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Abstraet

General expressions are derived for series, which make possible the direct calcula-
tion of different terms in harmonic expansions of the electron density and secattering
factor of a crystal atom from experimental structure amplitudes in any symmetry.
The formulas are of the same general form as those derived earlier for tetrahedral
symmetry.

Introduction

Recently the author has pointed out that harmonic expansions of
electron densities and scattering factors form, for both physical and mathe-
matical reasons, the most natural means for treating single atoms in crystal-
lographic problems [5]. This is also demonstrated by DawsonN in a set of
papers [4]. Special attention has been paid to cubic and tetrahedral sym-
metries, where the cubic harmonics of voN DErR LaGE and BeTue {8] are
the basic harmonics of the expansion. In ref. [5] formulas were derived
for calculation of such expansions for a spherical region of a crystal using
experimental structure amplitudes. Also the corresponding series for the
clectron density, of the type first presented by Artost [3], were given for
this special case. In a subsequent study [6] it was shown that the former
series makes possible a reliable extraction of the information concerning
atomic deformations from experimental data.

The derivation of the formulas in ref. [5] was based on the spherical
wave expansion of the exponential in the Fourier series of the electron
density. Cubic symmetrization was applied to change the basic spherical
harmonics into cubic harmonics. This process was carried through ex-
plicitly for the ten lowest orders, each containing at most one linearly
independent harmonic. A similar procedure is possible in any symmetry,
though it may be rather tedious. Further, it is not immediately clear
from such a derivation whether the result will be of the same general
form also in orders where several independent harmonics exist. Also the
relation of the harmonies K&, to the constants €, occurring in the for-
mulas of reference [5] is not obvious.

In this paper we give a general derivation, which is applicable to any
set of harmonics in any order. The result shows that the form of the ex-
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pressions given in ref. [5] is, in fact, quite general. Also the meaning of

the constants €', will turn out to be quite simple, and it will allow a straight-
forward calculation of their numerical values for any harmonics.

The derivation of the formulas

We start by treating a single atom, with the electron density

1 o) = [ s
and with the scattering factor
(2) f(b) = f o(r)e*™® T3y .

Suppose the atom is in a field with a certain symmetry. Both the electron
density and the scattering factor can then be expressed as harmonic
expansions

(3) o(1) = > 0nln)Kou(0,9)
(4) f) = > f (O)K, (u,v),

where the functions K, form a complete orthogonal set of harmonics
adapted to this symmetry, e.g. the cubic harmonics of voN DER LAGE and
BeTHE [8] or, more generally, the lattice harmonics treated by ALTMANN
and BraprLey [1] and AurMANN and CRACKNELL [2]. The index = is the
order of the harmonic (or the angular momentum quantum number) and
« runs through all independent harmonics of the same order. Further,
r,0, ¢ and b, uw, v are the spherical coordinates of the vectors r and
b respectively.
As stated in ref. [5], all harmonics are Fourier invariant,
(w,v),

(5) / K, (0, @) TdQ = 47", (2abr)K
{47)

where j, is the spherical Bessel function of order »n and d£2 = sinfdfdy .

Hence, if we apply the transformations (1) and (2) to the series (3) and (4),

we find that each term of one is transformed into the corresponding term

of the other, and the radial functions g¢,,, f,, are related by the Fourier-

no
Bessel transformation

(6) On(r) = 4n(— 7)" f Jaa0)jn(2700)0%db
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(7) Jualb) = 4me” f O (1) u( 27l )r2dr

We can also write for them the familiar expression of the coefficients
of an orthogonal series:

1
®) i) = 5 [ KO, Demie,.
m(‘lﬂ)
1
©) Iult) = 5 [ K200 002,
(47)

where K* is the complex conjugate of K, also a harmonic function,
and
(10) 4, = | KEK, A0 .

(a)

Now the first problem is to find an integral representation of g,, in
terms of f(b). The second problem is to separate from ¢(r) a spherical
region centered at the origin and to express its scattering factor component
fuab 3 B) also as an integral in terms of the original scattering factor f(b)
of the total electron density. The answer to the first question is obtained
if we insert the Fourier integral (1) for ¢(r) in eq. (8) and apply the Fourier
invariance theorem (5) of harmonic functions to K* . This yields

(LL) 0 (7)) = — f F(0)ju( 277K ¥ (w0 , v) dBb .

Similarly, from eq. (9) we get for f,, the real space representation

4:15?',“

(12) fral®) = = f o(0)j(2abr) (6 | @)

ny

The second problem is solved simply by the transformation rule (7)
We just have to substitute for ¢,, the function (11) inside the sphere,
and zero outside. Thus we get

Juall 5 B) = rdr | POS VKL, v)ju(27b"r)ja(220r)

or performing the r—integration (71,

2 3 ;
13) folbs R) = )R /f 2K (u Jn+1( )Jn(y (x)z_ffm(yu( ) 2
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where @ = 2aRb and y = 2zRb’ . The equations (11) and (13) are general
results, corresponding to the series found in ref. [5] for one special case.

Finally, to make these formulas applicable to crystal analysis, we must
take for o(r) the electron density of a crystal, i.e. a triply periodic function
extending to infinity. As is well known, the scattering factor for such an
electron density is an infinite pattern of Dirac deltas. If we use the natural
dimensionless ¢-function defined by

f{p(b)d(b — by)d®b = V*q(b,) for any ¢(b),

where V* = 7 18 the unit volume of b-space, we can write

f0) = X Fid(b — by).

where the summation runs over all reciprocal lattice points b; and F;
is the structure amplitude of the crystal.
Any integral including f will now be changed into a sum over reci-

procal lattice points. Thus, the Fourier integral (1) becomes the Fourier
series

Q( ) V Z 2~7an
J

Integral (11) is now changed into the series

41: "

(14) ’Qua‘(?) — Z ‘ﬁJJ" J"Eb r K* (u.f ’ vj) ?

and (13) into

. ( )ZRS ¥ ”Ljn J,-l(x).?"("bj) "%Jn-{-l(‘h).} (”b]
(15) f.(b; R) = VA Z FiK¥ (u;,v;) - e - 14
with @ = 2aRb, x; = 27Rb; . Series (14) represents the radial dependence

of the clc< tron densnw component with the angular behaviour of K, (6, ¢) .

For small enough values of »r this also represents the corresponding term
in the expansion (3) for the atom considered, provided the origin is at the
center of this atom. Similarly, if R is chosen in a suitable way, the series
(15) gives the corresponding term in the expansion (4) of its scattering
factor, cf. ref. [6]. These series are valid for any harmonic functions
K.,(0, ¢), whatsoever. Yet they are of the same general form as those
given in [5] except that the summation now runs over all reciprocal lattice
points and therefore the multiplicities of reflections do not occur. In practice
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the harmonics K,, used to represent the clectron density can always be
taken real, so we can write K,, instead of KX . The constant O, oc-

curing in ref. [5] is seen to be 4m/A4, , where A, is the normalization
integral (10) of K, .
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