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Abstract 

X-ray diffraction intensities were measured from a BeO single crystal with wurtzite structure 

specially treated to reduce the extinction effects. Preliminary least-squares refinement yielded 

experimental structure factors on an absolute scale, corrected for extinction and anomalous 

dispersion, and a reference model Be
2+

O
2–

 with the position parameter z = 0.3778 (4) and 

anisotropic Debye-Waller factors corresponding to atomic mean-square displacements with 

spherical average ⟨u2⟩ = 0.0045 (3) and 0.00353 (1) Å
2
 and prolateness ⟨u3

2⟩ – ⟨u2⟩ = 0.0008 (4) and 

0.00005 (9) Å
2
 for Be

2+
 and O

2–
, respectively. The residual differences Fo   – Fc  (of these 

experimental structure factors and those of the reference model) were analysed in terms of site-

symmetrized multipole expansions. The phases of Fo were refined iteratively to take into account 

the effect of the significant multipole components found. The contribution of the Be
2+

 ion was 

subtracted to make possible a study of the oxygen lattice. Significant multipole components of 

third, fourth and sixth order indicate that the oxygen in BeO forms bonded hexagonal O
2–

 planes. 

They build up diffuse O–O bridges strongly bent towards the stabilizing Be
2+

 ions above the plane. 

The Be
2+

 ions exhibit a stretching quadrupole-like deformation suggesting some covalency of the 

bonding they build between the O
2–

 planes. There is some evidence of anharmonicity of atomic 

vibrations, particularly in the direction of the hexagonal axis.  

 

Introduction 

 

This work completes our stydy of charge distributions of the alkaline-earth oxides. Beryllium oxide 

is the lightest in the series. Results on the heavier ones have been presented earlier by Vidal-Valat, 

Vidal & Kurki-Suonio (1978).  

The experimental work on all these compounds was, in fact, done at the same time. The data 

on BeO were set aside because of problems in treating them in a comparable way. The extinction 

seemed worse and the method of analysis used was not applicable to it without further 

development.  

The analysis of these data is, however, still motivated by the fact that, owing to experimental 

difficulties, no comparable data on BeO have been collected since then.  

This work also presents the first application of "direct multipole analysis" on a non-

centrosymmetric structure. Preliminary results of this work were presented at the Sagamore VII 

conference (Vidal, Vidal-Valat, Galtier & Kurki-Suonio, 1982).  



BeO is an exceptional member in the series of alkaline-earth oxides. While the others are cubic 

with the NaCl structure BeO crystallizes in the polar space group P63mc. It has the wurtzite 

structure with two molecules in the hexagonal unit cell. The asymmetric unit consists of Be1 at ⅓, 

⅔, 0 and O1 at ⅓, ⅔, z both in special positions 2(b) with site symmetry 3m. The second molecule 

Be2, O2 is obtained from it through a 60° rotation around the hexagonal axis and the translation 

(⅓, –⅓, ½).  

Previous X-ray, neutron and γ-ray studies by Jeffrey, Parry & Mozzi (1956), Sabine & 

Dawson (1963), Smith, Newkirk & Kahn (1964), Pryor & Sabine (1964), Sabine & Hogg (1969), 

and Downs, Ross & Gibbs (1985) have given, consistently within experimental error, z = 0.378 for 

the only structural parameter. Large extinction effects in BeO single crystals have been a problem. 

Anisotropic Debye-Waller values have been reported only with large uncertainty (Smith et al., 

1964). The main conclusions of these studies were that BeO is not completely ionic in character 

and that there are two different kinds of Be–O bonds, Be1–O2 and Be2–O1 being shorter and less 

ionic than Be1–O1 and Be2–O2, which are parallel to the hexagonal axis, (cf. Fig. 1).  

The macroscopic physical properties of the alkaline-earth oxides vary in a systematic manner. 

For instance, the hardness, the elastic constants and the cohesive energy increase the hygroscopy 

and the polarizability and hence the relative permittivity decrease with decreasing cation atomic 

number (Huggins & Sakamoto, 1957; Julg, 1978; Miura, Murata & Shiro, 1978; Vempati & Jacobs, 

1983). Apart from the systematic behaviour, the properties indicate the exceptional nature of BeO. 

In particular, BeO is not only harder than the other alkaline-earth oxides but it is among the hardest 

materials known. Its electrical conductivity is very low like that of the others, but its heat 

conductivity is an order of magnitude higher, which makes it a technically interesting ceramic 

(Kingery, Franch, Coble, & Vasilis, 1954; Campbell, 1956). It also possesses some interesting 

electret properties (Mucillo & Black, 1980).  

The systematic behaviour of these properties have been related to the increasing covalent 

nature towards the lighter compounds of the series, which suggests further that BeO is clearly more 

covalent than the others. The anisotropy of the properties may give some indication of the 

differences in the nature of different bonds in BeO. It can be 

noted, for instance, that the static polarizability is clearly 

larger in the direction of the c axis while the anisotropy of its 

electronic contribution and hence the birefrigence of the 

crystal is small (Smith, Newkirk & Kahn, 1964; Miura, 

Murata & Shiro, 1978).  

The nature of bonding in BeO has been considered 

extensively in the context of lattice-dynamical studies. The 

anharmonicity of atomic vibrations in wurtzite-structure 

compounds has been studied with X-ray diffraction by Mair 

& Barnea (1975), Moss & Barnea (1976) and Whiteley, Moss 

& Barnea (1977, 1978). Isotropic Debye-Waller factors and 

dielectric constants derived from lattice-dynamical models of 

BeO based on a completely ionic character (Nusimovici, 

1968; Hewat, 1972), were not in satisfactory agreement with 

the experimental values. 

 
Fig. 1. The geometry of the surroundings of an oxygen atom in BeO with 

the local coordinate axes 

 

Allowing for electronic expansion of ions in the model improved the agreement with observed 

macroscopic quantities but still revealed some incompatibilities (Miura, Murata & Shiro, 1977, 

1978; Miura, Sat‚, Murata & Shiro, 1980). Inclusion of angular forces in the model led to a closer 

agreement (Rani, Gupta & Gupta, 1981).   



Calculations of Hashimoto & Santry (1978) on BeO based on the CNDO method gave no 

converging results. The authors attributed this fact to an ionicity too strong for this method to be 

applicable. Momentum distributions derived from Compton scattering measurements of Fukamachi 

& Hosoya (1970) showed also large deviations from a completely ionic model of BeO, indicating 

the significance of solid-state effects inherent in the electronic state.  

It is expected that accurate measurement of structure factors and a charge-density analysis 

based on them would shed some more light on the structural origin of the exceptional properties of 

BeO and on the nature of the problems met in their theoretical interpretation.  

 

Experimental procedures 

 

The crystals were kindly provided by J. P. Mon (Département de Recherche de Physique, Paris). 

Preliminary X-ray studies of the primitive crystals showed considerable extinction effects, 

obviously both primary and secondary. Consequently, routine extinction correction was not 

sufficient for a charge distribution analysis, (cf. Downs et al. 1985). Therefore, a special thermal 

treatment was applied to avoid, at least, the primary extinction (Vidal-Valat, Vidal, Zeyen & Kurki-

Suonio, 1979; Vidal, Vidal-Valat, Galtier & Kurki-Suonio, 1981; Vidal, Vidal-Valat & Zeyen, 

1985; Vidal & Vidal-Valat, 1986). The quenching procedure, described in detail by Vidal et al. 

(1985), resulted in considerable increase of the diffraction intensities, about 40 % in the most 

extinguished reflections. As a consequence, the extinction corrections as determined by the 

conventional fitting procedure were reduced to a satisfactory level, (cf. Table 2).  

 

Table 1. Basic data and results of the preliminary refinement 

 

 



Basic data are reported in Table 1. The sample was a vertical prism with a half hexagon base 

bounded by p and m faces, and with the dimensions 0.40 mm, 0.125 mm and 0.15 mm parallel to c, 

b and a, respectively. The crystallographic parameters were obtained through a least-squares 

refinement based on an X-ray diffraction pattern.  

All 101 independent reflections up to 1.26 Å
–1

 in sinθ /λ were measured. The intensities in a 

whole octant were collected at 300 K on a three-circle Enraf-Nonius diffractometer for Mo Kα 

radiation using a graphite monochromator with 0.6° mosaicity. The technical and geometrical 

properties of the apparatus have been described by Vidal-Valat et al. (1975). A θ–2θ scan with 

programmed scan and aperture was used to make relevant TDS  

corrections possible. The dead-time correction was less than 1 % due to the low counting rate.  

The effects of multiple scattering were essentially removed by setting the crystallographic and 

diffractometer axes for each reflection separately to find a position were multiple scattering was not 

present. Equivalent and forbidden reflections were measured to detect possible residual multiple 

scattering. The intensities suspected of multiple scattering were remeasured in a tilted setting of the 

crystal with the c axis deviating by less than 1 % from the φ axis of the diffractometer. A rotation 

around the c axis, reviewing multiple scattering positions, confirmed the absence of multiple 

scattering in the data. The internal agreement of observed intensities of equivalent reflections was 

always better than 1 %. The variations were included in the experimental uncertainties δFo  of  

Table 2.  

Background corrections as described by Vidal, Vidal-Valat, Galtier & Kurki-Suonio (1981), 

Lorentz and polarization corrections, and the absorption correction of Busing & Levy (1957) were 

applied on the intensities.  

The TDS corrections were evaluated with the program of de With, Harkema & Feil (1976) 

using the elastic constant of Cline, Dunegan & Henderson (1967). These corrections were small, 

less than 1 % in intensity, owing to the hardness of BeO.  

 

The preliminary refinement 

 

A preliminary analysis of the entire set of observed intensities was made using the LINEX program 

of Becker & Coppens (1975).  

The theoretical model was the conventional rigid spherical-ion model with atomic scattering 

factors given by International Tables for X-ray Crystallography (1974) for Be
2+ and by Sanger 

(1969) for oxygen O
2–

 in MgO. The structure allows one structural parameter z and four parameters 

for anisotropic harmonic motion to be varied independently. The scale factor and the extinction 

parameters were included in the refinement as experimental parameters to be varied 

simultaneously.  

All different combinations of extinction models were tried, isotropic and anisotropic, mosaic-

spread and particle-size type, with and without primary extinction. Isotropic mosaic-spread 

extinction gave a lower R factor (0.011) than the particle-size extinction (0.012). No significant 

improvement was obtained by any of the more sophisticated models. Therefore, the extinction 

corrections were made according to the isotropic mosaic-spread extinction model.  

The parameters obtained are listed in Table 1. The thermal parameters are given also in terms 

of spherical average and prolateness of the thermal ellipsoid as defined by Vidal, Vidal-Valat, 

Galtier & Kurki-Suonio (1981).  

This preliminary analysis yields experimental structure factors |Fo| on an absolute scale, 

corrected for isotropic mosaic-spread extinction and for anomalous dispersion, to be used as the 

basis of the following multipole analysis of the charge density, as well as theoretical structure 

factors |Fc|  with phases αc , which define the reference model of the analysis. These values are 

given in Table 2 together with the extinction factors y of each reflection.  

The uncertainties δF in Table 2 are the standard errors (of the mean) for each group of three 

experimental determinations. Thus, they give estimates of random errors but do not include 

systematic errors.  



Table 2. Structure factors 

 

 

To check the nature of the residual experimental information a set of refinements of the Debye-

Waller factors was made using partial data. The cut-off of the data was varied from (sin θ)/λ = 0.7 

Å
–1

 to 1.26 Å
–1

 of the total data with the scale factor fixed to the value found at 1.26 Å
–1

. It was 

found that, with increasing cut-off (sin θ)/λ , the thermal parameters smoothly approach their final 

values and remain essentially stable beyond 1 Å
–1

. This suggests that the X-ray data do not indicate 

deviations of the ionic form factors from their theoretical values beyond that limit. Thus, the higher 

reflexions do not contain any further information on the electronic deformations. They are therefore 

omitted in the subsequent multipole analysis. 

 

 

 

 

 

 



Multipole analysis 
 

The multipole analysis is based on representation of the crystal charge density in terms of site-

symmetric multipole expansions,  

( ) ( ) ( , ),nmp nmp

nmp

r Y   r    (1) 

centred at the atomic positions.  

The functions Ynmp form a complete set of site-symmetrized harmonics which can be 

practically expressed in a symmetry-adapted local coordinate system (Kurki-Suonio, 1977; Kurki-

Suonio, Merisalo & Peltonen, 1979; Kara & Kurki-Suonio, 1981; Kurki-Suonio & Sälke, 1985).  

If the crystal charge distribution is assumed to be composed of atoms then the charge density 

of each atom can be represented as the corresponding expansion (1) and the atomic factors are 

similar expansions in reciprocal space  

( ) ( ) ( , ),nmp nmp

nmp

f S f S Y     (2) 

where each term is the Fourier transform of the corresponding term of equation (1). 

In the analysis the radial densities ρnmp in Eq. (1) and radial scattering factors fnmp in Eq. (2) are 

calculated from the series  
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and jn(x) are the spherical Bessel functions; or from the corresponding difference series with  

F = Fo  – Fc instead of Fo }. Application of (3) yields (1), representing the crystal charge density 

around the centre r0 = (x0, y0, z0). Application of (4) yields (2), representing the scattering factor of 

the spherical region of radius R centred at r0.  

Table 1 gives the basic parameters of the analysis. The local coordinate system X, Y, Z for the 

atom O1 is shown in Fig. 1. The local axes for Be1 have the same orientation. The basis functions 

Ynmp for the atomic site-symmetry 3m with this choice of axes are the real spherical harmonics 

restricted by the index rule (nmp) = (n, 3μ, +). If series (2) represents O1 or Be1 the corresponding 

series for O2 or Be2 is  

 

( ) ( 1) ( ) ( , ),nmp nmp

nmp

f S f S Y     

for the same orientation of axes. 

The analysis consists essentially of interpretation of the differences between the data Fo  and 

the reference model Fc  in terms of multipole expansions. It does not involve any attempts to 

specify this interpretation in terms of analytical models for the charge density and anharmonic ionic 

vibrations. Therefore it also does not lead to any parametrized model, the validity of which could 

be estimated in terms of some goodness-of-fit criterion.  

 

 

 

 



Phase refinement 

 

This kind of multipole analysis has been applied earlier to centro-symmetric structures only. The 

non-centrosymmetric space group of BeO brings the phase problem causing additional difficulty in 

the analysis and a new source of uncertainty in the results.  

Calculation of the series (3) and (4) requires knowledge of the structure factors Fo including 

the phases αo. The theoretical structure factors of the reference model give approximate phases  

αo  ≃ αc, except for weak reflexions. In a charge density analysis this is, however, insufficient. 

Therefore an iterative procedure was applied to account for the effect of the ionic deformations on 

the phases.  

The phases αc were taken as the first approximation of αo. The radial functions ∆fnmp thus 

obtained from series (4) represent the ionic deformations in the first approximation and yield the 

first order correction to the theoretical atomic factors in the form of multipole expansions. The 

phases of the modified reference model, thus obtained, were adopted as αo  in the second 

approximation and new radial functions ∆fnmp could be calculated using these Fo and the original Fc 

} to yield phases αo  in the third approximation. This procedure was repeated iteratively. All low-

order components (up to n = 6), which in the first step showed significant values, were included in 

the iteration, i.e. (nmp) = (20+) for Be
2+

 and (20+), (30+), (33+), (40+), (60+) and (66+) for O
2–

}.  

This procedure was found to convergence rapidly. After five cycles of iteration the radial 

functions fnmp and, hence, the phases reached stationary values which did not change significantly 

in further cycles. These phases were then taken as the experimental phases and are given as αo in 

Table 2. The final analysis was based on Fo  thus obtained.  

 

 

The course of analysis 

 

Except for the iterative phase refinement, the steps of the analysis are similar to those in case of 

centrosymmetric structures as described in detail by Vidal, Vidal-Valat, Galtier & Kurki-Suonio 

(1981) and Kurki-Suonio & Sälke (1984). First the spherical radial densities 4πr
2
ρ0(r) for both ions 

are calculated from series (3) with n = 0 completed with an asymptotic Gaussian residual term 

(Sälke & Kurki-Suonio, 1984). The Gaussians used for this purpose were obtained through 

asymptotic fitting at large (sin θ)/λ to the theoretical atomic factors used.  

The resulting radial densities around the Be
2+

 and O
2–

 

positions in the crystal are shown in Figs. 2 and 3 together 

with a comparison with those of the reference model. On the 

basis of these figures the values RBe = 0.7  and RO  = 1.3 Å 

were chosen for the radii of the partitioning spheres needed 

for calculation of ∆fnmp in the iterative phase refinement. 

These values are slightly larger than the radii of the best 

separation defined by the minima of these curves.  

It should be noted that the effect of this refinement on 

the experimental curves in these figures is less than the 

thickness of the curves. The radii assumed on the basis of the 

unrefined data could therefore be used throughout the 

iteration.  

 
Fig. 2. Radial charge density around Be

2+
 in BeO;  

––– experimental, ----- theoretical. 

 

 



The primary discussion of the significance of the 

different non-spherical components as well as the final 

conclusions concerning the atomic deformations are based on 

the radial atomic factors ∆fnmp calculated from series (4). The 

non-spherical radial densities ρnmp are mainly used for 

representation of the results and for demonstration of the 

concrete significance of the conclusions in real space.  

 

 

 

 

 

 

 

 

 
Fig. 3. Radial charge density around O

2–
 in BeO; 

––– experimental, ----- theoretical. 

 

 

Subtraction of Beryllium 

 

The beryllium ion Be
2+

 is small and compact. According to Fig. 2 

it is a rather well defined separable entity with all its two 

electrons within the radius of best separation. The radial 

scattering factors ∆fnmp of Fig. 4 give therefore an exhaustive 

picture of its deviations from the reference model. The only 

significant deformation component is (20+), the origin of which 

will be discussed later. There is no evidence of the Be1–O2 bond 

formation, which would give significant third or fourth order 

components.  

 

 

 
 
Fig. 4. Radial scattering amplitudes of the multipole components of Be

2+
. 

Radius of partitioning sphere R
Be

 = 0.7 Å. 

 

 

For the oxygen ion O
2–

 quite the opposite is true. As a free ion it is unstable. In a crystal it is 

stabilized by the presence of the cation lattice. Even then it is large and diffuse. Fig. 3 shows that 

there are only nine electrons within the radius of best separation. Therefore the spherical 

partitioning does not yield a full description of its outer electrons. Still there are several significant 

components up to sixth order.  

In order to get a full picture of the multipole expansion of the oxygen ions the contribution of 

the rather well defined Be
2+

 ions was subtracted from the structure factors Fo . This contribution 

was taken as that of the theoretical ions of the reference model modified with the only significant 

component ∆f20+ obtained. The resulting "experimental structure factors F
O

o of the O
2–

 lattice" are 

listed in Table 2. The final results on O
2–

 are based on these structure factors and on their 

comparison with a reference model with O
2–

 contribution only. 

 

 



 

Fig. 5 presents the radial charge density 4πr
2
ρ0 around the 

O
2–

 position in this O
2 
lattice of BeO and a comparison with 

that of the reference model. It is clear from this figure that we 

can now get a satisfactory description of the whole O
2–

 ion by 

using the partitioning sphere of radius RO  = 1.46 Å, which 

contains the total of ten electrons. The resulting radial atomic 

factors ∆fnmp are given in Fig. 6. 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 5. Radial charge density around O

2–
 in BeO after subtraction of Be

2+
;  

––– experimental, ----- theoretical. 

 

 

Discussion of results 

 

When discussing the nature and significance of different 

multipole components it must be taken into account that: 

the error bars given in Figs. 5 and 6 are based on 

statistical accuracy only and do not account for any 

systematic errors;  

the smallness of high-order components is a qualitative 

argument for internal consistency of the data;  

the multipole components describe the integral three-

dimensional behaviour with the angular dependence defined 

by the well-known symmetrized harmonics Ynmp(θ, φ);  

the radial scattering factors ∆fnmp represent the 

information in reciprocal space and their values at (sin θ)/λ 

below the experimental cut-off are therefore not sensitive to 

cut-off errors (Kurki-Suonio, 1968);  

 

 

 

 
 

 
Fig. 6. Radial scattering amplitudes of the multipole components of O

2–
 

in BeO after subtraction of Be
2+

 with two different radii RO of the 

partitioning sphere; –––– RO = 1,46 Å, ----- R
O
 = 0.7 Å. 



owing to the reciprocity theorem, features at small (sin θ)/λ correspond to outer effects and are 

thus likely to be of electronic origin, while broad features extending to large (sin θ)/λ correspond to 

core effects and are thus likely to be of dynamical origin; and the Fourier-Bessel transformation 

relating the radial densities to radial scattering factors transforms a smooth function ρnmp(r) with 

one single peak into a smooth function fnmp of similar kind multiplied by the phase factor i
n
.  

 

(1) Beryllium  

According to Figs. 2 and 4 the deviations of the beryllium ion from the reference model can be 

exclusively represented by a quadrupole-like (20+) component. Its low-(sin θ)/λ nature suggests 

electronic origin. It clearly cannot be explained by additional prolateness of the harmonic motion. It 

is, however, possible that a strong anharmonicity of vibrations particularly in the c direction, 

together with the anisotropic Debye-Waller factor fitted to suppress the curve to zero at large  

(sin θ)/λ, could give rise to a similar feature. The independence of the Debye-Waller factors of the 

cut-off beyond (sin θ)/λ = 1 Å
–1

, confirmed in the preliminary refinement, however, makes this 

alternative less probable as the sole explanation.  

The (20+) component can, thus, be interpreted dominantly as a bonding feature with a 

possibility of some anharmonicity effect superimposed. It indicates angular charge transfer from 

the XY plane to the direction of Z axis. According to this nature it would be a sign of Be1–O1 

bonding or rather, because of its symmetry, a sign of some electronic bridging between the two 

successive oxygen planes. In terms of electron counts it is a weak effect, involving a total of 0.026 

± 0.003 electrons transferred, as obtained by integration of the corresponding radial density 

r
2
ρ20+(r). It should be noted that there is no indication in the Be

2+
 ion of formation of directional 

Be1–O2 bonding which would give rise to significant third order components.  

 

(2) Oxygen 

 

According to Fig. 5 the O
2–

 ion is on the average slightly compressed in its outer parts 

compared twith the reference model. The radial scattering factors of Fig. 6 show in addition several 

significant non-spherical features. They indicate both electronic or bonding and dynamical or 

anharmonicity effects. This can be demonstrated by diminishing the partitioning sphere sufficiently 

to exclude the bonding effects.  

The dashed lines give the radial scattering factors corresponding to RO  = 0.7 Å. When one 

takes into account the small size of the sphere, several of the remaining features are significant or 

almost significant and can be interpreted mainly as indications of anharmonic motion. The most 

prominent feature is an even anharmonicity in the Z direction. Both (20+) and (40+) indicate that 

the vibrational smearing function is more prolate and hence the one-particle potential in the Z 

direction is softer than allowed by a harmonic model. A suspicion of asymmetry of these vibrations 

is seen in (10+), which would mean that the potential is slightly softer opposite to the O1–Be1 bond 

direction. The component (33+) indicates also the possibility of an odd anharmonicity 

perpendicular to the Z axis with some softening in the local X-axis and symmetry-related directions.  

The indications of bonding effects are strong in (30+), (33+), (60+) and (66+) and weak but 

probably significant in (40+). A dipole-like deformation (10+), if any, is too weak to be detectable. 

The quadrupole deformation (20+) is obscured by the anharmonicity effects.  

The arrangement of the neighbouring Be
2+

} ions is very close to tetrahedral, cf. Fig. 1. The 

difference of the two bond lengths, 1.648 • and 1.657 Å for O1–Be2 and O1–Be1, respectively, is 

small and the angle between the bonds is 109, 0°} compared with the ideal 109, 47°}. It would be 

natural to assume that the bonding deformations follow closely the approximate tetrahedral 

symmetry.  

The degree to which this is realized can be checked by a calculation of the multipole 

components in the other local coordinate system X', Y', Z' of Fig. 1 defined by a matrix given in 

Table 1. It is adapted to this approximate symmetry so that, in this system, the neighbouring Be1 

lies in the 111 direction and the three Be2 neighbour deviate similarly from their ideal positions in 



the directions 111,  111,  111 . An exactly tetrahedral bonding would now yield only cubic 

harmonic components.  

As shown by Fig. 7 there is in the third order a 

dominant cubic harmonic component, which alone would 

indicate similar concentration of charge distribution in all 

four bond directions. The non-cubic multipole (30+) 

orthogonal to the cubic one is, however, significant. It 

indicates considerable asymmetry between the two kinds of 

bonds. It reduces the charge density in the O1–Be1 bond and 

turns the O1–Be2 bond towards the XY plane. The fourth 

order is concentrated exclusively to the non-cubic multipole 

(42+) orthogonal to the cubic harmonics. As a result the 

violation of the approximate tetrahedral symmetry is very 

strong.  

 
Fig. 7. Radial scattering amplitudes of the multipole components of O

2–
 

in the coordinate system adapted to the approximate tetrahedral 

symmetry after subtraction of Be
2+

: (a) cubic harmonic components, (b) 

components orthogonal to the cubic harmonics; 

––– RO = 1,46 Å, ----- R
O
 = 0.7 Å. 

 

It is concluded that these bonding effects cannot be regarded as signs of directional O–Be 

bonds, particularly since they have no counterparts in the Be
2+

 ions. Rather they indicate bonding 

between the oxygen ions in the hexagonal O
2–

 plane, i.e. formation of O1–O1 and O2–O2 bonds.  

 

(3) Illustration in real space  

 

 
Fig. 8. Difference density corresponding to the multipole expansion centred at O1 in BeO with all significant 

components  up to sixth order in (a) the XZ plane, (b) the XY plane of the local coordinate system. Contour interval 0.05 

e Å
–3

, solid line positive, dashed line negative and dotted line zero. 

 

Figs. 8–10 demonstrate in real space the nature of the statements based on radial scattering 

factors. Figs. 8(a), (b) represent the difference charge density corresponding to the multipole 

expansion of oxygen up to sixth order in the XZ and XY planes, respectively. Figs. 9(a), (b) show 

for comparison the difference Fourier maps of the O
2–

 lattice corresponding to the Be
2+

-subtracted 

data, while Fig. 10 is the difference Fourier map of the XZ plane before subtraction.  



 
Fig. 9. Difference density in (a) the XZ plane, (b) the XY plane of the local coordinate system centred at O1 in BeO 

after subtraction of the Be
2+

 ion.  

 

To suppress the effects of anharmonicity the series 

have been terminated at (sin θ)/λ = 0.7 Å
–1

. Still the peaks 

close to the centre on the Z axis correspond to what has 

been interpreted as anharmonicity effects. The peak 

towards Be2 in the XZ plane in Fig. 8(a) is a section of one 

of the three positive lobes in Fig. 8(b). In the Fourier map 

Fig. 9(b) the ring-like features are formed by superposition 

of these lobes of the three O1 ions lying symmetrically 

with respect to the Be2 ion slightly above. In Fig. 10 a 

section of the quadrupole like deformation of the Be
2+

 ion 

is clearly visible. These are the most prominent features of 

what has been called bonding effects in the above.  

 
Fig. 10. Difference density in the  XZ plane of the local coordinate 

system centred at O1 in BeO before subtraction of the Be
2+

 ion. 

 

Comparison of the Fourier maps, Figs. 9 and 10, with the multipole maps, Figs. 8(a) and (b), in 

the light of the conclusions made above demonstrates also the difference between the map and 

multipole representations, (Figs. 2–7), as well as the advantages achieved in basing the conclusions 

on the multipoles, (cf. Kurki-Suonio & Sälke 1984). While the maps give a picture of the electron 

distribution in two dimensional slices showing sections of all details on a similar basis without any 

reference to their origin or significance, the multipole representation builds a view of three-

dimensional pieces, each showing the coherent three-dimensional behaviour of the charge density 

of one atom. Only on the basis of the multipole representation is it possible to assign the details of 

the Fourier maps to different atoms as part of their three-dimensional integral behaviour. For 

instance, the second peak between the central O1 and Be1 in Fig. 10 lies within the partitioning 

spheres of both ions but it is uniquely assigned as a part of the (20+) deformation of Be1. At the 

same time the multipole representation damps effectively the noise of the data and draws, thus, the 

attention to the significant features only.  

The picture thus created of BeO corresponds to a structure built of alternating hexagonal O1 

and O2 plane nets. There is a considerable amount of bonding charge bridging the oxygen ions of 

each plane. The O1–O1 and O2–O2 bonds formed in this way are strongly bent towards the Be
2+

 



ions lying above the plane. Fig. 4 shows that the spherical partitioning made includes 10 electrons 

per oxygen ion. Thus, this description already involves all the electrons of the O
2–

 lattice. 

Particularly, there is none left to build up any bonding density between the layers. The bonding 

between the O
2–

 planes seems to be established by the Be
2+

 ions embedded in the O
2–

 lattice with 

their charge distributions slightly deformed like trying to build bridges between the O
2–

 layers.  

 

(4) Reliability 

 

Many kinds of cross checks were made repeatedly throughout the calculations to ensure that 

the methods applied do not produce artefacts in the results. The effect of each of the parameters of 

the reference model was confirmed to be on the relevant multipole component only, z on (10+) of 

oxygen, spherical average ⟨u2⟩ and prolateness ∆1u
2
 of the thermal parameters of beryllium and 

oxygen on (00+) and (20+) of the respective ion. The other components were completely 

insensitive to them (Kurki-Suonio & Sälke, 1984). These parameters thus cause no uncertainties 

other than those already discussed. The effects caused by the spherical volume partitioning are 

well-known (Kurki-Suonio, 1968).  

Special attention was paid to possible large errors in some single structure factors. Calculations 

of the entire set of radial scattering amplitudes were performed with several of the largest ∆F. It 

was confirmed that none of the significant components could be created by single reflexions but 

that all the features discussed are due to coherent systematics inherent in a large number of 

structure factors.  

The least known factor in the present analysis is the iterative phase refinement introduced. The 

convergence shows that the "experimental phases" obtained make the experimental data consistent 

with the significant multipole components, while the theoretical phases do not. The iteration 

changes the radial atomic factors essentially from their unrefined values and is thus important. It 

more than doubles the (30+) component of oxygen, strengthens (20+) of beryllium and weakens 

(20+) and (40+) of oxygen roughly by 20 %, but it does not change the general picture of the 

significance of the different components. The results vary slightly, by about 5 % at most of the 

significant components, depending on components included in the refinement. The most important 

components to be included are clearly the third order components of oxygen. These variations can 

be assumed to give a measure of the uniqueness of the procedure.  

 

(5) The alkaline-earth series  

 

Comparison of the results on other alkaline-earth oxides (Vidal-Valat, Vidal & Kurki-Suonio, 

1978) shows a systematic variation in the nature of the oxygen ion. It is best reflected in the radial 

charge densities (4πr
2
ρ0) at the radius of best separation which is a qualitative indication of the 

separability of oxygen from its surroundings. It has the values 1.2, 1.2, 2.3, 2.8 and 4.46 e Å
–1

 for 

BaO, SrO, CaO, MgO and BeO, respectively. Even in the O
2–

 lattice of BeO it is as high as  

3.80 e Å
–1.

 These values can be understood to indicate decreasing ionicity of O
2–

 in the row from 

the heavier to the lighter compounds, its outer electrons becoming more and more diffuse. Still, in 

all the cubic compounds oxygen can be described as a separable O
2–

 entity with different degrees of 

deformation. It is only in BeO that the deformations are strong and concentrated enough to create 

density bridges as an indication of covalency. This qualitative change in the nature of the electronic 

deformations is also clear in the radial atomic factors where as high as sixth-order multipoles are 

needed to describe the bonding effects in BeO.  
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