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Overview

Proposition

The (w1, w1)-gap in P(w) forced with countable approximations
is destructible.



Background on (wq,wq)-gaps

G = (Aa, Ba)a<y, 7 < wi is a proto-gap if for each o < § < y
> A,, B, Cw,
> A,UB, #* w, Ay N By =0 and
> A, C* Ag, B, C* Bg.

If v = wy we call G a pre-gap.




Background on (wq,wq)-gaps

G = (Aa; Ba)a<y, ¥ < wi is a proto-gap if for each a < § < 7y
> A,, B, Cw,
> A,UB, #* w, Ay N By =0 and
> A, C* Ag, B, C* Bgs.

If v = wq we call G a pre-gap.

Define o || B if AuNBg =0 = B, N Ag;and o L Sif not ax || 5.

Pre-gap G is a gap if VX € [w1]”'3a, 8 € X such that a L 5.
Equivalently AC C w such that (Vo € w;) A, C* Cand CN B, =* 0.

A gap G is destructible if VX € [w1]" Ja # € X such that a || 5.
Equivalently there is a c.c.c. (or just wq-preserving) forcing
such that G is not a gap in the extension.

A gap is indestructible if (3X € [w1]*' Va # S € X)a L .



Existence of gaps

An (indesctructible) gap exists in ZFC (Hausdorff).
All gaps are indesctructible assuming any of MA, PID, OCA.

How to get a destructible gap:
» Add a Cohen real.
» Add a gap with finite conditions.
» Construct one using ¢ (Dow).

destructible/indesctructible gaps

~

Suslin/special Aronszajn trees
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Question
What about a gap added by countable approximations?



Forcing a gap with countable conditions

Let P be the set of countable proto-gaps ordered by end-extension.
Define G as the union of the generic filter.

Claim
P is o-closed.

Claim
G is a gap.

Proposition
The gap G is destructible.



Forcing a gap with countable conditions
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Let G = (A, Ba)ery
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Let G = (Aq, Ba),~, be a proto-gap.

Fora < B,n€ wdefinea C, 8 if (Aa\Ag)U(Bs\Bg)Cn
X =

For n € w, x C ndefine (n,x) <a if A,NnC xand B, N 0.

Set E C wy is evading if (VB € wida € E) a || B

Gap G is sealing if for each evading E C w;
36 € w13®°n € wVx C n3a € ENG such that (n, x) <@ and a C, 0.

Lemma

Sealing = destructible.

Suppose E € [wq]*" is such that (Vo # 8 € E)a L .

WLOG assume E is C-maximal with this property = E is evading.
Take 0 € wy as in the definition of sealing.

Since |E| = wy, take 8 € E '\ 6.

There is n € w, & € EN 6 such that

aCpd Cphppfand(n,nNAg) <o = a |l B.



Set E C wy is evading if (VB € wida € E) a || B

Gap G is sealing if for each evading E C wjy
30 € w1 3®n € wV¥x C nJa € ENJ such that (n,x) <a and o C,, 0.

Lemma

The generic gap G is sealing.

Suppose p - E is evading.

Fix M < H(0) countable elementary submodel; E, p € M.
Let § = M N ws.

Extend p in w-many steps to arrange that

3°n € wVx C nda € EN ¢ such that (n,x) <aand a Cp 4.



Question
Find a reasonable construction of a destructible gap under { (Dow).



