ANNALES ACADEMIAE SCIENTIARUM FENNICAE

Series A

VI. PHYSICA

93

NON-APPROXIMATE ANALYSIS OF
EXPERIMENTAL STRUCTURE
AMPLITUDES

I. Metllod

LY

K. KURKI-SUONIO

HELSINEKI 1962
SUOMALAINEN TIEDEAKATEMIA



1. Introduction

During the last few years, X-ray intensity measurements have heen made
with greater accuracy than before for the determination of the structure
amplitudes of erystals, and this has ereated an obvious need for mathemat-
ical methods of analysis elaborated in such a manner that the improved
accuracy henefits the interpretation of the measurements. However, it is
unavoidahle even in the very best experiments that the sequence of
measured strueture amplitudes breaks off at a rather early point because
the wave length of the radiation emploved in the experiments sets a limit
in this respect. In consequence, the residual-term problem has become
critically significant in highly accurate analyses.

In counection with our previous work [8] we observed that the method
for caleulating atomic scattering factors discussed there presents oppor-
tunities for a critical consideration of the residual-term question. A metho«l
of analysis utilizing these opportunities would therefore imply an improve-
ment in the analysis refinement technique, particularly as regards the re-
liability of the results. At the same time its application would throw further
light on the general question what kind of information one may expect to
derive from X-ray scattering measurements on crystals.

In some simple cases, calculations of atomic scattering factors of the
said kind have already been made [5, 6, 7], but no attention has been paid
to these general possibilities. The purpose of the present work is to carry
out an analysis of the said kind as completelv as possible, starting with the
situation that the phase problem has already been solved for all measured
reflections. For our ohject we have chogen the trigonal NaNO; crystal. for
which the high-grade measurement values of INKINEN |3] are available,
which have not so far been analysed in greater detail.

It goes without saying that the task is an extensive one and that a great
number of questions of different character must be considered. It should
be understood that our purpose is, on the one hand, to present and elaborate
the method, on the other to find tangible phvsical results for the NaNO,
crystal. The highest achievable accuracy of analysis, which is our goal,
further requires that special attention be paid to the effects of the different
kinds of potential error occurring in the experimental values.
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It is obvious that such a presentation renders the material quite bulky
and unwieldy, and we are therefore compelled to divide its treatment into
several parts. In this first part we mainly concern ourselves with matters
of principle and outline the programme for the analysis. It is only natural
that this presentation has points of contact with the preceding paper [8],
where the calculation of the atomic scattering factor, which constitutes the
essential substance of the method, has been dealt with in greater detail, and
where several references relating to these points can be found.

2. The Non-approximate Methods of Treatment

The first requirement to be imposed on the performance of an accurate
analysis on the basis of given experimental values is that the operations
applied delete none of the information that may be contained in the ex-
perimental material, and add nothing extraneous. Of this we can be positive
only if we avoid all kinds of approximation and employ exclusively methods
of calculation in which the measured values as such are used.

This fundamental condition is not satisfied, for instance, if one employs
graphical or analytical means to find simple atomic scatteri ng factor func-
tions that show the best possible fit with the experimental values, and
substitute them for the actual measured values in the analysis. An accurate
analysis by such means absolutely requires complementation by an analysis
of the differences between the measured values and their approximations,
and at this stage at least recourse must be had to non-approximate methods
(cf. e.g. [2]).

As we have at our disposal the measured structure amplitudes Fy of the
erystal, we may, in our pursuit of this principle, make use of the Fourier
series
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which represents the electvon distribution density in the erystal, and of the
series derived from it,

1
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which represents the structure amplitude of the region 7' separated from
the distribution (1), [8], and in which o, is the so-called shape transform of
the region 7':
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Obviously, we may also use some theoretical model and calculate the
corresponding difference series,
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which represent the deviation of the said quantities from the respective
quantities consistent with the model.

Of course, the Fourier series and its uses require no detailed presenta-
tion. The series (2) is rendered useful in the present instance by the fact
that, by an appropriate choice of region, we can make it represent the
atomic scattering factor of a given atom in the crystal (or the structure
amplitude of a group of atoms). The only condition for this is that the region
T separates the atom in question from its surroundings [8 : § 13]. It is true
that there are cases in which regional separation of an atom is not possible,
hut as a rule this problem presents no unsurmountable difficulties. If we
take for each atom the respective, clearly distinguished distribution peak,
(2a) reveals the manner in which the atom differs from the theoretical
atom in respect of this, its principal contribution. This contribution also
contains practically everything that can be said of the atom as an inde-
pendent particle on the strength of the measured values.

3. On the Treatment of the Residual Term

When the series (1) and (2) are used, the reliability of the results is only
dependent on how completely the coefficients ¥, have been obtained from

the measurements. The sequence of coefficients mostly breaks off at such
an early point that the residual terms of the series are of considerable mag-
nitude. As always, the estimation of them therefore constitutes a central
problem in the structure analysis. As a matter of fact, if the residual term
were entirely neglected, the analysis in its entirety would only amount to
an interpretation of the calculated values of these series. The ultimate signif-
icance of the formulation of our method is indeed only that we try to find
the most advantageous mode of treatment for this problem.

We may specify the principle to be used in our estimation of the residual
term as follows:

1) to find a reasonable continuation for the sequence of measured struc-
ture amplitudes,

2) to determine the limits within which this continuation can be varied
without loss of its reasonability.
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The successtul accomplishment of both parts of this programme would
nbviously be equivalent to a solution of the entire residual-term problem.

However, the concept of »reasonability» leaves fairly much room for
mterpretation. In principle it ghould inctude all that is known a priori
about the erystal. I'rom our point of view, its most essential content is ex-
pressed by the following statement: The crystal contains certain atoms,
the general trend of whose scattering factors 1s known in advance with
greater or smaller accuracy, as the ease may be. We can construet residual
terms satisfving this condition hy the aid of model crystals, that is. by
caleufating the structure amplitudes of a crystal consisting of atoms with
theoretical scattering factors varyving in the known manner.

Our chances to find a reasonable continuation by this procedure arve
chieflv based on two important characteristies of the Fourier series and
Fourier integrals, namely:

I') their convergence is local. that is, convergence m a given point or
region is only dependent on the characteristics in this point or region of the
function they are required to represent;

2) the rate of convergence is higher the greater the regularity of the
function at the point in question. In other words, the sequence of Fourier
coefficients, or the Fourier transform. of a regular and gently changing
function shows rapid decrease with increasing ‘th'.

According to these observations, the convergence ix slowest at the distri-
hution peaks corresponding to the different atoms, and it is fast in the
region between such peaks (cf. [8: § /4]). This implies that the residual term
is mainly composed of the contributions from the different atoms, and,
unless the sequence is hroken off too early, the distribution that may exist
in the intervening space furnishes a negligible contribution.

Inversely, the contribution of each atom to the residual term ecarrvies
significance only with respeet to that atom itself, particularly so when dif-
ference series arc used, in which case the greatest concern over the interior
parts of the atoms with their slow convergence is eliminated. This renders
the contributions of the different atoms to the coefficients independent in
the sense that we may treat each of them separately, and we are fully
justified in speaking of the reasonability of the continuation for each atom
separately. Within practical limits of accuracy it iz therefore correct to say
that the continuation provided hy a given model is reasonable if it is reason-
able for each atom separately. If we manage to find a reasonable continua-
tion for the contribution of each atom to the structure amplitudes, and 1f
we are able to control the possible variations of each contribution within
the scope of reasonability, we shall have accomplished the programme out-
lined above,
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4, The Correct Model

The contribution of a single atom to the structure amplitude isx consti-
tuted by the scattering factor of that atom, taken at the yespective points
h, and multiplied by the exponential factor corresponding to the location
of its centre. The requirement of reasonability of the continuation desirved
for the sequence of measured structure amplitudes, with respect to a oiven
atom, therefore imnplies that the location of the centre of the atom is known
and that the atomic scattering factor of the model provides a reasonable
continuation of the true atomic scattering factor beyond the point at which
the scries break off.

Once more we can refer to the general convergence propertics stated
in the preceding section. According to these, the contribution due to the
interior parts of the atom is decisive in the atomie scattering factor with
high values of Th} (¢f. [8:§ 15]). We have reason to believe that the available
theoretical atomic seattering factors have their best validity as regards
these very parts. At least i1t 1s a generally accepted opinion thal quantal
caleulation of the electron distribution gives a reliable picture of the com-
plete inner electron shells (ef. e.g. [1: 1.9]. and at the same time deforma-
tions caused by the crystal environment mayv he expected in the interior
parts least of all. If the model atom has the same state of motion as the
interior part of the real atoni, its scattering factor can be considered correct
at high values of hi and may he written [ = fi,... + 1 /. where A frapidly
decreases to a negligible magnitude in comparison with f,... .

There is then, obviously. a »correct crystal model, in which each atom
has its correct location and state of niotion, The actual strueture amplitudes
deviate from those consistent with the correct model, in respect of each
atom, only by the contribution .1/ of this atoni, and this contribution is
therefore solely responsible for the fact that the residual term of the correct
model with respect to the atom in question is different from the true residual
term. If the deformations of the atom are slight, o that its A fis negligible
from the break-off point onwards, we may consider the residual term con-
sistent with the correct model to be corvect as regards this atom. If, on the
other hand, A fIs still appreciable in magnitude at the break-off poiut. the
residual term of the correct model must he improved by the contribution
of it in order to be correct. As the quantities A f are rapidly decreasing
funections at all events. they make only a small contrilvution to the residual
term. and the correct model always supplies the main part of the residual
term. [ts determination will therefore he the first important step in the
analysis.

It is clearly of importance to specify what is understood by a rapid
decrease of /1 f, as the position of the break-off point in relation to the
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decrease of A f enters our considerations as a most essential point. As yet
little experience is at hand in this question. According to an analysis [7]
sin &
carried out on the basis of VININEN's {9] measurements, = 3 |hl =
0.6 A=7 seems, in the case of the Na(l erystal, to be the limit where the
effects of the deformations cease and from which onwards the theoretical
atomic scattering factors coincide with the experimental values. However,
as this is obviously a case of slight deformations, caution is indicated in
applying the prineciples presented to series of measurements extending that.
far, or to shorter series. (INKINEX's series of measurements on NaNQ,, which

: . sin & '
constitutes the object of our study, breaks off at B 0.62 A1 which

iy also the practical upper limit for work done with Cu radiation (1/1 a
0.648 A1)

5. Determination of the Correct Model

So far we have only established the existence in principle of the correct
model. This model must be found if the analysis is to be carried out. We
start with the assumption that some kind of approximate model is already
available for the crystal in question. In actual practice this implies no ad-
ditional assumption beyond that made at the outset, namely that the phase
problem has been solved for the measured reflections. (In the case of the
NaNQ, crystal in hand, the theoretical model used hy INKINEN [3] serves
excellently as such a starting point.) We may then appropriately use in
our calculations the difference series with the coefficients F.., — F,.,
the break-off error in the results will then be the same as the difference be-
tween the true residual term and that consistent with the model, and ac-
cording to section 3 it is in principle divisible into contributions from the
different atoms. It is also assumed that the theoretieal atoms employed
are well consistent with the facts as regards the inner electron shells; the
considerations in section 4 are then valid.

In compliance with our presentation, the factors responsible for the
deviation of the experimental values from the model can now be broadly
clagsified as follows: errors in atom location, errors in state of motion, atom
deformations, and interatomic distributions (and, of course, experimental
errors, to which no attention is paid in this connection). Determination of
the correct model is conditional on our being able to isolate the two first-
mentioned factors from the others and to compensate for them,

The Fourier series offers the most straightforward means of adjustment
of the atom loci, and the procedures by which it is applied are generally
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known. We wish to select and use a criterion on which the other factors
exert the least possible influence. Tt seems natural to direct our attention
to the distribution maximum point itself, which corresponds to the centre
of the atom. In actual fact this is our sole choice if we want to avoid as com-
pletely as possible also the effects of the asymmetric deformations of the atom
itselt on the result. We may then specify the condition that the maximum
points in the experimental and theoretical truncated Fourier series coincide
or, what is equivalent, that the difference series is symmetric in the im-
mediate vieinity of this point.

Separation of the effects of the state of motion and deformations can he
based on the foregoing considerations. The method applied there, accord-
ing to which each atom (or, more accnrately, each atomic scattering factor)
is treated separately, can only be realized by using the series (2) and study-
ing the different atomic scattering factors by means of it. It should be noted
that the treatment of the atomic scattering factors is rendered rather well
practicable by the fact that they are regular and nearly spherically sym-
metric functions, and it is sufficient to calculate their values in rather few
points to obtain a good idea of their character. The effects of deformations
and of the state of motion on the atomic scattering factor are different in
prineiple, and it can be said as a general observation that the two factors
can be separated on this basis with such accuracy as can be achieved at all
with a given experimental material. In principle, a separation of the two
factors has already been made by the division J = fueer + 4 F. Unless the
deformation is a very heavy one, A f decreases to a negligible magnitude
before the hreak-off point. This gives us a criterion for the determination
of the thermal motion: the state of motion of the atom has been correctly
assessed when the calculated 4 fi, of that atom decreases to zero in a regular
manner hefore the break-off point is reached (cf. [4]): A1 Jr itself will then
represent the deformation of the atom in question (i.e., 4 fr=4Ff).

In our attempt to determine the state of motion by means of the series
(2) it is obviously most important of all that the considered region 1’ specif-
ically ineludes the interjor part of the atom; it cannot be very significant
whether one has succeeded in enclosing in this region the entire distribution
helonging to the atom.

Furthermore, a study of the distribution by the aid of the Fourier series
provides a useful check of the state of motion. As we do not expect any
heavy deformations in the interior parts of the atom, the model should there
give a picture of the distribution consistent with that obtained experi-
mentally if the state of motion is correct.

The accuracy with which we require the criteria for the determination
of the state of motion to be valid for each atom is to some degree a matter
of choice. If, in the atom, deformation of considerable magnitude seeimns
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possible, we shall have to permit larger deviations of its 4 f, from the eri-
terion. However, the calculated A f, itself always provides at least a quali-
tative hasis for an estimation of the order of magnitude of the deformations
because it approximately represents them, and on this basis we may set
up the limits within which the true .1 f function of the atom is to be found.
The choice of the state of motion must be such that the 4 f, calculated on
this assumption remains within the said limits. In this manner we find a
corresponding set of limits bracketing the state of motion, and this is the
closest we can get to a determination of the states of motion from the ex-
perimental material at hand.

The errvor of the residual term in the / [ values calculated on the basis
of different states of motion does not actually prodnce any error in such
an estimate of the state of motion. We know that when the correct raodel
is used for the atom, the break-off error in its A f, is due only to the / f
of the atom, and it is small so that A f; ~ I f. When now, on variation of
the state of motion, A f; runs through the permissible range, it must also
necessarily coincide with the correct function /A f = .t f for a particular
state of motion, which is the correct one. But after all, the choice of model
is affected Ly the break-off errois in a certain manner. {f the 4 f, curves
calculated with different motion parameters are comparved with each other,
it is found that the change of the state of motion affects them close to the
break-off point considerably less than it affects the f,,. values. This is
specifically due to the effect of the break-off errors: it is seen that they re-
duce in this manner the sensitivity of the determination of the state of
motion and compel us to set wider limits for the correct state of motion.

The completed determivation of the correct model implies that we have
at our disposal residual terms for the series (1) and (2). Now we can ob-
viously continue the analysis gince we mayv calculate values of these series as
required and interpret them. When the model is varied within the limits
found for it, the residual terms of the series vary within corresponding
limits, which essentially determine the possible accuracy of all results. The
correct residual term has little chance to fall outside the limits within
which the residual term consigtent with the model may vary, but the highest
attainable accuracy of the analysis vequires that attention be paid to the
possibility however little reason there may seem to be for it. Heavy defor-
mations, and distributions in the interatomic space, may possibly give rise
to an extra break-off error in their own region and its immediate neighbour-
hood (for instance, in the NaNO, crystal under consideration we may ex-
pect in eonnection with the NO, group the possible existence of distribu-
tions whose effect must not be neglected in the residual tern:}. For the assess-
ment of their effect there is nothing to fall back upon but the data obtained
through the analysis, concerning the magnitude and shape of the deforma-
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tions and of the interatomic distributions. They can hardly have any in-
fluence on the choice of model beyond that already taken into account in
the scrutiny of the validity of the state-of-motion criterion. If we adhere
scrupulously to the general programme for the estimation of the residual
term outlined in section 3. we are bound to admit that because of these
factors the continuation of the correct model may join the measured values
with a discontinuity; if the discontinuity is great enough not to be masked
by the experimental errors, it is an indisputable defect in respect of the
sreasonability» of the continuation provided by the correct model, and re-
quires to be rectified. We shall have occasion later to return to this question.

Summary

For the detailed non-approximate analysis of the electrou distribution
in crystals a method is suggested which is based partially on the Fourier
series (1) representing the density of distribution, and partially on the series
(2) representing the structure amplitude of a region 7' separated from it,
or on the corresponding difference series (1a), (2a).

It is concluded on the strength of the properties of Fourier series and
Fourier integrals that

— treatment of the residual term can be carried out for each atom
separatelv:

— there is a »correct modely, the residual term consistent with it con-
stituting the main part of the correct residual term.

In determining the correct model, adjustment of the centres, when
necessary, will be made by the aid of the Fourier series; otherwise mainly
the series (2) will be used. By means of it the differences A fr between the
experimental atomic scattering factors and those consistent with the model
will be calculated and the states of motion determined so as to make these
quantities decrease smoothly to zero hefore the break-off point is reached.
However. deviations from this rule have to be permitted, depending on the
degree of deformation of the atom, the calculated A f, itself furnishing
a certain possibility of assessing this deformation. The Fourier series may
be employed as a check.

The model found in this manner will be employed in the analysis, and
the possibilities of variation of the model within the limits found for it will
essentially determine the accuracy of all results. Some additional, local
inaccuracy in the residual term may arise from heavy deformations and
interatomic distributions.
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