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Introduction

The purpose of this talk is to report on some recent work unraveling a

conjecture of Steprans and Watson regarding Baumgartner's axiom for
N;-dense sets of reals.
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Introduction

The purpose of this talk is to report on some recent work unraveling a
conjecture of Steprans and Watson regarding Baumgartner's axiom for
N1-dense sets of reals. | will define the relevant terms in a moment but the
basic question is to what degree can BA be understood as a forcing axiom.
A most specific question, which | will motivate presently, is whether BA
implies MA(o-centered). The plan is the following:

e Recall what Baumgartner's axiom, BA, is and some of the basic
motivation and applications.

e Give the Steprans-Watson conjecture, and say something about where
the difficulty lies, as well as pose some related open problems about
applications of BA.

e Introduce a natural variant of BA which could have been formulated in
the 70’'s and show some applications for topology, cardinal arithmetic,
cardinal characteristics etc.

e Discuss the relation of this variant to other axioms.
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e A family P C [w]“ has the strong finite intersection property if for every
finite A C P the intersection [].A is infinite. The cardinal p is the least
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pseudointersection i.e. no A € [w]* which is mod finite contained in every
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Before launching in | will need three cardinal characteristics throughout so
let me recall their definitions.

o If f, g € w¥ say that f eventually dominates g if for all but finitely many
k < w g(k) < f(k). The cardinal b is the least size of a family B C w* so
that no single f € w“ eventually dominates every g € B.

e A family P C [w]“ has the strong finite intersection property if for every
finite A C P the intersection [].A is infinite. The cardinal p is the least
size of a family P with the strong finite intersection property but no
pseudointersection i.e. no A € [w]* which is mod finite contained in every
member of P.

e The additivity of the null ideal, add(/N) is the least size of a family of
null sets whose union is non null.
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Introduction

The following facts are well known.

Fact

ZFC proves that add(N),p < b but there is no ZFC relation between

add(N) and p. The cardinal add(N) is the minimal cardinal in the Cichori
diagram.

v

Fact (Bell's Equality)

For all k we have p > & if and only if MA,(o-centered) holds.
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Recall the following theorem of Cantor.
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Baumgartner's Original Axiom

Recall the following theorem of Cantor.

Theorem (Cantor’s 2nd Best Theorem)

Every pair of countable dense sets of reals are order isomorphic.
Consequently, given any pair A, B C R of countable, dense sets there is an
order isomorphism, and hence autohomeomorphism h: R — R so that
h*"A=B ("R is CDH").

Shortly after this was proved Brouwer showed the same holds for higher
dimensions.

Theorem (Brouwer)
For every finite n < w the Euclidean space R" is CDH. J
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Baumgartner's Original Axiom

Attempting to generalize Cantor’s 2nd best theorem to the uncountable
one is led to the following definition.
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Baumgartner's Original Axiom

Attempting to generalize Cantor’s 2nd best theorem to the uncountable
one is led to the following definition.

Definition
Let x be a cardinal and X be a topological space. A subspace AC X is

called k-dense if for each non-empty open U C X we have that
IANU| = k.

With this definition the analogous statement for the uncountable is
consistent.

Theorem (Baumgartner, 1973)

It is consistent that every pair of Xi-dense sets of reals are order
isomorphic. Equivalently for each A, B C R which are Ni-dense there is an
autohomeomorphism h : R — R so that h*A = B.

Denote the statement above by BA for Baumgartner's Axiom.
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More generally let us define the following.

Definition (Steprans-Watson)

Let k be a cardinal and X a topological space. We denote by BA,(X) the
statement that for every pair A, B C X which are x-dense there is an
autohomeomorphism h: X — X so that h*A = B. If kK = X; we drop the
subscript.
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Baumgartner’'s Axiom in General

More generally let us define the following.

Definition (Steprans-Watson)

Let k be a cardinal and X a topological space. We denote by BA,(X) the
statement that for every pair A, B C X which are x-dense there is an
autohomeomorphism h: X — X so that h*A = B. If kK = X; we drop the
subscript.

Thus BA = BAy, (R). We are interested in general in the question of what
consequences and implications between axioms like these can we expect
for various « and X?

Corey Switzer (University of Vienna) Lipschitz BA Arctic Set Theory 2025 7/31



Baumgartner’'s Axiom in General

Results of this form go back to the 70’s and 80’s. Here are some highlights.
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e For any uncountable & it is consistent that BA,(2¥) and BA,(w*) hold
and in fact in ZFC both BA,(2*) and BA,(w*) hold for every x < p.
(Baldwin-Beaudoin, 1989)

e MA + —CH does not imply BA, in particular 8; < p does not suffice to
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Baumgartner’'s Axiom in General

Results of this form go back to the 70’s and 80’s. Here are some highlights.

e BAy,(R) is consistent and can be forced by ccc forcing over a model of
CH (Baumgartner, 1973). It also follows from PFA (Baumgartner, 1984).
e For any uncountable & it is consistent that BA,(2¥) and BA,(w*) hold
and in fact in ZFC both BA,(2*) and BA,(w*) hold for every x < p.
(Baldwin-Beaudoin, 1989)

e MA + —CH does not imply BA, in particular 8; < p does not suffice to
imply BA. (Abraham-Shelah 1981)

e For any finite n > 1, if X is either R" or an n-dimensional compact
manifold then BA,(X) holds for every k < p. (Steprans-Watson, 1989)

Consequently BAy, (R") does not imply BA for any finite n > 1.
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What about the converse? This is open and was conjectured by Steprans
and Watson in 1989.

Conjecture (Steprans and Watson)
If n > 1 then BA implies BAy, (R"). J

In the same paper they note it would be enough to show that BA implies
p > Ny. This is also open.
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Two Open Problems

What about the converse? This is open and was conjectured by Steprans
and Watson in 1989.

Conjecture (Steprans and Watson)
If n > 1 then BA implies BAy, (R"). }

In the same paper they note it would be enough to show that BA implies
p > Ny. This is also open.

Question
Does BA imply p > N7 J
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beautiful result.
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beautiful result.

Theorem (Todorcevi¢, 1988)

BA implies b > Xy. In fact ZFC proves the existence of a b-dense linear
order which is not isomorphic to its reverse ordering.
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Two Open Problems

This question was also asked by Todorevié in response to the following
beautiful result.

Theorem (Todorcevi¢, 1988)

BA implies b > Xy. In fact ZFC proves the existence of a b-dense linear
order which is not isomorphic to its reverse ordering.

It's worth noting that b has (roughly) the same relation to eventual
domination that t (which we now know is the same as p) has to eventual
inclusion...
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Two Open Problems

Of course more generally one can ask whether BA or even BA,(X) implies
some cardinal characteristic inequality. Very little is known in this area.
For instance it is open whether there is an implication in either direction
between BA,(w*) and BA,(2*) for any k. The main applications of BA
that are known are the above mentioned result of Todorlevi¢ and the fact
that BA implies 2% = 2™ (note both of these are classical consequences
of MA).
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Of course more generally one can ask whether BA or even BA,(X) implies
some cardinal characteristic inequality. Very little is known in this area.
For instance it is open whether there is an implication in either direction
between BA,(w*) and BA,(2*) for any k. The main applications of BA
that are known are the above mentioned result of Todorlevi¢ and the fact
that BA implies 2% = 2™ (note both of these are classical consequences
of MA). Both of these implications hold more generally.

Theorem

Let k be a cardinal and X a perfect Polish space.
1. (Medini) If there is a perfect analytic subset A C X all of whose k
dense subsets are homeomorphic then k # b.
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Two Open Problems

Of course more generally one can ask whether BA or even BA,(X) implies
some cardinal characteristic inequality. Very little is known in this area.
For instance it is open whether there is an implication in either direction
between BA,(w*) and BA,(2*) for any k. The main applications of BA
that are known are the above mentioned result of Todorlevi¢ and the fact
that BA implies 2% = 2™ (note both of these are classical consequences
of MA). Both of these implications hold more generally.

Theorem

Let k be a cardinal and X a perfect Polish space.

1. (Medini) If there is a perfect analytic subset A C X all of whose k
dense subsets are homeomorphic then k # b.

2. (S.) If all r-dense subsets of X are homeomorphic then 280 = 2~
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Forcing BA

Even though the Steprans-Watson conjecture is open we remark that if it

were to be false, a counter example would require a very new idea for
constructing a model of BA.
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were to be false, a counter example would require a very new idea for
constructing a model of BA. This is a consequence of the following
theorem which, very roughly, states that any “reasonable” way of forcing
BA will force p > Ry and hence BA(R") for every finite n < w.
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Even though the Steprans-Watson conjecture is open we remark that if it
were to be false, a counter example would require a very new idea for
constructing a model of BA. This is a consequence of the following
theorem which, very roughly, states that any “reasonable” way of forcing
BA will force p > Ry and hence BA(R") for every finite n < w.

Theorem (S.)

For every family of size X1 with the strong finite intersection property P
there are Ni-dense A, B C R so that the standard forcing with finite
conditions to add an isomorphism from A to B adds a pseudointersection

to P. In particular MAy, (0-centered) holds in Baumgartner's original
model of BA.
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Forcing BA

Even though the Steprans-Watson conjecture is open we remark that if it
were to be false, a counter example would require a very new idea for
constructing a model of BA. This is a consequence of the following
theorem which, very roughly, states that any “reasonable” way of forcing
BA will force p > Ry and hence BA(R") for every finite n < w.

Theorem (S.)

For every family of size X1 with the strong finite intersection property P
there are Ni-dense A, B C R so that the standard forcing with finite
conditions to add an isomorphism from A to B adds a pseudointersection
to P. In particular MAy, (0-centered) holds in Baumgartner's original
model of BA.

What we mean more precisely by “the standard forcing” would take us too
far afield but feel free to ask me later. In any case, of course this is not a
ZFC proof of the conjecture.
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A Lipschitz Variant

In an attempt to break the ice on applications of BA let's consider! a
simple, natural variant which is seemingly easier to work with.

1Or, rather, somewhat shamelessly reverse engineer.
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simple, natural variant which is seemingly easier to work with. This variant
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e For x,y € w” (including the case x,y € 2¥) we let d(x,y) = 2% for

k=min{/ | x(/) # y(1)}.
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e For x,y € w” (including the case x,y € 2¥) we let d(x,y) = 2% for

k =min{/ | x(/) # y(I)}-

o If A, B C w¥, then an isometry from A to B issimplyamapf:A— B
so that for all x,y € A we have for all k < w, x [ k=y [ k if and only if
F(x) Lk =Ff(y) | k
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simple, natural variant which is seemingly easier to work with. This variant
concerns the metric structure on w* and 2“. Recall:

e For x,y € w” (including the case x,y € 2¥) we let d(x,y) = 2% for

k =min{/ [ x(/) # y()}.

o If A, B C w¥, then an isometry from A to B issimplyamapf:A— B
so that for all x,y € A we have for all k < w, x [ k=y [ k if and only if
F(x) Lk =f(y) [ k

e Similarly a map f : A — B is Lipschitz if for all x,y € A we have for all
k<w,x[k=y]| kimplies f(x) [ k=1(y) | k
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In an attempt to break the ice on applications of BA let's consider! a
simple, natural variant which is seemingly easier to work with. This variant
concerns the metric structure on w* and 2“. Recall:

e For x,y € w” (including the case x,y € 2¥) we let d(x,y) = 2% for

k =min{/ | x(/) # y(I)}-

o If A, B C w¥, then an isometry from A to B issimplyamapf:A— B
so that for all x,y € A we have for all k < w, x [ k=y [ k if and only if
F(x) | k= F(y) | k

e Similarly a map f : A — B is Lipschitz if for all x,y € A we have for all
k<w,x[k=y]| kimplies f(x) [ k=1(y) | k

e It's easy to check that if f: A— B is Lipschitz it lifts uniquely to a map
f:A— B and and in the case it's an isometry it lifts to a
homeomorphism f:A= B. In particular Lipschitz maps defined on a
dense subset of w® or 2¥ lift to maps defined on the whole space.

Or, rather, somewhat shamelessly reverse engineer.
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A back and forth argument establishes the following.
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A Lipschitz Variant

A back and forth argument establishes the following.
Proposition

Both w“ and 2“ are isometrically CDH - i.e. for X either w* or 2* and

C,D C X countable and dense there is a (homeomorphic) isometry
f: X —= Xsothat f"C =D.
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A back and forth argument establishes the following.
Proposition
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A back and forth argument establishes the following.

Proposition

Both w“ and 2“ are isometrically CDH - i.e. for X either w* or 2* and
C,D C X countable and dense there is a (homeomorphic) isometry
f: X — X sothat f"C =D.

This suggests the following axioms.
Definition
Let X be either w* or 2¥. The axiom BAysom(X) states that for every pair

A, B C X which are Ni-dense there is an isometry f : X — X so that
f*A=B.
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BArsom(w®) and BAsom(2¢) are equivalent, and have many great
applications. These include:
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BArsom(w®) and BArgom(2*) are equivalent, and have many great
applications. These include:

e MA

e PFA

e There are exactly 17 Woodin cardinals

All of these are a consequence of the following.
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BArsom(w®) and BArgom(2*) are equivalent, and have many great
applications. These include:

e MA

e PFA

e There are exactly 17 Woodin cardinals

All of these are a consequence of the following.

Proposition J

BArsom(w®) and BArsom(2%) are inconsistent.
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Proposition

BArsom(w®) and BArsom(2%) are inconsistent.

Proof.

We just do w®. For each s € w<“ let Os be an Ni-sized subset of [s]
which is zero on the odd coordinates above |s| and Es the same with
“odd" replaced by “even”. The O = J Os and E; are Ni-dense. If
f: E — O is a map then by pigeon hole there are s and t and two
x,y € Os so that f(x), f(y) € E; but then f isn't an isometry.
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We need to be a little more careful therefore and work with properly
Lipschitz functions.
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remarking that an important difference between w® and 2 is that w* can
be surjected onto itself with a Lipschitz function which is nowhere an

isometry while the image of 2 of any Lipschitz nowhere isometry is
nowhere dense and in particular not surjective.
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Definition
e Let X be either w* or 2¥. The axiom BAp;,(X) states that for every

A, B C X which are Xi-dense there is an injective Lipschitz f : X — X so
that F*A C B.
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Lipschitz functions. Before giving the actual axioms we'll discuss it's worth
remarking that an important difference between w® and 2 is that w* can
be surjected onto itself with a Lipschitz function which is nowhere an
isometry while the image of 2 of any Lipschitz nowhere isometry is
nowhere dense and in particular not surjective.

Definition

e Let X be either w* or 2¥. The axiom BAp;,(X) states that for every
A, B C X which are Xi-dense there is an injective Lipschitz f : X — X so
that F*A C B.

e The axiom BA;,(w*) states that for every A, B C w* which are
Ni-dense there is an injective Lipschitz f : X — X so that f"A = B.

.
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We need to be a little more careful therefore and work with properly
Lipschitz functions. Before giving the actual axioms we'll discuss it's worth
remarking that an important difference between w® and 2 is that w* can
be surjected onto itself with a Lipschitz function which is nowhere an
isometry while the image of 2 of any Lipschitz nowhere isometry is
nowhere dense and in particular not surjective.

Definition

e Let X be either w* or 2¥. The axiom BAp;,(X) states that for every
A, B C X which are Xi-dense there is an injective Lipschitz f : X — X so
that f“A C B.

e The axiom BA;,(w*) states that for every A, B C w* which are
Ni-dense there is an injective Lipschitz f : X — X so that f"A = B.

e The axiom BA,;,(2¥) states that for every A, B C 2 which are

Ni-dense there are countably many injective Lipschitz functions
fn:2¥ — 2% so that B =J fr"A.

n<w
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consistent and can be forced by ccc forcing over a model of CH.

Theorem

All four axioms BArp(w®), BArip(2¥), ﬁLip(w“), and ﬁmp(%) are
consequences of PFA.
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| won't pull the rug out twice.

Theorem

All fours axioms BALip(ww), BALip(2w), ﬁLip(ww), and ﬁLip(ZM) are
consistent and can be forced by ccc forcing over a model of CH.

Theorem

All four axioms BAp;,(w®), BALip(2Y), ﬁLip(w“), and ﬁmp(%) are
consequences of PFA.

Both of these results are similar to the proofs of the corresponding
theorems for BA by Baumgartner.
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Applications Between Spaces

The utility of these axioms is that they have nice consequences,
particularly towards what we were unable to show for the classical BA
axioms. Perhaps most surprisingly, they have provable implications.
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Applications Between Spaces

The utility of these axioms is that they have nice consequences,
particularly towards what we were unable to show for the classical BA
axioms. Perhaps most surprisingly, they have provable implications.

Theorem
The following implications hold:

BALip(w‘*’)
BALip(w®) - BALip(2+)

TV
BALip(2¢)

Again, it is not known whether BA(w®) implies BA(2“) (or vice versa).
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Applications To Cardinal Arithmetic

Recall that for any perfect Polish space X we have BA(X) implies
2% = 2®1 Anp similar proof shows the same holds for the stronger

Lipschitz versions.
Theorem
BALip(2¥) (and hence BALip(w®)) implies 2% = 281, J
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Applications To Cardinal Arithmetic

Recall that for any perfect Polish space X we have BA(X) implies
2% = 2®1 Anp similar proof shows the same holds for the stronger
Lipschitz versions.

Theorem
BALip(2¥) (and hence BALip(w®)) implies 2% = 281, ‘

For the weaker ones | only have the following currently.

Theorem
If 2% < N, then BALip(2*) (and hence BALi,(w®)) implies 280 = 2o, ‘

The proof uses actually the existence of an almost disjoint family of
subsets of wy of size 28t which follows from 2% < R, (amongst other
hypotheses) but is not a theorem of ZFC (Baumgartner).
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As mentioned Todorlevié¢ proved that BA implies b > R;. A very different
proof shows the following.
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BALip(2¢) implies b > N;.
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As mentioned Todorlevié¢ proved that BA implies b > R;. A very different
proof shows the following.

Theorem
BALip(2¢) implies b > N;.

Proof.

By a result of Bartoszynski-Shelah there is a set A C 2“ of size b which
cannot be continouously surjected onto any unbounded B C w".

V.
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As mentioned Todorlevié¢ proved that BA implies b > R;. A very different
proof shows the following.

Theorem
BALip(2¢) implies b > N;.

Proof.

By a result of Bartoszynski-Shelah there is a set A C 2“ of size b which
cannot be continouously surjected onto any unbounded B C w*. Suppose
b =N;. Let A/ D A be N;-dense. By treating w® as 2* minus a countable
dense set we can find an unbounded, R;-dense B C 2% so that

B = {xa | @ € w1} is homeomorphic to a scale: if a < /3 then x, is
eventually dominated by xg.

4
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As mentioned Todorcevi¢ proved that BA implies b > N;. A very different
proof shows the following.

Theorem
BALip(2¢) implies b > N;.

Proof.

By a result of Bartoszynski-Shelah there is a set A C 2“ of size b which
cannot be continouously surjected onto any unbounded B C w*. Suppose
b =N;. Let A/ D A be N;-dense. By treating w® as 2* minus a countable
dense set we can find an unbounded, R;-dense B C 2% so that

B = {xa | @ € w1} is homeomorphic to a scale: if a < /3 then x, is
eventually dominated by xg. But now any Lipschitz (in fact continuous)
function f : A” — B which is injective will map any uncountable subset
onto an unbounded set, contradiction to the defining property of A. O
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More surprising is the following.

Theorem (S.)
BALip(2) (and hence BAy;,(w®)) implies that add(N) > Ni.
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More surprising is the following.

Theorem (S.)
BALip(2) (and hence BAy;,(w®)) implies that add(N) > Ni.

Note MAy, (o-centered) is consistent with add(/N) = Ry so an immediate
consequence of this theorem is that BAyi,(2¥) (and BAp;,(w®)) have
concrete consequences the classical BA(w“) and BA(2“) do not.
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| want to sketch a proof of this theorem. Recall that if h: w — w is
strictly increasing then an h-slalom is a function ¢ : w — [w]<* so that for
all n we have |¢(n)| < h(n).
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| want to sketch a proof of this theorem. Recall that if h: w — w is
strictly increasing then an h-slalom is a function ¢ : w — [w]<* so that for
all n we have |¢(n)| < h(n).

e Say that a function f € w* is caught by an h-slalom ¢, in symbols

f €* o if for all but finitely many n we have f(n) € o(n).

e Similarly let us write f € ¢ if for every n < w we have f(n) € ¢(n).
Finally for a set A C w* we say an h-slalom ¢, captures A if it eventually
captures every element.

Corey Switzer (University of Vienna) Lipschitz BA Arctic Set Theory 2025 23/31



Applications to Cardinal Characteristics Il

The connection between slaloms and the null ideal is a famous result of
Bartoszynski.

Corey Switzer (University of Vienna) Lipschitz BA Arctic Set Theory 2025 24 /31



Applications to Cardinal Characteristics |l

The connection between slaloms and the null ideal is a famous result of
Bartoszynski.

Fact (Bartoszyniski)

Let h: w — w be strictly increasing. For any cardinal k the following are
equivalent.
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Fact (Bartoszyniski)

Let h: w — w be strictly increasing. For any cardinal k the following are

equivalent.
e k < add(N)
e For every A C w¥ of size k there is an h-slalom that eventually captures

A, )
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Applications to Cardinal Characteristics Il

The connection between slaloms and the null ideal is a famous result of
Bartoszynski.

Fact (Bartoszyniski)

Let h: w — w be strictly increasing. For any cardinal k the following are
equivalent.

e k < add(N)

e For every A C w¥ of size k there is an h-slalom that eventually captures
A.

v

Note the point is that the cardinal doesn’'t depend on which h we choose -
however it must be uniform for all A of size <.
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Cardinal Characteristics |l

Using this we can show that BA,;,(w*) implies add(N') > Ry. The case of
2%, which we stated, is similar but requires more definitions so we do the
case of w* in the interest of time and simplicity.
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Using this we can show that BA,;,(w*) implies add(N') > Ry. The case of
2%, which we stated, is similar but requires more definitions so we do the
case of w* in the interest of time and simplicity.

Proof.

Assume BAL;i,(w®). We will show that every set of size X; is caught in an
h-slalom for h(n) = n2"t1. Let A be an arbitrary set of set N;. By
possibly making it bigger we can assume that A is N;-dense.
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Using this we can show that BA,;,(w*) implies add(N') > Ry. The case of
2%, which we stated, is similar but requires more definitions so we do the
case of w* in the interest of time and simplicity.

Proof.

Assume BAL;i,(w®). We will show that every set of size X; is caught in an
h-slalom for h(n) = n2"t1. Let A be an arbitrary set of set N;. By
possibly making it bigger we can assume that A is N;-dense.

e Let B C w* defined as follows. For each s € w<% let Bs C [s] be an
Nj-sized set of x DO s so that if kK > dom(s) then x(k) = 0 or x(k) = 1.
Let B = Usew@ . In short, B is an Ni-dense set of functions which are
eventually bounded by 2.
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Using this we can show that BA,;,(w*) implies add(N') > Ry. The case of
2%, which we stated, is similar but requires more definitions so we do the
case of w* in the interest of time and simplicity.

Proof.

Assume BAL;i,(w®). We will show that every set of size X; is caught in an
h-slalom for h(n) = n2"t1. Let A be an arbitrary set of set N;. By
possibly making it bigger we can assume that A is N;-dense.

e Let B C w* defined as follows. For each s € w<% let Bs C [s] be an
Nj-sized set of x DO s so that if kK > dom(s) then x(k) = 0 or x(k) = 1.
Let B = Usew@ . In short, B is an Ni-dense set of functions which are
eventually bounded by 2.

e By assumption there is an f : w¥ — w* so that f“"B=Aand f is
Lipschitz. Fix such an f. O
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Cardinal Characteristics Il

Proof.

Fix s € w<¥ and let s : w — [w]<* be defined by

ws(n) = {m | Ix € Bs f(x)(n) = m}. One can show that this is a
2+ 1_glalom.
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Proof.

Fix s € w<¥ and let s : w — [w]<* be defined by

ws(n) = {m | Ix € Bs f(x)(n) = m}. One can show that this is a

2"t slalom.

e Now observe that if x € Bs then for every n < w we have

f(x)(n) € ps(n) by construction. In other words, for each s € w<* the
forward image f “Bs is caught (totally, not eventually) by ¢s. In particular
there are countably many 2"*1-slaloms {s | s € W<“} so that every
element of A is totally caught by (at least) one of them.
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Proof.

Fix s € w<¥ and let s : w — [w]<* be defined by

ws(n) = {m | Ix € Bs f(x)(n) = m}. One can show that this is a

2"t slalom.

e Now observe that if x € Bs then for every n < w we have

f(x)(n) € ps(n) by construction. In other words, for each s € w<* the
forward image f “Bs is caught (totally, not eventually) by ¢s. In particular
there are countably many 2"*1-slaloms {s | s € W<“} so that every
element of A is totally caught by (at least) one of them.

e Now enumerate w<“ as {s, | n < w} and let ¢(n) = J;., ¢s;(n). This
is a n2"1-slalom which eventually captures every element of A,
completing the proof. O

Corey Switzer (University of Vienna) Lipschitz BA Arctic Set Theory 2025 26 /31



Non Implications

Presumably MA does not prove even the weakest BAr,;,(2) though | do

not know (yet) quite how to prove this. | can however show that a very
large fragment of MA does not suffice.
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Theorem (S.)

MAy, (Knaster)+ “Every Aronszajn tree is special” does not imply
BALip(2¥)

Corey Switzer (University of Vienna) Lipschitz BA Arctic Set Theory 2025 27/31



Non Implications

Presumably MA does not prove even the weakest BAr,;,(2) though | do
not know (yet) quite how to prove this. | can however show that a very
large fragment of MA does not suffice.

Theorem (S.)

MAy, (Knaster)+ “Every Aronszajn tree is special” does not imply
BALip(2¥)

| want to finish by sketching this proof. The idea is that any uncountable

disjoint pair of Cohen reals are so far from being Lipschitz embeddable one
into the other that they cannot be made so while forcing this fragment of
MA.
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Non Implications

Let that A, B C 2“ be uncountable.
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e We say that A Lipschitz loathes B if for every Z C A and Lipschitz
function f : Z — B we have range(f) is countable.
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Non Implications

Let that A, B C 2“ be uncountable.

e We say that A Lipschitz loathes B if for every Z C A and Lipschitz
function f : Z — B we have range(f) is countable.

o If k is uncountable and {c, | & € k} are mutually Cohen generic then for
every uncountable A, B C k which are disjoint we have that {c, | @ € A}

Lipschitz loathes {c, | & € B}. It's also easy to cook up an example under
CH.
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Non Implications

Let that A, B C 2“ be uncountable.

e We say that A Lipschitz loathes B if for every Z C A and Lipschitz
function f : Z — B we have range(f) is countable.

o If k is uncountable and {c, | & € k} are mutually Cohen generic then for
every uncountable A, B C k which are disjoint we have that {c, | @ € A}
Lipschitz loathes {c, | & € B}. It's also easy to cook up an example under
CH.

e Lipschitz loathing is preserved by finite support iterations of ccc forcing.

Theorem

Let § be an ordinal, A, B C w* and assume A Lipschitz loathes B. If
(P, Q. | a € 0) is a finite support iteration of ccc forcmg notions so that
for each oo < & we have that I+, Qa preserves that A Lipschitz loathes
B”, then IFs “A Lipschitz loathes B”.
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Non Implications

The theorem now follows from the following two lemmas combined with
the iteration theorem from the previous slide. In what follows fix
A, B C 2¥ so that A Lipschitz loathes B.
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A, B C 2¥ so that A Lipschitz loathes B.

Lemma

If P is Knaster then P forces that A Lipschitz loathes B. J
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Non Implications

The theorem now follows from the following two lemmas combined with
the iteration theorem from the previous slide. In what follows fix

A, B C 2¥ so that A Lipschitz loathes B.

Lemma

If P is Knaster then P forces that A Lipschitz loathes B.

Lemma
If T is a tree of height w1 with no cofinal branch and P is the standard ccc

forcing to specialize T with finite conditions then P forces that A Lipschitz
loathes B.

v
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Non Implications

The theorem now follows from the following two lemmas combined with
the iteration theorem from the previous slide. In what follows fix
A, B C 2¥ so that A Lipschitz loathes B.

Lemma
If P is Knaster then P forces that A Lipschitz loathes B.

Lemma

If T is a tree of height w1 with no cofinal branch and P is the standard ccc
forcing to specialize T with finite conditions then IP forces that A Lipschitz
loathes B.

Therefore the standard iteration to force MAy, (Knaster)+ “Every
Aronszajn tree is special” will preserve that A Lipschitz loathes B which
proves the theorem. We remark, somewhat oddly, that in this model A
and B are homeomorphic, even though no uncountable subset of A can be
Lipschitz injected into B.
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-
Steprans-Watson, Again

Despite the applications we have shown, we can't answer the original
Steprans-Watson conjecture for the Lipschitz versions either.
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Steprans-Watson, Again

Despite the applications we have shown, we can't answer the original
Steprans-Watson conjecture for the Lipschitz versions either. Let me then
end on this question.

Question
Does BALip(w®) imply p > Ry 7 J
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Thank You!
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