
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the output of the previous measurement producing the input of the next measure-
ment. The iterative nature of ITRC avoids non-physical sources which occur in the
BC-method and provides robustness against measurement noise.

The ITRC method is valid not only for the equation (1) but for a more general

equation

up(z,t) + Au(z,t) =0 in MxR (3)
where A is a formally self-adjoint elliptic partial differential operator. In particular,
ITRC applies to anisotropic cases with lower order terms specified on Riemannian
manifolds.

For the acoustic equation, we can use the focusing waves to determine the
geodesics starting from the boundary points. For more general hyperbolic equa-
tions, we use those geodesics to determine the travel time distance between any
interior point and any boundary point, leading to the recovery of the wave speed in
the medium.

The paper is organized as follows. In Section 2 we formulate our main results
separately for acoustic equation and for more general hyperbolic equations. In
Section 3 we prove the convergence of iterative time-reversal control. Section 4 is
devoted to the analysis of the focusing properties of the waves, and in Section 5 we
show how to reconstruct the metric using the boundary distance function. In the
last section we discuss our method in the case of noisy measurements.

2. Main results. In this section we will describe the iteration procedure for the
time reversal and apply it to solve the inverse problem for the acoustic wave equation
(1). We will also describe the results on the inverse problems for the general wave
equation (3). Proof of results are postponed to later sections.

2.1. Notations. Let us consider the closure M C R™, m > 1, of an open smooth
set, or a (non-compact or compact) complete Riemannian manifold (M, g) of dimen-
sion m with a non-empty boundary. For simplicity, we assume that the boundary
OM is compact. Let u solve the wave equation

ug(z,t) + Au(z,t) =0 in M xRy, (4)

u|t:0 = 07 Ut|t:0 == 07
-BV,77’U/|3M><]RJr = f

Here, f € L?(OM xR, ) is a real valued function, A is a formally self-adjoint elliptic

partial differential operator of the form (in local coordinates in the case when M is
a manifold)

(5)

- 1 0 1 ov
= -1 -3 3 g0k () ==
Av j]%:lu(w) l9(2)I™2 5 (u(w)lg(x) 9" (@) 5% ($)> + q(z)v (),
where ¢7%(x) is a smooth real positive definite matrix, |g| = det(g7*(z))~!, and

pu(x) > 0 and ¢(x) are smooth real valued functions. Furthermore,
B, ,v = —0,v+ v,
where 17: OM — R is a smooth function and
Oyv = Z /j,(:L’)ng(CL')l/k@’U(l')’

J,k=1
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with v(z) = (v1,v2,...,Vm) being the normalized, E;{lkzl ¢’*vju, = 1, interior
co-normal vector field of OM.
A particular example is the operator

Ay = —A(2)A + q(x) (6)

for which d,v = ¢(x) "™ %19, v, where 9,v is the Euclidean normal derivative of v.
We denote the solutions of (4) by

u(z,t) = ul (x,1).

For the initial boundary value problem (4) we define the response operator (or the
non-stationary Robin-to-Dirichlet map) A by setting
Af =ufonxr, - (7)

We also consider the finite time response operator Ar corresponding to the finite
observation time T > 0, .

Arf = uf|6M><(O,T)- (8)
By [42], the map Az : L?(OM x (0,T)) — H'/3(dM x (0,T)) is bounded, where
H?#(OM % (0,T)) denotes the Sobolev space on OM x (0,T). Below we consider Ap
as a bounded operator that maps L%(OM x (0,T)) to itself.

The matrix g;x(z) (the inverse of the matrix g/*(z)) is called the travel time
metric. This is because waves propagate with unit speed with respect to the metric
ds? = D ik gjk(z)dx?dz®. We denote by d(x,y) the distance function corresponding
to g;x(z). For the wave equation we define the space L?(M, dV,,) with inner product

(,0) 12 ar.av,) = /M w(@)v(x) dVi,(x),

where dV,, = u(z)|g(z)|'/2dztdx? . .. dz™.
Fort>0and I' C OM, let

M@, t)={zeM : dxT)<t}, (9)

be the domain of influence of I' at time ¢.

For any set B C OM x Ry, we denote L?(B) = {f € L*(OM xR, : supp (f) C
B}, identifying functions and their zero continuations. When I' C OM is an open
set and f € L2(T'xR,), it is well known (see e.g. [19]) that the wave uf () = u/(-,t)
is supported in the domain M (T, t),

uf (t) € LA (M(T,t)) = {v € L>(M) : supp (v) € M(T,t)}.

2.2. Definition and convergence results for the ITRC. Our objective is to
find a boundary source h such that the wave u"(z,T) is localized in a neigh-
bourhood of a single point xy. Note that in this paper we do not focus the pair
(u(x, T),ul (x,T)), but only the value of the wave, u”(x,T).

Let T' C M be an open set and f € L(I' x Ry). Then supp(uf (T)) € M(T,T).
Let now 0 < Ty < T so that the set M(T',T)\ M(0M,Tp) is a subregion in M, see
Fig. 1. We will show how to construct boundary sources h(a) € L2(OM x [0,T]),
a > 0, such that

lim uMN(T) = xrommyyw! (T), (10)

where xn(z) is the characteristic function of a set N. Then

iii% wf =My = (1 - XM(aM,TO))Uf(T)
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FIGURE 1. The set M(T',T)\ M (0M,Tp). Our goal is to find waves
sent from the boundary that focus into this area.

M(OM,Ty)
M(T,T)

is the wave uf(T) cut-off onto M(T',T) \ M(OM,Tp), see Fig. 1. Actually, our
construction will be valid in a more general setting when, instead of the collar
neighborhood M (0M, Tp), we will be dealing with a more general set N of the form
J
N = Uj:l M(Pj7Tj)~
To proceed further, we define the time reversal map Ror and the time filter Jor:

RQTf(xat) =f<.7;,2T—t), (11>
JQTh(xat) - / JQT(Svt)h(xa S)dS
0,277

where Jor(s,t) = %XL(S,t),
L:{(S,t)€R+XR+ t+$§2T, S>t} (12)
We note that the doubling of time, from 7' to 27" in (12) is due to the fact that, for
wave u/ measured at M to bring information about all points = € M(T',T), the
measurements’ time should be at least 2T
For an open set B C M x (0,27, we denote by P = Pp : L2(OM x [0,2T]) —
L2(OM x [0,2T)) the multiplication operator
PBf(xvt) = XB(xvt) f(xvt)'
We choose B = U'jjzl(Fj x [T —Tj,T]), where I'; C OM are open sets and 0 <
T; < T. In the following, we consider Asr, Ror, Pp and Jor as operators in
L2(OM x [0,2T)).
Let o € (0,1) and w > 0 be a sufficiently large constant. We define a,,, b, and
hyp = hyp(a) € L?(OM x [0,2T)) iteratively:
an = Nor(hn), bn = Aar(RorJorhs),
o 1
hny1 = (1 - ;)hn - ;(PBR2Tbn — PyrJoray) + F, (13)
with ag = O, bO = 0, ho = 0, and

1
F= ;PB(R2TA2TR2TJ2T — JorAar) f.
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FIGURE 2. Subsets of M used in Corollary 1. Note that the set
M(T;,T)\ M(0M,Tp) shrinks to one point z = & when j — oo
and Ty — T.

Vi Kt

I
oM s T

Here a,, corresponds to the “iterated measurement”, b, to the “time filtered and
time-reversed measurement” and h,41 to post-processing of h,, a, and b, using
time reversal and time filtering. We say that formula (13) describes iterative time-
reversal control (ITRC) with time-interval [0, 27, projector Pp, and starting point
f e L?(0M x [0,2T)).

Theorem 1. Let T > 0. Assume we are given OM and the response operator
Aor. Let 'y C OM, j = 1,...,J, be non-empty open sets, 0 < T; < T, and
B= U}]=1(Fj x [T —T;,T)). Let f € L>(OM x R.) and let, for w large enough and
€ (0,1), the functions h,, = hy(«) be defined by the ITRC (13) with projector Pp
and starting point fo = flarrx,21). These functions converge in L?(0OM x R,),

h(a) = lim h,(a)
and the limits satisfy
lim w"() (2, T) = xn(2)uf (z,T)

a—0
in L*(M), where N = U}']:1 M(T;,T;) C M.

We note that similar approaches in the case when N = M have been developed
in [21, 31].
This theorem is proven in Section 3. Let us now consider some its consequences.

2.3. Results on focusing of the waves. Let us consider a geodesic v,.¢ in (M, g)
parameterized by the arclength with v, ¢(0) = x, §2,¢(0) = &, and [|{|l; = 1. Let
v = v(z), z € OM be the interior unit normal vector to M. There is a critical
value 7(z) € (0,00], such that for ¢ < 7(z) the geodesic 7., ([0,t]) is the unique
shortest geodesic from its endpoint v, , (t) to OM, and for ¢ > 7(z) it is no longer
a shortest geodesic.

We say that I'; — {Z} if [;11 C T'; and (;2, T = {Z}.

Theorem 1 yields the following result which provides a method to generate fo-
cusing waves, that is, the wave from the boundary that, at a fixed time t = T, are
supported at a single point.

Corollary 1. Let 2 € M and 0 < Ty < T < T. Let & = vs,(T) and I, c oM,
j € Zy be open neighbourhoods of 2 € OM such that T'; — {2} when j — oo.
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Let f € C§°(OM x Ry) and hy,(a; Ty, j) be the functions obtained by the ITRC
(13) with projector Pg, B = (I'; x [T — T,T)) U (OM x [T — Ty, T)) and starting
point fo = florx,2ry. Similarly, let h (a;Ty) be the functions obtained by (13)
with projector Pp:, B' = OM x [T — Ty, T] and starting point fo. Denote

(0 To, §) = hn (0 To, 5) — hi, (0 T).
If T < 7(3) then

(14)
1 > .
lim lim lim lim —~————————— u/(@109)(T) = Cy(2)u’ (2, T)0z (x)
Ty—T J—00 a—0n—o0 (T To)(m+1)/2

in D' (M) where Co(&) > 0 does not depend on f. If T > 7(2) the limit (14) is zero.
Above, §; is the Dirac delta-distribution on (M, g) such that

A@wwwwamx¢awwy

Note that we can determine 7(2) by finding supremum of all those T for which
(14) is non-zero with some f.

4. Acoustic wave equation. Before formulating the results on the inverse prob-
lems for the general equation (4), (5), let us describe the procedure of finding the
unknown wave speed, ¢(z) for the equation (1). The additional property used for
this case is that we can actually find the Euclidian coordinates &%, k = 1,...,m, of
the point & = ’yg,y(f ) described in Corollary 1. Indeed, for any boundary source f,
we have two important identities to be proven in section 3. To describe them, we
introduce the functionals

2T
Hof— L/'(/TJQN{ 2,0")29 — Agrf (e, 4")Bya7) dS, (x)dt"dt!, (15)

2T ,t’
0 _ 1 341
QM_A‘AAMﬂmM&MﬁdL (16)

., ™) are the Euclidian coordinates of x € M. Then, defining u(x) =
, we have

[ o@D ) = tef, [ @D V) =1 ()
M M

As the right-hand side of (15) is written in terms of the response operator Aor, this
makes it possible to immediately solve the inverse problem for the acoustic equation

(1):
Corollary 2. Let 2 € OM and 0 < T < T, & = Yz, ,,(A) Also, let f € CF(OM x

Ry) and hy(a; Ty, §) be the functions obtained from the ITRC as in Corollary 1.
Assume that the limit (14) is non-zero. Then

where (z1,..

C(I)Z_n

Il 7 T i
lim lim lim lim Iyrhn(e; To, j)

- =#:,T), 1=1,2,....m.
To—T J—00 a—0n—o0 IO hy, (Oé;To,j)

where #(2,T) are The Euclidian coordinates of & = 727U(f).



8 BINGHAM, KURYLEV, LASSAS, AND SILTANEN

Moreover,

m

. NP 2
c(2)? = Z (0534 (2, 8)|._7) -
=1
We note that, for equation (17) to be valid, we need Au = 0 for v = z! and
u = 1. This is definitely the case for the acoustic operator, A = c¢(x)2A but not for
a general A of form (5).

2.5. General hyperbolic equation. It is well known, see e.g. [23, 24, 25, 28],
that the response map A can not, in general, determine coefficients p and g’* of
operator A (see (5)) uniquely due to two transformations discussed below.

First, we can introduce a differentiable coordinate transformation F' : M — M
such that the boundary value F|gys is the identity operator. Then the push forward
metric g = F,g, that is,

m

. OzP 9z’

gi(y) = Z Byl OyF 9pe(2), y=F(z),
p,l=1

and the functions i = po F~1, §=qo F~! and nj = n determine the operator A

of form (5) such that the response operators for A and A are the same.

Second, we can apply a gauge transformation u(z,t) — k(z)u(x,t), where k €
C>(M) is a strictly positive function. The operator A is then transformed to the
operator A,

Aqw = kA~ w)

and the boundary operator B, , — to B, 5, with

n=n—r 'O,k
Thus, the response operator /~\,g of gﬁ coincides with the response operator A of A.
__ Note that, making a gauge transformation with £ = 11, we come to the operator
Ay of form (5) with p(z) = 1.

Corollary 3. Assume that p = 1 and we are given the boundary OM and the
response operator A. Then, using ITRC, we can find, in a constructive way, the
manifold (M, g) up to an isometry and the operator A uniquely.

Moreover, if M C R™, m > 2, and A is of form (6), given the set M and the
response operator A we can determine c(x) and q(x) uniquely.

3. Proof of the convergence of the iteration.

3.1. Controllability results. Proof of equation (17). The seminal result im-
plying controllability is Tataru’s unique continuation result, see [41, 43]:

Theorem 2 (Tataru). Let u be a solution of wave equation
uge(x,t) + Au(x,t) = 0.
Assume that
ulrx(0,2r) = 0, Outlrx(0,27) =0 (18)
where ' C OM, T # () is open, and 7 > 0. Then,
u(z,7) =0, Qu(z,7) =0 forxze M(T,T1).
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This result yields the following Tataru’s controllability result, see e.g. [24] and
references therein.
Theorem 3. Let I' C OM be open and 7 > 0. Then the linear subspace

{uf(r) € LX(M(T,7)): feC5(T x[0,7])}

is dense in L*(M (T, 7)).
3.2. Inner products. Let us consider the Blagovestchenskii identity, which goes
back to [10]
Lemma 1. Let f,h € L?(OM x [0,2T]). Then

/ uf (2, T)u" (2, T) dV,,(z) = (19)
M

[ ] o) [fO@arh)s) - (har ()] 45, (e)drds,
(0,272 Janr
where J(t,s) = x1(s,t), see (12).
The proof in a slightly different context is given e.g. in [24].
Proof. Let w(t,s) = [,, u/ (t)u”(s) dV,,. Integrating by parts, we see that
(0F — 9)w(t, s) (20)
_ / [Auf (tu" (s) — u? (£) Aut ()] dV,,(x)
M

- / [0, (£)uh (s) — ! (1D (5)] dS,
OM
= /aM [(—=0uu! () + nuf (0)u" (s) — u! (¢)(—0uu" (s) + nu(s))] dS,

= / [f(t)AQTh(S) — AQTf(t)h(s)} dSy.
oM
Moreover, as
Wl = wlog =0, Owl,_y= Osw|,_, =0,

we can consider (20) as one dimensional wave equation with known right hand
side and vanishing initial and boundary data. Solving this initial boundary value
problem, we obtain (19). ]

The Schwartz kernel of Aor is the Dirichlet boundary value of the Green’s func-
tion G(x,2’,t —t') satisfying

(07 + A)Gor p(x,t) = 00 (2)8(t —t')  in M x Ry, (21)
Gorrli=0 =0, 0/Ga v]i=0 =0, By ,Gu vlomxr, =0,
where Gy v (x,t) = G(z, 2’ t —t'). As
Gz, 2’ t —t') =Gz, t —t'),
we see that
ASr = RorAor Ror
where Rop f(x,t) = f(x,2T — t) is the time reversal map.
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Thus, we can rewrite formula (19) in the form
/ uf (z, T)u" (2, T) dV,,(z) = / (K f)(z,t) h(z,t) dSq(x)dt (22)
M M x[0,2T]
where K is defined as
K = Kor = RorAor Ror Jor — Jor Aor. (23)

Analyzing (23), we see that the inner product in the left-hand side of (22) can
be found by making two measurements, one with the input f and the other with
the input RopJor f, obtained from f by basic operations of the time reversal Rop
and the time filtering Jop.

Similar considerations make it possible to prove equations (17) for the acoustic
equation (1). Recall that in this case p = c(z)?>~™. Let p(x) =27, j = 1,...,m, be
coordinate functions and

oy (t) = /M p(@)u! (2, £) AV, ().

Note that Ap(z) = 0. Integrating by parts, we see that

dRuy(t) = —A;ﬂﬂwAqu»mmmmwz [l (o )p(a) o

- /(mwwmmwwuwmw&w
OM

::/“uuwmwfmﬂﬁuﬁmmmM%@»
OM

Again, v;(0) = v}(0) = 0 and we obtain formula (15) by integration. The formula

(17) follows analogously using the constant function p(z) = 1.

3.3. Proof of Theorem 1. Let us analyze the minimization problem

. f _.h 2
ain ! (7) = o (), 24

where B = szl(Fj x [T'—1T;,T]),T; C OM are open and 0 < T; < T.
As the solution of this minimization problem does not always exist, we can reg-
ularize it and study

min F(h,a), (25)

heL2(dM x[0,2T])
where a € (0,1) and
F(h,a) = (K(Ph = f),Ph = f)r2(anx[0.211.d5,) + @Bl 2001 [0,277,d5,)-
We recall that P = Pp is multiplication with the characteristic function of B, that
is, (Pgh)(z,t) = xg(z,t) - h(z,t).
By (22),
F(h,a) = [[u?(T) = w"™ ()22 (ar.av,) + P17 2000 10,21)

The minimization problem (25) is equivalent to (24) when a = 0.

Lemma 2. For given o € (0,1) the problem (25) has a unique minimizer. More-
over, the minimizer is the unique solution of the equation

(PKP + a)h = PKf. (26)
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Proof. The minimization problem is strictly convex, and the map h +— u"(T) is
continuous L?(OM x [0,2T]) — H*' (M), s1 < 5/6 by [35], see also [34]. Now if h; —
h weakly in L?(OM x [0,2T) as j — oo then Ph; — Ph weakly in L*(OM x [0, 2T])
As the embedding H* (M) — L?*(M) is compact, then v (T) — uF*(T) in
L?(M). Therefore,

[Jim (K (Phj = f), Phj = f)r2oarxp.21)
= jlggo ||Uphj (T) - uf(T)”QL?(M,qu) = HUPh(T) - uf(T)“QL?(M,dVM)'

Let h; be a sequence such that lim;_,o F'(hj,a) = infy F(h,a). As F(h,a) >
allh||?2, the sequence (h;) is bounded. Thus by choosing a subsequence of hj, we
can assume that h; converge to h in the weak topology of L?(0M x [0,2T]), Since
[|h]|2 < liminf;_, ||hj] L2, this implies that F'(h,a) < liminf F'(h;, ). Thus, the
limit A is a global minimizer of F(-, a).

By computing the Fréchet derivative, Dy, of the functional F(h,«) in any direc-
tion h € L2(OM x [0,2T)) at a minimizer h, we see that

0= Dy((K(Ph— f),Ph— [) +a|lh|32)h
= (h, P*K(Ph — f)) + (h, P*K*(Ph — f)) + 2a(h, h)
for all k. Since K* = K and P* = P, this implies that h satisfies equation (26).

As K is non-negative, PK P + ol > al so that equation (26) has a unique solution
providing the minimizer h = h(«). O

Note that equation (26) also implies that
h(«) € Ran(P). (27)

Next we want to solve equation (26) using iteration. To this end, let w € R be
a constant such that

w>2(1+||[PKPJ).
Then equation (26) can be written as
1 PKP
(I —S)h=—PKf, where S:I—L. (28)
w

w

Since PK P is non-negative and
al <al + PKP < gl,

we see that ||S|| <1 — a/w < 1. Thus we can solve h using iterations: Let
1 1
Fi= —PKf = —P(JyrAor = RorAor Ror Jor) f,
ho = 0, and consider the iterations
hpe1 =Sh, +F, n=0,1,....
As hy, = Ph,, by (27), we can write these iterations in the form (13), and lim,, o h,, =
h(a) in L2(OM x [0,2T]).
Applying this algorithm can find the minimizers h = h(«) € Ran (P) of problem
(26). The corresponding waves converge by the following lemma:
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Lemma 3. We have

lim v (2, T) = xny(x)u (z,T)

a—0
in L2(M), with N = U}'le M(T;,T;) as in Theorem 1.
Proof. As u”"(T) = xyul"(T),
F(h,a) = Fo + HXN(UP}L(T) - uf(T))H%%M) + OéHh”%?(aMx[o,zT])7(29)
where
Fo = [[(1 = xn)u! (D)1 22y
does not depend on h. By Theorem 3, for any € > 0 there is h. € L?(B) such that

™ (1) = v (D32 < 5- (30)
Thus we have
F(he,0) = By + 5 + k(|32 om0 27)-
This shows that if o < a(e€), where
€
O Ao
then
F(he,a) < Fy+e.
Thus the minimizer h(«a) of F(h,«) with a < «a(e) satisfies
F(h(a),a) < Fy +e.
As by (27), h(a) = Ph(a), we get from (29) that, for o < a(e),
e (@ (T) =l (T) 1 2ar) < €/2. (31)
Using again that u(®)(T) = y yu™(®)(T), the claim follows. O
Theorem 1 follows from Lemmata 2 and 3. O

4. Proofs for the focusing of the waves. In this section we prove Corollaries 1
and 2.

Proof of Corollary 1. Let (z(z),s(x)) be the boundary normal coordinates of
x € M, that is, s(z) = d(x,0M) and z(x) is the closest point of OM to x when
such a point is unique. When a closest boundary point is not unique, the boundary
normal coordinates are not defined. R

We consider first the claim of the corollary in the case when T' < 7(2). Then

the boundary normal coordinates near & = ’yg,,,(f) are well defined and the metric
tensor in these coordinates has the form

§= ( : [gamz,g)mgil ) ! (32)

,8)] € Rm=1)x(m=1) g o smooth positive definite matrix-valued func-
T) = (2(2), s(&)). Then there is a C; = C1(2,T) > 1 such that

Oy < [gap(z,5)] < Cil

where [ga(2
tion near (Z,
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near (2, f) Using this we see that there is a C'y > 1 such that
o1 2 YOl (ML D)\ MOM,Ty)) _

T (T T[T 1)
As the solution u/ (x,t) is smooth for f € C*(OM x R,),

XM ({2}, T)UM(OM,To) — XM(OM,Ty) () = u? (&, T)6s
To—T voly (M ({2},T)\ M(8M,Tp)) T

in D'(M), the claim follows in the case T' < 7(3).
When T > 7(z), the claim follows from the fact that, for sufficiently small T' —
To > 0, the set M({2},T) \ M(0M,Tp) is empty. a

Remark 1. The above proof shows that in Corollary 1

T — ) (m+1)/2
Co(2) = lim_ (T -To) .
To—T volg (M({é}, T)\ M(OM, TO))
Proof of Corollary 2. The claim follows directly from Corollary 1 if we take into
account that the geodesics have speed one with respect to the travel time metric

c(z)?|dz|? and that almost any point in M lies on a unique shortest normal geodesic
to OM. O

(33)

5. Boundary distance functions and reconstruction of the metric. Here
we present a method for finding the boundary distance functions using ITRC.

Let z,y € OM, 0 < Ty < 7(2) and T > dom(y,z) + T1. Denote x = v, ,(T1).
Next we give an algorithm that can be used to determine d(x,y).

To this end, let I'; C OM and X; C M be neighbourhoods of z and y, respec-
tively, such that I'; — {z} and ¥; — {y} when j — oc.

Let € > 0, 7 € [0,77], and

N} =M(T;,Th) B} =T; x [T —T1,T]
N} = M(%y,7) B} =%; x [T —7,T]
N3 = M(OM, Ty — ) B3 =0M x [T — (T} —€),T).

Lemma 4. The distance d(x,y) is the infimum of all T € [0,T] that satisfy the
condition

the set 1(j,€) = (Nj N NZ)\ N contains (34)
a non-empty open set for all j € Zy, € > 0.
See Figure 3 for a sketch of the cases of empty and non-empty I(j,€).

Proof. First consider what happens if d(x,y) < 7. Since T} < 7(z), we see
that then B(x,r) N (N} \ N?) contains a non-empty open set for all 7 > 0, where
B(z,r) C M is a ball of (M, g) with center x and radius ». When r < 7 — d(z,y),
we see that B(z,7) C N7. Thus I(j,€) contains an open set and (34) is satisfied.
On other hand, if d(z,y) > 7, let r = d(z,y) — 7. When j — oo and ¢ — 0,
we see using metric in the boundary normal coordinates (32) that N \ N2 — {x}
in the Hausdorff metric. Thus when j is large enough and e is small enough,
N} \ N} C B(x,r/2). Then B(z,r/2) N N7 =0, and (34) is not satisfied.
Summarizing, condition (34) is satisfied if d(x, y) < 7 and not satisfied if d(x, y) >
7. As d(z,y) < T, this yields the claim. O
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Yy Ej Y Ej
\ N T
X X
/ Tl \‘ Tl — € / Tl \ T1 — €
z Fj z Fj

FIGURE 3. Sketch of the situation in Lemma 4 when I(j,¢€) is
empty (left) and non-empty (right).

Next we show that by using ITRC we can test if condition (34) is valid. To this
end, denote

N1(Jaf):Nj1UN€3 El(],e):B}UBE
NQ(]ve):NfUNE Ez(],e):sz-UBf
N3(j.e) = N UN? UN? By(j,e) = B'UB2U B?
Ni(j,e) = N? Bu(j,e) = B.

Let f € C§°(OM x R;). Using ITRC on time interval [0,27] with projectors
Pp corresponding to B = Bg(j,€), k = 1,2,3,4 and starting point f, we obtain
functions h, (o€, 4, k) € L2(OM x [0,2T]). Using them, define
(35)
P, j,€) = hy(as€,5,1) + hp(a;€,4,2) — hn(as€,7,3) — hn(ase, 4,4).
Lemma 5. The condition (34) is satisfied if and only if there exists an f €

C§°(OM x Ry) such that for any j € Z4 and € > 0 the functions p,(a, j,€) defined
in formula (35) satisfy

lim lim <K2Tpn(a7j7€)vpn(avja €)> 7& 0. (36)

a—0n—oo

Proof. The functions h,(«;¢, 7, k) defined by ITRC satisfy
uf (T) = lim lim u(@930(T) g =1,2,3,4.

a—0n—oo

ARG
A simple computation gives us
X1(j,e) (@) = XN, (G,e) (z) + Xﬁz(j,e)(z) ~ XNs(j,¢) (z) — Xﬁ4(j,€)($) (37)
for all z € M. Therefore, using (35) we see that in L?(M)
X](jye)uf(T) = lim lim u?n~(®7:) (7).

a—0n—oo

By Theorem 3 we see that the functions u/ (T") with f € C§°(0M x R, ) are smooth
and form a dense set in L2(M(0M,T)). Thus condition (34) is satisfied if and only
if there exists an f € C§°(OM x R;) such that for any j € Z; and € >0

(X1G.ouw! (T),u! (T)) 2y
= lim lim <K2Tpn(aajv 6)7pn(aajv 6)>L2(8M><[0,2T]) 7é 0.

a—0n—oo
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This proves the claim. a

Lemmata 4 and 5 give an algorithm for the determination of d(x,y) from =z =
Yo (Th) € M to y € OM by using ITRC. Indeed,
d(z,y) =inf{r € [0,T] : thereis an f € C§°(OM x R;) (38)
such that (36) holds for all j € Z and e > 0}.

Summarizing, we have proven:

Proposition 1. Assume we are given OM and the response operator A. Let z,y €
OM, Ty < 7(z). Then using the algorithm (38) we can compute d(z,y) for x =
’Yz,l/(Tl)-

Let us consider consequences of the result above. To this end, we define the set
of the boundary distance functions. For each x € M, the corresponding boundary
distance function, r, € C(9M) is given by

ry i OM — Ry, ry(z)=d(x,z), z€IM.

In fact, 7, € Lip(OM) with the Lipschitz constant equal to one. The boundary
distance functions define the boundary distance map R : M — C(OM), R(z) = 4,
which is continuous and injective (see [24]). Denote by

R(M)={r, e C(OM) : x € M},

the image of R. It is known (see [24, 25, 29]) that, given the set R(M) C C(OM)
we can endow it, in a constructive way, with a differentiable structure and a metric
tensor g, so that (R(M),g) becomes a manifold that is isometric to (M, g),

(R(M),g) = (M, g).

A stable procedure of construction of (M, g) as a metric space from the set R(M), g)
and the corresponding Holder type stability estimates are given in [22].

Example By the triangle inequality,

We consider in this example the case when (M, g) is a compact manifold such that
all points x,y € M can be joined with a unique shortest geodesic. This implies that,
for any x,y € M, the shortest geodesic v([0, s]) from z to y, parameterized by the
arclength, can be continued to a maximal geodesic ([0, L]) that hits the boundary
at a point z = y(L) € OM. Then

[ra(2) — 1y (2)] = d(z, y)
implying equality in (39). Thus in the case when all geodesics between arbitrary
points z,y € M are unique, the manifold (M, g) is isometric to the manifold R(M)
with the distance function inherited from C'(0M). In the general case the construc-
tion of the metric is more elaborate.

By Theorem 1 we can compute for all z = v, ,(T) with T < 7(z) the corre-
sponding boundary distance function r,. Since all points x € M can be represented
in this form (see e.g. [13]) we can find the set R(M) that can be endowed with a
manifold structure isometric to the original manifold (M, g). We have thus proven
the following result:

Corollary 4. Assume we are given OM and the response operator A. Then using
the ITRC we can find the manifold (M, g) up to an isometry.
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Corollary 4 can also be formulated by saying that we can find the metric tensor
g in local coordinates. For example, for any point o € M there are z; € OM,
j=1,2,...,m, such that z — (X' (z),...,X™(z)) with X’ (z) := d(x, z;) define
local coordinates near xg. In these coordinates the distance functions = +— d(z, z),
z € OM determine the metric tensor. For details of this construction, see [24].
Next we prove Corollary 3.

Proof of Corollary 3. As the boundary data OM and A determine (M, g) up
to an isometry, we can apply formula (33) to find the function Cy(z), z € M in
Corollary 1. Thus in local coordinates we can find the values of waves uf(xz,t) for
all z € M, t > 0. By Tataru’s controllability theorem, the waves u/(z,T) with
fixed f € C5°(OM x (0,T)) form a dense set in L2(M(dM,T)). In this dense set
we can find the functions

Aul (z,t) = —0%u! (2,t) = —ul*t (2, 1),

implying that we can find the values Aw for all w € L*(M(OM,T)). As T is
arbitrary, we find Aw for all w € L?(M).

Having at hand the values of Aw for all w € L?(M), and using (5), we can
identify, for p = 1 and already known in local coordinates g;;(x), the potential
q(x).

When M C R™ and A is of the form (6), our further constructions are based on
the uniqueness, if any, of the isometric embedding of a Riemannian manifold into
R™ of the same dimension such that the metric becomes isotropic and the boundary
OM is kept fixed. As we know a priori that such embedding exists, we use this to
find ¢(z) in the Euclidian coordinates in M (for the details of this and following
constructions, see [24, section 4.5], or [28]). We then find the unique & so that the
gauge transformed operator A, takes the form (5) with g = 1. As the potential ¢
for A, is already found, by applying x~! we recover q. a

6. Iteration when measurements have errors. Let (Q2,%X,P) be a complete
probability space.

Assume the measurements have a random noise, that is, the measurements give
us, for an input f, the output Ao f + €, where € is random Gaussian noise that has
values in L2(OM x (0,2T)). Assume that Ee = 0 and denote the covariance operator
of € by C,. Note that C, is a compact operator on L?(0M x (0,2T)), e.g. [11], and
thus the standard white noise on dM x (0,27") does not satisfy our assumptions.

Assume that the noise is independent of previous measurements each time when
we do a new measurement. When the noise is added to the ITRC, we come to the
iteration of the form

7Ln+1 = Sﬁn +p+ Nn7

where N,, = PJel — PRe? with the random variables €! and €2 having the same
distribution as €. Thus N,, are independent identically distributed Gaussian random
variables satisfying EN,, = 0 and having covariance operator Cy = PJC.J*P* +
PRC.R*P*. Let us consider the averaged results of iterations

- 1 Koo
Rgre = — 5 h. 4
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n=1 n=1 n=1m=1
1 & 1 &
= | 7 n - I— 72Nn
R (kLo
1 K
_ —(I — —2gn+2 _ NI — —1gn+lypn
+K;((S)S (n+2)(I = 8§)7' SN,

=H} + Hi + Hy,

where h,, are the results of the ITRC without noise. B

Above, the deterministic term H}< converges to lim, . h, = h(a), that is, to
the same limit as the ITRC without noise. Now consider H3 and H} as random
variables in L?(0M x (0,T)). They can also be viewed as random fields on M x
(0,7), see [39]. By the law of large numbers in infinite dimensional spaces [18], we
see that

A [ HF | 2 @arx 0,1y) = O- (41)

As Sl Lr2om)) < 3. the last term Hj, also satisfies an estimate analogous to (41).
Thus the averaged ITRC with noise converges to the same limit as ITRC without
noise, that is,

lim A% = h(e) in L'(Q;L2(OM x (0,T))).

K—oo

Acknowledgements: The research was partially supported by the TEKES project
“MASITO03 — Inverse Problems and Reliability of Models”.

REFERENCES

[1] M. Anderson, A. Katsuda, Y. Kurylev, M. Lassas, M. Taylor: Boundary regularity for the
Ricci equation, Geometric Convergence, and Gel’fand’s Inverse Boundary Problem, Invent.
Math. 158 (2004), 261-321.

[2] G. Aubert, P. Kornprobst: Mathematical problems in image processing. Partial differential
equations and the calculus of variations. Applied Mathematical Sciences, 147. Springer, New
York, 2006. xxxii + 377 pp.

[3] C. Bardos: A mathematical and deterministic analysis of the time-reversal mirror. Inside out:
inverse problems and applications, 381-400, Math. Sci. Res. Inst. Publ., 47, Cambridge Univ.
Press, 2003.

[4] C. Bardos, M. Fink: Mathematical foundations of the time reversal mirror. Asymptot. Anal.
29 (2002), 157-182.

[5] G. Bal, G. Papanicolaou, L. Ryzhik: Self-averaging in time reversal for the parabolic wave
equation, Stochastics and Dynamics 2 (2002), 507-531

[6] M. Belishev: An approach to multidimensional inverse problems for the wave equation. (Rus-
sian) Dokl. Akad. Nauk SSSR 297 (1987), no. 3, 524-527.

[7] M. Belishev: Boundary control in reconstruction of manifolds and metrics (the BC method).
Inverse Problems 13 (1997), R1-R45.

[8] M. Belishev, V. Gotlib: Dynamical variant of the BC-method: theory and numerical testing.
J. Inverse Ill-Posed Probl. 7 (1999), 221-240.

[9] M. Belishev, Y. Kurylev: To the reconstruction of a Riemannian manifold via its spectral
data (BC-method). Comm. Partial Differential Equations 17 (1992), 767-804.

[10] A.S. Blagovestchenskii: The inverse problem of the theory of seismic wave propagation. (Rus-
sian) Probl. of Math. Phys., No. 1, pp. 68-81. Izdat. Leningrad. Univ., Leningrad, 1966.



18

(11]
(12]
(13]
(14]

[15]
[16]

(17)
(18]
(19]
20]
(21]
(22]
23]
24]

[25]

[26]
27]
(28]
29]

(30]

(31]

(32]
33]
34]

(35]

(36]

37)

BINGHAM, KURYLEV, LASSAS, AND SILTANEN

V.I. Bogachev: Gaussian measures. Mathematical Surveys and Monographs, 62., AMS, 1998.
xii 4+ 433 pp.

L. Borcea, G. Papanicolaou, C. Tsogka, J. Berryman: Imaging and time reversal in random
media. Inverse Problems 18 (2002), 1247-1279.

I. Chavel: Riemannian geometry. A modern introduction. Cambridge University Press, 2006.
xvi+ 471 pp.

M. Cheney, D. Isaacson, M. Lassas: Optimal acoustic measurements. SIAM J. Appl. Math.
61 (2001), no. 5, 1628-1647.

M. Fink: Time reversal mirrors. J. Phys. D: Appl. Phys. 26 (1993), 1333-1350.

M. Fink: Acoustic Time-Reversal Mirrors. Imaging of Complex Media with Acousic and
Seismic Waves, 17-43. Topics in Applied Physics, 84. Springer, 2002.

M. Fink, D. Cassereau, A. Derode, C. Prada, P. Roux, M. Tanter, J.-L. Thomas, F. Wu:
Time-reversed acoustics. Rep. Prog. Phys. 63 (2000), 1933-1995.

J. Hoffmann-Jorgensen, G. Pisier: The Law of Large Numbers and the Central Limit Theorem
in Banach Spaces. The Annals of Probability 4 (1976), 587-599.

L. Hérmander: The analysis of linear partial differential operators. III. Pseudodifferential
operators. Springer-Verlag, 1985. viii + 525 pp.

D. Isaacson: Distinguishability of conductivities by electric current computed tomography.
IEEE Trans. on Medical Imaging MI-5 (1986), 92-95.

B.L.G. Jonsson, M. Gustafsson, V.H. Weston, M.V. de Hoop: Retrofocusing of acoustic wave
fields by iterated time reversal. STAM J. Appl. Math. 64 (2004), 1954-1986.

A. Katsuda, Y. Kurylev, M. Lassas: Stability of boundary distance representation and recon-
struction of Riemannian manifolds, Inverse Problems and Imaging 1 (2007), 135-157.

A. Katchalov, Y. Kurylev: Multidimensional inverse problem with incomplete boundary spec-
tral data. Comm. Part. Diff. Equations 23 (1998), 55-95.

A. Katchalov, Y. Kurylev, M. Lassas: Inverse boundary spectral problems. Chapman &
Hall/CRC, 2001. xx + 290 pp.

A. Katchalov, Y. Kurylev, M. Lassas: Energy measurements and equivalence of boundary
data for inverse problems on non-compact manifolds. Geometric methods in inverse problems
and PDE control (eds. C. Croke, I. Lasiecka, G. Uhlmann, M. Vogelius), 183-213, IMA
volumes in Mathematics and Applications, 137, Springer, New York, 2004.

A. Katchalov, Y. Kurylev, M. Lassas, N. Mandache: Equivalence of time-domain inverse
problems and boundary spectral problem, Inverse problems 20 (2004), 419-436.

M. Klibanov, A. Timonov: On the mathematical treatment of time reversal. Inverse Problems
19 (2003), 1299-1318.

Y. Kurylev: Multi-dimensional inverse boundary problems by BC-method: groups of trans-
formations and uniqueness results. Math. Comput. Modelling 18 (1993), 33-45.

Y. Kurylev: Multidimensional Gel’fand inverse problem and boundary distance map. Inverse
problems related to geometry (ed. H.Soga), 1-15, Ibaraki Univ. Press, 1997.

Y. Kurylev, M. Lassas: Hyperbolic inverse problem with data on a part of the boundary.
Differential Equations and Mathematical Physics (Birmingham, AL, 1999), AMS/IP Stud.
Adv. Math., 16 (2000), 259-272, AMS, 2000.

Y. Kurylev, M. Lassas: Hyperbolic inverse boundary-value problem and time-continuation of
the non-stationary Dirichlet-to-Neumann map. Proc. Roy. Soc. Edinburgh Sect. A 132 (2002),
931-949.

Y. Kurylev, M. Lassas: Inverse Problems and Index Formulae for Dirac Operators, ArXiv
math.AP/0501049.

Y. Kurylev, M.Lassas, E. Somersalo: Maxwell’s equations with a polarization independent
wave velocity: direct and inverse problems. J. Math. Pures Appl. 86 (2006), 237-270.

I. Lasiecka, R. Triggiani: Sharp regularity theory for second order hyperbolic equations of
Neumann type. I. Ly nonhomogeneous data. Ann. Mat. Pura Appl. 157 (1990), 285-367.

I. Lasiecka, R. Triggiani: Regularity theory of hyperbolic equations with nonhomogeneous
Neumann boundary conditions. II. General boundary data. J. Differential Equations 94
(1991), 112-164.

T.D. Mast, A.I. Nachman, R.C. Waag: Focusing and imaging using eigenfunctions of the
scattering operator. J. Acoust. Soc. Am. 102 (1997) 715-725.

C. Prada, M. Fink: Eigenmodes of the time reversal operator: A solution to selective focusing
in multiple-target media. Wave Motion 20 (1994), 151-163.



ITERATIVE TIME-REVERSAL CONTROL FOR INVERSE PROBLEMS 19

[38] C. Prada, J.-L. Thomas, M. Fink: The iterative time reversal process: Analysis of the con-
vergence. J. Acoust. Soc. Am. 97 (1995), 62-T71.

[39] Yu. Rozanov: Markov random fields. Springer-Verlag, 1982. ix 4+ 201 pp.

[40] J. Sylvester, G. Uhlmann: A global uniqueness theorem for an inverse boundary value prob-
lem. Ann. of Math. 125 (1987), 153-169.

[41] D. Tataru: Unique continuation for solutions to PDEs, between Hérmander’s theorem and
Holmgren’s theorem. Comm. Part. Diff. Equations 20 (1995), 855-884.

[42] D. Tataru: On the regularity of boundary traces for the wave equation. Ann. Scuola Norm.
Sup. Pisa Cl. Sci. 26 (1998), 185-206.

[43] D. Tataru: Unique continuation for operators with partially analytic coefficients. J. Math.
Pures Appl. 78 (1999), 505-521.

KENRICK BINGHAM INSTITUTE OF MATHEMATICS P.O.Box 1100 02015 HELSINKI UNIVERSITY
OF TECHNOLOGY FINLAND

YAROSLAV KURYLEV DEPARTMENT OF MATHEMATICAL SCIENCES LOUGHBOROUGH UNIVERSITY
LOUGHBOROUGH LEICESTERSHIRE LE11 3TU UK

MATTI LASSAS INSTITUTE OF MATHEMATICS P.O.Box 1100 02015 HELSINKI UNIVERSITY OF
TECHNOLOGY FINLAND

SAMULI SILTANEN INSTITUTE OF MATHEMATICS TAMPERE UNIVERSITY OF TECHNOLOGY P.O.Box
553 33101 TAMPERE FINLAND



