Calculating the f orces between atoms

• The forces between atoms can be calculated in many different ways

• In this lecture we describe how one calculates forces from classical potentials.

We describe primarily pair potentials, but many-body potentials are a fairly straightforward extension. Getting forces from quantum mechanical models requires a good knowledge of them, and is not dealt with on this course.

• A classical potential can be written in the form:

- Vis the total potential energy of an N atom system. In principle all sums loop from 1 to N, in practice calculating them can often be much reduced

- V_1 is the single particle potential, which describes external forces, which could e.g. be an electric field. In systems with no external forces V_1 = 0.

- V_2 is a pair potential which only depends on the distance between atoms r_{ij}

- if there were a direct dependence on the vectors r_i , r_j => the potential would depend on the choice of the origin

-V_3 isathree-body potential whichmayhaveanangulardependence.To preserve the independence on the atom indices, the potential has to depend only on three variables, i.e. V_3 = V_3 (r_{ij} , r_{ik} , θ_{ijk}).

- Four-body potentials, and even five-body terms, do exist especially in chemical and biological applications. On this course we only briefly mention such terms, and focus on the V_2 and V_3 which are enough to describe the basic mechanical and structural properties of most elements and simple compounds.

- In order that things would not be too straightforward, in many cases an environment-dependence (i.e. implicit three-body term) is embedded into the two-body term V_2. We will give examples on these later.

- All terms which are not pure single particle or pair potentials are called many-body terms

V V_1 r_i( )

i∑^V2^ri^r j^{,( ) V}3^ri^r j^rk^{, ,( ) …+} i j k, ,∑ + i j,∑ + =

Force calculation f or pair potentials

• Say we have a pure pair potential .

The force acting on atom from atom is

ergo:

• Note that to be precise ∇ operates on the position r_i of atom i. For pair potentials this does not make any difference, but for many-body potentials it does.

• Most potentials have a cut-off radius . Atom pairs with do not interact. Usually .

• In case the potential extends to infinity, an analytical correction can be made to the energy, and other quantities of interest (calculated assuming the material is continuous, or with a lattice sum). So it could look like:

where ρ is the atom density of the system. This obviously assumes that when the atom density is constant everywhere, and thus does not work when for example a surface is present.

• This also means that the potential

may have a discontinuity at , which may lead to unphysical jumps in energy. The easy way to overcome this is to take the potential to zero in an interval so that at least the potential and the force are continuous (2:nd order polynomial). Or better yet, using a sine function one can get all derivatives to be continuous except at the interval limits. Or the potential may j i r_{ij} f_{ij}

-f_{ij}

V rij( ) i j fij ∇– r_iV rij( ) ∇– r_{ij}V rij( ) = = rij ri r j– = fij rd dV r r_{ij}= rij rij ----- × –=

rc rij rc> rc a few Å ≈

VTOT V2 Vcorr

+ Ec 2πNρ r2V r( ) rd

r_c

∞ ∫ + = =

r rc>

r_c

V(r)

r rc

rc rc, Δr+ [ ] simply be displaced, as the zero point of Vis arbitrary with respect to the force derivation- but this changes the value of V_{TOT} which may be a problem.

• Many modern potentials are in fact defined so that they have a well-defined cutoff r_c where Vand at least the first derivative are ≡ 0.

• Force calculation without periodic boundaries or neighbour list:

do i=1,N
    do j=1,N
        if (i==j) cycle
        rijx = rx(j)-rx(i)
        rijy = ry(j)-ry(i)
        rijz = rz(j)-rz(i)
        rijsq = rijx**2+rijy**2+rijz**2
        rij = sqrt(rijsq)
        if (rij < rcut) then
            V = ...Potential energy ...
            dVdr = ...dV/dr of potential energy ...
            a = dVdr/m ! Unit transformations may be needed
            ax(i) = ax(i)-rijx/rij*a ! The application on both
            ax(j) = ax(j)+rijx/rij*a ! i and j ensures that
            ay(i) = ay(i)-rijy/rij*a ! Newton’s third law is
            ay(j) = ay(j)+rijy/rij*a ! fulfilled
            az(i) = az(i)-rijz/rij*a
            az(j) = az(j)+rijz/rij*a
        endif
    enddo
enddo

• Use of Verlet neighbour list (cf. lecture 3):

startofineighbourlist=1
do i=1,N
    nneighboursi=neighbourlist(startofineighbourlist)
    do jj=1,nneighboursi
        j=neighbourlist(startofineighbourlist+jj)
        rijx = rx(j)-rx(i)
        rijy = ry(j)-ry(i)
        rijz = rz(j)-rz(i)
        rijsq = rijx**2+rijy**2+rijz**2
        rij = sqrt(rijsq)
        if (rij < rcut) then
            V = ...Potential energy ...
            dVdr = ...dV/dr of potential energy ...
            a = dVdr/m ! Plus unit transformations !
            ax(i) = ax(i)-rijx/rij*a
            ax(j) = ax(j)+rijx/rij*a
            ay(i) = ay(i)-rijy/rij*a

            ay(j) = ay(j)+rijy/rij*a
            az(i) = az(i)-rijz/rij*a
            az(j) = az(j)+rijz/rij*a
        endif
    enddo
    startofineighbourlist=startofineighbourlist+nneighboursi+1
enddo

• Note that in the sum above every interaction is counted twice:

do i=1,N
   do j=1,N
      if (i==j) cycle
      ...

That is, e.g. interaction 1 - 3 is counted both as 1-3 and 3-1. Hence one may need to add a factor of 1/2 in front of the potential energy summation and forces (this actually depends on the exact definition of the potentials, some already have a factor of 1/2 included).

A straightforward solution:

do i=1,N
   do j=i+1,N
      ...

(either in constructing the neighbour list or forces) reduces the calculation time to one half. But for some many-body potentials this does not work.

• In addition to this, one has to notice that V(r)often is defined to give the total energy for a pair of atoms. When one wants the potential energy per atom one thus may have to include one more factor of 1/2. But this additional factor is not needed in the force calculation since the force always affects both atoms (Newton’s III law).

• Finally, note that the sign conventions in defining r_{ij} in the literature may vary.

• One practical way of checking whether all signs and factors of 1/2 are OK in you potential implementation:

1. Calculate E_{pot} at 0 K and compare with an analytical prediction for some simple system, e.g. a dimer or perfect lattice.

2. Simulate a two-atom system starting from a very small distance, so that E_{pot} is very large, much larger than the equilibrium energy per atom (say 10000 eV). When you run the simulation with a very small time step the atoms should explode outwards from each other so that the final E_{kin}/atom is the same as the original E_{pot}/atom. If you are uncertain what a ‘very small’ time step is, keep decreasing it until the answer doesn’t change.

• Another good test: numerical derivation of V, already a 3-point approximation can easily be made accurate to 6-8 digits

Force calculation f or a thr ee-body potential

• For a pure pair potential for an interaction between atoms i and j V_{ij} = V_{ji} because V(r_{ij}) = V(r_{ji}) and hence also ∇_i V_{ij} = ∇_i V_{ji} as described above. This symmetry simplifies the force calculation.

• For a three-body potential things get trickier because V_{ij} may not = V_{ji} . To get the force nF_i acting on an atom i one instead has to calculate

•Many practical three-body potentials have been written such that V_3 (r_{ij} , r_{ik} , θ_{ijk}) = V_3 (r_{ij} , r_{ik} , cos θ_{ijk}) i.e. all angular information is in a cosine term

In this case one can utilize the following equalities:

that is, the explicit cos-terms can be removed altogether, which is computationally efficient.

• In many-body potentials there are often symmetries which can be used to reduce the number of operations needed in the force calculation even more.

F_i V_{ij} V_{ji}+( )

j∑^Vjki_k∑_j∑^+

i∇– V_i∇_{ij} V_{jii}∇+( )

j∑^Vi^∇ jki_k∑_j∑^+ – = =

i j r_{ij}

k r_{ik} θ_{ijk}

θ_{ijk} cos r_{ij} r_{ik}⋅ r_{ij}r_{ik}

--------------- =

θ_{ijk} cos_i∇ r_{ij} r_{ik}⋅ r_{ij}r_{ik}

--------------- … … θ^{ijk}cos r_{ij}^2

---------------- 1 r_{ij}r_{ik}

-----------

– r_{ij} θ_{ijk} cos r_{ik}^2

---------------- 1 r_{ij}r_{ik}

-----------

– r_{ik} – = = i∇=

The origin of interactions

Qualitatively a two-atom interaction looks like the following (most of you are certainly familiar with the shape from previous courses):

• The minimum, i.e. equilibrium distance, is .

• At small separations there is a strong repulsion. Just below r_0 this derives primarily from the Pauli rule preventing electrons being in states with the same quantum numbers, and from the electron-electron repulsion, whereas when the nuclei are very close to each other, the Coulombic repulsion between the nuclei dominates completely.

• At larger distances there may be an attraction, which can have different reasons: van der Waals attraction, Coulomb attraction, metallic ‘bonding’ or a covalent bond (due to pairing of valence electrons)

• But the potential between two atoms may also be purely repulsive (blue, dashed curve).

r0

r

V(r)

r_0

• A few examples

1 bohr = 0.53 Å

• Overview of bonding expected in different cases, and illustration of electron distributions

• So for the pure elements we get the familiar division:

Idealized potentials f or theor etical and qualitati ve studies:

- hard sphere:

- First MD simulations were carried out with this potential - The equations of motion reduce to calculating where the next collision occurs: true billiard ball physics!

- square well:

- soft sphere:

VHS r( ) ∞ r σ<, 0 r σ≥, =

VSW r( ) ∞ r σ 1<, ε– σ 1 r σ 2<≤ , 0 r σ 2≥, =

VSS r( ) ε σ r --- ν =

“Realistic” pair potentials

Lennard-J ones (LJ)

• The attractive 1/r^6 - term can be derived classically by considering how two charged spheres induce dipole-dipole interactions into each other, or quantum mechanically as the interactions between two oscillators [Kittel, Introduction to Solid State Physics, 7th edition, s. 62]. It is also known as the Van der Waals or London interaction.

• The repulsive term 1/r^{12} does not have a true physical motivation, other than that the exponent must be larger than 6 to get a potential well. The main reason for often using 12 is that 2•6 = 12 and hence it can be evaluated very efficiently.

• Also other exponents are nowadays used. The notation for any two exponents A and B is LJ (A-B) potential. So above we have the LJ (12-6) potential.

• ε and σ are usually chosen by fitting into experimental data. σ gives the equilibrium distance ε the cohesive energy.

A few Lennard-Jones-parameters for gases [Ashcroft-Mermin s. 398]:

Ne Ar Kr Xe

ε (eV) 0.0031 0.0104 0.0140 0.0200 σ (Å) 2.74 3.40 3.65 3.98

Very weak interaction: e.g. V_{min} = -3.1 meV for Ne.

• LJ (12-6) potentials have proven to be amazingly good for noble gases (filled electron shells => almost always neutral) close to equilibrium. But they are obviously terrible for very small r (r <~ 1 Å) since the true interaction is ~ 1/r exp(-r) and not 1/r^{12}

• LJ potentials have been, and are used a lot, for instance in molecular modelling, in many cases even in systems where there is no physical motivation to using the LJ functional form. But if the fit is good for some purpose, using it may still be justified as long as the limitations are kept in mind.

V r( ) 4ε σ r --- 12 σ r --- 6 – =

Reduced units

- If a potential only has a couple of parameters, evaluating it can be really efficient in reduced units

- Also, in reduced units the results are always the same, so the results from one simulation can be transferred to different systems with straightforward scaling.

For instance for the Lennard-Jones-potential:

[or any )]

⇒ Natural length unit = natural energy unit =

- other units:

• Reduced units were very popular when one had to save CPU time in every single multiplication, and when potentials were still as simple as LJ. Although efficient programming is still important, saving time is nowadays seldom that critical, and using reduced units everywhere in a code can make it a major pain in the as. neck to remember how to get back to real units. Moreover, for a complex potential the only place where much time is spent is in the force calculation subroutine. So in my opinion it is seldom worth using reduced units except possibly inside the force calculation routine.

V r( ) 4ε σ r --- 12 σ r --- 6 – = V r( ) εf r σ⁄( )= σ ε

t* t mσ 2( ) ε⁄ [ ] 1 2⁄ ⁄ = ρ * ρ σ 3 = T* kBT ε⁄

= P* Pσ 3 ε⁄= f* fσ ε⁄ = v* v ε m⁄[ ]1 2⁄ ⁄ =

The Morse potential

• Simple metals (sp-metals, e.g. Na, Mg, Al; and metals with the fcc- or hcpstructure), are at least to some extent describable with a pair potential

• A popular choice: the Morse potential [P. M. Morse, Phys. Rev. 34 (1930) 57]:

• Designed originally to describe vibrations in molecules. Does not have any real physical motivation behind it, but the Schrödinger equation happens to have an analytical solution for this functional form. Also, it is efficient to evaluate, in the form above only one exponential function needs to be evaluated. And the repulsive part is way much better than in LJ potentials

• A fit for many metals

[Girifalco and Weizer, Phys. Rev. 114 (1959) 687]

• Works decently, for

being a pair potential.

V r( ) De 2α r r^0–( )

– 2De α r r^0–( ) – – =

• An ordinary pair potential inadvertently has a close-packed structure as the ground state (usually either “face-centered cubic”, FCC or “hexagonal close packed”, HCP). These structures get their name since they are the tightest way one can pack hard spheres in three dimensions.

[For details see e.g. Ashcroft-Mermin, chapter 4.]

HCP FCC

• A pair potential can thus not describe well elements with other structures than FCC or HCP. But this doesn’t mean people haven’t tried:

- The diamond lattice is an open structure, with only four nearest neighbours, very far from close packed.

- Still,itisactuallypossibletomakediamondstablelocallywithapairpotential, but this will become rather pathological (Mazzone potential for Si, [Phys. Stat. Sol (b) 165 (1991) 395]):

- Does actually work close to perfect positions

- But what happens when atoms leave the harmonic well due to e.g. a high temperature: they will of course drop to the Morse potential well, so fcc structures will be created in the cell.

- Unfortunately this is not uncommon regarding interatomic potentials: one has to be very critical of any new potential! Even well-respected physicists have presented potentials which have some very pathological features...

r

V(r)

r_0

Morse har monic w ell

Ionic compounds

• An ionic compound consists of different ions, between which the electron density is very small. The ions have filled electron shells, and are thus unlikely to change their electron configuration

- One of the extreme examples: NaCl:

- the bonding is something like 99% ionic

• A pair potential approximation works quite well, and potentials abound in the literature, as there is much experimental data available for the alkali halides which can be used in potential fitting.

• Ionic pair potentials typically contain a short-range (SR) term and the Coulomb interaction between ions:

; = ion charges

V rij( ) VSR rij( ) z1z2e2 4πε0rij

------------------ + = zi

• The short-range potential contains a description of the repulsive force between electrons packed closely together. Sometimes it can also contain an attractive van der Waals-interaction describing short-range attractive forces

• Most common forms for the short range potential:

Buckingham:

Born-Huggins-Mayer:

Morse:

• 1/r^6-term comes from the dipole-dipole interaction (again)

• The repulsion is usually significant only for nearest neighbours, and the vdW interaction for next-nearest neighbours. Frequently for instance in oxides the only interaction assumed between cations is their Coulombic repulsion.

• A (parenthetical) note on the use of the term van der Waals interaction. The term originally has meant the weak interaction between what can be understood as electrical dipoles. However, nowadays the term is very widely used to signify any interaction between atoms which is much weaker than covalent, metallic or ionic bonding, regardless of the origin of this weak interaction.

VSR r( ) Ae r ρ/– C r6 ----– = VSR r( ) Ae B r σ–( ) – C r6 ---- D r8 ----– – = VSR r( ) De 2α r r^0–( )

– 2De α r r^0–( ) – – =

Fitting of potential parameters

• In almost all classical potentials there is a number of free parameters, e.g. in Lennard-Jones 2 (ε and σ ), Morse 3 (D, α, r_0) etc.

• Two main approaches of constructing a potential exist:

P1. Derivation of both the functional form and parameters purely from so called ab initio (quantum mechanical) electronic structure calculations

(( Clarification of terms: ab initio is latin and means literally ~ “out of nothing”, although most often it is translated as first principles. In physics this is used to denote calculations which are based only on well-known physical laws with no free fitting parameters. In condensed matter physics, it is used almost exclusively to mean quantum mechanical electronic structure calculations, i.e. Hartree- Fock or density-functional theory (DFT) calculations. Purists, though, tend to say DFT is not truly ab initio))

P2. Fit of a potential with some generic motivation to empirical data, and when that is not available, to ab initio data

Although the previous approach is better motivated physically, in practice the latter approach, or a combination of the two, actually often works better.

• A good classical potential is one which with a small number of free parameters can describe a wide range of properties well (the definition of “well” can vary a lot, but in condensed matter physics usually 5-20 % accuracy is considered to be “well”, since experiments seldom are much more accurate than this).

• A related concept is that a good potential should be transferable , which means that it should be able to describe properties of other states of the material than those it was originally fitted to.

• Regarding fitting the parameters in a potential of type P2, there are two opposite extreme approaches:

1. “Blind fitting” : choose a functional form and a set of data to which the parameters are fit. Then use some fitting routine to obtain a best fit to all the data.

2. “Parameter choice by hand”: use reliable experimental or ab initio data of crucial data to set as many potential parameters as possible exactly, then fit only the remaining (if any) parameters. For instance, the equilibrium separation, binding energy and vibration frequency for a dimer can be used to fix all the 3 Morse potential parameters.

A pure approach 1 is dangerous in that quantities which are outside the original parameter set may obtain completely pathological values. For instance, some Si bulk potentials predict that the Si dimer is non-bond-ing, which is utterly wrong. Also, if some potential parameter happens to be insensitive to all quantities in the data set, the fit may give ridiculously small or large values for it, which may cause trouble elsewhere.

To obtain transferable potentials, approach 2 is thus usually to be preferred. On the other hand, if optimal precision in a limited set of systems (say, elastic properties of a perfect bulk crystal) is desirable, approach 1 may still be the better way to go.

Most authors use approaches somewhere between 1 and 2.

• Here I am rather partial: I am involved in a collaboration with Prof. Karsten Albe (TU Darmstadt) where we use a potential of type P2 and a fitting method of type 2 to develop potentials for complex materials. So far Karsten and/or my group has developed potentials for the systems BN, GaAs, GaN, PtC and NiC, as well as all the pure elements in this list. Although our approach does not give perfect potentials (which is impossible of course), the resulting potentials usually are much more transferable than most in the literature.

- If interested in this approach, see K. Albe, K. Nordlund, and R. S. Averback, Phys. Rev. B 65, 195124 (2002), and references therein.

• A functional form can sometimes be derived from experimental equations of state P(V). Example: solid Ne and Ar:

• Here is a short list of macroscopic, physical, properties which can, and often are, used to derive or fit interatomic potentials:

• Out of these, the first five depend purely on the mechanical properties of the material, and are relevant to almost all solids. The latter four involve electronic properties and may or may not be relevant depending on what kind of materials and properties are studied.

Physical pr oper ty Atom-le vel pr oper ty

Crystal str uctur e Balance of atomic f orces .

Cohesiv e ener gy Potential ener gy at the equilibr ium atom positions

Elastic constants Long-w av elength acoustic vibr ations Elastic distor tions of unit cell.

Equation of state P(V) Compr ession or expansion of material

Neutr on scatter ing Phonon in the Br illouin zone.

Dielectr ic constant Electr onic polar izability

Dielectr ic constant

Polar izarization of electr ons and lattice; long-w av elength optical vibration modes;

Infrar ed a bsor ption Long-w av elength vibr ations with a dipole moment.

Ram an scatter ing Long-w av elength vibr ations w hich change the polar izability.

cρ σ

ω k( ) ε∞ ε0

• Crystal structur e:

- The equilibrium crystal structure should be stable if one wants to describe any process where large atom displacements may occur (melting, surfaces, deposition, etc. etc.)

- In equilibrium the force acting on every atom in the unit cell should vanish:

- Here the potential is only tested at a few values.

(the smaller the crystal symmetry, the more values)

- Any potential has a minimum potential energy configuration, or many configurations with the same energy.

- Local stability is easy to achieve in a classical potential. But global stability (that is, that the real crystal structure is indeed the global minimum of the potential) may be surprisingly difficult.

- Even well-known authors make mistakes. For instance, the first Si potential of Tersoff [Tersoff, Phys. Rev. Lett. 56 (1986) 632] was well motivated, well derived, and published in the best journal in physics. But the formation energy of the vacancy turned out to be negative, which means it did not have the right ground state structure...

- A good way to test the minimum energy: start from random atom positions, and quench the cell slowly enough so that it crystallizes. If the structure is the correct one, it probably is indeed the ground state. Unfortunately doing this may take forever.

Another test: simulate a liquid and solid in equilibrium at the melting point, and check that the solid remains stable and the liquid recrystallizes to the same structure on slight cooling below T_{melt} i

fij j∑^{0=} rij

• Cohesive energy ( = energy difference between free atoms and the solid):

= the minimum potential energy in the solid (except for sign difference)

- Often easy to get right exactly

• Elastic constants

- Related to structural changes in the material [ ] and to the external stress (pressure) :

( - and -indexing: , , , , , )

Here the strain ( crystal distortion) components are ; The stress component is the force which acts on the plane with the normal in the direction - In principle there are 36 stress and strain components, but their number reduces to much smaller numbers in practice.

- For instance in a cubic crystal there are only three independent elastic constants , and .

[Kittel, “Introduction to solid state physics”, 7th edition, ch. 3.]

- Particularly important if there are deformations (compression, shear, melting) in the simulations. Also related to defect properties and the melting point => if we get the elastic constants about right we are already on a good way to a good potential.

Ecoh

cρ σ

R r( ) r' r– u1 r( )x̂ u2 r( )ŷ u3 r( )ẑ + + = = u σ σ ρ cρ σ eσ σ∑^= ρ σ xx 1→ yy 2→ zz 3→ yz 4→ zx 5→ xy 6→

eij eii xi∂ ∂ui = eij xj∂ ∂ui xi∂ ∂uj + = σ ij xj xi

c11 cxxxx = c 12 cxxyy

= c44 cxyxy =

• An example of an (unusually) good fit:

• This is probably the best potential for Al, but even in this one, problems have been reported recently for certain surface properties.

Weaknesses of pair potentials

• A pair potential can never describe well the directional properties of covalent bonds. For instance in the diamond/zincblende structure (C, Si, Ge, α-Sn, many compound semiconductors) the ideal angle between bonds = 109.47^o . Similarly, in almost all molecules the directional properties of covalent bonds is of crucial importance.

• Also longer-range angular dependence is completely neglected. For instance in the structure of polymers torsional terms are important. Also, recent calculations of BCC metals have shown that 4-particle interactions are about 50 % of the bond [J. Moriarty, 1998, private communication].

• Pair potentials also do not account for the environmental dependence They predict that the strength of the two-atom bond is as strong in a dimer as inside a material, which almost never is true.

- For instance the Ga-As interaction:

• Moreover, a pair potential always predicts that the elastic constants C_{12} = C_{44} for cubic crystals. but in reality:

• Also, vacancy formation energies are often completely wrong in pair potentials.

• Pair potentials also usually give bad surface properties.

• Summa summarum: the pair potential approximation:

- may work well close to equilibrium structure in many materials - is good for noble gases - is rather good for ionic compounds such as alkali halides - is rather bad for FCC- and HCP metals - is terrible for covalently bonded materials

• But for all these groups much better, and only slightly slower, models exist!

These will be described later on this course