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Abstract

We introduce a new inner model C(aa) arising from stationary logic.
We show that assuming a proper class of Woodin cardinals, or alternatively
PFA, the regular uncountable cardinals of V' are measurable in the inner
model C'(aa) and C'(aa) satisfies CH. Moreover, assuming a proper class of
Woodin cardinals, the theory of C'(aa) is (set) forcing absolute. We intro-
duce an auxiliary concept that we call Club Determinacy, which simplifies
the construction of C'(aa) greatly but may have also independent interest.
Based on Club Determinacy, we introduce the concept of aa-mouse which
we use to prove CH and other properties of the inner model C(aa).
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1 Introduction

This is the second part of a two-part paper on inner models obtained by means of
extended logics. A generally acknowledged weakness of Godel’s in many ways
robust inner model L is that it cannot support large cardinals, beyond such “small”
large cardinals as inaccessible, Mahlo, and weakly compact cardinals. In the so-
called Inner Model Program inner models are built for bigger and bigger large
cardinals, reaching currently as far as a Woodin limit of Woodin cardinals. These
models resemble Godel’s L in that deep fine-structure can be established for them
leading, among other things, to canonical proofs of CH, O, O, etc. in those
inner models. While these so-called fine-structural inner models are extremely
useful in almost all areas of modern set theory, it cannot be denied that they are
built somewhat “opportunistically”, by assuming a large cardinal and building a
carefully crafted model around it. With our new inner models we look for a more
canonical inner model construction which would still have desirable properties.

But what should one expect from a canonical inner model? First of all we
propose that we should expect robustness. We have in mind three meanings of
robustness: (1) Stability of the model under changes in the definition (in the fixed
universe of set theory). (2) Robustness across universes of set theory, stability
under forcing extensions. (3) The theory of the model (or an important part of
it) should be invariant under forcing extensions. A second quality we propose to
expect from a canonical inner model is completeness in the sense that canonical
definable objects should be included. A litmus test of this would be closure under
sharps or other canonical operations.

The first part [[7] of this two-part paper dealt mainly with some general ques-
tions concerning inner models obtained from extended logics, and more specifi-
cally the inner model C* defined by means of the cofinality quantifier [13]]. In this
second part we focus on the a priori bigger inner model C'(aa) defined by means
of the stationary logic [[1]. Note that

L C C* C C(aa) C HOD. (1)

The main results about C* in [7] were that under the assumption of a proper
class of Woodin cardinals, the theory of C* is set forcing absolute, uncountable
cardinals > w; of V' are weakly compact in C* (and w; is Mahlo), and the theory
of C* is independent of the cofinality used. Moreover, C* is closed under sharps.
We were not able to solve the problem of CH in C* although we showed, assuming
three Woodin cardinals and a measurable above them, that for a cone of reals r
the relativized inner model C*[r] satisfies CH.
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Here we show that if there is a proper class of Woodin cardinals, then uncount-
able cardinals of V' are measurable in C'(aa), and the theory of the model C'(aa)
is invariant under set forcing. This raises naturally the question of the truth-value
of CH in C'(aa). We show, assuming a proper class of Woodin cardinals, or alter-
natively PFA, that C'(aa) satisfies CH. Again, we point out that C'(aa) is closed
under sharps. We also consider some variants of C'(aa).

The models C* and C'(aa) arise from general considerations involving such
basic set-theoretical concepts as cofinality and stationarity. It is quite remarkable
that we can achieve the level of robustness that these models manifest. It should
come as no news that we have to make set-theoretical assumptions before we
can obtain robustness results for C* and C'(aa). For example, if V' = L, then
both models are simply identical to L. Our assumptions are either large cardinal
axioms or forcing axioms.

There are two new tools that we develop for the proofs of the results men-
tioned. The first tool is Club Determinacy which simplifies stationary logic con-
siderably in our construction. Roughly speaking, Club Determinacy says that
every stationary definable set of countable subsets of C'(aa) contains a club. The
second tool is the concept of an aa-mouse. Roughly speaking, an aa-mouse con-
sists of a transitive set together with a theory formulated in stationary logic. In-
tuitively speaking, the transitive set satisfies the theory-part, but this is not true in
general. For example, it is not true if the transitive set is countable. The major
part of this paper is devoted to proving Club Determinacy under large cardinal
assumptions, or PFA, and to developing the theory of aa-mice and, what we call,
aa-ultrapowers of aa-mice.

We feel that there are a wealth of questions worth studying about the new inner
models. At the end of the paper we list some such questions.

Notation: If x is a cardinal and M a set, we denote the set of subsets M of
cardinality < x by P, (M ). We use vector notation @, l;, ¥ etc for finite sequences.
VZ is short for Vx; ...Vx,p and aa Sp is short for aas;...aas,p. If hisa
function and * C dom(f), then we use h[x] to denote the set {h(y) : y € z}.
H(u) is the set of sets of hereditary cardinality less than ;. The class of limit
ordinals is denoted Lim.

2 Basic concepts

Let us recall that a set S of countable subsets of a set M is said to be closed
unbounded (club) if for every countable s C M there is s’ € S such that s C ¢/,
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and for every {s, : n < w} C S such that Vn(s,, C s,41) the set |, s, isin S,
or equivalently, S is the set of countable subsets of M closed under a fixed given
countable set of functions. The set S is stationary if it meets every club set of
countable subsets of M. Stationary logic is the extension of first order logic by
the following second order quantifier:

Definition 2.1. If d is a finite sequence of elements of M and tis a finite sequence
of countable subsets of M, then we define

M aas (s, t,d)

if and only if {A € P,,, (M) : (M, A) = ¢(A,t,d)} contains a club of countable
subsets of M. We denote — aas —p by stat s¢. The extension of first order logic
by the quantifier aa is denoted L(aa).

This quantifier was essentially introduced in [13]] and studied extensively in
[1]]. The idea is that rather than asking whether there is some countable set A sat-
isfying p(A), or whether all countable sets A satisfy ¢(A), we ask whether most
A satisfy p(A). The second order “some/all” quantifiers are generally believed to
be too strong to give rise to interesting model theory, but the “most” quantifier has
turned out to be better behaved. There is a complete axiomatization, a Compact-
ness Theorem in countable vocabularies, and a Downward Lowenheim-Skolem
Theorem down to N; for countable theories (i.e. every countable consistent theory
has a model of cardinality N;).

Some examples of the expressive power of stationary logic are the following:
We can express “p(-) is countable” with aas Vy(p(y) — s(y)). If we have a lin-
ear order ¢(+,-), we can express it having cofinality w with aas Va3y(p(z,y) A
s(y)). We can express ¢(-,-) being N;-like with Vz aas Vy(e(y,z) — s(y)).
The set {a < k : cf(a) = w} is L(aa)-definable on (k, <) by means of
aas(sup(s) = «), where sup(s) is a shorthand notation for the supremum of
s. The property of aset A C {a < k : cf(a) = w} being stationary is definable
in L£(aa) by means of stat s(sup(s) € A). Finally, we can express an N;-like
linear order ¢ (-, -) containing a closed unbounded subset (i.e. a copy of w;) with
aas(sup(s) € dom(yp)).

We will need below the concept of relativisation of L(aa)-formulas. Rel-
ativisation is defined inductively as in first order logic except that the relativi-
sation (aas(s))® of aas(s) to z is defined as aas((¢(s N z))™), where
(s N x) denotes the formula obtained from 1)(s) by replacing everywhere y € s
byyesAye€ .



The axioms of the logic L(aa) are [1]:

(A0) aasp(s) <> aatp(t)
(A1) —aas(l)

(A2) aas(z € s),aat(s Ct) 2)
(A3) (aaspANaast) — aas(p A1)
(A4) aas(p = ¢) — (aasp — aas))

(A5) Vxaaso(x,s) — aasVx € sp(x,s).

The rules are Modus Ponens, the usual rule of generalisation and the new rule
of aa-generalisation i.e. if 7 - ¢ — 1 and s is not free in 7" U {¢}, then
T + ¢ — aas. These are complete in the sense that any countable £(aa)-
theory consistent with them has a model of cardinality N;. Intuitively, (A1) says
that () is not club. (A2) says that the set of countable sets having a fixed element
as an element, as well as the set of countable sets containing a fixed countable set
as a subset, are club. (A3) and (A4) simply say that the club-filter (of definable
sets) is a filter. Finally, (AS) is a formulation of Fodor’s Lemma.

Suppose A is a stationary subset of a regular x > w such that Voo € A(cf(a) =
w). The w-club filter F*(A) is the set of subsets of A which contain the in-
tersection of A with a club subset of x. Note that F*“(A) is < k-closed. The
property of B C x belonging to F*(A) is definable from A in £(aa) by means
of aas(sup(s) € A — sup(s) € B).

There are generalizations of the notions of club and stationarity from P, (A)
to Px(A), where ) is a regular cardinal. Since there are slight variations in the
way clubs and stationary subsets of P, (A) are defined, we specify below what we
mean by this terminology.

Definition 2.2. C' C P,(A) is closed unbounded (club) in Py (A) if for every
X € Pir(A) there is Y € C such that X C Y and, moreover, if (X; : j < J),
d < A, is an increasing sequence of members of C, then |, <5 Xaisin C. A set
S C Pi(A) is called stationary in Py (A) if it meets every club of Py (A).

If A\ C A, then {X € Py(A) : X N A € A}isaclubin Py(A). Also, if
A C Athen D C P,(A) contains a club if and only if there is an algebra on
A (with countably many operations) such that (the domains of) all subalgebras
whose intersection with A is an ordinal, are in D.

If § is an uncountable cardinal such that § = 6<°, we consider the quantifier
aas with the following meaning: If @ is a finite sequence of elements of A/ and ¢
is a finite sequence of subsets of M of cardinality < ¢, then we define

M = aassp(s, t,d)

5



if and only if {A € Ps(M) : (M, A) = (A, t,a@)} contains a club of Ps(M). It
is proved in [[11] that a sentence of £(aa) has a model if and only if it has a model
when aa is interpreted as aas.

3 Inner model C(aa)

The idea is that C'(aa) is the inner model that results if in the usual definition
of Godel’s constructible hierarchy L the role of first order logic as a vehicle of
definability is played by stationary logic. In fact, we model our definition of
C'(aa) more in the style of Jensen’s J-hierarchy [5]], which is, after all, equivalent
to Godel’s L-hierarchy. We add stationary logic to the usual definition of the J-
hierarchy. The addition takes place by adding the truth-definition of stationary
logic as a special predicate to the usual definition.

Since the definition of C'(aa) applies to any logic £*, we formulate the fol-
lowing definition for an arbitrary logic £*:

Definition 3.1. Suppose L£* is a logic the sentences of which areﬂ (coded by)
natural numbers. We define the hierarchy (J!), o € Lim, of sets constructible
using L* and the class Tr, by transfinite double induction, as follows: E]

Tr = {(a, (@) : (J,, €, Tr]a) = @(d@), p(Z) € L*,d € J,, a € Lim},

where
Tria = {(B,¢(a)) € Tr: B € N Lim},
and
J, =0
o = rudn(JLU{JL}) (3)
Lo, = Uscy Joar forv € Lim.

Here the rudimentary closure operation rudr, includes the operation z — x N Ir.
We use C'(L*) to denote the class J, ¢4, /o, and use J), to denote the structure
(J,, €, Trla).

IFor the sake of simplicity.

2The vocabulary of ¢(Z), ¥ = (z1, ..., Tn), below consists of two binary predicate symbols.
The sentence p(@), @ = (aq,...,ay), is the result of substituting a constant symbol ¢,,, denoting
a;, for z; for¢ = 1,...,n. We generally use a; to denote (also) the constant symbol c,, when no

confusion arises.



Additionally, we denote

Tra = {¢(a) : (o, p(@)) € Tr},

whence
Tr = U{{a} x Tr, : @ € Lim}.

The point of the definition of J, is that we do not only add in successor stages
sets that are definable (or images under rudimentary functions) from elements of
the lower levels but we also add a truth-definition Tr [« which makes reference to
definable sets particularly smooth. In particular, it helps us produce a uniformly
definable well-order of each of the levels .J.,.

In the special case that £* is L(aa), we denote C'(L(aa)) by

C(aa).

We also consider the inner model C'(aas) i.e C'(L(aas)). Since the quantifier Q°F,
which gives rise to the inner model C* (= C'(L(Q))) is definable in L(aa), we
have the trivial relations of (TJ).

Lemma 3.2. C(aa) is a model of ZFC. The model C(aa) has a canonical (first
order) definable well-order <.

Proof. The claim follows from general properties of the J-hierarchy (see e.g. [12,
Lemma 5.26])). [

We recall the following connection between the J-hierarchy of Jensen and the
L-hierarchy of Godel|in the definition of C'(aa):

Lemma 3.3 ([5,[12]). Suppose (J.,) is the hierarchy generating C'(aa). A set A C
J! isin J. ., if and only if there are a first order formula p(x,y) and b € J! such

oa+tw

that A={a € J. :(J., € Trla,Tr,) E ¢(a,b)}.

We used a different definition for C'(£*) in [7]. There we introduced an inner
model obtained in the same way as Godel’s constructible hierarchy L, but replac-
ing in the definition first order logic by the logic £*. The general construction was
as follows:

3Note that we do not claim that the structures J/, are amenable.



Definition 3.4 ([7]). Suppose L* is a logic. If M is a set, let Def.. (M) denote
the set of all sets of the form X = {a € M : (M, €) | ¢(a,b)}, where ¢(x, §) is
an arbitrary formula of the logic £* and b € M. We define the hierarchy (L) as

follows:

L = 0
L., = Defs (L))
L, = Uae, Ly, for limit v.

Let us use C,(L*) to denote the class |, L. In the special case that L* is
L(aa), we denote C,(L(aa)) by Cy(aa). The reason for changing the definition
from C,(L*) (as in [7]) to the current C'(L*) is that it turned out to be unclear,
as pointed out by Gabriel Goldbergﬂ whether the former satisfies the Axiom of
Choice. For the logic £(Q¢) there is no difference: C(L(Q%)) = C,(L(QT))(=
C*). We could give the new definition of C'(L£*) in terms of the L-hierarchy in-
stead of the .J-hierarchy, because of the close relationship between the two hierar-
chies, see e.g. [S §2.4], but the J-hierarchy is more convenient because its levels
are closed under the pairing function which we need to code finite sequences used
in the definition of Tr,,.

In the course of this paper we will see that C'(aa) is in many ways a fairly
robust inner model in the sense of our Introduction, at least if there are big enough
large cardinals.

It is important to keep in mind that the quantifier aas in the construction
of C'(aa) asks whether there is a club in V' of countable sets s in V' with some
property. Neither the club nor the countable sets need be in C'(aa). Thus, although
we focus on an inner model C'(aa), we let the quantifier aa “reach out” to V.
Thus C'(aa) knows certain facts about 1 but it may not be able to have witnesses
to corroborate those facts. The whole point of using £(aa) in the definition of
C'(aa) is that L£(aa) provides some information about V' but not too much.

The countable levels J!, o < wy’, bring nothing new, although w;" may be
a large cardinal in C'(aa). They are the same as the respective levels of the con-
structible hierarchy, as the aa-quantifier is eliminable in countable models.

Note that S = {a < k : cf'(a) = w} € C(aa). The property of A C S of
being stationary (in V) is definable in C'(aa), as is the property of containing the
w-cofinal elements of a club. Thus, if A € C(aa), then the “trace” of the w-club
filter of V on A, namely (F“(A))V N C(aa), is in C(aa). One of the main results

4Personal communication.



of this paper is that (F*(x))V NC(aa) is a normal ultrafilter on , whenever k > w
is regular, assuming large cardinals.
The following robustness property of C'(aa) is often useful:

Proposition 3.5. Suppose P is a o-closed notion of forcing and G is P-generic.
Then C(aa)” = C(aa)V!C

Proof. Let J! be the J! as computed in V[G]. We prove J,, = J/ for all «,
by induction on «. The induction step boils down to the following claim: If
S C P,(J.) is an L(aa)-definable set with parameters in V' and S € V, then
S is stationary in V' if and only if S is stationary in V' [G]. To prove this, let us
assume S is stationary in V. Then S is stationary in V'[G|] because P is proper. On

the other hand, if S € V is stationary in V[G], then S is obviously stationary in
V. O

Many natural questions about C'(aa) immediately suggest themselves:
* Does it satisfy CH?

* Does it have large cardinals?

* How absolute is it?

* Is its theory forcing absolute?

* How is it related to other known inner models such as L, HOD, etc?

We will provide some answers in this paper, but many natural questions remain
also unanswered. We shall prove C'(aa) = CH from large cardinal assumptions,
but let us immediately observe that ZFC alone does not limit the cardinality of the
continuum in C'(aa) to either ¥ or to < N,. This is in sharp contrast to the case
of C* (see [7]) where the continuum is always at most N, of V.

Theorem 3.6. Con(ZF) implies Con(|R N C(aa)| > NY).

Proof. Assume V = L. Let S C w3 be a non-reflecting stationary set of ordinals
of cofinality w with fat complement (i.e. for every club C' C w3, C'\ S contains
closed sets of ordinals of arbitrarily large order types below w3). Let S,, o < ws,
be a partitioning of S into disjoint stationary sets. Let us now work in a generic
extension obtained by adding Cohen reals r,, @ < ws. The sets S, are still
stationary, because the forcing is CCC. Let Abe the set {w-a+n:n € ro,a <
ws}. Let E be the union of the sets S,, where a € A. Let us move to a forcing
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extension obtained by forcing a club D through the fat stationary set w3 \ £. This
forcing does not add bounded subsets of w3, whence w3 does not change. If o € A,
then S, N D = () and S,, is therefore non-stationary after the forcing. On the other
hand, If & ¢ A, then S, N E = () and shooting a club through w3 \ E preserves
the stationarity of S,. Hence for any o € ws, @ € A if and only if S, is non-
stationary. Hence A € C(aa). Now r, = {n : w-a +n € A}. Hence each r,, is
in C(aa), and therefore |[R N C(aa)| > NY. O

The role of N3 in the above theorem is not crucial, but just an example. It can
be replaced by any cardinal. Since ZFC '+ [R N C*| < X, [[7], we obtain’):

Corollary 3.7. Con(ZF) implies Con(C* # C(aa)).

We can use the proof of Theorem [3.6] to prove the consistency of the non-
absoluteness of C'(aa) in the sense that inside C'(aa) the C'(aa) may look different
than from outside:

Proposition 3.8. Con(ZF) implies Con(C(aa)®@® # C(aa))f

Proof. We proceed as in the proof of Theorem [3.6] Assume V' = L. Let S,,, n <
w, be a partitioning of w, into disjoint stationary sets. Let us then work in a generic
extension obtained by adding a Cohen real r. The sets .S, are still stationary. Let £
be the union of S,,, where n € r. Let us move to a forcing extension V' [G] obtained
by forcing a club D through the stationary set w; \ E. Now n € r if and only if
Sy, is non-stationary. Hence r € C(aa), whence L(r) C C'(aa) and C(aa) # L.
One can prove by induction on « that (J)VI¢) = (J/ )] The non-trivial step
says that if " C P,, (B) where B,T" € L[r], then T is stationary in V[G] iff for
somen € w\ {r}theset {s € T|sNw; € S,} is a stationary subset of P, (B) in
Lir]. Note that all countable subsets of V|G| are in L[r|. Hence C'(aa) C L(r),
and, in consequence, we obtain C'(aa) = L(r). But C(aa)*"”) = L. Hence
V[G] & C(aa)®@® +£ C(aa). O

If z € C(aa) and 27 exists, then % € C(aa). This is proved as for C* in
[7]. If L* exists, then L” C C* for some v, and hence LV C (C'(aa) for some
v. However, we do not know whether L#, where j is a measure on the smallest
possible ordinal, is contained in C'(aa).

SWork in progress by a SQuaRE group shows that C* # C(aa) follows also from the existence
of a measurable cardinal of Mitchell-order > 1.
5Ur Ya’ar has proved stronger results, see [16].
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4 Club determinacy

We introduce the useful auxiliary concept of Club Determinacy and show that
C'(aa) satisfies it, assuming large cardinals or PFA. Roughly speaking, Club De-
terminacy says that definable sets of ordinals of cofinality w in C'(aa) either con-
tain a club or their complement contains a club. This simplifies the structure of
C'(aa) as we do not have any definable stationary co-stationary sets. The main
results of the later sections are heavily based on this.

Definition 4.1 ([3]). A first order structure M is club a’etermineaﬂ if
M | Vilaas o(T,5,t) V aas ~¢(T, s, 1)), 4)

where (i, s,t) is any formula in £(aa) and £ is a finite sequence of countable
subsets of M.

On a club determined structure the quantifiers stat (“stationarily many”) and
aa (“club many”) coincide on definable sets. The truth of aas ¢(s, 5, t) in a struc-
ture M can be written in the form of a two-person perfect information zero-sum
game G(p, M, 5, f): the players alternate to pick elements ag, aq, . . . from M. Af-
ter w moves Player Il wins if s = {ag, a1, . . .} satisfies (s, b, t) in M. A structure
M is club determined if and only if the game G (¢, M, l;, f} is determined for all
formulas ¢ and all parameters b. Hence the name.

There are several results in [3]] suggesting that club determined structures have
a ‘better’ model theory than arbitrary structures. For a start, every consistent
first order theory has a club determined model. Moreover, every club determined
uncountable model has an £(aa)-elementary submodel of cardinality N;, while
for arbitrary structures this cannot be proved in ZFC. It fails if V' = L ([2]]), but
holds if we assume PFA™™" (folklore).

Lemma 4.2. If a first order structure M is club determined, then
M | VFaa §p(T, 5,1) V aa §-¢(T, 5, 1)), (5)

where p(Z, S, f) is any formula in L(aa) and t is a finite sequence of countable
subsets of M.

Proof. Suppose ¢(Z,s1,...,5,,1t) is a formula in £(aa), t is a finite sequence
of countable subsets of M, and ¥ is a finite sequence of elements of M. We use

"In [3] the name “finitely determinate” is used.
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induction on n. If n = 1, the claim is true by assumption. Suppose then n > 1
and M = —aas;aasy...aas, p(Z,s1,...,Sn, f) By the assumption H

M = aasi—aas;...aas,p(,s1,. .., 50, 1),
whence by the Induction Hypothesis,
M = aasiaassy...aas,—p(T,s1,...,5m,1).
L]

Definition 4.3. We say that the inner model C'(aa) is club determined, or that
Club Determinacy holds, if every level (J!, €, Tr[«) in the construction of C'(aa)
is club determined as a first order structure, i.e. for all «:

(i, € Trla) = VTaas p(T,1,s) V aas ~o(T, 1, 5)], (6)
where (I, 1, s) is any formula in £(aa) and £ is a finite sequence of countable
subsets of J'. We say that C'(aa) is club determined for ¢(%,t, s), or that Club
Determinacy for (7, t, s) holds, if @ holds (at least) for the formula (7, 7, s).

Intuitively speaking, if C'(aa) is club determined, its definition is more robust—
the quantifier aa is more lax than it would be otherwise, and in consequence,
C(aa) is a little easier to compute.

We consider Club Determinacy also with the quantifier aa interpreted as aa;.
We say that C'(aas) satisfies d-Club Determinacy (for ) if it satisfies Club De-
terminacy (for ¢) with aa replaced by aay.

The main technical result of this paper says that if there are a proper class of
Woodin cardinals, then C'(aa) is club determined (Theorem [4.12)). We prove the
same conclusion also under the alternative assumption of PFA (Theorem @4.17).
In view of the below Theorem some large cardinal assumption (in V' or in
an inner model) is necessary for Club Determinacy. Of course, a proper class of
measurable cardinals, as in Theorem @, is a much weaker assumption than a
proper class of Woodin cardinals, and we do not know the exact large cardinal
assumption needed here.

4.1 Club determinacy from Woodin cardinals

We are going to prove Club Determinacy in two cases. The first case is a proper
class of Woodin cardinals. This will be the topic of the current section. In the next
section we use the assumption PFA.
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Suppose ¢ is a Woodin cardinal. We use P; to denote the stationary tower
forcing at ¢ and ()4 to denote the corresponding countable stationary tower forc-
ing. For details concerning the stationary tower we refer to [8]].

Here is a sketch of the proof of Club Determinacy. We look at the earliest
stage at which Club Determinacy fails for C'(aa). Let us suppose it fails because
a set

S = {s € Pu,(J) : (JL, €, Trla) k- (@, s, D)} )

is stationary co-stationary, where @ is a finite sequence of elements of J/, and
t is a finite sequence of countable subsets of J!. We may assume that « and
(s, T, f} are minimal for which this happens. We show with a separate argument
that we can assume w.l.o.g. that |a] = R, and 0 = w,, where §; = sup{¢ :
¢ is the length of a 3.- prewellordering}. Let now § be a Woodin cardinal. We
force with () .5 and obtain the associated generic embedding j : V' — M C V[G].
Recall that j(w;) = d and “M C M. In M the set j(.5) is, in the sense of M, the
set of s € Py, (J]) such that (J!, €, Trv) = ©(5(@), s, j(t)), where v = j(a).
We use the minimality of o and ¢ to argue that (.J7)" is the 4" level, which we
denote J3, of the hierarchy of C'(aas) in V. We also show that j(@) is an element
a* of V, and j(t) is an element t* of V.

We now argue that we can pick a bijection h : w; — J/, so that also j(h) € V
and it is independent of the generic G. Hence S* = {f < w; : h[B] € S}
is a stationary co-stationary subset of wy. So also j(S*) is in V and j(S*) is
independent of G. Now we can pick G such that S* € G, which implies w; €
j(S*) and another generic filter G such that w; — S* € G which implies w; ¢
j(S*), a contradiction. A detailed proof is below in Theorem [4.12]

The following general fact about forcing will be used below:

Lemma 4.4. Suppose ¢ is a regular cardinal, P is a forcing notion such that
|P| = 9, and G is P-generic. If 0 is still a regular cardinal in V|G, then for all
N €V, every club of (Ps(N))V is stationary in (Ps(N))VI.

Proof. Without loss of generality, NV is an ordinal 3. Let C' be a club in (P5(N))".
Suppose 7 is a forcing term for an algebra on 3. Let p be a big enough regular
cardinal. We build in V' a chain M, o < 6, of elementary substructures of H ()"
of cardinality < 0 in such a way that P, 7, 3 € My, M, € C, M, = ., M, for
limit v, and P C J,_; M,. Let G be P-generic. Since ¢ is regular in V[G], we
can construct, in V[G], an ordinal y < § such that if D C P is a dense set in M.,
then DNG N M., # 0. Now M., N 3 € V is closed under the algebraic operations
of the value [7]s of 7 in V[G]. O
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The main technical tool in proving the Club Determinacy is the following
result about preservation of stationarity in the forcing () :

Proposition 4.5. Suppose that \ is Woodin and G is () -, generic over V. If S C A
and S €V is stationary in'V then S is stationary in V[G].

Proof. Suppose that S is not stationary in V[G]. Let 7 be a Q) term for a club
subset of \ forced to be disjoint from S. To simplify notation we assume that the
maximal condition forces that 7 NS = (). For every a < A let D, be a maximal
anti-chain of conditions which force some ordinal > « into 7. For every @ < A
let F,, be the function defined on D,, such that F,(q) is the minimal ordinal above
« which is forced into 7 by ¢. Let IV be an elementary substructure of H () for a
big enough x such that (D, : & < \) and other relevant elements of the proof are
in N. Also we require that N N X is an ordinal 6 € S and that V; C N. Clearly Vj
is closed under F,, for every o < 9.

We use the following definition:

Definition 4.6. Let D be a maximal anti-chain in Q). We say that X € P, (V))
catches D below p if there is ¢ € D N X NV, such that X NUg € g.

The following definition is a modification to () of definition 2.5.1 of [8]].

Definition 4.7. Let D be a maximal anti-chain in (). We say that D is semiproper
at p if for every X <V, .5, X countable, there is a countable Y < V., such that
Y catches D below p and Y end extends X below p (i.e. if « € (Y — X) N p then
a > sup(X N p)).

The following fact follows immediately from the modification to (). of the-
orem 2.5.9 of [8]:

Claim. For every D, there are unboundedly many inaccessible cardinals v < A
such that D, is semiproper at 7.

From N < H(x)and N N A = ¢ it follows that for every a < J, there are
unboundedly many v < 4 such that D,, is semiproper at 7.

In the following arguments we assume that V5 is also endowed with a fixed
well order.

Lemma 4.8. For every countable X < V.o such that (D, NVs : a < ) € X
there is a countable Y < Vs, o such that X C Y and for every « € Y N6, Y
catches D, below §.

14



Proof. We define by induction an increasing sequence (X, : n < w) of countable
elementary substructures of V.o where Xy = X, a sequence (o, : n < w) of
ordinals less than ¢ such that «v,, € X,,, and an increasing sequence (7, : n < w),
Yn € X,, such that D, is semiproper at v,,. By dovetailing we make sure that
for every n < w and a € X,, N ¢ there is k such that & = «y. Also we keep
the inductive assumption that X,, ., catches D, below -, and that it is an end
extension of X, below v,,. So it follows that X, ; continues to catch D,, below
v for all k& < n.

Given X,,. Pick a,, € X, so as to continue our dovetailing process. Let v,, be
an element of X, above y,,_; such that D,,, is semiproper at y,. Such a -,, exists
in X, since X, is an elementary substructure of Vs 5 and D, € X,,. (Recall that
(Dy:ax< ) e X CX,)

Since X,, < Vs4o, we have R = X, NV, 1o < V, .o, hence there is a
countable Z < V., ;- such that R C Z, Z is an end extension of R below -, and
Z catches D, below ~,. We define X, to be all the elements of V.o which
are definable in V5 from X,, U Z. Clearly X, ;1 < Vi o.

Claim. X, 1NV, =2ZNV,,.

Proof. Clearly ZNV, C X,.;NV,, . Forthe other directionleta € X, 1NV, .
Then a is definable from some elements b of X,, and an element c of Z by a
formula p(x, g, c). (It is enough to consider a single element ¢ of Z, since Z
is closed under forming finite sequences.) Consider the following function h :
V., — V,.. We let h(y) to be the unique element d of V., satisfying ¢(d, b, y) if
there is such a unique element, and 0 otherwise. Now h € V.5 and h is definable

in Vs o from b. Moreover, it is a function from V,,toV, .Soh e X,NV, io
So h € Z. Clearly a = h(c). Hence a = h(c) € Z. O

Continuing the proof of Lemma [4.8] it follows from the claim that X,,;; end
extends X,, below -, and catches D, From our inductive assumptions it follows
that X, catches D,, below v; for all £ < n. Now, if we define Y = U, X,
then Y satisfies the requirements of the lemma. [

We continue the proof of Proposition §.5| with the following:
Claim. The setT =

{X € P, (Vs11) : X < V51, X catches D, below ¢ for every « € X N d}
(8)

is stationary in P,,, (Vs 1).
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Proof. Assume otherwise, then there is a function g : V5,1 — Vs such that
every countable X C Vj,; which is closed under g is not in 7". The function g
can be coded as an element of Vj,5. (We use g also for the code in Vy,5.) Let
X be a countable elementary substructure of Vs, containing ¢ and the sequences
(D,NVs: a < 6). By the above lemma, there is a countable X C Y < Vj,5 such
that Y catches D, below ¢ for every o € Y. It is obvious that Y N Vs, € T', but
g € Y soY N Vj is closed under the function g, which is a contradiction. ]

We can now finish the proof of Proposition 4.5 By the above claim 7" € Q).
We claim that 7' |- § € 7. Suppose that 7" < T such that 7" forces o < § to be a
bound for 7 N A. We can assume without loss of generality that for every Z € T’
a € Z. Since T < T we can also assume that every Z € T” catches D, below §.
For Z € T'let G(Z) € Z N D,, witness the fact that Z catches D,. By Fodor’s
lemma there is ¢ € D,, such that the set 7" = {Z € T" : G(Z) = ¢} is stationary
in UT". But 7" forces T” < ¢. But using the function F, we can see that ¢ forces
some ordinal above « to be in 7 N . We have a contradiction. [

Proposition 4.9. Suppose )\ is Woodin and G is () -\-generic over V. For every
set Ain'V, if S C P\(A) is stationary in 'V, then it is a stationary subset of P»(A)
inV]G|.

Proof. Without loss of generality we can assume that A C A and that for all
X € S, X N Aisan ordinal. If S is not stationary in V[G], there is an algebra
A € V[G] with countably many operations (f,, : n < w) where the arity of fj is
k., such that no member of S is closed under these operations. Let 7, be a () »-
name for f,,. In order to simplify notation we assume that the maximal condition
of (), forces that no member of S is closed under all the functions 7,,. For every
n and k,-tuple @ of members of A, let D,, ; be a maximal antichain of () of
conditions which force a value for 7,,(@). Now the proof continues as the proof of
Proposition Especially after the model N has been chosen as an elementary
substructure of a big enough H(#) so that A, 7;,’s , etcare allin N, AN N € S,
NNX=9forsomed < A\, aswellas7: AN N — 6, one proves the following
modification of Lemma 4.8}

For every countable X < Vj.o such that (D, ; N Vs : @ € (AN
N)*» n < w) € X there is a countable Y < V5 such that X C Y
and Y catches D, ; below ¢ for every n < w and every @ € (ANN)*»
with 7[d@] € Y*».

The rest is as in Proposition O
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As above, let J! = (J!, €, Tr[«a) be the hierarchy of C'(aa) in V. Let J! =
(Jx, €, Tr* ) be the corresponding hierarchy of C'(aas) in V. We will compare
these two inner models, or rather C'(aas) and the image of C'(aa) under a generic
ultrapower embedding. We use A =5 ¢ to denote A |= ¢ when we think of ¢ as
a sentence of L(aay) rather than of L(aa).

Suppose now 9 is a Woodin cardinal. Let G be ().s-generic and j : V' —
M C V]G] the generic ultrapower embedding. Let J! = (J! €, Tr"la) be
the hierarchy of C'(aa) in M. As a part of the proof that C'(aa) satisfies Club
Determinacy we show that this inner model C'(aa) in the sense of M is actually
the inner model C(aas) in the sense of V' (see Proposition [5.2). We show this by
a level by level analysis of the two aa-hierarchies (J') and (J).

In the subsequent proofs we will use parameters from V" although we are deal-
ing also with M. Lemma[4.TT|below shows that while j is certainly not definable
in V, it maps relevant parameters to V. First we need an auxiliary result. The
following result is a widely known folklore result, but we include a sketch of the
proof for the reader’s convenience:

Lemma 4.10. Assume x exists for every x C w. Then
51 = sup{(RY)1)7 ;& € w). ©)

Proof. Kunen’s proof of the result of Martin ([9]) to the effect that every well
founded E% relation has rank < w,, shows that this rank is actually less than
(RY)*)Eel) where = is the real parameter of the X1-definition. This gives one
direction of (9)). For the other direction, suppose = is a real and = ((R})*)%],
Every ordinal less than 7 is definable in L[x] from some z-indiscernibles < R},
This gives the other direction and finishes the proof of (9). We can define a relation
between n-tuples of reals coding the indiscernibles and the formula. This relation
is Al using 2% as a parameter. The rank of the relation is 1 and therefore 7 <

5. O

Lemma 4.11. Assume 05 = w, and § is a Woodin cardinal. Suppose we force
with () -5 and the associated generic embedding is j : V. — M C V[G]. Then
jlws € V. In particular, if s is a countable subset of ws, then j(s) € V. Moreover,
there ist € V such that lbq_, j(3) = 1.

Proof. Let, by Lemma g € V be a function on ws such that for all o < ws,
g(a) is a subset of w with a < ((R})*)El@] Since g(a)* exists, there is a
term rg(“)”(f, y) such that o = Tg(“)”(ﬁ, wY), where § < wY. Note that now
j(a) = 72 (B, ). 1t follows that j | w isin V. 0
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We now prove the main result of this section:

Theorem 4.12. If there is a proper class of Woodin cardinals, then C'(aa) is club
determined.

Proof. Suppose « is the smallest ordinal for which (J/,, €, Tr[«) fails to satisfy
Club Determinacy. We can collapse |«| to ¥y without changing C(aa) (Proposi-
tion . Hence we may assume w.l.o.g. |o| = N;. By a result of Shelah we
can, starting from a Woodin cardinal, force the ws-saturation of the non-stationary
ideal on w; with semi-proper forcing. Since || = Ny, this forcing does not change
C(aa) up to the level o + 1. Since we have also a measurable cardinal, we may
conclude that 6, = ws ([15, Theorem 3.17]). Hence we may assume, w.l.o.g.
83 = wo. By Lemmald.10| there is a real z and f € L[z] such that f : o — w} is
a bijection. Suppose f is the least in the canonical well-order of L[z]. Let 6 > «
be a Woodin cardinal and j : V' — M C V|[G] as above. Let v = j(«). Now
g =j(f):~v — Jisabijection and the L[z]-least such. Clearly, g € V.

Suppose ¢ witnesses the failure of Club Determinacy of J/, i.e. there is a
stationary co-stationary set

P={seP,(J): (], Trla) E ¢(d,s,t)}, (10)

where @ € J! and t is a countable subset of J/,. We may assume that ¢ is minimal
for such an @ € J! and ¢, a countable subset of J/, to exist. By the elementarity
of j,

Q =t J (P )

is a counter-example to Club Determinacy of (Jf{’ , €, Tr"]7) in M in the sense that

Q={se Ps(J)" : ((J), €, T"I7) E 9(i(@),s, i)}, A1

where j(t) € (Ps(J]))", is stationary co-stationary in M. Moreover, -y is min-
imal such that Club Determinacy fails in (J;’ , €, Tr"|7) in M, and ¢ is minimal
such that Club Determinacy fails for ¢ in (J, €, Tt"[v) in M with some param-
eters @ and t. In other words,

(a) Ifn €N Lim, then (J), €, Tr"[n) satisfies
Club Determinacy in M,

(b) If 4 is a subformula of ¢, then (J/, €, Tr" ) satisfies
Club Determinacy for ¢ in M,

(12)
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We need an auxiliary concept relevant only for this proof: Let us say that
(JZ, €, Tr"[§) satisfies weak 6-Club Determinacy (for ¢) if it satisfies 6-Club De-

terminacy (for 1) with the restriction that the parameters (¢ in Definition |4.1)) are
inV N M.

Lemma 4.13. For all n € v N Lim, J;' = J* and (J;;, €, Tr"[n) satisfies weak
0-Club Determinacy (in' V).

Proof. We prove the claim by induction on limit ordinals 7.

Successor case

Let us assume the Lemma for € v N Lim and prove it for n + w < 7. By
definition,

I, = (i, € T n +w),
where
Jovw = rudre (Jy U {7 }).

By Induction Hypothesis,

T +w = Usepopim({0} x Tr3)
Usenrwim ({0} x Trg)
T In + w.

and therefore

v rudn-(Jy U{J;})
= rudq (J) U{J}})
— J//
M-
Next we prove Ty, , = Tr,,,. To thisend, let N = Jr = J/,  and

R = Tr*[n +w = Tr" 5 + w. We prove that the following equivalence holds
whenever (@, t) is an £(aa)-formula:

(a) Ifde N(C M)andtin (Ps(N))V N M, then

((N,E,R) |:5 770(675)‘/ < ((N7E7R) ):¢(6’£>)M (13)
(b) (N, €, R) has weak 6-Club Determinacy for t(d, t) (in V).

The claim Tr;, , = Tr;; 1 follows from by forgetting the parameter ,

which, however, is important for the success of the inductive proof of (I13). By

$Note that M <% C M in V[G], whence (P5(N))V C (Ps(N))M.
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the nature of this inductive proof, it suffices to consider the restricted case ¢ €
(P5(N))V N M. Of course, the right hand side of the equivalence in (13h) makes
sense only if ¢ € M. Respectively the left hand side requires ¢ € V. Therefore it
is reasonable to assume in ) that £ € V N M. This is also the assumption in
weak 9-Club Determinacy.

We prove the conditions by induction on . It suffices to prove the induc-
tion step for the aa-quantifier. Thus we assume for 1) = 6(d, s,t) and prove
for ¢)(d,t) = aas 0(d, s, t).

To prove “="in ) for 1(d,t) = aas 0(d, s, t), suppose
((N,€,R) |=5 aas 0(a, s, 1))".
Let K € V, K C Ps(N)Y, be a club of s such that
(N.€.R) |5 0(a.s,1)". (14)

By Lemma K is stationary in V[G]. If ((N, €, R) = 6(d,s,t))™, then by
(12h) there is a club H of s € P, (N)M such that (N, €, R) ¥ 6(a,s, ).
Since “M C M, this club H is also a club in V[G]. Let s € K N H. Note that
s € M. By Induction Hypothesis, ((N, €, R) - 6(d,s,t))", contrary to (14).
Thus ((N, €, R) = 6(d, s, 1))M.

To prove “<”, suppose

(N € R) | aas (a5, 7).
Let K € M, K C Ps(N)M, be a club of s such that
((N,€,R) = 6(ad, s, t)M. (15)

Since “M C M, this club K isalsoaclubin V[G]. If (N, €, R) W5 aas 0(d, s, 1)),
then by the weak J-Club Determinacy for 6(, s,) of (N, €, R) in V there is a
club H of s € Ps(N)Y such that (N, €, R) W5 0(@, s,1))". By Lemma .4 H is
stationary in V[G]. Let s € K N H. Note that s € M. By Induction Hypothesis,
((N, €, R) ¥ 6(ad, s, )M, contrary to (15).

We move to proving ) for (d,t) = aas (@, s,1). Lett = (u,t1,...,t,)
and ' = (t1,...,t,). We need to prove

— —
/!

N s aauy(a,u, t’) V aau —p(a, u, t'), (16)

where @ € N and t/ € (Ps(N))Y N M.
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By (12p), B B
(N E aau(a@,u,t’) vV aau ~p(a@,u, t')™.

For example, there is a club K in M of countable subsets u of N such that
(N = (@ u,t'))M. The set K is still club in V[G]. We can now argue that
N s aauy(a,u, t ), for otherwise there is a stationary set U of elements of
(P5(N))Y such that N = —)(a@, u, ). By Theoremmthe set U is stationary in
V[G]. Intersecting K and U leads to a contradiction with (I3p). The argument is
essentially the same if there is a club A in M of countable subsets u of N such
that (N |= —)(@, u, ¥'))™. We have proved .
This ends the proof on and ends the successor case.

Limit case

Let us assume v < -y is a limit of limit ordinals and the claim of the Lemma holds
for n € v N Lim. Now we show that it holds for v, too.
By Induction Hypothesis,

J, = UneyﬂLim J ; = UnemLim J 7/7/// = 1////'/
* *
Ty = UnemLim T = Uewrmm Ir'In = Trifw.
Next we note that Tr}, = Tr/ can be proved with exactly the same argument as
above for Tr, |, = Trg 4 This ends the proof for the limit case. ]

Lemma4.14. J = J*, Tt" |y = Tr* |7, and letting N = J// and R = Tx" |, the
equivalence ) holds for g&ﬂ in place of 1.

Proof. Clearly, by Lemma JI' = J¥ and Tr"|y = Tr"[y. We now prove
(13f) with + in place of £ by induction on subformulas 1 of ¢. It suffices to prove
the induction step for the aa-quantifier. Thus we assume ) for ¢ = 6(a, s, f}
and prove ) for ¢ = aas 0(d, s, t).

To prove “=", suppose ((N, €, R) =5 aas0(d, s, t)V. Let K € V, K C
P5(N)V, be a club of s such that

((N7€7R) ):6 9(67575)‘/' (17)

By Lemma [4.4] K is stationary in V[G]. If (N, €, R) £ 0(,s,))™, then by
(12b) there is a club H of s € P, (N)™ such that ((N, €, R) ¥ 6(d, s, )M,

% is the minimal counter-example chosen in the beginning of the proof.
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Since “ M C M, this club H is also a club in V[G]. Let s € K N H. By Induction
Hypothesis, (N, €, R) [~ 6(d@, s, 1))V, contrary to .

To prove “<", suppose ((N, E,R) = aasf(d, s, t)M. Let K € M, K C
Ps(N)M, be a club of s such that

((N,€,R) | 0(@,s,1))". (18)

Since “ M C M, this club K isalsoaclubin V[G]. If (N, €, R) W5 aas 0(d, s,t))"
then by the weak -Club Determinacy for 6 of (IV, €, R) in V, which is part of our
Induction Hypothems there is a club H of s € Ps(N)Y such that ((N, €, R) 5
0(d,s,t))". By Lemma“H is statlonary in V[G]. Let s € KN H. By Induction
Hypothesis, ((N, €, R) ¥ 6(d, s,t))™, contrary to .

This ends the proof on (13). O

Recall the definition of P in and of @ in (T1). By Lemma [.TT] there are
a* € V and t* € V such that j(@) = a* and j(t) = t*. Moreover, a* and t* are
independent of G.

The mapping f was defined as a bijection of « onto w] . There is a bijection of
J! onto a, definable over J!,. By combining the two bijections, we get a bijection
f:J. — w). Similarly we get in bijection of J! onto v, definable over j(J;) =
JI = J. Since J/ € V this bijection is in V/ and by combining it with g we get a
bijection g : J — 4. Since j(f) = g € V, then also g = j(f),itisin V, and it is
independent of the generic G.

By Lemma [.T4]and (13)
QNV ={sePs(S): (J5, €T ly) | pla*s,t*)} (19)
and therefore ) N V' € V, and the identity holds independently of G. Let
S ={B <wy: fB] = s forsome s € P}.
It is easy to see that .S is stationary co-stationary on w;. Note that the set
§(S) ={B < §:§ '[B] = s forsome s € j(P)},

={B<6:g Bl =sforsomesc j(P)NV(=QNV)},

is in V, and is independent of GG. Let G| be ()_s-generic such that S € G, and
let j; : V' — M, be the associated embedding. Let (G5 be ()_s-generic such that
w1\ S € Gg and let js : V — M, be the associated embedding. Now w; € j1(.5)
and wy ¢ 75(S). But, j1(S) = j2(5), a contradiction. O
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Corollary 4.15. Suppose there is a supercompact cardinal. Then Club Determi-
nacy holds.

Proof. Suppose k is supercompact. Let a be the least such that (J!, €, Tr[a) is
not club determined. Since V,, <5 V, we can assume o < x. Since k is a limit of
Woodin cardinals, we can proceed as above. O

Proposition 4.16 ([6]). Assuming PFA, there is, for every set X, an inner model
with a proper class of Woodin cardinals, containing X.

Proof. We modify Theorem 0.1 of [6] as follows. Suppose X is an arbitrary set
of ordinals, e.g. X C 4. Let an X-mouse be a mouse as in [6] except that the
mouse is assumed to contain X and, moreover, it is required that all the extenders
on the coherent sequence have the critical point above 9. With this modification
the proof of Theorem 0.1 in [6] gives the result that if O(x) and O+ fail for some
k > 0, a consequence of PFA, then there is an inner model with a proper class of
Woodin cardinals containing X . O

Theorem 4.17. Assuming PFA, Club Determinacy holds.

Proof. Suppose Club Determinacy fails at (J/, €, Tr [«) and « is minimal. Let
X contain everything we need for the failure of Club Determinacy, e.g. X =V,,,.
By Proposition there is an inner model M with a proper class of Woodin
cardinals such that M contains X. By the choice of X, M fails to satisfy Club
Determinacy. But this contradicts Theorem [4.12] O

S Applications of Club Determinacy

We give three types of applications of Club Determinacy. The first is the im-
mediate consequence that uncountable cardinals are measurable in C'(aa). Our
large cardinal assumption in the proof of Club Determinacy was a proper class
of Woodin cardinals, so we are far from an optimal result. Our second applica-
tion is the forcing absoluteness of the theory of C'(aa). Here we assume a proper
class of Woodin cardinals and use Club Determinacy merely as a tool in the proof.
Our third and more substantial application is a proof of CH in C'(aa), using Club
Determinacy.
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5.1 Large cardinals

Recall that, assuming a proper class of Woodin cardinals, uncountable cardinals
are Mahlo in C*, and even weakly compact above N;. In [7] we were not able
to prove that there are measurable cardinals in C* under any assumption, even
consistently. For the presumably bigger inner model C'(aa) we establish now the
measurability of all uncountable regular cardinals. As it turns out, the proof is an
immediate consequence of Club Determinacy.

Theorem 5.1. Suppose C(aa) is club determined. Then every regular k > Wy is
measurable in C'(aa).

Proof. For «a big enough for J/, to contain all subsets of ~ in C'(aa), consider the
normal filter:

F={XCk:XelJ,(J, e Trla) Eaas(sup(sNk) € X)}.
Suppose X C risin C(aa). Since (J.,, €, Tr [a) is club determined,
(J.,€,Trla) E aas(sup(sNk) € X) or

(J.,€,Tra) E aas(sup(s N k) ¢ X).
In the first case X € F. In the second case x \ X € F. O

It remains open whether Club Determinacy, or some reasonable stronger as-
sumption, implies that there are higher measurable cardinals in C'(aa). By Corol-
lary below, we cannot hope to have Woodin cardinals in C'(aa) as a con-
sequence of some large cardinal assumptions. It remains open what happens to
singular cardinals. Are they regular, or even large cardinals in C'(aa)?

5.2 Forcing absoluteness

The first order theory of L(RR) is absolute under set forcing, assuming a proper
class of Woodin cardinals. With a stronger assumption the same is true of the
Chang model C'(L,,., ). We can prove the absoluteness of C'(aa) under set forcing
assuming a proper class of Woodin cardinals.

Proposition 5.2. Suppose club-determinacy holds, ¢ is Woodin, G C Qs is
generic and M is the associated generic ultrapower. Then C(aa)M = C(aa;)".
Hence C(aas)V satisfies club-determinacy.
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Proof. The proof is similar elements to the proof of Theorem[.12] Let j : V —
M be the elementary embedding associated with (G. Note that since we assume
Club Determinacy in V for J, for all a, we have Club Determinacy in M for J),
for all . We show by induction on « and on the £(aa)-formula ¢(s, Z, ¢/) that
if we denote N = (J”)M and assume, as part of the Induction Hypothesis, that
N = (J*)V, then for every be Nandt € Ps(N)NV N M (note that wM = §)
the following are equivalent.

(A1) (N 5 aas o(s,1,5)".
(A2) (N = aas (s, £,b)M.

Suppose first (Al). Let C' be a club in V of sets s € Ps(N) satisfying (N =5
o(s,1,b))V. By , C' is stationary in V[G]. Suppose (A2) fails. Then by
Club Determinacy in M, there is a club K in M of countable s such that (N |=
—p (s, b))M. Since “M C M, the set K is still club in V[G]. Let s € K N C.
Note that s € M. By Induction Hypothesis, (N =5 —¢(s, £, b))", a contradiction.

For the other direction: suppose (A2) i.e. in M there is a club D of countable
sets s such that (N = ¢(s,7,b))™. This D is still club in V[G]. Suppose that
(A1) fails. Hence the set S of s € P5(N) in V that satisfy (N =5 —¢(s, 1, b))V
is stationary in V. By it is stationary in V[G]. Lets € DN S. Now s €
Ps(N) NV N M, so we have a contradiction with the Induction Hypothesis. [

Theorem 5.3. Suppose there are a proper class of Woodin cardinals. Then the
first order theory of C(aa) is (set) forcing absolute.

Proof. Suppose P is a forcing notion and § be a Woodin cardinal > |P|. Let
j : V. — M be the associated elementary embedding. By Proposition [5.2] we can
argue

C(aa) = (C(aa))M = C(aay).

On the other hand, let H C P be generic over V. Then ¢ is still Woodin in
V'[H], so we have the associated elementary embedding j' : V[H| — M'. By
Proposition [5.2] we can again argue

(C(aa)"™ = (C(aa))™" = (C(aay) .

Using the fact that |P| < & and that both C'(aas)" and C(aa;)" "] satisfy club
determinacy one can show by induction on « that

(L)Y = ()",
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It follows that
(C(aas))"H = C(aay)V.

Hence
(C(aa))"™ = C(aa).

5.3 The Continuum Hypothesis

The fact (Theorem that under large cardinal hypotheses the theory of C'(aa)
is forcing absolute, strongly suggest that we should be able to determine the truth
value of the Continuum Hypothesis in C'(aa). Indeed, in this section we use Club
Determinacy to prove the Continuum Hypothesis in C'(aa) (Theorem[5.31]below).
The proof uses the auxiliary concepts of an aa-mouse and an aa-ultrapower, which
have hopefully also other uses in the study of C'(aa). For example we use them
below to prove also <> in C(aa). Our method yields 2° = x* for k < wy in
C(aa). (Recall that w” is a measurable cardinal in C'(aa).) Our method seems to
yield also full GCH in C (aa) Our previous paper [7] gives the consistency of
the failure of CH in C* relative to the consistency of ZFC. This result extends to
C(aa) (see Theorem [3.6/above).

Convention: In the rest of this Section we assume Club Determinacy.

5.3.1 aa-premice

Our proof uses a new inner model concept which we call aa-premouse. Roughly
speaking, an aa-premouse is a pair (M, T™*), where M is a model and 7 is an
L(aa)-theory. Intuitively, but not in reality, 7 is the £(aa)-theory of M. Here M
can very well by countable. In countable domains the aa-quantifier is eliminable,
so in general we do not assume M to be a model of 7. Rather, M is a model
that has potential to become a model of 7. We fulfil this potential by building an
wY -chain of elementary extensions of M with the idea that in the limit the theory
T™ is really true. For this purpose we define an ultrapower construction—called
the aa-ultrapower—for aa-premice. It allows us to iterate a well-chosen countable
aa-premouse (iterable aa-premice are called aa-mice) to a big uncountable aa-
premouse (M., T;; ) where T is an L(aa)-theory that is actually true in M, .

10See footnote 14.
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We use the concepts of aa-premouse and aa-ultrapower to prove CH in C'(aa).
The proof is reminiscent of Silver’s proof of GCH in L* [14]]. Since we assume
Club Determinacy, wy is actually a measurable cardinal in C'(2a). Thus from
the point of view of C'(aa) we start with a countable premouse and iterate it a
measurable cardinal times.

We fix the following notation: 7¢ = {Re,Rr,Rp} U{P, 1 n < &} 70 =
7¢ \ {R7+}. Here Re and Ry are binary and Ry-, P, (7 < &), are unary. We use
(P)¢ to denote a sequence (P, : 1 < §).

Definition 5.4. An aa-premouse is a structure
Jo = (1o, €T, T, (P)e)
in the vocabulary 7¢ such that
(1) T Cax L(aa) x JI, and for al[T] 3 < a, the set
Ty ={p(@) : (B, (@) € T,a € Js}

is a complete consistent £(aa)-theory in the vocabulary 7, extending the
first order theory of (Jg, €,Tf), where we allow constants ¢, for a € JﬁT.

(2) T* is a complete consistent £(aa)-theory in the vocabulary 7, extending
the first order theory of (JI, €, T, (P),) with constants ¢, fora € JI.

(3) (P, : n < &) is a continuously increasing sequence of subsets of J. and
aasVe(Py(z) >z €s) e T ifn <.

(4) If Jzp(z, @) € T, then there is b € JI such that ¢(cy, @) € T*, whenever
©(7) is an L(aa)-formula in the vocabulary 7. and @ € J7 .

(5) The sentence
aa§drp(x, s, d) — aas3x(p(z, 5,d) ANVy < z=p(y, §, d))

is in 7™, whenever ¢(z, 5, /) is an £(aa)-formula in the vocabulary 7.~ and
ac Jg . (For the definition of <, see Lemma )

"To simplify notation we use @ to denote cq,, . . . , Cq

n
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(6) The Club Determinacy schema

-,

aat(aas ¢(d,s,t)Vaas (@, s,t)), (20)

where (@, s, 1) is in £(aa) in the vocabulary 7¢ and @ € J;, is contained
inT™.

(7) The sentences aas Jz—x € s and aas(w C s) are in 7.

(8) If 3 € o N Lim, (%) is an £(aa)-formula in the vocabulary 7, b € J3,
and ¢(b) € Ty, then go(g)(‘]g) e T

(9) If p(s, z,7) is an L(aa)-formula in the vocabulary 7 and @ € J such that
aas dwp(s,x,d) € T, then aas (s, r,d) — aas ¢(s, fosea)(s), @)
is in 7. Here we use the term f,(, ) (s) to denote the <-minimal z intu-
itively satisfying ¢(s, x, @), i.e. we work in a conservative extension of 7,
denoted also 7™, which contains:

aas Jxp(s,x,d) = aas(p(s, fosea(s), @Q)A

VZ(Z = fW(S,mvd)(S) — _‘90(57 2 d)))

Condition 5 simply says that if we can find, for a club of s, an x such that
(s, z, ), then for a club of s we can find a <-minimal x such that ¢(s, x, 7). This
assumption allows us to have, in a sense, definable Skolem-functions. Conditions
(8)-(9) establish important coherence between the predicates 7" and 7.

Lemma 5.5. If (J1,€,T,T*, (P)¢) is an aa-premouse and 3 € o N Lim, then
(J5,.€,TNJ5, T NJ5, (PNJS)e)

. T TnJ%
is an aa-premouse and Jz = J 4

In harmony with Lemma 4.2 we now prove that Club Determinacy holds in an
aa-premouse also for nested aa-quantifiers:

Lemma 5.6. aat(aa5p(d,35,t)V aas—p(d,35,t)) € T*, where p(@,5,t) is in
L(aa) in the vocabulary 7 .
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Proof. We use induction on the length n of 5. For n = 1 the claim is true by defini-
tion. Let us then assume the claim for n and prove it for n+1. Let 1) be the formula
aass...aasps ¢. By Club Determinacy of T, aat(aas; 1 V aas, <)) € T*.
By Induction Hypothesis, aa faasl(ﬂw <> aasy...aas, 1 @) € T*. Hence
aa f(aasl YV aasy...aaspy1 ) € T%, as desired. 0

Definition 5.7. Suppose J. = (J1,€,T,T*, (P)) is an aa-premouse and J§ =
(Jg, €,5,5%, (P')e) is an aa-premouse with ¢ < ¢ and @ < 3. A mapping
w1 JL — Jj is called a weak elementary embedding of J into J3, in symbols

m:J = J /;? ,
if 7 is a first order elementary embedding
(JE, €T, (P)e) + (J§. €, 8, (Pe)Irg
and for all (%) € L(aa) in the vocabulary 7, and all @ € J7,
p(d@) e T < p(r(d)) € S™.
Example 5.8. The canonical example of an aa-premouse is
N = (J, €, Trla, Try, (P)o),

where Tr and Tr,, are as in Definition and (P)o is the empty sequence. Note
that N/ € C'(aa). We obtain other examples of aa-premice by taking elementary
substructures of N. Since N € C'(aa), we can take such also inside C'(aa).

5.3.2 The aa-ultrapower

We define now what we call the aa-ultrapower (M, E, S, S*) of an aa-premouse
JL. We do not use an ultrafilter for the construction, but rather the family F
of £(aa)-definable sets which contain (in V) a club of countable subsets of JZ.
Since we assume Club Determinacy, this family behaves sufficiently like an ultra-
filter. Thus, intuitively we define

M T def (Jg)ml(‘]g)/f,

where P, (JT) is computed in V. However, in the end, we cannot define M in
this way, at least if we want to build M inside C'(aa). We certainly cannot count
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on P, (JT) being in C(aa), even though JI' € C(aa), and even though we can
define sets in C'(aa) by reference to clubs in P,, (J1).

In order to prove CH in C'(aa), we want to build the ultrapower M in C'(aa)
and therefore we modify the usual ultraproduct construction in a special way.
Instead of defining M as the set of equivalence classes of definable functions
[P, (JE) — JI, we define M as the set of equivalence classes of £(aa)-
formulas (s, x) that define functions f : P, (JI) — JZ.

Let us now go into the details.

Definition 5.9. Suppose (J, €,T,T*, (P)¢) is an aa-premouse.

1. Let M’ be the set of all (s, z,d) in L(aa) in the vocabulary 7., where
a € J! and aas Jrp(s,x,a) € T*.

2. Define in M":
()0(87 x, C?) ~ 90/(87 €, d”) — aas(fgo(s,x,fi) (S) = f&p’(s,x,&”) (S)) S T*.

Note that ~ is an equivalence relation in M’. Moreover, if (1) R € Te s (2) the
sentence aas R(fi,(s,0,a)(5)s - - s fon(sman(s)) is in T, and (3) o;(s, x,d;) ~
Oi(s,z,a;) fori =1,... n, then we may easily conclude that

aas R(fy1(swa)(8)s -+ s forsaar)(8))
1Isin7™.
Definition 5.10 (aa-ultrapower). The aa-ultrapower of an aa-premouse
(Ja, €T, T (P)e),
denoted Ult(JT', €, T, T*, (P);), is the T¢;-structure
M = (M, E, S, 5", (P')es1),
where

1. M is the set of equivalence classes [p(s, x,@)] of ~ on M’.
2. [pi(s,x,d1)]|Elpa(s, x,dr)] iff aasRe(fip(s,2,a)(5)s fon(swan)(s)) € T

3. ([901(37‘% 61)]7 [902<S7x7 62)]) € Siff aas RT(fsm(S,Iﬁﬂ(S)? fsoz(S,r,c_iz)(S)) €
T,
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4. S* consists of Y(Pg, [¢1(s,x,d)], ..., [pn(s, z,d)]), where ¢ (s, z1, ..., ;)
is a 7, -formula of £(aa) such that

aas (s, for(s2.2) () - fonsmar(s)) € T
5. [p(s,x,@)] € Pyiff aas Py(fosza(s)) € T forn <&.

6. P{ = {j(a) : a € JI}, where j : JI — M is the canonical embedding

jla) = [z = al.

Note that Ult(JZ, €, T, T*, (P),)) has one unary predicate more in its vocab-
ulary than (JI, €, T, T*, (P)¢) itself, namely P;. Thus the aa-ultrapower extends
the model but also expands the vocabulary. These new unary predicates play a
crucial role when we apply aa-ultrapowers.

We will show that Ult(J, €, T, T*, (P);)), if well-founded, is an aa-premouse.
To that end we need a sequence of lemmas.

Lemma 5.11. S* is a complete and consistent L(aa)-theory in the vocabulary
Teq With constants ¢, for a € M.

Proof. As to consistency, suppose ;(Pe, [p1(t,x,d)],. .., [¢n(t,z,d)]), where
1=1,...,m,is a finite set of sentences in S* such that
N vi(Pe. . [o1(s,2,@)],. ... [on(s, 2, @)]) - L. Q1)
i=1

By the definition of S*, fori =1,...,m

/\aaswz .ftm (s,x,a) ( ) .- '7f<pn(s,:c,6)(3)) € T*a

whence

aas /\ %’(57 fg01(8,m76:)(5)7 ceey fcpn(s,x,(i’)(s)) e T*.
i=1

It can be shown by induction on £(aa)-proofs that implies

m

aas /\ Vi(8, for(s2.a)(S)s - fon(swa)(s)) Faas L,

i=1

whence aas L € T™, contrary to the consistency of 7™.
Completeness follows from Club Determinacy. [
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Lemma 5.12. aas Vz(Pe(z) — s(x)) € S*i.e. P¢is “countable” in the sense of

S*.
Proof. Clearly, aat aasVx(t(x) — s(x)) € T*. Hence by Definition [5.10, we
have aas Vz(Pe(z) — s(x)) € S*. O

We prove an analogue of L.o§ Lemma first for first order formulas only. In
fact, we do not have proper control of truth of formulas of stationary logic in the
potentially countable model M .

Lemma 5.13 (Lo§ Lemma for first order formulas). Suppose (JL,€,T,T*, (P);)
is an aa-premouse and

M =Ult(JE, €, T,T*,(P)¢) = (M, E, S, 5%, (P)ey1).

The following are equivalent for first order formulas p(s,x1,...,x,) in the vo-
cabulary ¢,
(1) M ): @(P& [901(37 z, 61)]7 SR} [(:On(sa z, 671)])
(2) aas (s, for(s2.a)(8), -, fontsman(s)) € T*
Proof. This is proved by induction on ¢(s,1,...,x,). The case of the atomic
formula P¢(z) follows from Definition (6) and axiom (A2). As the formula
o(s,x1,...,x,)is first order, the only other case that requires a proof is the case of
the existential quantifier. Assume ¢(s, x1,...,x,)is Yy (y, s, x1, ..., x,). Then:
M ): SO(P& [901(37 Z, dl)]? SRR [9071(57*%7 C_in)]) =
M ): Ely¢<y7 PéL[SOI(Sa z, al)]? ceey [@n(swru a’n)]) = .
M = ¢([0(s,x,b)], Pe, [p1(s, z,d1)], - . ., [¢n(s, x,d,)]) for some O(s, x,b) =

aas V(fo(s05)(8): 8 for(swan)(8)s - -+ fon(swan (s)) € T for some 6(s, z, b) =
aas Hyw(yas f301 (s,x,d1) (8) fgon(sxan)( )) el =
aas@( fw(sxm)( ) f<pn sxan)(g)) er

and, on the other hand, letting 0(s, y, dy, . . ., d,,) be the formula

77Z)(y7 S, fcm(s,x,&ﬁ)(s)’ R ftpn(swﬁn)(s))v

we obtain

aas (s, Jer sxa1)( s), - f<pnsgca)(3))€T*:>
aas Elyd}(y?S f@l(smal ( ) fapn(s ,an) ( )) eT =

aas w(fQ (s,4,81,...,a n)( ) S f<P1 89001)(5)7 f@n Sﬂ?ﬁn)(s)) €T =
M = ([0(s,y,di, ... CTn] Pe, [1(s, z, 1)] [on(s, . dn)]) =
M |= 3yi(y, Pe, [p1(s, , a1)] - lon(s,z,d )]) =

M = ¢o(Pe, [p1(s,z,d@1)l, ..., [enls, z,dn)])
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O

We can now show that the canonical embedding is a first order elementary
embedding:

Lemma 5.14. If ¢ is a first order formula in 7, , then the following conditions are
equivalent:

M) J; | p(a).
2) M = ¢(j(a)).

Proof. If (1) holds, then ¢(@) € T*, whence aas p(d@) € T*, and further M =
©(j(a@)) by Lemma|5.13] If (1) fails, then —p(d) € T*, whence aas —¢(a) € T*,
and further M [~ ¢(i(d)), by the consistency of 7. O

Lemma 5.15. j[P,] = P, for any predicate P, € Te -

Proof. The inclusion j[P,] C P, is trivial. The opposite direction follows from
Axiom (A5) and Definition[5.4] (3). O

It is a consequence of the above Lemma that the following are equivalent for
first order formulas ¢(xq, ..., x,) in the vocabulary 7, :

(1) (d) € Tp.
(2) »(j(@)) € Sje)-

Now we prove an analogue of L.o§ Lemma for £(aa). Unlike in Lemma
we do not talk about truth in the aa-ultrapower but only about membership in the
theories 7™ and S™*.

Lemma 5.16 (Los Lemma for £(aa)). Suppose (JI,€,T,T* (P)¢) is an aa-
premouse and

(M, E,S,S*, (P)ey1) = Ult(JX, €, T, T*, (P)e).

The following are equivalent for L(aa)-formulas ¢(P¢, x1, ..., z,) in the vocab-
ulary Tc:
(D) o(Pe, [p1(s,x,ar)l, ..., [pn(s,z,d@,)]) € S*

(2) aas (s, for(s2,a)(8), - fon(sman (s)) € T
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Proof. The implication (2)—(1) is built into the definition of S*. If (2) fails, then
—aas (s, forsma)(5): - fon(saan)(s)) € T%, by the completeness of 7 in
the vocabulary 7. By Club Determinacy of 7™,

aas _‘(10(57 f<,01(87513,51)<3)7 ceey f@n(S,ZB,fin)(S)) € T*7

whence ¢ (Pg, [01(s,x,d1)], ..., [pn(s,x,d,)]) € S*. Now (1) fails because of
the consistency of S* (Lemma([5.1T]. O

It is a consequence of the above Lemma that the following are equivalent for
L(aa)-formulas (1, ..., x,) in the vocabulary 7, :

M o(leu(s,2,a@)], ... [pnls, v, d@n)]) € 5*.

(2) aas SO(fWI(S,x,al)(S)? S fcpn(S,w,&'n)(S>> eT.

In particular, o(@) € T*iff p(j(@)) € S* for L(aa)-sentences  in the vocabulary
Te -

Lemma 5.17. The aa-ultrapower (M, E,S,S*,(P')¢y1), if well-founded, col-
lapses to an aa-premouse (J} €, T, T* (P)§+1) with vocabulary T¢,. The canon-

ical mapping j, composed with the collapse function 7 : (M, E) — (JBT, €),isa
weak elementary embedding"|

i (JT, e, T, T (P)e) — (JF, €, T, T*, (P)es1).

Proof. It follows from Lemmal[5.14] that the aa-ultrapower (M, E, S, S*, (P')¢41),
if well-founded, collapses to a structure of the type (.J5, €, T,T* (P)€+1) with
vocabulary 7¢,;. We only have to show that the conditions of Definition [5.4] are
satisfied by this structure.

(1) It follows from Lemma and an argument similar to the proof of
Lemma that T C B8 x L(aa), and for all v € N Lim, the set T}, =
{¢(@) : (v,¢(@) € T,and @ € JT} is a complete consistent £(aa)-theory in the
vocabulary 7, extending the first order theory of (Jf ,€,T]v), where we allow

constants ¢, for a € Jf .

(2) The completeness and consistency of S* was already proved in Lemmal5.11
By Lemma , S* extends the first order theory of (J3, €, T, (P)e41).

(3) By Lemma the sequence (F’), is continuously increasing. Moreover,
Deﬁnition (3) implies P, C P; for all n < &.

1211 the sense of Deﬁnition
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(4) We show, that if 3zxp(z, Pe, w(@)) € T*, where @ € M, then there is
b € M such that p(7(b), P¢, 7(&@)) € T*. Assume G has length one, for simplicity.
Accordingly, suppose 3zp(z, Pe, w([1(s, z,¢)])) € T* for some (s, z, ) with
¢ € J!, and aas 3x(s,x,¢) € T*. This implies 3xp(z, Pe, [¢(s,z,¢)]) € S*.
Hence aas 3x¢(x, s, fy(s2.8(5)) € T*. Therefore

aasgp(fw$5fw(sxc“)(5 ( ) S f¢5$a< >> GT*

Hence
o([p(x, s, fuse(8))], Pe, [¥(s,x,0)]) € S™.

We let b = [p(x, s, fy(see(s))] and the claim is proved.
(5)If

aas3rp(Pe, z, S, 7r( Q) —
aa53z(p(Pe, v, 5, (@) Ay < 2—¢(Pe, y, 5, 7(d@)))

is not in T, then aa §3xp(P¢, z, 5, m(a@)) € T* and
~aa53e(p(Pe, 7, 5, 7(@) AVy < 2-p(Pe, . 5,7(@)
is in T*. Hence aataas3zy(t, v, 5,d@) € T* and
aat-aasiz(p(t,x, s, ad) ANVy < x—p(t,y,s5,d)) € T™.
By Club Determinacy of 7™,
aataas—3x(p(t,z,5,d) N\Vy < z—p(t,y,s,d)) € T*,

a contradiction with the assumption that 7™ satisfies condition (5) of Deﬁni_tion
(6) We show that the Club Determinacy schema is contained in 7. Sup-
pose ¥ (P¢, z1, ..., ¥,) is an L(aa)-formula in the vocabulary 7.~ and

[o1(u, z,d)],. .., [en(u,x,d)] € M.
By the Club Determinacy of 7™

aauaa 7?(aas ¢(£L, . Jorwea) (W), -, fon(uea(w)V
aas —nb(u, t, f¢1(u7x@) (u), . ,f%(u,x@)(u))) e T*.

Hence,

at{aas Y(Pe, T [p1(u, 2, @), ... [pu(u, 2, D))V
aas ) (Pe, t, [p (u,:p,a)],...,[gon(u,x,c_i)])) € S*.
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(7) It is a consequence of Lemma [5.16|and {aas Jz—z,aas(w C s)} C T,
that aas 3z—2 € s and aas(w C s) are in T*.

(8) This condition can be expressed, in view of Definition [5.4] (4) as the mem-
bership of a universal sentence in 7. The vocabulary of this sentence 1s 7, , and
so it is also an element of S™.

(9) This is obvious.

Finally, j is weak elementary by Lemma[5.13] and because

ola,...,a,) €T <= aas p(foma,(8),. .., frma,(s)) € T"

= o(lr=a1],...,[r=a,)) € 5" <= ¢(i(a),...,j(a,)) € 5™
]
Lemma 5.18. j[JI] # M.
Proof. We consider [~z € s] € M. Suppose [~z € s] = i(a) for some a €

JI ie. [~z € s| = [z = a]. Then aas(f-yes(s) = fo=a(s)) € T, whence
aas(a ¢ s) € T. But by Axiom (A2) of stationary logic aas(a € s) € T, a
contradiction. O

Lemma 5.19. [f there is v < « such that —aas(y C s) € T* and v is the least
such, then ~y is the critical point of j.

Proof. Suppose o < . If [p(s, z,d@)] < j(«), then Axiom A5 (Fodor’s Lemma)
implies that there is 0 < ~ such that [p(s,x,d)] = 0. Hence i(«r) = «. On the
other hand [x € v A x ¢ s] demonstrates that i(y) > 7. O

We shall now prove an important Lemma which, among other things, shows
that for the kind of aa-premice that we are mainly interested in, namely those
arising from Example [5.8] the aa-ultrapower of a well-founded aa-premouse is
well-founded.

Definition 5.20. A 7¢-structure (J3, €, Tr [, Tr', (P)¢) is called aa-like with re-
spect to (w.r.t.) M, M C Jg, if Tr’ is a complete consistent £(aa)-theory in the
vocabulary 7.~ with parameters from .J B> Tr' | 7 = Trz and

QO(P’YI7 e P'Yn’ CY) S Tr/ = (Jé7 E’ Trf/B? (P)g) ): aas (p(P717 e P'Yn717 S, 6)

for all sentences ¢(P.,, . .. P~,,d) € L(aa) in the vocabulary 7, U{P.,, ..., P, },
where v; < ... <7, <& andforallad € M.
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Lemma 5.21. Suppose (Jg €, T, T*, (P)¢) is a countable aa-premouse and

m:(JI, e T, T (P)) = N = (J5, e, Trls, Tr', (P')e) (22)

is a weak elementary embedding such that N is aa-like w.r.t. tng(m). There are
Pg’ cJ 23 and a weak elementary

7 Ul(J), €, T, T*,(P)) = N = (Jj, €, Tr] 3, Tx", (P')¢s1)
such that 7 (i(a)) = w(a) for all a € JT, and N is aa-like w.r.t. rng(m*).

Proof. Suppose [p(s,z,d)] € M. Then aas Jrp(s,z,d) € T*, whence we have
aas dx(s,z,m(d)) € Tr' and hence by aa-likeness, N = aas Jrp(s, z, m(d)).
Let Uz, be a club of countable subsets s of Jj such that N' = 3z (s, z, 7(a@)). Let
@ be the intersection of the countably many Cj , where @ € J!I', ¢ € L(aa), and
aas Jrp(s,z,m(d@)) € Tr'. Let us fix s* € Q. Note that s* need not be in C(aa).
Now for all @ € JT and ¢ € L(aa) such that aas Jzp(s, z, (@) € Tr' there is
a <-least 2z, € N such that N = ¢(s*, 25, 7(d)), i.e. fo(sam@)(s") = Zap.
We let 7([¢(s, z,d)]) = 2a, and P = s*. Obviously, 7*(j(a)) = m(a) for all
a € JI. Let Tr" be a complete extension of Tt" together with the 7, -sentences

(Pe, 7 ([pr(s, 2, @)]), -, 7 ([ (s, 2, @)]))

such that
aas 77/)(8, f901(8750,7f(5))(5)7 ey fwn(s7x7w(a))(8)) c T .

Clearly now N is aa-like w.r.t. rng(7*).
Now we prove that 7* is elementary. Because of Club Determinacy of 7™ it
suffices to prove one direction. Suppose

(Mv E, Sa (P)€+1) ): w<P§> [@1(8,.%, 6)]’ ce [me(sa €, 6)])7
where ¥ (s, z1, ..., 7,,) is a first order 7, -formula. By Lemma
aas (s, fgo1(8,36,5i)(3)7 e 7f<pn(87w,d)(5)) €T,
whence by (22)
aas @D(S, f@1(57x7ﬂ(5))($), RN fwn(s,ﬁ’ﬂ(d))(.S)) e Tr.
Hence

Y(Pe, m ([pa(s, 2, w(@))]), ..., 7" ([om(s, z, w(a@))])) € Tr".
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Suppose next ¢(P¢, ¥) € L(aa) in the vocabulary 7., and
¢(P§7 [901(57 xz, 6)]7 ceey [me<87x7 C?)]) €5
By the definition of S* in Definition [5.10] condition 4,
aas ¢<S, f(pl(sym’g)(s), .. ,f¢n(s7x’5)(8)) - T*,
whence by (22)
aas w(s, ftpl(s,m,w(d))<8)a RN fcpn(s,:v,w(?i))(s)) e TY.
Hence
(P, 7 ([p1 (s, 2, m(@))]), - .., 7 ([pm(s, 2, 7(@))])) € Tr".
O

We can iterate the aa-ultrapower construction and this will be henceforth our
main tool:

Definition 5.22. We define a directed system
(Mg, Eg, T5,T5, (P")5), Jap - o < B < wi) (23)

of structuresm called an aa-iteration starting from (M,, €, Ty, T, (P°)o), as fol-
lows:

(1) The vocabulary of the structure (Mg, Ez, T, T, (PP)g) is 75.
(2) We have a commuting system of weak elementary embeddings

ja,@ : (M(X)EaaTa?T;a (Pa)a) — (MﬂvE'ﬁ)TB)TE? (Pﬁ)ﬁ) rTa'

(3) (My, €, Ty, Ty, (PY)g) is a countable aa-premouse with vocabulary 7.
(4) At successor stages we let
(Ma—i-la Eoz—i—la Ta+17 T;+1a (Pa+1)a+l) = Ult(Maa Eom Taa T(;k, (Pa)a)-

The mapping j, o1 15 the canonical elementary mapping of an aa-premouse
into its aa-ultrapower.

BEach structure (Mg, E3) will be shown to be well-founded, when we actually use this con-
struction, so then these structures are aa-premice, up to isomorphism.
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(5) Atlimit stages (M, E,, Ty, T, (P®),) is the direct limit of the directed sys-
tem
<(Mﬁ7Eﬁ7Tf37TE7 (Pﬁ)ﬂ)ujmﬁ < B < 057775)7
ie. (M, By, Ty, T, (P*),) is the direct limit of
(Mg, Eg, Ts, T3, (P?),), drp - <7y < B < a,),

forn < a.

Lemma 5.23. Suppose
(Mg, B3, Tg, Tj, (P?)3), o : 0 < B < wy, )

is as in Definition Let 0 < wy, 0 € Lim. Suppose each of the mod-
els (Mg, Eg, Tp, T}, (PP)g), B < 4, is isomorphic to an aa-premouse. Then, if
well-founded, (Ms, Es, T5, Ty, (P°)5) collapses to an aa-premouse. The canoni-
cal mappings i, s are elementary embeddings

jl/,5 . (MI/7 €, Tl/7 T1j<7 (Py)l/) — (M57 E57 T57 T5*7 (Pé)é) rTV'
Proof. This is like the proof of Lemmal[5.17] O

We now extend the important Lemma from single aa-ultrapowers to the
context of iterated aa-ultrapowers:

Lemma 5.24. Let N = (J{, €, Tr[(), where ( is any limit ordinal. Let

<(Mﬁ7 EBaTﬂaTﬁ*u (Pﬁ),@%]ﬂ,’y . 6 S Y S w1>7

be an aa-iteration. Let ¢ be a limit ordinal < wy. Suppose for all 5 < 0 there is a

weak elementary
o5t (Mg, B, Ts, Tj, (P°)g) = Ny,

where Ng is an expansion of N, aa-like w.r.t. Uv</3 rng(o.), to a Tz-structure
such that Ng = N., | 73 whenever 3 < v < 0. Then there is an expansion Ns of
N to a 7,5-structure and an elementary

05 (Ms, Es, T, T§, (P°)s) — N;

such that Ng = Nj | 1753 and og(x) = 05(jps(z)) for all x € Mg and all B € 6.
Moreover, Ny is aa-like w.r.t. tng(os).
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Proof. The condition N3 = N5 [ 73 for f € wd determines a unique 7,,;-
structure N; apart from the interpretation of P{. We let the interpretation of P}
in Ns to be the union of the interpretations of P%, B < 6, in Ns. For defining
os, let a € Ms. There is 5 < § such that a = jz5(b) for some b € Mz. We let
os(a) = oz(b). Basic properties of directed limits guarantee that this is a coherent
definition of a function and that the mapping o is an elementary embedding. [

By combining Lemma([5.21)and Lemma/[5.24] we can be sure that all structures
in the directed system of Definition are well-founded and by Lemma
collapse to aa-premice.

Definition 5.25. We call the aa-premice (Mg, Eg, T, T;, (P”)) iterates of the
aa-premouse (Mo, Eo, Ty, 15, (P)o). An aa-premouse (Mo, Ey, To, T, (P)o) is
an aa-mouse if its 3’th iterate (Mg, T, T, (P”)3) is well-founded for all 3 < w;.
In this case we say that the aa-premouse (M, Fo, Ty, T, (P)o) is iterable.

Note that if the iterates (M,, 1o, T, (P%),), @ < wi, are all well-founded,
then also the iterate (M, T.,, T , (P*'),,) is well-founded.

w1y Lwy

Lemma 5.26. Suppose M, is countable and
<M07 EO’ TO? T(;k’ (P)O) < (J(;a <, Tr [Oé, Tl"a, (P,)U)‘

Then each iterate (Mg, Eg, T, T, (PP)g), B < wy, in the aa-iteration starting
from (Mo, Eo, Ty, T, (P)o) is (isomorphic to) an aa-mouse.

Proof. We may use Lemmas and[5.24]inductively to build
s : (Mg, B, Tg, T, (P”)5) = Ng

for all # < w;, where each Nj is an aa-like w.r.t. Uﬁ/ <8 rng(o,) expansion of
(J!,, €, Tr[a), with the consequence that each (M3, Eg) is well-founded. O

Lemma 5.27. Let ((]\45,E5,T5,]\];[§‘,(Pﬁ)g),j[g,7 B < v < w) be an aa-
iteration. Then the set C' = {(Po)"1 : o € w1} is a club in P, (M,,).

Proof. By Lemmas [5.12]and [5.15] and since we take direct limits at limit stages,
the sequence (Pa)Mw1 , @ < wy, 1s continuously increasing. By Lemma it 1S
properly increasing. Suppose now s is a countable subset of M, . There are o <
w; and a countable s* C M, such that s = j,,,[s*]. Hence s C (Pay1)Mer. O
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We can now prove that the final model (M., E.,,T.,,, T} , (P“'),,) of an

iteration of aa-premice actually satisfies in the usual sense everything that the
theory 77; predicts:

Proposition 5.28. Let (Mg, E3, T3, T;,(P?)3),js - 6 < v < wi) be an aa-
iteration of aa-mice. Then for all formulas (@) of stationary logic in vocabulary
T, andall d € M, :

p(a) € chl = (M., By, Ty, (P)wy) (@)

Proof. We prove the claim by induction on ¢(Z). Let /3 be the least 5 such that
a = jgw (@) for some a* C Mp.

1. Atomic o(a@). If ¢(@) € T . then p(a*) € T, whence (Mg, Es, T, (P?)s) |=
o(a*) and (M,,, E,,, Ty, (P“")w,) E ¢(a) follows because jg,, is weakly ele-
mentary. The converse follows from the completeness of 7.

2. Conjunction and negation: Trivial.

3. Existential quantifier: Suppose Jzp(z,d) € T ie. Jrp(w,a*) € Tj. Then
by Definition |5.4f condition (4) there is b € Mj such that (b, @*) € T}, whence
©(Jsw (b),@) € T . By the Induction Hypothesis (M., , E.,, T, (P“!)s,) =
©(Jp.w, (b), @). Hence we have (M, , E,,,, T.,,, (P“"),,) = 3z¢(z, d@). Conversely,
if (My,, Eu,, Ty, (P“Y)w,) = Jzp(x,d), then there is v > [ and b € M., such
that (M., E,,T,, (P"),) = ¢(b, jg~(a*)). By Induction Hypothesis and the com-
pleteness of T} we have dzp(x,d) € T} .

4. aasp(s,d@): Wlo.g. (s,a@) is in vocabulary 7;. Suppose first the sen-
tence aas ¢(s, @) is in T} . By weak elementarity of the mapping jg ., , we have
aas p(a*) € Ty, and, moreover, aas ¢(s, jg(@*)) € T for 8 < v < w;. Since
the successor stages of the aa-iteration are aa-ultraproducts, ¢(P., jg+1(a*)) €

17,4 for f < v < w;. By Induction Hypothesis,

(Mww E‘Ul?TWl? (Pm)wl) ’: QO(P’Y? C_':)
whenever < v < w;. By Lemma|5.27]

(M, Ey,, Ty, (PY),) E aas ¢(s,d).

Conversely, if aas ¢(s,a@) ¢ Tj, then aas ~(s,a*) € T} and we can argue as
above.
0
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5.3.3 The Continuum Hypothesis in C'(aa)

We use the method of iterating the aa-ultrapower construction w; times to prove
the Continuum Hypothesis and < in C'(aa). The proof is reminiscent of Silver’s
proof of GCH in L* [[14].

To this end, let (((Mp, €, T3, T3, (P”)s), js) : B < v < wi) be as in Defini-
tion [5.221

Lemma 5.29. Suppose

(M();EvTOaTga (P)O) < (J/

wao?

€, Trlwa, Trya, (P')o),

where o is a limit ordinal and M, is countable. Then M, does not have new reals
over those in M.

Proof. Suppose r is a real in M, and not of the form jg, (r*) for any real
r* € M. Let & < wy such that r = jeiq,, (r*) for some 7* € M4y and no
such r* exists in M. Then r* = [¢(s, z,@)] for some (s, x,¥y) € L(aa) in the
vocabulary 7., and some a@ € M such that aas Jzp(s,z,d) € T¢. In par-
ticular, M, = aas3drp(s,z,jew (@)). Since M, = “[o(s,x,jew (@) C
w”, the sentence Jz(x C w A Vn(n € [o(s,x,Jew (@)] < n € x)) is in
17, whence aasdr(z € w AVn(n € fysaa(s) <+ n € x))is in Tf and
therefore aas 3v(z C w AVR(N € foseo(@)(s) > n € x)) is true in J/,,
where o¢ is as in Lemma So there is a club of sets s such that J/ , |=
Jz(z € wAVR(n € fuseo@)(s) < n € x)). Since J.,, has only count-
ably many reals (a consequence of Club Determinacy, see Theorem [5.1)), this
club is divided into countably many parts according to the x C w such that
Joo E V(N € fosaoc@)(s) <+ n € x). One of those parts is stationary and
therefore, by Club Determinacy, contains a club. Hence 3z aas(x C w A Vn(n €
fosaa(s) <> n € x))isin T7. Since (M, €, T, T) is an aa-mouse, there is
b € M such that aas(b C w AVn(n € fusza)(s) <> n € b)) isin T7. Hence
aas(Jew (0) € w AYR(N € fosaoe(@)(s) < 1 € Jew, (b)) is true in J/,,, and

therefore r = j¢ ,, (b), a contradiction. O
Let (7, : @ < wy, «) be collapse functions such that
1. mo=id: Mo = (JL,€,T,T* (P)o) = No = (J2°, €, 50, S (P)o)

2. Ta+1 - Ma+1 = Ult(Ma) = Na+1 - (JSOL+1 c, Sa+17 S;+17 (Pa+1)a+1)

<a+1 )

3. m: M, =N, =(J €S8, 8 (P),), limitv.
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Mg—) M, — My ... —> Ms—) M§+1...Mw1
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N().—) N1—> Ny ... — Ng '—> N§+1...Nw1
201 112 Legt1

Figure 1: The iteration.

Let in3 : No — Ng be defined by i, (74 (a)) = m5(jas(a)). We get the
commuting diagram of Figure[I]
Suppose 3 € On™. Let (Ji)" the variant we obtain from .J; when we

use 17, in place of Ir in Definition Recall that M., is well-founded, so 3 is

well-founded but may not be a real ordinal. Respectively, (.J5)".

Lemma 5.30. Suppose 3 € N,,.
1. Tr [ = 7, (T, 5.
2. J, = (Jg)NM.
Proof. Both claims are proved by simultaneous induction on . Suppose the
claims holds for = 7, (8), B € M,,. Thus, J; = (J§)" and Tr [ =
7w, (T, ) [ 5. By definition,
Ty = mdn(JULLY)
(Jop) ™ = rude, @) (T U{J5}).
We prove:
Tr 64+ w =7, (T, 5 + w.

Suppose to this end, (3, o(a@)) € m,,(T,,). Let 3 be such that 8 = 7, (3) and a
such that @ = 7,,(a). Let v < w; be such that 8 = j.,, (), and @ = j,,, (a*).
Thus (5%, p(a*)) € T,,. It follows that p!’#*)(a*) € T, whence go(Jé)(ﬁ) eTy.
By Theorem[5.28]

(Muy, By, Ty, (P)) = 02 (@)

and therefore (N, , €, m,, (T.,)) E ¢#(&). Since Jy = (J5)Ner and Tr |8 =
7w, (T, ) [ B, we obtain

(J5, €, Tr [B) = o(d)
i.e. (B, ¢(d)) € Tr. The other direction is similar. O
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Jrywr

(M., E,,T,,T) —_— (M, Ew,, Ty, T

s v w1 w1
U U
G — (Jg)e
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(T e (T
N N
(N'yaeaﬂ’y(T'y)v’]r'y(T;)) —_— (Nwl,E,le(Twl),le(le))
i

Figure 2: The levels.

We are now ready to prove the main result of this section. Since we assume
Club Determinacy, there are only countably many reals in C'(aa), but we show
that there are, in the sense of C'(aa), only Nlc(aa) many. Let w{® denote the w; of
C(aa). The ordinal X{* is in our case a countable ordinal in the sense of V.

Theorem 5.31. CH holds in C(aa).

Proof. Suppose .J/, is a stage where a new real r of C'(aa) is constructed, i.e.
reJin\ I (24)

and « is uniquely determined from r by this equation. We show that J! N 2“ is
countable in C'(aa). It follows that C'(aa) N 2* has cardinality &, in C'(aa). Hence
C(aa) E CH.

We can collapse || to Ry without changing C'(aa) (Proposition[3.3) or C'(aa)N
2%, Also Club Determinacy is preserved in this forcing, because the forcing is
countably closed. Therefore we can assume, w.l.o.g., that |a| = XY,

Let (M, €,T,T*) € C(aa) be countable in C'(aa) such that

{r o, Ji, oy} © (M€, T,T7) < (Jyy €, TrIRy, Tryy ). (25)

Let us use, as above, J g for 5 € M to denote J[’; constructed using 7,,, instead of
Tr. So now by (25),
re i\ o (26)
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The idea of the rest of the proof is the following. We iterate (M, €,T,T*, (P)y),
P = (), inside C'(aa) until we obtain (M, , €, T,,, T , (P“'),,). We have shown

w1 Fwy?

in Lemma[5.30that J! = J!,, whence J, N2 C M,,,. Lemma[5.29]implies M, N
2¥ C M. It will follow that J! N 2“ is countable, as we wished to demonstrate.

By Lemma [5.29] no new reals are generated in the iteration. By Lemma
b = (J5)Nr. Now:

r= dgw (mo(r))

c i0w1< (JZ+w))\i0w1(7T0(J’/))

- (Jl/(]wl(ﬂ‘o(a) +w> ! \< iow; (mo(cx

) e
= Jz((]wl (7o (@) 4w \ Ji/0w1 (mo(a))”

By ([24), iow, (mo(a)) = o € N, and further by Lemma iow, (mo(J2)) =
J!. Thus all the reals of J! are in N,, and hence in M, and therefore they are
countably many only. [

The above proof shows that C'(aa) E 2% = R, forall o < w;(= wy’). For
a < w; the above proof works, and for @ = w; the claim therefore follows from
the fact (Theorem [5.1)) that w, is measurable in C'(aa)¥|

Theorem 5.32. There is a A} well-ordering of the reals in C(aa).

Proof. We show that the canonical well-order < of C'(aa) is Al. The proof of
Theorem essentially shows that for any reals z,y in C'(aa):

x <y <= Jz Cw( 2z codes an aa-mouse M such that

r,y € Mand M = “z <y”).

Being a real that codes a countable aa-mouse is IT3. Hence the right hand side of
the equivalence is .} and the claim follows. ]

Corollary 5.33. There are no Woodin cardinals in C(aa)'*.

Proof. The proof of Theorem [5.32] shows that, assuming Club Determinacy, there
is a Al-well-ordering of the reals, this well-ordering is in C'(aa) and A} in C'(aa).

“Work in progress by a SQuaRE group shows that if Club Determinacy holds, C'(aa) satisfies
full GCH and has no inner model with a Woodin cardinal.
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Suppose there is a Woodin cardinal in C'(aa). There would be a measurable car-
dinal above it by Theorem [5.1] A measurable cardinal above a Woodin cardinal
implies ¥.}-determinacy ([10]). On the other hand, >i-determinacy implies that
Yi-sets of reals are Lebesgue measurable which contradicts the existence of a
Y:1-well-ordering of the reals. O

Theorem 5.34. < holds in C(aa).

Proof. We define S, for a < w{“ as follows: Let (C, X) be the <¢(aa)-minimal
pair (C, X), where C' C aisacluband X N5 # Ss for B € C. We then let
S, = X. Suppose the set S = (S, : a < w{®) thus built is not a <-sequence in
C(aa). Then there are X C w{® and a club C' € C'(aa) such that C' C w{* and
B € Cimplies X N 3 # Ss. Let § be minimal such that such a pair can be found
in J. W.lo.g.,d <XNY. Let (M, T) € C(aa) be countable (in C'(aa)) such that

{8,9, Jg, Tr[d, Trs,wi*, C, X} C (M, e, T, T*) < ( ;*X’ €, Tr[Ny, Try,). (27)

We build models M, and N¢ as well as elementary mappings i,3, jog and isomor-
phisms 7, for @ < 8 € N, with My = M as in the proof of Theorem [5.31] see
Figure[l] Leta = M Nwj*, C = CNaand X = X Na. Clearly a € C, as C
is club. Let §* = gy, (mo(d)). The ordinal §* is the minimal §* such that there is a
counterexample such as (C, X) in J}. in N,,. The ordinal « is below the critical
point of 7, whence

lw ((Sp - B <)) = (Sp: B < a).

Therefore, according to our definition, S, = X, contradicting a € C.

6 Variants of stationary logic

There are several variants of stationary logic. The earliest variant is based on the
following quantifier introduced in [[13], a predecessor of the quantifier aa:

Definition 6.1. M = Q%'zyzp(z,d@)y(y, 2,a@) if and only if (M, Ry), where
My={be M: ME pbad}and Ry = {(b,c) € M : M = ¥(b,c,a)} is
an N;-like linear order and the set Z of initial segments of (My, Ry) with an Ry-
supremum in M is stationary in the set D of all (countable) initial segments of M,
in the following sense: If 7 C D is unbounded in D (i.e. Vo € DIy € J(x C y))
and o-closed in D (i.e. if 2o C xy C ...in J, then |, x, € J), then T NZT # (.
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The logic £(Q5!), a sublogic of L(aa), is recursively axiomatizable and Ng-
compact [13]]. We call this logic Shelah’s stationary logic, and denote C'(L(Q"?))
by C(aa™)"’] For example, we can say in the logic £(Q"*) that a formula ()
defines a stationary (in V') subset of w; in a transitive model M containing w; as
an element as follows:

M = Va(p(z) = x € wi) A Q¥ xyzp(x)(p(y) A p(z) Ay € 2).

Hence
Claa”)NF, € C(aa),

where F,, is the club-filter on wy, and in fact the set D = C'(aa™) N F,, suffices
to characterise C'(aa~) completely: C(aa~) = L[D], as we shall prove in the
next Lemma. In particular, C'(aa~) C C(aa).

Lemma 6.2. C'(aa~) = L[D].

Proof. We already know L[D] C C(aa~). We prove the converse by induction
on the structure of C'(aa™). This boils down to showing that we can recognize in
L[D] whether a subset M, of an X;-like linear order Ry, both Mj and Ry in L[ D],
satisfy Q" in the sense that the set of initial segments of R, with supremum in
My is stationary in the set of all initial segments of Ry. The model L[D] knows
a cofinal mapping 7 from an ordinal « into the domain of R,. Since Ry is N;-
like, « = w{". Now L[D] can use 7 and D to decide whether M, and Ry satisfy
QSt. ]

Theorem 6.3. If there are two Woodin cardinals, then D = C(aa™) N F,, is an
ultrafilter in C(aa™). In particular, C(aa™) = GCH.

Proof. We know C(aa™) = L[F,,]|. We show that D = F,, N C(aa™ ) measures
every setin C'(aa™). Let us assume the contrary. We take a minimal « such that
there is a (minimal) set B C wy in J/, (the hierarchy generating C'(aa™)) such that
B ¢ Dandw) \ B ¢ D. The logic £(aa™) satisfies a Downward Lowenheim
Skolem Tarski Theorem down to 8; ([13]). Hence || < W;. As in the beginning
of the proof of Theorem we can assume, w.l.o.g., that (55 = w9 and we have
still one Woodin cardinal ¢ left. Let G be ()s-genericand j : V' — M C VI[G]
the generic ultrapower embedding. Let j(o) = [S. Now j(B) is a stationary
co-stationary subset of § (= w}) in M. Moreover, 3 is the minimal ordinal for

151t should be noted that there is no difference between C'(aa™) and C,(aa™).
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which there is such a set in Jj in M, and j(B) is minimal such a set in L£(aa™).
As in the proof of Theorem we can now argue that j(B) € V. We get a
contradiction by taking two different generic sets for ()5, one containing B and
the other containing w; \ B. O

Proposition 6.4. If 07 exists, then 0% € C'(aa™).

Proof. Assume 0%. A first order formula ¢(zy, . .., ,) holds in L for an increas-
ing sequence of indiscernibles below w} if and only if there is a club C' of ordi-
nals < wy such that every increasing sequence a; < ... < a, from C satisfies
o(aq,...,a,) in L. Similarly, ¢(zq,...,z,) does not hold in L for an increas-
ing sequence of indiscernibles below w} if and only if there is a club of ordi-
nals a; < w; such that there ia a club of ordinals a; with a; < as < w; such
that . .. such that there is a club of ordinals a,, with a,_; < a, < w; satisfying
—p(ay, ..., ay,). From this it follows that 0% € C'(aa™). O

Theorem 6.5. It is consistent relative to the consistency of ZFC that
C*¢ Claa”)ANClaa™) L C*.

Proof. We force over L and first we add two Cohen reals 7y and 71, to obtain V.
Now we use modified Namba forcing to make cf(RL ) = wif and only if n € ry.
This forcing satisfies the S-condition (see [7]), and therefore will not—by [4]—
kill the stationarity of any stationary subset of w;. The argument is essentially
the same as for Namba forcing. Let the extension of V; by P be V5. In V, we
have C'(aa”) = L because we have not changed stationary subsets of w;. But
va ): To € C*.

Let S, n < w, be in L a definable sequence of disjoint stationary subsets of
w1 such that Un S, = wy. Working in V5, we use the canonical forcing notion
which kills the stationarity of S, if and only if n € r;. Let the resulting model
be V3. The cofinalities of ordinals are the same in V; and V3, whence (C*)"2 is
the same as (C*)"3. Thus V3 |= r; € C(aa”) \ C*. Now we argue that V3 =
C(aa™) = L(ry). First of all, L(r;) € C(aa™) by the construction of V3. Next
we prove by induction on the construction of C'(aa™) as a hierarchy J/, a € On,
that J,, C L(r;). When we consider J/,,, and assume J), C L(r;), we have to
decide whether a subset S of w;, constructible from ry, is stationary or not. The
set S is stationary in V3 if and only if it is stationary in L(r) and it is not included
modulo the club filterin |, ., Sp. Thus J/,,; € L(r1).

a+1
In Vj the real 7 is in C* \ C'(aa™) and the real r; is in C'(aa™) \ C*. O
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The logics £(Q¢), giving rise to C*, and L(aa™), giving rise to C(aa™), are
two important logics, both introduced by Shelah. Since £(Q<) is fully compact,
L(aa™) cannot be a sub-logic of it. On the other hand, it is well-known and easy
to show that £(Q<) is a sub-logic of £(aa). Therefore it is interesting to note the
following corollary to the above theorem:

Corollary 6.6. It is consistent, relative to the consistency of ZFC, that L(Q) ¢
L(Q5") and hence L(Q5") # L(aa).

We do not know whether £(Q) C L(aa~)or L(aa~) = L(aa) is consistent.
A modification of C'(aa™) is the following C'(aa”):

Definition 6.7. M = Q" °zyzup(z,y, d)y(u, @) if and only if My = {(b,c) €
M : M = ¢(b,c,a)} is a linear order of cofinality w; and every club of initial
segments has an element with supremum in Ry = {b € M : M = (b,d)}. The
inner model C(aa?) is defined as C'(L£(Q%"?)).

Proposition 6.8. If there are two Woodin cardinals, then C(aa’) = “XV is a
measurable cardinal”.

Proof. The proof of this is—mutatis mutandis—as the proof for C'(aa™).

Proposition 6.9. If 01 exists, then 0T € C(aa®).

Proof. Assume 0f. There is a club class of indiscernibles for the inner model
L{U] where U is (in L[U]) a normal measure on an ordinal 6. Let us choose an
indiscernible o above § of V-cofinality w}". We can define 0 as follows: An in-
creasing sequence of indiscernibles satisfies a given formula ¢(x1, ..., x,) if and
only if there is a club C' of ordinals below « such that every increasing sequence
a; < ... < a, from C satisfies p(ay,...,a,) in L[U]. Similarly, ¢(x1,...,z,)
does not hold in L[U] for an increasing sequence of indiscernibles below « if and
only if there is a club of ordinals a; < « such that there is a club of ordinals
as With a1 < as < « such that ... such that there is a club of ordinals a,, with
an_1 < ap < « satisfying ~p(ay, . . ., a,). From this it follows that 0T € C'(aa?).

]

Corollary 6.10. If there are two Woodin cardinals, then C(aa~) # C(aa®). Then
also the logics L£(Q®') and L(Q°"°) are non-equivalent.

Proof. If there are two Woodin cardinals, then then 0T exists and C(aa™) does not
contain 0 by Theorem while C'(aa®) does contain by Proposition [
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Note that it is probably possible to prove the non-equivalence of the logics
L(Q°%) and L(Q**°) in ZFC with a model theoretic argument using the exact
definitions of the logics and by choosing the structures very carefully. But the non-
equivalence result given by the above Corollary is quite robust in the sense that
it is not at all sensitive to the exact definitions of the logics as long as the central
separating feature, manifested in structures of the form (o, <), is respected.

7 Open problems

There are many open questions about C'(aa). We list here the some of the most
prominent ones:

1. Do regular cardinals of V' have stronger large cardinal properties in C'(aa)
than measurability, under the assumption of large cardinals?

2. Which inner models for large cardinals (below one Woodin cardinal) exist
inside C'(aa)?

3. What is the consistency strength of Club Determinacy?

4. Is AC true in Cy(aa)? Is Cy(aa) = C(aa)?

8 Appendix: A counter-example to AC in C,(L*)
Consider the quantifier

M ): QngyZ(P(ma 5)¢(3/> Z, C_i) — w<7 " C_i) has Order'type NnJrl
and (-, @) is a stationary set of points of cofinality X,, in ¥ (-, -, @).

We let L* be the extension of first order logic by the infinitely many quantifiers
ST 'n < w. Note that C,(L*) = ZF.

Proposition 8.1. Con(ZF) implies Con(C,(L*) = ~AC).

Proof. We start with V' = L. Let S, ,,,, m < w, be disjoint stationary sets of
ordinals < N, of cofinality X,, such that the set {a < N, 41 : cf(a) = N, }\
\U,,, Sn.m is also stationary. We force mutually generic Cohen-reals a,, n < w.
Let us call the po-set of this forcing Q. Let P, (a,,) force an X,,-closed unbounded
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set 4y into the set (J,,c, Snm. Letd = (a, : n < w) and let P(@) be the
product of P,,(a,,), n < w. In the extension by P(@) we have for all m,n < w:

m € a, <= Spm is stationary,

whence @ C C,(L").
Assume now V' = L[@|[(Cp 41 : n < w)].

Claim A: C,(L*) C L[d] and (L), : « < §) € L[d] for all 9.

Proof. For a proof by induction, suppose L, € L[d]. Suppose Z € L/, is an
L*-definable (with parameters) subset of L/ . We shall show that Z is in L[a].
Since we proceed by induction, this boils down to showing that if X € L[a] is set
of ordinals < N,,;; < « of cofinality ,,, then we can decide in L[a] whether X
is stationary in V' or not. To this end we shall show that the following conditions
are equivalent:

(*) X is stationary in V.

(+*) There are m € a, and Y C X suchthatY € Land Y NS, ,, is stationary
in L.

(%) — (*x): Since L[ad] is obtained from L by the countable po-set Q, the V-
stationary set X is a countable union of sets in L. Thus X contains a V' -stationary
subset Y in L. We have forced an N,-closed unbounded set (', | into the set
Um@" Sp,m. There must be m € a,, such that Y N S, ,, € L is stationary in V,
hence in L.
(*%) — (*): Suppose m and Y are as in (xx). Thus Y N S, ,, is stationary in L.
Adding the Cohen reals preserves the stationarity of Y NS, ,,,. Thus Y N S, ,, is
stationary in L[d]. If k& < n, the po-set Py (ay) is of cardinality < Rj,. Hence it
does not kill the stationarity of Y N S, ,,,. If k& > n, the po-set Py (ax) is < N,11-
distributive. Hence it does not kill the stationarity of Y N S,, ,,,. Finally, P, (a,)
forces the N,,-closed unbounded set C,,,; into the set UlEan Spa-ButY NS, ,, C
Uica, Sn.- It is a standard fact about the club shooting forcing that if you add a
generic club through the complement of a stationary set S then the stationarity of
any stationary set disjoint from S is preserved. Hence the stationarity of Y N.S,, ,,
is preserved by P, (a,). All in all, X is stationary in V. We have proved the
equivalence of (x) and (#x) and thereby Claim A.

[
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Let us fix n* < w and form a new sequence

a = (a:l<n") {ar.) (a: 1 >n"),
where a}. is a finite modification of a,+. Obviously, L|a] = L[a*]. Let M; be
obtained from L[] by forcing with the po-set P(d) and M, from L[a*] (i.e. L[d])
by forcing with P(a*).

Claim B: (C,(L*))M: = (C,(L*))™=.

Proof. We prove by induction on « that (L)™' = (I )2 and (L )™ (L )Mz C
L[@). Suppose this holds for a. Suppose Z € (L!.,)* is in the sense of
M, an L*-definable (with parameters) subset of (L. )!. We shall show that
Z is in (L}, ,)™>. Since we proceed by induction, we have to show that if
X C (LL,)M X € Lla] is a set of ordinals < X,,;; < « of cofinality X,,, then M,
can detect whether X is stationary in M; or not, and M; can detect whether X is
stationary in M5 or not. By the equivalence of () and (%) above, this boils down
to detecting whether there is m € a, andY C X,Y € L, such that Y N S, ,, is
stationary in L, and respectively in M5, switching @ to @*. The question is non-
trivial only if n = n*, which we now assume. There is only a finite difference
between a,, and a;, and the criterion “Y N .S, ,, is stationary in L” yields the same
answer in M, and M. Therefore M can detect whether X is stationary in M, or
not and vice versa. [

We are now ready to prove that AC fails in C,(L*) in the model M;. Suppose
o(z,y, E) defines, with parameters l;, a well-order < of the reals of M;. Let n*
be large enough to be greater than any m such that Q5T occurs in p(x, vy, l;) or in
the definitions of the parameters b, computed recursively. Let p € Q force that
an~ 1s the ath real in the well-order <. Let us modify a,- to a; . so that they still
agree about integers in the domain of p. We obtain ¢* and M,, as above. Now
M, = " ay-~ is the ath real of C,(L*)” and M |= "a’. is the ath real of C,(L*)”.
However, M; and M, agree about <, because of the way we have chosen n*, a
contradiction. [
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