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1. Introduction

The present paper is part of a larger work in which the aim has been
set to elaborate a method for the accomplishment of a crystal analysis with
the highest possible accuracy, starting from the experimental structure
amplitudes. In the first part of the work [8] we presented the principles
that will be employed, and outlined the programme of the analysis. The
principles imply that the atomic scattering factor of each particular atom
is considered separately, and this procedure will also make possible a critical
treatment of the residual term. For this purpose we already have at our
disposal a non-approximate method for the calculation of atomic scattering
factors from experimental structure amplitudes [6, 7], which actually in-
stigated us to undertake this work.

In this second part of the work we shall proceed to apply the method
presented to the trigonal sodium-nitrate crystal, for which we have at our
disposal the experimental structure amplitudes measured by INKINEN [5]
at room temperature. Specifically, we intend to determine the »correct
model», which plays a central part in our method, with the accuracy con-
sistent with the existing experimental material.

As this is an account of the application of a new method, it would cer-
tainly be appropriate to give a detailed presentation of the calculations and
considerations involved for the benefit of those who may contemplate ap-
plication of the method. However, we shall here concentrate our attention
mainly on the results concerning the crystal. Of the method itself only the
details necessary to understand the results will be given, and the computing
techniques will be described on a later occasion.

2. Data on the Parameters of Position and Motion

Sodium nitrate has a structure of calcite type at room temperature.
The lattice constants of its trigonal unit cell are [12]

r=6.3108 - 104 A, cose = 0.67859, - 107>
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Fig. 2. The O, atom with its closest neighbours and the y and z axes of its motion.
Projected on the normal plane of the N—O connecting line (z axis of the motion).
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The cell contains two molecules, and the atoms have the following co-
ordinates in it:

i v |
Na;0,0,0 N—}—4L—4 O —}twu—t—wu—1 0, 1w llu 1
Ja. 1 1 1 111 1 1 1

(1) 1\3’2 2 22 2 Nz 1> 4 1 02 ) 4+a,—4——u 05 W, U

1
03 _'-i_'"uﬂﬁ'alf>'_'?i'+u 06 Z]L‘l‘us %s %_u"
The positions of the atoms are fully determined except for one parameter wu,
which defines the distance between the nitrogen and oxygen atoms. The

following values for this parameter have previously been found:

Wyckorr (1920) [13] u = 0.24 to 0.26 dy , = 1.21 to 1.23 A

ErLior (1937) [2] 0.2394 4 0.0006 1.211 - 0.003 A
TAHVONEN (1947) [11] 0.242 - 0.003 1.22 4 001 A
Sass et al. (1957) [10] 0.2402 - 0.0008 1.218 -+ 0.004 A
INkINEN (1960)  [5] 0.242 - 0.002 1.224 -+ 0.010 A .

The last of the values listed here is a preliminary estimate from the measured
values under treatment in this work.

The erystal symmetry imposes a great restriction also on the form of
motion of the atoms. The general harmonie, anisotropic thermal factor

(2) 1077 1 62 = ¢f sin?@ cos?p + ¢l sin?@ sin’g -+ ¢ cos2O,

where the constants ¢; indicate the amplitude of motion in its three principal
directions, and & and ¢ are the directional angles in the axis system formed
by these directions, reverts in the case of the sodium and nitrogen atoms to
the form with rotational symmetry with respect to the trigonal axis,

(3) ¢ = ¢ cos’e + ¢ sinZ.

For the oxygen ators, symmetry prescribes the N — O direction as one
of the principal directions of the motion (i.e., as its  axis). If the angle be-
tween the z axis of the motion and the trigonal axis of the crystal is denoted
g (see fig. 2), we may write

(4) Co; = C; Sin% cos®y; 4 (¢ sinZ, | ¢? cose,) cose
+ (€] cos’e, -k ¢} sinZe,) sinZe siny,

2 2 3 .
-+ 2(¢; — ¢) sin & cos g, sin & cos & cos y;

(the significance of the directional angles ¢ and y; can be seen from fig. 1).
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Making use of the formulae
(5) (1 - 2 cosa) (b2 + k2 -+ 12) — cosa (b k- [)?
472 (1 — cosa) (1 + 2 cosa)
—  0.019531 (h® 4 k2 [2) — 0.005622 (h + k - 1)?
(L — cose) (b -+ k - 1)*

cos’e — % —~
(1 ++ 2 cose) (B* + k® 4 I?) — cosa (h + &k + [)®
(h 4+ & 4 1)
22,001 (A2 4+ k2 - 1?) — 6.3337 (b k - 1)
(h — k)
cos?y, =

[ Ty oy

(for cos?y, and cos?y, permute hkl),

we find for sodium and nitrogen

(6) #2c? == 0.00088768 ¢}y (b + k + 1)?
+0.0065102 ¢’ [(h — k)2 + (k — D> +( — h)*]

and for the oxygen atoms

(7) e = a(h— kb (h k4 1P o (b & — 207
+d(h+k+l)(h+k—2l),
a = 0.0097652 c.
b = 0.00088768 (c sinZe, - ¢ cos?e,)
¢ = 0.0032551 (c cos?e, -+ ¢ sin?g)
d — 0.0033997 (¢ — cy) sin g, COS &

The literature also contains some measurement results concerning the
parameters of motion. TAHVONEN [11] has used the mean isotropic para-

meters ¢ and obtained the best fit with his experimental values when

employing the parameters

&, = 0.52 A% ¢k = 0.61 A% <} = 0.68 + 0.04 A2,

Sass et al. [10] have only treated the oxygen atoms. Assuming the trigonal
axis to be also a principal direction of motion, i.e., g = 0, they found a

result corresponding to the parameter values
¢? = 0.115 A% ¢ = 0.40 A% ¢} = 0.28 A% (g, = 0).

INkINEN [5] estimated the mean isotropic motion parameters

. — 0.57 A% ¢} = 0.45 A% ¢} = 0.74 A2,
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but on closer study of the sodium atom his results appeared to indicate a
slight anisotropy of motion:

Cf‘an = 0.59 A2 c‘j{.aL = 0.55 A2,
No estimate of a possible anisotropy in the motion of the nitrogen atom
can be found anywhere, nor has any attention been paid to the possibility

that the direction of the z axis for the motion of the oxygen atom might
deviate from the trigonal axis (g, 7 0).

3. Structure Amplitudes
We calculate the theoretical structure amplitudes from the formula
(8) Fup = 2 [k kDerritotintis) o g qg=d g
whence, considering the atom loci (1),
2fxa = 2[f5 + Jo, cos 2a(h — kyu + f, cos 2a(k — lu

+ fo, cos 2n(l — hyul; b+ & + 1 = l':: L

(9) Fa= L

+ 2 [fo, sin 2a(h — k)u + Jo, sin 2a(k — lu

] 4n - 1
| 4n — 1

+ fo, sin 2x(l — h)ul; b + k -1 =

As previously done by INKINEN [5], we use for the scattering factors of the
atoms at rest, f,  , the spherically symmetric theoretical values calculated
by FrREEMAN [3] for the Na*ion and by McWEENY [9] for the neutral N
and O atoms, with HONL’s correction [4]. The motion parameters ¢ have
the expressions (6) and (7). As our starting point we choose a model in
which the parameters have the values employed by INKINEX:

Cal = Chup = 05T A25 o}y = ) = 045 A2 ¢ = ¢F — ¢ == 0.74 A2,
2mu = 87.0° (u = 0.242).

The structure amplitudes consistent with this model will be denoted .

The measurement results of INKINEN will be used for the experimental
structure amplitudes. They include all observed reflections in the range
% < 0.62 A7 There is no phase problem, as all structure amplitudes are
real, and the calculated theoretical values I, already establish unambiguous-
ly the signs of all measured structure amplitudes.

The experimental structure amplitudes and those consistent with the
chosen model are listed in table I. The table contains all reflections pre-
dicted by the structure, with » < 0.62 A~1, In addition to the indices hkl,
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Experimental structure amplitudes Fex, with their limits of error 0 consistent with
the measuring accuracy, theoretical structure arplivudes /ype. and differences 4F =

Fixp — Fineors calculated for the atom loci (1). The different theoretical values have
been calculated with the parameters
il (A7) A (A & (A c; (Azy ¢ (A2 coste,  2mn
1 0.57 0.45 0.74 0.74 0.74 - 87.0"
1T 0.57 0.45 0.42 1.30 0.65  0.55  87.0°
111 0.57 0.45 0.42 1.30 0.65 035  87.6°.
. I ‘ % i
1 2 i 3 4 5 6 7 8 9 10| 11 |12
i .I.'A.‘l cos%g COqa}l /LA IJ |thl l FI .FI[ \ FIH AT[ 1 ,ﬂF[[ ‘ 4r III‘ ()F
. | | i
‘ouo‘ — | 0 | 8422 | 8222 8222 8222 200 200 2.00 — |
110 10.2143.0.75  0.1287 7.15 ' — 840 — 841 — 812 125 126 0.97,0.10
211 105217 0.75  1650]  40.94 4138 4097  40.71 —0.44 —0.03] 0.23] 0.29
2221 ' l 1788)  29.02 | —28.39] —27.86] -- 27.86| 0. 63— 116 —1.16 0.29
1100 !1 1976 1438 1 15,52 1520 14950114 - 0.82 - 0.57. 0.09
| 201 - 0.1698 1 2069 19.46 | 19.400  19.08) 19.31 0.06! 0.38 0.15 0.12,
2001 0.0638'0.75 2359 1881  16.29 17.32\ 1736, 2.52] 1.49  1.45 0.13
220 0.2143/0.75 | 2575 13.01 1248 1261 1257 0.53 0.40  0.44 0.09
3320 0.81360.75 | 2043 3152 | 2095 20.97 2080 157 1.55 1.72]0.28
321 0.4500 1 2665 1433 | 1428 1441 14590 0.05—0.08 —0.26 0.16,
Z01 5 0.0096 0.9643 3034, 14.91 | 1490 1498 1486  0.01—0.07 0.05 0.10
211 I,J.(l.‘%7.’310.9643: 3077 1347 1412 14.02  13.87 —0.65 —0.55,—0.40 0.11'
433 0.87210.75 3190 ~ = 106 — 042 - 029 — | — | —
310 0.13480.9643 3246/ 1021 | 9.79] 949  9.63| 042 072 0.58 0.08
422 0.5217,0.75 33000 970 1033 9.08  9.05)—0.63 0.62)  0.65] 0.13,
432 0.6480|1 3331 1191 1177 1126 11.40[ 014 0.65 0.51) 0.11
1320 0.1958/0.9643 3367 12.82 | 12.78 13.04 12.95 0.04 022 0.13 0.10
211 |0 10,75 3423 1977 20,010 1950, 19.89'0.24, 0.27/-0.12 0.14
444 | 1 _— | 3575 31.19 | 31.73 30.76/  30.76 - 0.54] 0.43  0.43 0.28
(412103231 0.9643 3669 10.46 11130 1073 10.64 —0.67 —0.27 0.18 0.09
‘44250.6303i0.75 3753 034 10510 966, 9.68/—1.17—0.32/—0.34 0.09
1431 0.384010.9643, 3847 l 9.81% 837 88T 897 L19 059 0.58 0.10
411 0.2143.0.75 3862 0 — 1.6, 2.88 2.55 — - —
5330\0314“073 3862, ‘ — 1,96 1.92 1.62  — - —
2010 1 3053 9.97 8.52  0.48 950 1.43| 0.49 0.47 0, m‘
311 0.0486 1 4053 2.25 L 192 154 039 0.33) 0.71 0.40
543 0.7660(1 4085 8.84 876 887 877 0.08/—0.03] 0.07] 0.08
(321 0.00520.9231 4125, | 094 073 051 — -
(3T00.0205/0.92310 4157 <13 LO3. 057 043 : ——
532 0.4934/0.9643 4242 038 | 9.07 938 9.29) 031 0.00 0.09 0.10
32100774 0.9231) 4283 15.92 15.33)  15.68) 1580/ 0.59] 0.24] 0.12 0.14
| 554 10,9304 0.7 4324 | - 0120 023 031 — - | -
!420:0.10981 4338 | 7.49% s.40i 758 7.56/—0.91—0.09/—0.07 0.08,
14101 0.1159/0.9231 4376 — | 084 0.02 - 018 — — — j —
524, 0.5410.0.9643 4456 748 776 7.77 —0.28'—0.34| —0.29 0.08
227 0.0168/0.75 ' 4603 | 6.88% — 6.28] — 6.41 — 6.47 - 0.50/—0.26/—0.26/ 0.12
1403 10.2044/0.9231 4613, } — ‘ 0.76! 114 098 — - - =
400 | 0.0638/0.75 | 4717, 2047 | 19.93; 20.10] 20.15| 0.54] 0.37, 0.32 0.16



K. Kurkr-Svonio, Non-approximate analysis IT 9
L2 3 4 5 6 7 | 8 9 | 10 | 11 | 12|
i }L.lcli cos’e C()Sz‘y K[A“IJ ‘l'yexp! F] FII I"[H ,,Jf"I :ilFII ,;jFIH _(Sﬁ‘ }
1 |
; ’ E |
644 0.7969 075 (0.4755! [ 7.09%  6.94]  7.63  7.75| 0.15/—0.10—0.17] 0.0l
521 0.2513/0.9231) 4755 | 13.17* 12.90] 13.22° 13.34] 0.270.17 —0.31] 0.12
531 0.3152/1 4776/ 1.70 133 136/ 1.09 0.37 0.34 061 0.34,
645 10.83064; 1 4887  5.29 5.68  5.26  5.32—0.39  0.03/—0.03 0.21
655 0.9458 0.75 | 49021 12.52 | 12.92) 12.36] 12.30{--0.40' 0.16] 0.22 0.38,
643 10.62211 0.9643| 4911 553  6.360 572 5.66]—0.83—0.19 —0.13 .22
633 0.5217:0.75 | 4950, [11.33% 11.47 10.58/ 10.78!—0.14) 0.17—0.01 0.12§
552 0.5217 0.75 | 4950 | 11.38% 1147 1L71 1188 —0.14] 0.18 0.0} 0.12
320 0.0036 0.9868 4983  6.42 5.44  5.98)  6.09 0.98] 0.44) 0.33 0.12
321 .0.0142 0.9868 5016/  5.92 596 561 5.71-0.04] 031 021 0.11
541 0.3440 0.92311 5080  — 0820 071 064 — | —  — | —
41T 0.0543/0.9868 5115  7.04 641 7.01]  6.93 0.63 0.03 011 011
633 0.6563]0.9643, 5149 ( 5.60%  6.21 563 558 —0.61 —0.43 —0.43 0.06,
440 0.2143,0.75 . 5149 | 15.25%  16.92 1681  16.85 — 1.67 —1.29—1.29 0.15
412 0.0823 0.9868 5152 5.50 4.99 510, 521 051 0.40| 0. 29, 0.10
321 0 0.8929 5230/ 11.45 | 11.98] 12.19 12.03#0.53 —0.74 ﬁo.)s‘ 0. 09
[ 623 0.3882]0.9231 5260 - 0.58] —0.39 —0.53 — —
664 0.8136 0.75 | 5285 6.87 5.81)  6.66  6.66] 1.06] 0.21) 1‘ 0. 10\
470 10.0284 0. 8929} 5305 | — 0.45 152 144 — - ‘
| 322.0.0284] 0.8929, 5305 | - 0.45  1.03 096 - = =
642 0.4500 1 53300 6.07 5.05  6.22) 623 0.42 - 0.15 —0.16 0.085
6661 — | 8363 <39 | —4.62 —3.67 —3.67 — — - =
1520 0.1495) 0.9868 5393 5.53 4.60 530 539 093 023 014 0.09
162210.2988) 0.75 | 5451 538 | —4.36 —4.34) —4.38/—1.02—1.04]—1.00 0.16;
530 0.18680.9868 5515 (553 561 567 559 ~0.10:—0.18, —0.08' 0.1
43T 0.1046 0.8929  5526] |, — —0.200 —0.21 —0.07 — — J—
510 0.1046] 08929 5526 | —0.29, —0.68) —0.54 — = — -l
(754 0.7138/ 0.9643; 5643 [ 5.01% 490 474 479 009 0.15  0.12 0.10,
652 10.4699/ 0.9231 5651 | — 0.49  1.08|  0.98 — =
765 0.8805 1 5716 4.66 4460 427 441 020 0390 0.25 0.09)
411 0.0108/0.75 | 5732  — —0.83 —0.53 027 SO
631 0.2641) 0.9868] 5798  4.35 4.320 3.64  3.70, 0.08 0.71 0.65 0.12
332 0.0418 0.75 3828 10.01 | 10.11 997 0.74—0.10 0.04 027 0.23
743 0.5069 09231 5859 0.54  0.41] 034 — - =
504 0.2082 0.8929} 5876 | — 0.36  0.40  0.35 — — — | -
612 0.2082]0.8029 5876 | — 0.36!  1.54 147 — | — — ] =
764 0.7379 0.96431 3896/  4.48 431 4170 414/ 0.17) 0.31] 0.34] 0.11;
£330 0 1 | 59290 4.69 4.10]  3.58  3.63] 0.59] 1.11] 1.04 0.20
641 0.3027 0.9868 5956/ | 4.00% 3720 342 3.50 0.18] 048] 044 0.15
735 0.5611 1 L5966 | — 0.84 0.80 0.64 — - - =
412 0.0222] 1 5996]  4.12 4.55 433 4.220 -0.43]--0.230.10/ 0.14i
331.0.0024| 0.9643 6045  — 0.80 099  0.79 — — — .
776 0.9647 0.75 | 6067 [ 8.10% 849 832  8.28--0.39—0.34 —0.33 0.23
420 0.0096 0.9643| 6068 | 3.81% 3.9 410 413 —0.18-0.17—0.16 0.11
422 '0.0375 0.9643 6154  3.94 4.34  3.86  3.83—0.40 008 0.1 0.10
G11 [0.1486{0.75 | 61831 [ 8.59%  8.90 8.47  8.24 —0.90 —0.42 0. 2w . 34
662 10.4551,0.75 | 6184 { — —3.48 =315 —317 — | — |
52T 0.0833| 1 6192  4.69 433 476/ 470 0.36 fﬂ0.07§ 0.01 0.19)

* ¢f, Table II.
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the parameters », cos?e, cos?y (5) are given, y denoting the smallest of the
angles vy, ¥,, ¥3. For each group of hkl and hkl with all their permutations
one representative has been taken. In this connection the following rule
should be noted:

r 2n
(10) Fhkt:Fk!h:FﬁJ:{__Fi:z forh+k+l:{2n+l-

There were several instances in the experimental material where two
or even three structure amplitudes had to be measured in combination.
These cases were treated by dividing the experimentally found total intensity
among the different reflections in the proportion of the component in-
tensities consistent with the theoretical model. On the assumption that a
new model is always better than the old one, also as regards these reflec-
tions, the division into components has been repeated with each new model.
The values, F,,,, for these reflections, corresponding to the successive mod-
els, have been separately compiled in table II. However, all components
that have to be considered weak reflections have been omitted on account
of the great relative inaccuracy of their values as found in this manner.

Table II

Structure amplitudes Feyp of the coincident reflections, calculated by division of the
combined intensity into components in the proportion of the theoretical intensities
calculated from Fy, Fip and Fyyy.

L 2 3 4

= (1) (11) (I11)

| hkl Foxp Fexp Fosp

' |
431 9.56 9.46 9.55 !
420 7.49 7.49 7.49

} 222 | 6.78 6.67 6.73 |
644 7.09 753 | 7.58 |

521 1317 13.05 13.03

| 633 11.33 10.75 10.77 |

552 11.33 11.89 11.87 |

L 653 5.60 5.20 5.15 |

440 15.25 | 1552 | 15.56

. 530 5.51 5.49 5.51

i 754 4.99 4.89 1.91

. 614 3.90 3.00  3.94

| 776 8.10 7.98 7.95

| 420 3.81 3.93 3.97

'o611 1 8.00 8.05 8.02
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4. Correction of the Model

To determine the motion parameters of the atoms, the differences be-
tween the experimental and theoretical scattering factors have to be cal-
culated for the different atoms by means of the series

(11) Afp(hkL) =?1 D AFpoph — R,k — K, 1 —-1)
0 Rk

(this series may also be used for the N and O atoms because they are
represented in the Iourier series by distinet distribution peaks, which
contain the bulk of the distribution of the respective atoms; see fig.
10a). For the region 7'y, we choose a sphere with radius R = 1.05 A and
with its centre in the origin, and for the regions 7'y and 7', revolution el-
lipsoids with their axes of revolution parallel to the trigonal axis and with
the half-axes C' = 1.066 A (in the direction of the trigonal axis) and 4 —
0.521 A, the former ellipsoid having its centre in the centre of the nitrogen
atom and the latter in the point 2zu = 87.2° on the N—O connecting
line. We have also calculated the values of this series for the entire nitrate
group, using the ellipsoid with 4 = 2.20 A and € = 1.50 A as region. In
all these cases the shape transform o, has the form

sin2zV t — 272V t cos 22Vt

(2m\/ ¢ ;
(12) t = ay(B* + k* + ) + 3 (ay — ay)(h + &k - 1)?
A2 2

@y = A, =
L7 2 (1 - cosa) 27 92 (2c08¢ 4 1)

op(hkl) = 3V,

with the provision that the structure amplitudes F,,, in the series (11) are
always referred to the centre of the region 7.

We have always computed the values of the series (11) by including
only terms for which the corresponding experimental structure amplitudes
occur in table I, that is, all terms corresponding to weak reflections have
been omitted and lumped with the residual term.

The motion of each model atom has to be chosen such that Af, decreases
to zero before the break-off point is reached. For the sodium atom the Af,
values calculated by INKINEN [5] are available, and we adopt them here
with some minor complementations (table ITI; fig. 3a). Inkinen has also
made some suggestions concerning the interpretation of these results. We
note that on an average the resulting curves seem to comply with our
criterion. At this stage we shall not pay any attention to the slight dif-
ference between the values found for different directions, which Inkinen
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Table III

The difference between the experimental and the theoretical scattering factor of the
Na, atom, as calculated by means of models I and I11. For some points the standard
deviation 0 caleulated on the basis of the experimental errors is stated.

I ’ |
1 2 | 3 1 4 5
hikl w Ay 4D A I }
| | |
i | l |
000 |0 L0320 037
111100804 1 0.20 | 035
L2220 1788 0.20 0.30 | 0.04
| 333 2682 011 . 022
©444 3575 0.03 | 0.14 i
| 355 4469 | —0.02 ‘ 0.07 0.04 |
666 | 5363 | —0.05 0.03 !
Coado | 1976 022 020
220 3953 0.06 | 0.02
330 B 005
100 1179 028 | 0.3l
200 2359 018 | 0.16
300 3538 | 009 | 0.04 0.02
400 | 4717 | 0.01 - 0.0
C 500 3897 1 —0.02 -~ 0.03 |
\ i ! ‘ |
S0 1287 | 027 030
S o220 2575 015 | 0.4
330 0 3862 1 0.02 © 0.02

440 5149 —0.056 | - 0.05

has shown to vanish if the motion of the model atom is made slightly aniso-
tropic. The Af,. for the nitrate group has still so high values close to the
break-off point that one should be careful of the contribution of this group
to the residual term even at the sodium atom, particularly when the model
is yet uncorrected with respect to the N and O atoms (fig. 7a).

For the determination of the motion parameters of the nitrogen atoms,
Afyy values have been calculated in the directions hhh, hhO and ROO (table
IV, fig. 4a). The values furnish no distinctly evident cause to alter the as-
sumed state of motion.

Values of /{fTO‘ have been calculated in order to study the motion of

the oxygen atoms, particularly in the 220 direction for the determination
of ¢ and at numerous points hhk in order to find the undefined principal
directions and to fix the parameters cf, and ¢* (table V; fig. 5a). (We have
only calculated the real part; the imaginary part is identically zero in the
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Fig. 3. The difference between the experimental and the theoretical scattering factor
of the Na, atomn in the directions cos?s = 1 (hhh); cos’e = 0, cos®y = 1 (hh0); cos®
= 0.0638, cos?y = 0.75 (k00); cos®e = 0.2143, cos’y = 0.75 (/h0), as calculated by
means of model I (a) and model III (b). In fig. 3b the shift produced by a el =

— 0.05 A2 variation of the paramecter of the model is marked for some points.

hhk directions, and on the whole it depends mainly on the possible error
in the position parameter » and on the asymmetry of the distribution with
respect to the centre of the O atom, so that it is obviously inessential in the
determination of the motion parameters.) According to our criterion the
results provide a clear reason for making a correction in the assumed motion
of the oxygen atoms.

In order that it might be seen with the greatest possible clarity what
the calculated values tell us about the directions of the y and z axes of the
motion, we resorted to the following auxiliary construction. In all calculated
hhk directions the value of Af, for the point x — 0.5 A1 was determined
by graphical interpelation. In the zy plane we then traced the different hhik
directions and marked off ou these, from the origin, lengths corresponding
to the residues found on subtraction of these /Af. values from an arbitrarily
fixed constant (fig. 6). The curve joining their end points obviously has the
greatest distance from the origin in the direction in which the amplitude
of motion is highest. It is evident from the diagram in fig. 6 that a strongly
anisotropic temperature factor has to be chosen. The amplitude of motion
must have its maximum in a direction forming an angle of about 45 with
the trigonal axis and being approximately perpendicular to the connecting
line of the two closest sodium atoms (ef. fig. 2); its minimum must obviously
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Table 1V

The difference between the experimental and the theoretical scattering factor of the
N, atom, as calculated by means of models I and III. For some points the standard
deviation ¢ calculated on the basis of the experimental errors is stated.

1 2 3 4 5 ’
Rkl #[ A | 4fd ) Apm 5 |
\
000 0 | —0.014 | 0.043
111 0.0894  0.005  0.056 0.021
| 222 1788 0.071 | 0.087 |
333 2682 0.105 | 0.103 |
444 3575 . 0.110 . 0.095 |
555 4469 | 0.075 | 0.062 | 0.015 |
666 5363 | 0.026 | 0.021 |
1 '
- 110 1976 | —0.012 ; 0.033 ‘,
220 3953 | —0.006 | 0.013 5
330 5929 0.005 | 0.00L | 0.007 |
100 1179 | —0.014 | 0.041 | 0.022
200 2359 | —0.004 | 0.035
300 3538 0.007 | 0.028
400 4717 0.017 © 0.019 | 0.015
500 5897 0.019 | 0.010 |

be in the N—O direction, which is in agreement with the result of SAss et al.
(cf. section 2). After some trials we arrived at the parameter values

c; =042 A2 ¢l =130 A2, ¢} = 0.65 A2, cos?%, = 0.55,

and with this choice our criterion is well satisfied (fig. 5b). The model ob-
tained from model I by changing the state of motion of the oxygen atoms
to one having the above-mentioned characteristics has been denoted by
the index II. For the sake of comparison, fig. 6 also gives the result of an-
other try with ¢l = 0.41 A2 ¢, = 1.28 Az ¢ = 0.70 A2, and cos?e, = 0.5
(inner curve); this result shows that the angle ¢; should preferably be chosen
slightly smaller than 45° in order that our criterion may be satisfied.

For the determination of the position parameter « of the oxygen atoms
the values of the experimental Fourier series and of the truncated theoreti-
cal Fourier series p(xyz) = X F,, e *{btotl:) haye heen calculated in
four points, s;, 85, 83, 84, on the N—O connecting line, nearly symmetrical
about the centre of the oxygen atom. (In both series only the terms cor-
responding to measured reflections were taken into account.) The site of
the maximum we determined by finding the location of the apices of the
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Fig. 4. The difference between the experimental and the theoretical scattering factor
of the N, atom in the directions cos?e = 1 (hhh); cos?e = 0, cos?y =— 1 (hh0); cos®e
= 0.0638, cosy = 0.75 (h00), as calculated by means of model I (a) and model 111

(b). In fig. 4b the shift produced by a dexy — — 0.05 A2 variation of the parameter
of the model is marked for some points.

two parabolas opening downward and passing through the points s,. s,,
sg and s,, 85, 84 respectively, and taking their mean. The parameter value
employed in the theoretical model was then corrected so that the maximum
calculated according to the model coincided with that of the experimental
series. (The first to suggest this procedure for elimination of the break-off
error, which is identical with the use of the difference series, was Boorn
[1].) The results of these calculations are shown in table V1. In this manner
the value 27w = 87.6°, or u = 0.2433, was found for the parameter. This
value falls within the limits of error stated by TauvoNEN and by INKINEN,
but is clearly outside those of ELrIoT and of Sass et al. (cf. section 2), who
apparently did not take into account the principally approximate character
of the performed calculations. The model derived from model LI by giving »
this value has been denoted by the index II1.

Employing model I1I, we now recalculated Af, for the different atorns,
tables I11 to V, figs. 3b, 4b, 5b (with respect to the O atom the values cal-
culated by means of models LI and Il coincide so closely that fig. 5b re-
presents both of them equally well), and as a check we calculated the Fourier
difference series along four different straight lines:

(a) the trigonal axis: x:y.z=1:1:1; table VIII, fig. 8
(b) a line parallel to (c),

passing through the Na atom: x:y.:z-=1:-— 1:0; table IX, fig. 9
(¢) the N—O connecting line: x:ry:z=1:—1:0; table X, fig. 10
(d) the Na-O connecting line

(through the point v = 0.25): & :y:z=1:0:— 2:table XI, fig. 11.
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Table V

The difference between the experimental and the theoretical scattering factor of the
0, atom, as calculated by means of models I, IT and III. For some points the standard
deviation 0 calculated on the basis of the experimental errors is stated.

i |

| |
1 2 1 3 | 4 | 5 6 ‘ 7
Ml coste gAY 4 S g ag’™ o
| | I
000 — 0 0.023 = 0.021 0.024 ;
e 0 0.1976  0.056  0.010 0.018 |
220 0 3953 | 0.073  0.003 ' 0.008
330 1 0 5929 | 0.075 © —0.005 | —0.003
|
001 0.0638 179 0.027 1 0.021 0.020
002 | 0.0638 2359 | —0.006 0.015 0.011
003 | 0.0638 3538 | —0.047  0.007 0.005 0.008
004 0.0638 | 4717 0079 | 0.001  0.003
005 0.0638 5897 —0.090  —0.002 ;| —0.001
CobEl T g2143 0 5149 1 —0.120 0.007 | 0.006 |
: 226 | 0.2988 | 5451 ' —0.115 0.010 ; 0.007
‘ 336 0.5217 . 4950  —0.128 0.013  0.010
‘ 446 0.7696 4755 —0.100 0.013 0.010
556 09454 { 4902 ° —0.074 0.010 0.007
111 1 C0894 1 0.026 0.024 | 0.026
222 1 ! 1788 —0.01L | 0.026 | 0.025 0.010
| 333 1 : 2682 1 —0.047 0.023 0.019
| 444 1 3575 —0.072  0.018 1 0.012
555 1 4469 —0.068 = 0.011 0.007 0.010
| 666 1 5363 1 —0.044 0.005 0.003
: ! | |
664 | 0.8136 5285 —0.025 | 0.011 ' 0.008
18188 1 0.6303 5004 —0.016 1 0.015
663 0.6303 5630 —0.030 | 0.011 0.009 0.009
440 0.2143 | 5149 | 0.021 [ 0.012 0.011

Attention is particularly drawn to the fact that the differences obtained
on calculation by means of model I between the /f, curves of Na in the
different directions have changed their character and no longer absolutely
require an anigotropic motion parameter. Even otherwise the results show
that we cannot make any further essential improvement of our model on
the basis of our criterion. However, it seems, from a scrutiny of the Af,
curves as well as the do curves, as if the mean motion parameters of the
Na and N atoms were at the upper limits of the values permitted by the
criterion. At some points of the /f, curve we have indicated the shift that
would be produced by a correction of the parameter by Ack, = — 0.05 A2,
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Fig. 5. The difference between the experimental and the theoretical scattering factor

of the O, atom in the directions cos% = 0, cos?y; = 1 (h40) and sowme different direc-

tions with cos?y; = 0 (hhl), as calculated by means of model 1 (a) and model IT (or

111y (b). In fig. 5b the shift produced by a Acgy = — 0.05 A2 variation of the para-

meter of the model is marked for some points (the values entered beside the points
are values of cos?e).

2713 5% 11

v

Fig. 6. Auxiliary plot for the determination of the principal directions of the motion
of the O atom. The outer curve has been obtained by means of model 1, the inner

curve by meauns of a model with ¢ = 0.41 Az, c; — 1.28 A2, ¢} = 0.70 A2, cos? gy = 0.5
(ef. fig. 2).

for the N and O atoms respectively. Likewise we have indicated on some
of the plotted Ap curves at the site of the atom the effect of a — 0.05 A2
correction of its own motion parameter. On the strength of these indications
we consider it appropriate to choose for the parameters consistent with
the measured values the parameters of model I1I with the corrections
Ack, = — 0.02 A2 and Acx = — 0.03 A2
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Table VI

Determination of the position parameter u of the O atoms: The experimental and
theoretical electron density values according to the truncated Fourier series for four
points on the N—O connecting line; the distances s and spmx of these points and of the
calculated maximum point from the centre of the N atom; the resulting distance d~_o
between the N and O atoms and the corresponding parameter 27w in the different cases.

. | ; ;
'. S[A] l 01 i ou o111 F
| Theor  Exp Theor  Exp Theor  Exp |
|
‘ i
11244 151956 14.9856 | 14.9993 14.9889 14.9250  14.9882
1.1947 15.8414 157030 | 15.6648 15.7085 15.6417 157097
| 12650 15.7455 15.6626 15.5672  15.6694 15.5976  15.6720 |
1.3352 14.9436  14.8941 14.7423  14.9010 14.8233  14.9041
| !
: Smax[A] | 12205 1.2260 1.2206  1.2261 1.2257  1.2262 |
| dx_ofA] | 12208 12283 1.2228  1.2283 12312 1.2317
27w | BT07 87397 0 | 87.0°  87.30° | 87.6° 8763

5. Discussion of the Model

The caleulations have brought us to a model with the parameter values
Na: ¢! == ¢ = 0.55 A2
N: ¢ = ¢ = 0.42 A2

O: ¢ = 0.42 A2, ¢} = 1.30 A2, ¢? = 0.65 A2, cos?s, = 0.55 (g, ~ 42°)
2nu — 87.6° (u = 0.2433, dy_, = 1.231 A).

A question still unclarified is that of the accuracy with which this model
represents the correct model,

As a preliminary observation we may say that the corrections that have
been performed appear rather expedient. In the first place it is natural
from a physical point of view that the greatest motion of the oxygen atoms
should be oriented in the direction in which their freedom of motion is
greatest (cf. fig. 2) and the least motion in the direction where their mobility
is most restricted.

Qualitative corroboration is further lent to the corrections made in the
course of our calculations by the fact that, owing to their effect, the model
has distinctly come closer to the experimental values. A general idea of the
effect of the corrections can be obtained by studying the differences be-
tween experimental and theoretical structure amplitudes (table I). We can
see at once that the correction made to the state of motion has brought a
very essential improvement, particularly if one disregards the great dif-
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ferences near x = 0, which are caused by the fact that in the models the
number of electrons per unit cell is too small by two. The sum of the
squares of the deviations*, R = X' (F,,, — Fy.,,)? has the following magni-
tudes in the different instances: model I, 32.79; model II, 18.72; model
111, 17.16. Looking at the individual structure amplitudes, we may note
that, except for the very first reflections, the greatest differences have
been essentially rectified (e.g. 442, 431, 220, 420, 320, 664, 520) with very
few exceptions (440, 622, 330) without any disturbance being caused in
the fit at other points.

The circumstance that the z and y axes of the motion of O-atoms are
set at oblique angles to the trigonal axis obviously has its essential signif-
icance too. We have tried to find the best possible model with cos?e, — 1
(cf. [10]), but not by far as good a fit could be obtained. In the best case we
had R == 26.52, and it proved impossible in particular to reduce the great
differences in the reflections 442 and 664; the 622 reflection got even
worse than in any of our models. On the whole there are few other re-
flections on which oblique orientation of the motion would have a strong
effect. The most distinet indication of this might be obtained by measuring
separately the reflections 633 and 552, here measured in combination, for
which all other possible models yield structure amplitudes equal in magni-
tude.

The improvement of the model is also evident in the Fourier difference
series (figs. 8to 11). It is obvious (fig. 10) that also the correction of the para-
meter « 1s fully justified, seeing that the asymmetry in the vicinity of the
centre of the O atom disappears entirely on account of it. It is further noted
that also in the interior parts of all atoms good fit obtains, particularly if
the small correction made to model 111 is taken into account. The improve-
ment of the model will also be seen from Af; o, (table VII, fig. 7).

However, these observations in themselves say nothing about the
quantitative reliability of the parameters. This question can only be an-
swered by a detailed, critical consideration of all factors affecting the ac-
curacy.

6. The Accuracy of the Parameter Determination

In accordance with the considerations presented in the first part of
this work [8] the accuracy of the model is mainly determined by the ac-
curacy with which the criteria for determination of the state of motion can

*In this sum one term corresponds to each of the structure amplitudes listed in
table I, that is, the index permutations have been omitted in order that each measured
value might have the same weight.
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be applied. This latter accuracy is in turn primarily dependent on how
heavy the deformations of the different atoms can be. Of course, this
is partly a matter of opinion, but it is also possible to fall back upon the
information furnished by the Af, curves of the atoms, which approximately
represent the deformations.

It is to be expected that the sodium ion is only slightly deformed. The
fairly insignificant differences between the f, curves for different direc-
tions also make this probable. On the other hand, the deformation may be
rather heavier in the N atom, which is surrounded by O atoms. Of this, too,
we can detect signs in the differences between the Af, curves calculated for
the nitrogen atom in different directions, which appear fairly great con-
sidering the small size of the atom and of the region employed in the cal-
culation relating to it. Also, the O atoms could be imagined to be deformed
rather than the Na atom, but as there is not the least sign of such condi-
tions in the Af; curves of these atoms, we can hazard the estimate that
their deformations are quite small in the inner part, which is included in 7', .

If we study the effect of a small change in the state of motion of each
model atom on its Af; curves (figs. 3b, 4b, 5b; see also table XII) and on
the Ap curves at the site of the atom itself (figs. 8c, 10d), we may reason-
ably conclude that the determination of the mean motion parameters is
burdened with the inaccuracies Nc_‘ﬁla 4 0.02 A2, ¢% - 0.03 Az, % - 0.03 A2
from this cause. A similar scrutiny of the effect that would be produced in
the Af;  curves by a slight anisotropy of the state of motion of the Na
atom (cf. [5: figs. 5a, b] and table XII) has led us to the following conclu-

sion: [e3, — ¢k, and |¢},; — ¢, < 0.01 A% In like manner we may
reason, on the strength of the experience gained in the course of our deter-
mination of the state of motion of the oxygen atoms (cf. fig. 6), that the
motion parameters of this atom type can be varied independently of each
other within the limits

c: 1 0.01 Az ¢; £ 0.02 Az ¢l 4 0.02 Az
0.58 > cos?gy > 0.52 (g5 v 42° £ 2°).

The deformation of the N atom impedes the observation of a potential
anisotropy of its motion and compels us to give its estimated limits a wider
range: |k, — ox| and [} — ¢k | < 0.04 A2,

On the strength of what has been said in the first part of this work [8],
we may confidently believe that these limits cover almost completely the
effects of the inaccuracy in the residual term on the parameter values. For,
in the estimation of the parameter limits for each atom the inaccuracy due
to the contribution of that atom to the residual term has automatically
been taken into account. Further, it is obvious, by virtue of the property
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Table VII

The difference between the experimental and the theoretical structure amplitude

of the nitrate group (NO,),, as calculated by means of models I and ITI. For some

points the standard deviation § calculated on the basis of the experimental errors
1s stated.

| o2 s g ‘ 5
IV s T T U T
i !

000 | 0 0.31 0.40 |
111 | 0.0894 0.50 0.56 | 0.08
222 | 1788 0.68 0.86 |
333 | 2682 0.42 0.68 |
44 3575 1 —0.12 0.22 |
555 . 4469 . —0.37 | —0.03 = 0.10
666 5363 | —0.22 | 0.02
. |
H ! ;
100 1179 | —0.61 | —0.35 |
200 2359 | —0.97 | —0.46
© 300 3538 | —0.19 0.00
400 | 4717 0.16 0.15 1+ 0.05
500 | 5897 | 0.3 0.03
| |
110 | 1287 @ —0.35 | —0.21 |
220 1 2575 0 —0.14 ;  0.06
330 . 3862 | 000  0.03
A0 5149 | 044 | 031
i |
g 0988 | —0.44 | 024 |
| +0.01¢ © —0.027 | t
110 1976 | —0.75 : —0.46 = 0.04
| 40,000 ' -0.04i | 0.07
2 ! ' i
! 330 2965 | 0.33 . 0.28 | |
| S 0.11¢ | —0.08¢ |
230 3953 0.69 1 027 |
| +0.03¢ , —0.19 | .15
Y 1941 | 019 ) 0.09 | |
| 40320 | 001 ‘ |
330 0 5929 | 0.3 0.32 | 0.06
| +0.01¢ | +0.08 { 0.06 |
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Tables VIII—XI

The values Oexps 401, dor, dgmr (in A-3), as calculated by means of the Fourier
series with the coefficients Foxps AFy, AFy, and 4Fyp respectively:

Table VIII Table IX
along the trigonal axis, along the line with = 4y 2z =
x:yrz=1:1:1, at intervals 4 = I:— 1:0 passing through the Na
0.23314, atom, at intervals 4 = 0.1406 A,
| | [ i |
2 3 4 | 5 | 1 2 3 4
n Oexp I doy doyjp | O ! n Oexp dor | lom
i \ * | i
(N) 0| 15125 0362 0251 0.023 (Na) 0 | 29.992, 0.181  0.251
1| 12,026 0.262| 0.203 . 1| 27213 0185  0.239
2 5838 0.016] 0.062 | 2 20109 0188 0.209
3 1424 —0.199 | —0.089 ' 3| 11632! 0172 0177
4 | —0.204 —0215| —0.132] 0.017 4 4728 | 0.123 0.152
5 —0.531 —0.119 | —0.112 5 0.852 | 0.037  0.125
6 —0.389 —0.115| —0.173 6 | —0.364 —0.070  0.076
71 —0117 | —0.181 | —0.254 7| —0.279 | —0.163 0.006
8 | 0.068 —0.141| —0.184 ! 8 | —0.086| —0.210 —0.065
9 0.340 | —0.03¢  —0.012] 0.020 9 | —0.171| —0.193  —0.098 |
10 0.400 | —0.033 | 0.044 10 | —0.283 | —0.119  —0.063
11 | —0.196 | —0.106  —0.039 11" —0.119| 0.022. 0.025
121 —0.599  —0.088  —0.089 ! 12 0.302 0.061 0.128
13 | —0.270  0.027 —0.034 ! 13 0.692 | 0.099 0.192
14 | 0148 0115 0.047 | 0.017 14 0.806 |  0.083 | 0.184
15 1556 0.146 0.108 L 15 | 0636, 0028  0.113
16 9.812 |  0.162 |  0.169 i 16 0.352 | —0.043 | 0.016
17 | 23104 0177 0.227 | 17 | 0128 —0.100 | —0.060
(Na) 18 | 29.992| 0181  0.251 ’ 0.023 | 18 | 0.048 | —o0121

—0.083

of local convergence of the Fourier series, that the inaccuracy in the other
parameters has no effect on the determination of the parameters of a given
atom. This is also seen from table XII, which contains some information
on how the values that determine the different parameters are affected by
the variation of a given parameter within the permissible limits.

Of factors that may have on the residual term a slight effect exceeding
the limits determined by the possible variations of the model, there remain
only heavy deformations and interatomic distributions. To the parameter
determination this effect does not, however, cause any other inaccuracy
than that due to the fact that the deformations determine the accuracy
with which our criteria can be applied. (We have not paid any attention
to the circumstance that we have approximated the motions by a harmonie
oscillation. Its effect is difficult to assess, but we place our confidence in
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Table X

along the N—O connecting line,

Table XI

along the Na— O connecting line,

x:y:z=1:—1:0,at intervals xz:y:z=1:0— 2, atintervals
4 = 0.1406 A, 4 = 0.1325 A.

o1 } 2 3 4 5 1 2 3 4
oo 0p | dor | dou | dom | O n gexp | Aot | dom
I o
18 0.359 0.130 0.081 0.068 (Na) 0 | 29.992 0.181 |  0.251
L —171 0.643 0.008 | —0.027 0.002 1 27.531 0.183 0.241
=16 0951 | —0.071 | —0.115 —0.044 2 | 21.032 0.184 0.212
© o —15° L1087 —0.071 —0.117  —0.027 . 3 12729 0.172 0.169 |
o —14 0915 —0.027 —0.025 0.054 | 4 5.201  0.142 0.117 |
13 0.525 ¢ 0.022 0.098 0.144 5 0.282 0.101 0.066
L1211 0.152 0.028 0.163 0.175 6 | —1.560 0.052 0.023
L 11 0.025 | —0.015' 0.124 0.116 7 | —1.127 0.009 | —0.003 |
— 10 0.185 | —0.082 0.009 0.000 i 8 0.151 | —0.022 | —0.009 |
— 9 0464 | 0137 -0.104 —-0.105" 9 1.028 | —0.046  0.004
— 8  0.625 | —0.1568 | —0.147 | —0.141 10 0.998 | —0.068 0.027
— 7 0.605 | —0.140 | —0.104 | —0.101 | 11 0.389 | —0.091 0.049 |
— 6| 0673 —0.091] —0.012| —0.019" 12 0.047 | —0.110 | 0.062
— 51 1.384 | —0.021 0.074 0.061 13 0.828 | —0.115 0.064 .
— 4 3.290 0.065 0.127 0.119 14 3.151 | —0.101 0.062 |
L3 6514 0.160 0.153 0.161 15 6.767 | —0.073 0.063

o — 2110439 0.253 0.170 0.200 16 - 10.816 | —0.050 0.068
C— 1 13782 0.330| 0.188 | 0.235 17 | 14129 | —0.050 | 0.074 -
Ny 0 15125 0.362| 0.198| 0.251 (0) 18 | 15.663 | —0.083 | 0.074
: 113721 0.321 0.184 0.234 19 | 14917 | —0.134 0.061 !

2 10088 | 0.192 0.140 0.190 ! 20 | 12.147 | —0.180 0.044

3 59531 —0.010 0.074 0.139 | 21 8.268 ' —0.193 0.030

4 3.441 | —0.231 1 —0.001 0.100 | 0.024 22 4470 | —0.168 0.030

5 3.925 | —0.395 | —0.067 0.077 23 1.718 . —0.120 0.039

6 7.218 | —0.440 | —0.101 |  0.065 24 0.390 | —0.076 0.043 '

7 11648 | —0.358, —0.085 1  0.060 25 0.219 | —0.059 0.025

8 14.986 | —0.210 1 0.010 0.063 | 0.021 26 0.563 | —0.074 | —0.022
(0) 9 15.663 1 —0.083 0.102 0.074 27 0.808 | —0.102 | —0.081

| 10 13.512 | —0.041 0.206 0.085 28 0.670  —0.115  —0.124

! 11 9.643  —0.079 | 0.253 | 0.082 29 0.239 | —0.094 | —0.129
12 5.634 | —0.131 0.228 0.059 | 0.024 30 | —0.206  —0.045  —0.092 |

13 2.644  —0.123 0 0.162 0.031 31 | —0.436 0.008 | —0.035

. 14 0993 —0.026  0.111 0.023 32 | —0.411 0.032 |  0.006
15 0.338 0.111 0.109 | 0.047 33 | —0.246 0.011 0.009 |
16 0.180 0.216 0.137 0.085 | 0.023 34 | —0.079 | —0.043 | —0.023
17 0.205 0.220 0.141 0.101 35 0.019 | —0.098 | —0.065 |
5 18 . 0.359 0.130 | 0.081 0.068 36 0.048 | —0.121 | —0.083
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Fig. 7. The difference between the experimental and the theoretical structure ampli-

tude of the (NO,), group in the directions cos’e = 1 (hhl); cos’e = 0, cos*y = 1

(hEO); cos’e = 0.0638, cos®y = 0.75 (h00); cos’e = 0.2143, cos?y = 0.75 (hhO0), as

calculated by means of model I (a) and model 111 (b). (Re = real part, Iin = imagin-
ary part.)
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the belief that it will not produce in the results any errors exceeding the
limits found hy our other considerations. Obviously this question would
arise primarily in the case of the oxygen atoms.)

The foregoing considerations have as yet had no relation at all to the
position parameter «, the determination of which contains no correspond-
ing component of interpretation. We can also see from table XII that the
effect exerted by the other parameters on its determination is nil. There-
fore this is the only parameter in respect of which the contributions of the
deformations and of the interatomic distributions to the residual term may
carry some significance. Although we cannot yet present a complete treat-
ment of these factors, it is obvious that all that is essential in this respect
is included in the NO, group. The calculated Af, (table VII, fig. 7) is of

considerable magnitude in the vicinity of the break-eff point, even when
calculated according to the best model, and it is therefore certain to make a
contribution to the residual term. Preliminary studies show that its effect
on the parameter 2z is within the limits - 0.15° It is also clearly ob-
servable that the weak and coincident reflections in the measured range,
the treatment of which has been included in that of the residual term for
practical reasons, have a strong share in this contribution.

7. The Influence of Experimental Errors

In the preceding treatment no attention at all has been paid to the in-
accuracies of the experimental values constituting the basis of the calcula-
tions; consequently their effect has to be added to the error limits found
in the foregoing. The experimental errors can be classified into random
and systematic errors, and their treatiment can be based mainly on the data
given by INKINEN [5] concerning accuracy in experiment.

Inkinen has stated the error limits 0F consistent with the experimental
aceuracy separately for each F ., (table I). Considering the structure ampli-
tudes as mutually independent statistical variables with the standard de-
viation 0F, we may compute the standard deviation of the Af; and 4o
series. This was done in some points for the different series; the results
have been incorporated in the respective tables. Variations in the Af curves
of the magnitude found here would be equivalent to the following standard
deviations in the values found for the mean motion parameters:

d(ck.) = 0.015 A2, 8(ck) = 0.017 A2, §(c3) = 0.017 A2 (cf. table XII).

It should be noted that the values of the different series and especially
the values of one and the same series in closely adjacent points are not
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mutually independent. In order that we might see the effect of these errors
on the shape of the Ap and Af functions, we should therefore also compute
the standard deviations of the differences Adp(r)) — Ao(r,) and Af,(h,)
— Afp(hy). It is already evident from the values stated above that they
will be small. It can be submitted that the standard deviation of the dif-
ferences is of the same order of magnitude as that of either value individual-
ly, provided that the distance between the points under consideration is
large enough, which roughly implies that we should have jr, — 1,| > 0.3 A,
and |h, — hy| > 0.4 A=! for Na, > 0.5 A1 for N, and > 0.2 A for NO,
{(note: % = % |h}). It follows that the effect of the random errors on the dif-
ference between the valies of a thermal factor as calculated in the principal
directions equals their effect on the mean thermal factor.

Apart from this we may note that if for the points r; and r, the points
s, and s, employed in our determination of the parameter % are chosen, we
find d(o(s;) — e(s4)) = 0.0166, which corresponds to the inaccuracy
8(2mu) = 0.04°.

However, it should be pointed out that the error limits stated by Ivki-
NEN have been assessed in consideration of the standard deviation found in
the intensity measurements as well as the numerous possibilities of syste-
matic errors. Taking into account the high number and small magnitude
of the different systematic errors, one can advocate the inclusion of their
effects in the standard deviations calculated in the foregoing. But on the
strength of Inkinen’s considerations special attention should be paid to
two factors that may exert an influence even markedly exceeding that of
the others, namely, specific orientation and the possible error committed
in the determination of the absolute level.

Inkinen states the effect of specific orientation on the structure ampli-
tudes as not exceeding 0.5 %,, which would produce a difference of 1 %/
between the absolute levels of the structure amplitudes in the extreme di-
rections cos%e == | and cos? = 0. In the first order, the effect of the said
specific orientation is to give the experimental values [1 4 0.01 (cos2e — 1) F
instead of the values #, provided that the average level is correct. Its
significance can be seen from the curves in fig. 12, which have been obtained
by caleulating values of the series 4f, with the coefficients 0.01(cos%

— %) Fyp In the Af, and Afy series the effect of orientation was so small

that the difference between the outermost curves (cos?e = 1 and cos?
= 0) was only 0.013 at its highest and would not have been vigible in the
scale of the figure. It can be seen that the orientation does not affect the
choice of motion parameters, as its effect on the Af, values is small and
decreases on approach of the break-off point so that it causes no deviations
from our criterion. We also note that the difference between the Af,. curves
in the extreme directions for the sodium jon resembles that produced by
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Table XII

The cffect of parameter changes in model III on the basis for determination of the
parameters.

‘ Change A(AfTNa) | A(AfTN) L A(AfTo) ddn_o

! |
] H

444 0.029 555 0.005 | 444 0.002

| 5 555  0.029 | 666  0.003 | 555 0.002 —0.00007 A
fena = 666  0.023 400  0.004 003  0.002 !
o 0.02 A2 300 0.029 | 500  0.002 | 004 0.002
400 0.026 663 0.001
500  0.012 220 0.001

L 444 0.007 555 0.035 110 0.001

| dey = | 555 0.007 | 666  0.024 220 0.001 | -0.00004 A
| 0.03 Az | 666 0.006 | 400  0.026 | 330 0.001
500  0.017 |

;333 0,005 | 555 0.009 | 444 0.023

| - 555 0.017 ‘ 666  0.006 ‘ 555 0.017 —0.00002 A
Ach = 666 0.016 | 400  0.003 | 004 0.014
0.03 A2 . 300 —0.002 | 500  0.00L | 005 0.009 |
| 400 0.005 220 0.017 |
| 500 0.008 | 330 0.010 |
Na: | |
> 444  0.012 |
ey = 555  0.013 |
—de?) = 300 —0.012 |
001 A* | 400 —0.011 | |
x | '
| 444  0.009 3
N | 555  0.013
‘\ ACH = ‘ 666 0.009 i
Al = 300 —0.019
\ 0.04 A2 ‘ 400 —0.014 |
, 500 —0.010 |

the effect of orientation; but it cannot be due exclusively to the orientation,
which would have to be twice as strong to account for the difference.
INKINEN has not given any separate estimate of the accuracy of the
absolute level of the experimental structure amplitudes. He was induced
to study it mainly by the circumstance that Af,  has remarkably high
values for small values of x. If this is considered to be reality, it implies that
the total of the electron distribution belonging to the sodium atom is clearly
in excess of ten electrons, as would be consistent with a completely jonized
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Fig. 12. The potential effeet of specific orientation on the 4 fry, curves in the extreme

divections cos®: = 1 (upper curve) and cos? = 0 (lower curve).

atom; according to fig. 3b it would be about 10.4, INKINEN observes
that this could also be attributed to an excessively high level. In this
connection he concedes that an error of 3 9 in the level can bhe con-
sidered possible, although it would clearly surpass all other possible ex-
perimental errors. This would have an effect greater than that of the other
sources of error in a degree that makes it worth while to investigate whether
it might be possible to use the results for a check on the magnitude of the
potential absolute error (however, this question leads to considerations too
extensive in scope to be presented in this connection, and we have therefore
postponed its treatment). If this should prove to be the case, it would result
in slight corrections of the parameter values found for the »correct niodels,
The magnitude of the effect is easy to ascertain by application of an ap-
propriate percentage correction to the experimental values and adjustment
of the theoretical model to fit these values. It is found in this manner that
a — 19, correction of the level would produce the following corrections
m the mean values found for the different parameters:

Ak, = + 0.02 A2, Ac% = 1 0.02 A2, Acd — + 0.03 A2,

The effect on the determination of the anisotropicity of the motion would
be very slight and that on the parameter « practically nil.
Combining all the preceding considerations, we may write:

Na: ¢ = 0.55 + 0.035 &% ¢} — 2 and ‘¢ — ¢ < 0.02 A%
N: independent of each other, c|2| and ci = 0.42 + 0.05 A2
O: ¢ == 0.42 - 0.045 A2, ¢} = 1.30 4 0.045 A2, ¢ = 0.65 - 0.045 A2,
however so that ¢ — ¢2| < 0.02 A2, 62— ¢2| and [¢? — ¢2[< 0.03 A2,
cos?ey = 0.55 + 0.03 and 2mu = 87.6° - 0.2° (v = 0.2433 -
0.0006, dy_, = 1.231 - 0.003 A) .

However, these limits of accuracy do not contain the effect of the potential
error in the absolute level (see above). Later treatment may possibly further
alter and render more precise our opinion on the contribution of the defor-
mations and interatomic distributions to the residual term, and this would
primarily concern the parameter u.
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Summary

In accordance with the programme of analysis presented in the first
part of the work [8], the »correct modely for the NaNO, crystal at room
temperature is determined on the basis of INKINEN’s values of measure-
ment [5].

It is found that
— the measurements do not indicate anisotropy in the motion of the sodium

and nitrogen atoms, but slight anisotropy remains a possibility. parti-

cularly in the case of the nitrogen atom;:

— the motion of the oxygen atoms is strongly anisotropic, the smallest
amplitude occurring in the direction of the N—O connecting line and
the greatest amplitude nearly perpendicularly to the line connecting
the two closest Na atoms;

— the distance dy_, is slightly greater than previous estimates (cf. section 2).
The results are expressed in greater detail by the values found for the

parameters of the model, which are:

N: independent of each other, C‘iﬂi and ci — 0.42 £ 0.05 A2
O: ¢ = 0.42 1 0.045 A2, ¢} = 1.30 £ 0.045 A2, ¢} = 0.65 = 0.045 A2

however so that [¢ — ¢2| << 0.02 A2 ¢Z — ¢2|and ¢ — ¢2] <0.03 A2

Y

cos?e, == 0.55 - 0.03 and 27u = 87.6° 4+ 0.2° (u = 0.2433 - 0.0006,

dv_o = 1.231 4 0.003 A),

where ¢2 is the parameter occurring in the harmonic thermal factor 107~
(2), (3), (4). The effect of the potential error in the absolute level is not in-

cluded in the limits stated. Correction of the level by — 1 %, would result
in a change of the values by Ack, = - 0.02 A2, Ak — 4+ 0.02 A2, 1¢) =
+0.03 A2, A more detailed study of the deformations and interatomic dis-
tributions may perhaps furthermore slightly affect the parameter . Ac-
cording to a preliminary estimate their effect is within 2au -+ 0.15°,
which has been included in the limits stated above.
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