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Extended constructibility

Research program started by Kennedy, Magidor, Vainanen ([2], [3]).

Suppose L* is a logic. The hierarchy (J.,), « a limit ordinal, of sets
construbtible using L£* and the class Tr are defined by transfinite double
induction, as follows:

Tr = {(o,(3)) : (Jo» €, Trla) = 9(3), o(X) € L7, 5 € J,, a € Lim},

where
a={(8,a)eTr:f<a},

and

J =0,

J&—&—w = rUdTF(J& U {Jr/x})a

= U J.,,, for limit 6.
a<d

The class (J,copq o is denoted by C(L*).
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Inner model C(aa)

o C(aa) obtained from stationary logic

e Stationary logic £(aa) adds to first-order logic the aa-quantifier,
defined as follows:

M = aasg(s, )
if there is a closed unbounded set C C P, (M) such that for any

seC,
(M. s) = (s, 3).
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Inner model C(aa)

o C(aa) obtained from stationary logic

e Stationary logic £(aa) adds to first-order logic the aa-quantifier,
defined as follows:

M = aasg(s, )
if there is a closed unbounded set C C P, (M) such that for any

seC,
(M. s) = (s, 3).

@ The aa-quantifier can express, e.g., that a set is countable, that an
ordinal has countable cofinality, or that a linear order is N;-like.
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The aa™-quantifier

@ Variant of the aa-quantifier
@ Defined intuitively by

M = aa™sp(s, 3)

is there is a club C C P, (M) such that for each s € C

(M, s)" k= (s, 3)

where (M, s)™ is the next admissible of (M, s)
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The aa™-quantifier

@ Variant of the aa-quantifier

@ Defined intuitively by
M = aasp(s, 3)

is there is a club C C P, (M) such that for each s € C

(M, s)" k= (s, 3)

where (M, s)™ is the next admissible of (M, s)

@ For nested aa™-quantifiers, the clubs are always taken in M not in
the next admissibles

@ Advantage over the aa-quantifier: the aa™-quantifier can talk about
transitive collapses of well-founded sets in M
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The aa™-quantifier

@ Variant of the aa-quantifier
@ Defined intuitively by

M = aa™sp(s, 3)

is there is a club C C P, (M) such that for each s € C

(M, s)" k= (s, 3)

where (M, s)™ is the next admissible of (M, s)

@ For nested aa™-quantifiers, the clubs are always taken in M not in
the next admissibles

@ Advantage over the aa-quantifier: the aa™-quantifier can talk about
transitive collapses of well-founded sets in M

e L(aa™) logic which adds the aat-quantifier to first order logic
e C(aa™) the inner model obtained from L(aa™)
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The next admissible set

o A transitive set A is called admissible if (A, €) is a model of KP.
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The next admissible set

o A transitive set A is called admissible if (A, €) is a model of KP.

@ For a transitive set A, the next admissible of A is defined as
AT ={B: A€ B and B admissible}.

o For transitive A, the next admissible set AT = Lo (A), where « is the
least such that (L,(A), €) E KP.
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The next admissible set

o A transitive set A is called admissible if (A, €) is a model of KP.

@ For a transitive set A, the next admissible of A is defined as
AT ={B: A€ B and B admissible}.

o For transitive A, the next admissible set AT = L, (A), where « is the
least such that (L,(A), €) E KP.

@ For a structure M = (M, R;)ic; such that M is not a transitive set
or € is not in the vocabulary of M, a more natural notion of next
admissible is based on structures which have the elements of the
domain M as urelements

e For M as above, a set (M; A, €) is admissible above M if
(M; A, €) = KPU (KP with urelements) and M € A

@ For M as above, the next admissible of M is (M; A, €) where
A={B:(M;B,€) admissible above M}.
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Club determinacy

Idea: no definable stationary co-stationary sets.

Definition

The inner model C(aa) is said to be Club Determined if for all « and for
all p(%,t,s) € L(aa), and for all finite sequences t of countable subsets
of J:

(Jh. €, Trla) [ VX [aasp(X, £, 5) V aas—p(X, £, 5) |-

Definition
The inner model C(aa™) is said to be Club Determined if for all @ and for
all o(x,t,s) € L(aa), and for all finite sequences t of countable subsets

of J.:

(o €. Trla) = VR (22" s0(%, E,5) V aa*sp(%, £, 5) .
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Club Determinacy

Theorems (Kennedy, Magidor, Vaidnanen)

o If there is a proper class of Woodin cardinals, then Club
Determinacy holds in C(aa).

@ Suppose C(aa) satisfies Club Determinacy. Then every regular
k > wY is measurable in C(aa).

o Suppose C(aa) satisfies Club Determinacy. Then the first-order
theory of C(aa) is set forcing absolute.

All the above results hold for C(aa™) with the same proof.
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aa-mice by Kennedy-Magidor-Vaananen

@ An aa-mouse is a structure of the form (JI, €, T, T*,(P)¢).

e For limit 5 < «, Tg = {¢(a): (8,3) € T} is a complete consistent
L(aa)-theory with parameters from JﬂT that extends the first-order

theory of (J],€, T15).
@ T* is a complete consistent L(aa)-theory that extends the first-order
theory of (J], €, T).
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aa-mice by Kennedy-Magidor-Vaananen

@ An aa-mouse is a structure of the form (JI, €, T, T*,(P)¢).

e For limit 5 < «, Tg = {¢(a): (8,3) € T} is a complete consistent
L(aa)-theory with parameters from JﬂT that extends the first-order
theory of (J],€, T15).

@ T* is a complete consistent L(aa)-theory that extends the first-order
theory of (J], €, T).

o By starting from a countable aa mouse (M,, €, T, T*) and iterating
the aa-ultrapower construction wi-many times, the images of the
previous iterates {jaw, [Ma] : & < w1} form a club in M,,.

@ This allows one to prove that the predicate T of the w;-iterate is
correct about L(aa)-truth.

o Consequently, the w-iterate is a level of the C(aa)-hierarchy.
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Theorem (Kennedy, Magidor, Vaananen)

If Club Determinacy holds in C(aa), then C(aa) satisfies the Continuum
Hypothesis.

Theorem (Goldberg, Steel [1])

Is Club Determinacy holds in C(aa), then C(aa) satisfies the Ultrapower
Axiom.

Theorem (Goldberg, Steel [1])
Is Club Determinacy holds in C(aa), then C(aa) satisfies GCH.
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Good formulas

o In stationary logic, ¢ — aa sy, where s does not occur in ¢, is valid.
e In L(aa™), ¢ — aaTsyp is not valid in general.

o Consider, e.g., a model M such that axiom ¢ of KP fails in M.
Then M = =, but necessarily M = aa™sp.
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Good formulas

o In stationary logic, ¢ — aa sy, where s does not occur in ¢, is valid.
e In L(aa™), ¢ — aaTsyp is not valid in general.

o Consider, e.g., a model M such that axiom ¢ of KP fails in M.
Then M = =, but necessarily M = aa™sp.

@ We want to be able to use ¢ — aa™ sy in the definition of aa™-mice
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Good formulas

o Let x € Jssz be a shorthand for a first-order formula that says in
any model containing J!, where T C LimNa x JT, as a subset

iy
that x € J/.
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Good formulas

o Let x € Jssz be a shorthand for a first-order formula that says in
any model containing JOT, where T C Lim N« X JQT, as a subset
that x € J/.

e For ordinals 7y, ...,n,, we let V(y,~, JSEPT,m, ey NNy S1, - .-, Sk) be
a shorthand for the formula

z(Vw(weze we JsZpT))
ANy € J,Y(W7E, T,Pm,...,Pnn,sh...,sk)
/\—Eh/ < ’y[J,y/(W,G, T,Pm,...,Pnn,Sh...,Sk) ): KP]
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Good formulas

o Let x € Jssz be a shorthand for a first-order formula that says in
any model containing JOT, where T C Lim N« X JQT, as a subset
that x € J/.

e For ordinals 7y, ...,n,, we let V(y,~, JSEPT,m, ey NNy S1, - .-, Sk) be
a shorthand for the formula

zMVw(weze we Js71—1pT))
ANy € J,Y(W7E, T,Pm,...,Pnn,sh...,sk)
ATy < vy (w, e, TPy, Py 51,0, s6) = KP.

o le, W(y, v, Al 7:Ms -7, S15- -+, Sk) says in any model
containing the next admissible (J], €, T, P,,,... P, . s1,...,5
that y is in the next admissible of
(JaT, SH T, P771’ ceey Pnn,sl, A 7Sk)+.

)+
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Good formulas

Definition (Good formula)

Suppose ¢ is an L(aa™)-formula in vocabulary Te - We say that a set
{6’ : 6 a subformula of } is an existential specification of ¢ in
vocabulary 7.~ if it satisfies:

1. If 8 is atomic, then 6’ = 6.

2. 1f 6 = Ay, then 0 = o/ A~ If § = b, then 6 = ', If
0 = aats, then 0/ = aatsq) .
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Good formulas

Definition (Good formula)

Suppose ¢ is an L(aa™)-formula in vocabulary Te - We say that a set
{6’ : 6 a subformula of } is an existential specification of ¢ in
vocabulary 7.~ if it satisfies:
1. If 8 is atomic, then 6’ = 6.
2. If0 =1 A, then @ = A+ If 6 =), then ¢/ = -, If
0 = aats, then 0/ = aatsq) .
3. If B is Ixp(x), then 0" is Ix (¥* A ¢'(x)) where ¢* is one of the
following:
3.1 x c Js"[’lpT'
3.2 There are {m,...,mn} C & and {ki,...,ki} C w, at least one of
them nonempty, such that
3.2.1 if {ki,..., ki} # 0, then for some m, 0 is in the scope of

aatsy,...aatsy in ¢, {ki,...,k} Cm,
3.2.2 ¢*is 38 € Ord (W(x, B, I Lromis o 1y Sy -+, 5k)))-
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Good formulas

Definition (Good formula)

Suppose ¢ is an L(aa™)-formula in vocabulary Te - We say that a set
{6’ : 6 a subformula of } is an existential specification of ¢ in
vocabulary 7.~ if it satisfies:
1. If 8 is atomic, then 6’ = 6.
2. 10 = Ay, then & =" Ay, If § = =), then ' = =)', If
0 = aats, then 0/ = aatsq) .
3. If @ is Ix)(x), then 0 is Ix (* A Y'(x)) where 1p* is one of the
following:
3.1 x c JS—I,;pT.
3.2 There are {m,...,mn} C & and {ki,...,ki} C w, at least one of
them nonempty, such that
3.2.1 if {ki,..., ki} # 0, then for some m, 0 is in the scope of
aatsy,...aatsy in ¢, {ki,...,k} Cm,
3.2.2 ’¢'* is EIB € Ord(\ll(x, ﬁv J;pT77717 w5 Mny Skyy e e - 7Skl))'
We say that ¢ is good (in 7;) if there is a formula ¢ (in 7.7) and an
existential specification {6’ : 6 a subformula of ¢} of ¢ such that ¢ = ¢'.
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aa-premouse

An aa*t-premouse in vocabulary 7 = {€,Rr,Rr-} U{P, :a < ¢} isa
structure of the form

=l e, T, 7 (P))
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aa-premouse

An aa™-premouse in vocabulary 7¢ = {€, Rr,Rr-}U{Py:aa <&} is a
structure of the form

=l e, T, 7 (P))

where

o TC{B<a:Lim(B)} x L(aa™), and for all limit ordinals 3 < «,
Ts = {p(3) : (B,(3)) € T} is an L(aa')-theory in vocabulary 75
with parameters from JﬂT.
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aa-premouse

An aa™-premouse in vocabulary 7¢ = {€, Rr,Rr-}U{Py:aa <&} is a
structure of the form

J;- = (Jc;r?€7 T, T*7('D)§)

where
o T C{B < a:Lim(B)} x L(aa"), and for all limit ordinals 8 < «,
Ts = {p(3) : (B,(3)) € T} is an L(aa')-theory in vocabulary 75
with parameters from JﬂT.
o For each ¢ € L(aa") in vocabulary 75" and each 3¢ J], Tp
contains either () or —¢(a).

@ Ty is closed under the rules for first-order logic and the axioms
(A0T) - (A5T), and weakly consistent for good formulas relative to

_]T
B
e Tp attempts to describe what L(aa™)-truth in the relevant next
admissibles of (Jg, €, T[3), where T[8 =ger T[JﬁT, but may be
wrong about the aa™-quantifiers.

Otto Rajala The inner model Claa™)

13 / 37



aa-premouse

o If ¢ is a first-order formula in vocabulary 7, and &' € JBT, then
©(8) € Tg if and only if (Jg, €, TI8) E ¢(3).

o Conditions which describe in which way the formulas T3 are about
the next admissibles. For example, the following sentence, which
intuitively says that JT is a member of the relative next admissible,
is always in Tg:

aats,...aa"s, Jy

[3B8 € Ord (V(y, B, 7. 51, -+ Sm)A
Vx (v € Ord W (x, 7, Jop7s 515> Sm) = (x € Jpr ¢ X € ¥))]
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aa-premouse

o T*C L(aa™) x JT is an L(aa™)-theory in the vocabulary T with
parameters from JI.
@ T* is complete for good formulas in vocabulary Te with parameters

in JI, closed under first-order axioms and the axioms (A0T) -
(A5T), and weakly consistent for good formulas in vocabulary 7.

@ T* is right about first order truth in the next admissible sets built
with the predicates P, but may be wrong about the aa*-quantifier.

o If a first-order formula ¢ is good, the P-predicates appearing in ¢
are among P,,,...,P,, , and 3€ JT, then

(@ eT = Ul e T,Py,....P,)"T E¢(3)
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aa-premouse

Some other conditions

e For any good L(aa™)-formula ¢ and any 3€ JI, p(3) isin T* if
and only if aa™5p(3) is in T*, where none of the subset variables in
S occur in .

o For any good L(aa%)-formula ¢, 3x (x € J] 7 A p(x,d)) isin T* if
and only if there is some b € JT such that (b, 3) isin T*.

@ Coherence between T and T* for formulas not containing any
P-predicates: For all limit 8 < a, all 3€ Jg, and all very good ¢ in

vocabulary 74,
©(3) € T if and only if (o(3)%5)) € T*,

where <p(§')(Jt§) is obtained by replacing each occurrence of
x € JJ 7 by x € J], and if aa™s appears in ¢, each x € s is

replaced by x € sA x € JﬂT.
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aa"-embeddings

Definition

Suppose M = (M, €, T, T*,(P)¢) is 7¢-structure and

N=(N,g, T, T* (P),)is a 7,-structure with £ < v. A function
7 : M — N is called an aat-embedding if it satisfies the following
conditions:

1. 7 is a first-order elementary embedding from (M, €, T, (P)¢) to
(N, e, T,(P)e).

2. For all good ¢ € L(aa™) in vocabulary 7, and '€ JT, p(3) e T
if and only if ¢(7(3)) € T*.
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aa-ultrapower

@ The aa™-ultrapower of an aa®-mouse (J],€, T, T*) will be a
structure of the form (M, E,S,S*, (P')¢41)

@ One new predicate P, which is the image J[J]] of the domain of the
mouse under the aa™-ultrapower embedding j
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aa-ultrapower

@ The aa™-ultrapower of an aa®-mouse (J],€, T, T*) will be a
structure of the form (M, E,S,S*, (P')¢41)

@ One new predicate P, which is the image J[J]] of the domain of the
mouse under the aa™-ultrapower embedding j

e For each finite d = {n1,...,n,} C &+ 1, we form an auxiliary model
My = (Mg, Eq4, Sa, S, P,‘;’l, cee Pgn).

@ The idea is that if the ultrapower (M, E, S, 5%, (P')¢41) and the
auxiliary model My are well-founded, then the transitive collapse of
the domain M, is the next admissible of the collapse of

(M,E,S,S*, Py ,...., P} ).
@ This allows us to show that if the aat-ultrapower and all the
auxiliary models My are well-founded, then the ultrapower collapses

to an aa™-premouse
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aa-ultrapower

Suppose JI = (JT,€, T, T*,(P)¢) is an aa™-premouse.
1. M" = Mj is the set of all ¢(s,x, a) in vocabulary 7., where &€ JT,
such that aa™s ¢(s, x, ) is good, and
aats3Ix(x € ] 7 Ap(s, x,3) € T*
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aa-ultrapower

Suppose JI = (JT,€, T, T*,(P)¢) is an aa™-premouse.
1. M" = Mj is the set of all ¢(s,x, a) in vocabulary 7., where &€ JT,
such that aa™s ¢(s, x, ) is good, and
aats3Ix(x € ] 7 Ap(s, x,3) € T*
2. For nonempty d € [¢ + 1]<%, there are two cases. If £ ¢ d and
d={m,...,nn}, M} is the set of all (s, x, a) in vocabulary e
where 3 € JI, such that aa*s (s, x, y) is good, and

aa"s3Ix 3B € Ord ( F(x,,B,JSsz,m, come) A (s, x,3)) € T

If ¢ e dand d={n,...,nn,&} then M} is the set of all ©(s, x, a)
in vocabulary 7., where 3 € JT, such that aa*s (s, x, ¥) is good,
and

aats3Ix3IB € Ord (T (x, B, Js71—1pT7 My M0y S) A (s, x,3)) € T".
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aa-ultrapower

Definition

The equivalence relations for members of M’ and M), are defined as
follows: For (s, x, ), ¢'(s,x,d) € M,

(s, x,3) ~ ¢'(s,x,d) if aa*s(fg,(s,xﬂ;)(s) = forsxa)(s)) € T™.

For ¢(s,x,a),¢'(s,x,a) € M), suppose e, e’ C d are minimal such that
o(s,x,a) € /\/l’ and ¢'(s, x, ) € M. We define

o(s,x,a) ~q ©'(s,x,3) if
e=¢ and aa®s(f sxé,)(s) S’X)‘,;,)(s)) eT".
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aa-ultrapower

Definition
Suppose JI = (JI, €, T, T*,(P)¢) is an aa’-premouse. Its
aa’-ultrapower is the T¢ q-structure M = (M, E, S, 5%, (P")¢41) defined

as follows:
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aa-ultrapower

Definition
Suppose JI = (JI, €, T, T*,(P)¢) is an aa’-premouse. Its
aa’-ultrapower is the T¢ q-structure M = (M, E, S, 5%, (P")¢41) defined

as follows:
1. M is the set of equivalence classes [p(s, x, )] of ~ on M'.

2. [QO(S’ X, é)]E[@,(Sa X, 57)] iff aa*s RE(fLP(S,X,é')(S)’ ftp’(s,x,i’)(s)) eT™
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aa-ultrapower

Definition
Suppose JI = (JI, €, T, T*,(P)¢) is an aa’-premouse. Its
aa+—u|trapower is the T¢q1-structure M = (M, E, S, 5%, (P’)¢41) defined
as follows:
1. M is the set of equivalence classes [p(s, x, )] of ~ on M'.
2. [(s, x,d)]E[¢'(s,x,3)] iff aa™s Re(f(s,x,5)(5), fior(s,,7)(5)) € T™.
3. ([e(s, x, A, [ (s, x, a)]) €S iff
aa SRT(fcp(sxé')( ) sxa)(S)) e T
4. S* consists of p(Pg, [91(s,x, al,. .., 0n(s, x, an)]), where
@(s,x1,.-.,xp) € L(aa™) is in vocabulary 7, and
aats (s, fo,(s.x,5)(5) - - - fo, (5.0, () € T*.
5. [p(s,x,3)] € Pl iff aats P, (f (s x5 (s)) € T* for v <&.
6. P{={j(b): be J]} wherej: J] — Mis the canonical embedding
defined by j(b) = [x = b].
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Auxiliary models My

Definition
Suppose JI = (JT, €, T, T*,(P)¢) is an aa™-premouse. For all

d = {nla s ann} S [€ + 1]<w, the model
My = (Mg, Eq4, Sa, S, Pgl, ce P,‘;’n) is defined as follows:
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Auxiliary models My

Definition
Suppose JI = (JT, €, T, T*,(P)¢) is an aa™-premouse. For all

d = {nla s ann} S [€ + 1]<w, the model
My = (Mg, Eq4, Sa, S, Pgl, ce P,‘;’n) is defined as follows:

@ M, is the set of equivalence classes [p(s, x, )] of ~4 on M.
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Auxiliary models My

Definition
Suppose JI = (JT, €, T, T*,(P)¢) is an aa™-premouse. For all
d={m,...,m} €[+ 1]<W the model
My = (My, E4, S4, S}, P2 AP P,‘;’n) is defined as follows:
@ M, is the set of equivalence classes [p(s, x, )] of ~4 on M.

° [p1(s, x,a1)laEalpa(s, x, 3)]q iff
aats Re(f;f (50 (5), f:zz(s)x’%)(s)) € T*, where di,d> C d are
minimal such that o1(s, x,31) € Mg, and va(s, x, 32) € My,.

o ([¢a(s, x, 31)]d7 [p2(s, x, 32)]d) € Sq iff
aats Rr(f (5,5 (5); f::(s%gz)(s)) € T*, where di,d» C d are

minimal such that ¢1(s, x,31) € Mg, and @a(s, x, 32) € Mg,.
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Auxiliary models My

o If £ € d, S consists of p(P¢,[01(s,x,a1)]a, .-, [0n(s, X, an)]q) in
vocabulary 7, such that

aats (s, £ (s),..., fa'i”(’f’x’s")(s)) eTH,

7 "01(s,x,a1)

where each d; C d is minimal such that 0;(s, x, 3;) € Mj,.
If £ ¢ d, S} consists of w([01(s,x,a1)]a,-..,[0n(s,x,an)]q) in
vocabulary 7, such that

aa’s ga(fecf(f,xygl)(s), ey f(;:"(ﬁx)sn)(s)) €T,

where each d; C d is minimal such that 6;(s, x, &;) € My,.
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Auxiliary models My

o If £ € d, S consists of p(P¢,[01(s,x,a1)]a, .-, [0n(s, X, an)]q) in
vocabulary 7, such that

aats (s, £ _ (s), ...,fo‘i”(’f’x’s")(s)) eT,

91 sxal)

where each d; C d is minimal such that 0;(s, x, 3;) € Mj,.
If £ ¢ d, S} consists of w([01(s,x,a1)]a,-..,[0n(s,x,an)]q) in
vocabulary 7, such that

dn,€ *
aa s GRS L () RS L () € T,
where each d; C d is minimal such that 6;(s, x, &;) € My,.
o For all i € d\ {¢}, [¢(s, x,3)]q € Pg iff
aa'ts Pm(f:(/fx 5(5)) € T*, where d’ C d is minimal such that
(p(S,X,é) € My .
° Pg:{[x:b]d:beJlI} if £ ed.
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Key lemma

Suppose ¢ is a first-order formula.
o Ifd={m,...,nn} €[+ 1]<¥ is nonempty, £ ¢ d, and p is in
vocabulary T, , then the following are equivalent:
o M7 E o([01(s,x,a1)]d, - - -, [Om(s, X, @n)]a),
e aa’s gad(f;lsx al)(s) . fei?(sx am)( s)eTr,
where each d; is the m/n/mal subset of d such that 0;(s, x;, a;) € dj.
o If¢ed="{m,...,nn &} € [+ 1]<¥T, and ¢ is in vocabulary T,
then the following are equivalent:
° M; ': (p(Pg, [91(5, X, 51)]d, ey [0,,,(5, X, 5,1,)]0'),
o aa’s (s, fe‘jl(s,x,é'l)(s)7 ceey f9‘{n(s,x,§'m)(s)) eT,
where each d; is the minimal subset of d such that 0;(s, x;, 3;) € d;.

Here, e.g., ¢} for £ € d is obtained by inductively replacing each
subformula 3x(x) of ¢ by

Ix (3B € OrdW(x, B, Sy 7 M- -+ 1y S) A () )
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Key lemma continued

Moreover, the following are equivalent
o (M,E,S,(P)es1) = o(01(s, x, @), - -, [Om(s, X, am)]),
0 aa™s p(fo,(s.x,3) () -+ s on(s.,zm) (5)) € T™
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My next admissible of the aa™-ultrapower

Corollary

Suppose M and My, where d = {ny,...,n,} # 0, are well-founded and
M= (J].e T,T* (P)e1) and My = (Mg, €, Ta, (Tg)", PZ,..., PL)
are their transitive collapses. Then My, the domain of My, is the next
admissible set of (JT,€, T,Py,,...,P,).

Moreover, for any good first-order ¢ in vocabulary T, and any
[01(s,x,31)]d> - - -, [Om(s, X, @m)]a € Mg, we have

90([01(5’)(’ 51)]da ) [em(S,X, 5m)]d) € (T)Z
< M; = 90([91(57)(’ 51)]d7 R [em(S,X, 5'_”m)]d)
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Ultrapower is an aa™-premouse

Lemma

If the ultrapower M = (M, €,S,5*,(P")¢11) of an aa™-premouse

3D =T, e, T, T* (P)e) is well-founded, then its transitive collapse
M = (JﬁT, e T,T%, (IS)EH) is also an aa™-premouse.

Moreover, the ultrapower embedding j (composed with the collapse) is
an aat-embedding.
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lterated aa™t-ultrapowers

Definition

Suppose JJ = (J],€, T, T*,(P°)) is an aa™-premouse with vocabulary
7o and ¢ is an ordinal. The models My, = (M,, Eq, To, T2, (P%)a),

a < §, and the directed system

<(May Eou Tom T;, (Pa)a)ajaﬁ o< /B < 6>7

called the aa™-iteration of JI of length 4, are defined as follows:
° (M()a EO; TO» To*v (PO)O) = J'Z/—
@ The vocabulary of (M, Eo, To, T2, (P%*)a) is Ta.
@ The j,3 form a commuting system of aa™-embeddings

Jag : (Mo, Ea, To, T2, (P*)a) = (Mg, Es, Ts, T, (P?)3) | Ta.

@ For successor v + 1 we let

(MOt-‘rlv EOH-l) Ta+1a T;+1a (Pa+1)u+1) = Ult(MOu Eou Tom T;a (Pa)a)'

The embedding ji o1 is the aa™-ultrapower embedding.
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Definition continued

e For limit v, we let (M,,E,, T,,, T, (P¥),) be the direct limit of the
directed system

<(Ma, Eam Taa T;a(Pa)a)u.jaﬁ o< ﬂ < V>~

The embeddings j,, for a < v are the direct limit embeddings.
The models M, are called iterates of JWT.
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lterated aa™t-ultrapowers

Suppose « is an ordinal and d € [a + 1]<¥.
L. (Mg)" is the set of ©(s,x,a), where &€ M,, such that
aats (s, x,y) is good, and aa®s Ix(x € J] A ¢(s,x,d)) € T;.
2. faed={m,...,nal, then (M3) is the set of ©(s, x, d), where
3 € M, such that aa™ (s, x, 3) € (M)’ for some e C d or

aatsIxIB € Ord (T(B,x,M1, -1, ) Ap(s,x,3)) € TZ.

3. Ifa¢ d={m,...,n.}, then (M3)', is the set of those good
(s, x, 3), where 3 € M,, such that

aatsIxIB € Ord (T(B,x,n1,.-.,m0) A (s, x,a)) € T

4. For members of (M$)', ~ is defined as ~4 was defined in
Definition 10, only replacing T* with T}. The equivalence class of
©(s,x,d) under ~G is denoted by [¢(s, x, 3)]§.
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lterated aa™t-ultrapowers

Definition

Suppose JJ = (J],€, T, T*,(P°)) is an aa'-premouse with vocabulary
To, and the iteration of JVT of length 4 is as in Definition 17. For any

a < B < § and nonempty finite d C «, the models

MG = (MG, ES, TS, (TS)*, Pjnl,... Pg,,), where d = {n1,....mn},
and the maps _de Mg — Md are defined inductively as follows:

. Ifa=X+1,then MY is defined using T3 and the equivalence
classes [p(s, x, 3)]) as My was defined in 13 using T* and

[w(s X, 3)]a-

M a=X+1, j5 (= j; T ?) s defined by

Jg " (Lol x: A)13) = [o(Pa, X, jr.a ()]G

3. Suppose « is a limit, and M)‘ and j‘;\” have been defined for all
A < n < asuch that d C A, and <Md,Jd’7:dC)\<r]<a> is a
directed system. Then M is a direct limit of the system
<Md,Jd’7 dCA<n< a> and 3%, A < a, are the direct limit

maps.
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Definition continued

@ Suppose « is a limit, Mg has been defined for each A < « such that

d C A, and j‘;\” has been defined for all d C A <1 < a. Then

iy **1is defined as follows. Suppose y € M is such that

y =43 ([e(s, x, )]3) for some [o(s, x, 3)]) € M3+ Then we

define
aa+1(y) [ (P)\,X,j)\a(g))]g'
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lterated aa™t-ultrapowers

Lemma

Suppose (M, Ea, To, TE (P*)a)sjap - @ < B < 0) is the aa™-iteration
of (Mo, €, To, T§) of length 6 and for all o < § and nonempty d € [a]<¥
the models M§ = (M$, ES, TS, (T$)*, P+ Pgﬂ']n) are as in the

preceding definition. Suppose that for all a < § and all nonempty

d € [a]<¥, M, and M§ are well-founded. Then the following hold:
e Forall a < 8, My, is (isomorphic to) an aa™-premouse.
@ Foralla < B <4, jap is an aa™-embedding.
e Foralla < § andd={n,...,nn} € [a]<, MS is the next
admissible of (M, €, Ta, Py, ..., PR ).
e Foralla <4, d e [a]<v, all good first-order ¢ in vocabulary T,
and all 3 € MS, o(3) € (T$)* if and only if (M%)~ = ¢(3).

For all o < 8 < 6, jgﬁ is an aa™-embedding.
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Frame Title

Suppose (M, Eq, To,, TS (P*)a)sjap - @ < B < 0) is the aa™-iteration
of an aa™-mouse (Mo, €, To, T§) of length 6, and ford C a < 8 < & the
models M§ = (M3, ES, TS, (T§)*, P s Pf}mn) and maps
_,'3‘5 MG — Mg, are as in Definition 19. Suppose further that k is a
regular cardinal such that |My| < k and k < 0.
Then for any d € [k]<%, any good formula ¢ in vocabulary T, and any
e Mj,

¢(3) € (T3)" = ((MG) ™ My) BT ¢,(3),

where i, is obtained from @ by replacing each quantifier aa™s by aa} s.
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The main result

Theorem

Suppose (Mu, Eo, To, T, (P*)a),Jas - @ < B < 0) is the aa™ -iteration
of an aa™-mouse (Mo, €, To, T§) of length é. If k < 0 is a regular
cardinal such that |My| < k, then the domain M,, = JﬂT: of the k-iterate
is the level JﬁT:ﬁ of C(aa)"). In particular, if My is countable, then M,,, is
the level JBT; of C(aat).
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Thank you!
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