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Introduction: What's the plan?

This talk will contain joint work with Gunter Fuchs and Hiroshi Sakai.
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Introduction: What's the plan?

The goal of this talk is to discuss some recent work on Jensen'’s classes of
subcomplete and subproper forcing notions as well as some notationally
decorated variations, co-subcomplete above p and co-subproper above p
for cardinals p. These are iterable classes of forcing notions generalizing
o-closed and proper forcing respectively while including some very
non-proper forcing notions like P¥ikry forcing and Namba forcing. They
come with nice forcing axioms that have interesting properties. Our goal:

1. Introduce the classes and their forcing axioms.

2. Explain the variations we introduce and their iteration theorems
(joint with Fuchs).

3. Discuss new results, particularly how to separate these axioms as
well as their connection to old friends like square sequences and
reflection principles (joint with Sakai).
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Here is a non-standard way to define properness.

Proposition (Jensen)

A forcing notion P is proper if and only if for all sufficiently large 0 there is
a cardinal T > 0 so that for some A C 7 we have

Hop C N := L.[A] = ZFC™ and any o : N < N where N is countable and
transitive, and P = o(PP) and every p € P Nrange(o) there is a ¢ < p so
that if g € G is P-generic over V then G := o~ 1"G is P-generic over N.

v

The point is that in this case q forces the embedding o : N < N to lift to
some & : N[G] < N[G].
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Some Notes on Proper Forcing

A similar non-standard definition can be given for o-closed.

Definition

A forcing notion IP is complete if and only if for all sufficiently large 6 there
is a cardinal 7 > 6 so that for some A C 7 we have

Hop C N := L,[A] = ZFC™ and any ¢ : N < N where N is countable and
transitive, and P = o(PP) and every G C IP generic over N there is a g so
that if g € G is P-generic over V then c"“G C G.

Fact (Jensen)

P is complete if and only if it is forcing equivalent to a o-closed poset.
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Definition

A forcing notion IP is complete if and only if for all sufficiently large 6 there
is a cardinal 7 > 6 so that for some A C 7 we have

Hop C N := L,[A] = ZFC™ and any ¢ : N < N where N is countable and
transitive, and P = o(PP) and every G C IP generic over N there is a g so
that if g € G is P-generic over V then c"“G C G.

Fact (Jensen)

P is complete if and only if it is forcing equivalent to a o-closed poset.

Again in this case q forces the embedding o : N < N to lift to some
& : N[G] < N[G]. Also note that obviously o-closed implies proper.
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Some Notes on Proper Forcing

Without insulting the intelligence or knowledge of the audience | want to

briefly recall some (very) well known facts and some aspects of the proofs
in this context.
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Some Notes on Proper Forcing

Without insulting the intelligence or knowledge of the audience | want to

briefly recall some (very) well known facts and some aspects of the proofs
in this context.

Fact
Let P be proper.

1. P preserves stationary subsets of wy.

2. P enjoys the countable covering property: every countable set of
ordinals in V¥ is covered by a countable set of ordinals in V.

3. If P is o-closed then there are no new countable sets of ordinals.
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Some Notes on Proper Forcing

If P is proper then it preserves stationary subsets of wj.

Proof Sketch.

If S C wy is stationary and C is a P-name for a club then findao: N=<N

as in the statement of properness with § = w/ € S and ¢(C) = C.
Suppose now q € IP forces that o lifts in the extension to some

& : N[G] < N[G] with G := 071G. Let C = C and note by elementarity
we get 5(C) = C := C®. But then since § = crit(c) we get that
CnNd = C and in particular C N4 is unbounded hence § € C so S is
stationary. L]

4
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If P is proper then every new countable set of ordinals is contained in an
old countable set of ordinals. If P is o-closed then there are no new
countable sets of ordinals.
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If P is proper then every new countable set of ordinals is contained in an
old countable set of ordinals. If P is o-closed then there are no new
countable sets of ordinals.

Proof.
The two statements are nearly the same so we sketch them both
simultaneously. Suppose X is a new countable set of ordinals and

o : N < N with o(X) = X as in the definition of properness.
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The two statements are nearly the same so we sketch them both
simultaneously. Suppose X is a new countable set of ordinals and

o : N < N with o(X) = X as in the definition of properness. If now G is
[P-generic and g € G forces that o lifts to some & : N[G] < N[G] as in the

_ -G
definition of properness then we get X := X € N[G] is some countable

set of ordinals and
F(X) = X := X® C OnNrange(¥) = On Nrange(c) € V.
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Some Notes on Proper Forcing

If P is proper then every new countable set of ordinals is contained in an
old countable set of ordinals. If P is o-closed then there are no new
countable sets of ordinals.

Proof.

The two statements are nearly the same so we sketch them both
simultaneously. Suppose X is a new countable set of ordinals and

o : N < N with o(X) = X as in the definition of properness. If now G is
[P-generic and g € G forces that o lifts to some & : N[G] < N[G] as in the

definition of properness then we get X := YG € N[G] is some countable
set of ordinals and

5(X) = X := X® C OnNrange(5) = On Nrange(c) € V. In the case
that IP is o-closed we can choose G in the ground model and hence read
off XC from G and o. Ol
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What is the moral of this story?

Obviously the proofs of these two results employ the same idea. Roughly,
countable information is “reflected down to” N where we have more
control and then we apply elementarity in the generic extension once we
know the embedding lifts. However there is a key difference between the
first proof and the second proof:

e In the first proof it was enough to know that in the extension there
was some ¢’ : N < N which lifts and agreed with o on the finitely
many objects in the argument e.g. P, C, etc.

e In the second proof we really needed o itself to lift.

The generalization implied by the first bullet point above is Subproper
forcing (almost).
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Introducing Subproperness

Before given the definition of subproperness we need one more preliminary
definition.
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Before given the definition of subproperness we need one more preliminary
definition.
Definition
Let N be a countable, transitive model which contains w. We say that N

is full if there is an ordinal v > 0 so that L,(N) |= ZFC™ and if f : x = N
with f € L,(N) and x € N then range(f) € N.
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Introducing Subproperness

Before given the definition of subproperness we need one more preliminary
definition.
Definition
Let N be a countable, transitive model which contains w. We say that N

is full if there is an ordinal v > 0 so that L,(N) |= ZFC™ and if f : x = N
with f € L,(N) and x € N then range(f) € N.

Fullness ensures that N is not pointwise definable. This is a techincal
criterion that won't matter much in this talk except that you will need to
take on faith that there enough full models to carry out the arguments
discussed here.
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Definition (Jensen)

A forcing notion P is subproper if for all sufficiently large 6 with P € Hy if
N is of the form L,[A] = ZFC™ with Hy C N, AC 7 and o : N < N with
N countable, transitive and full and P = o(P), a, ...,an—1 € N then for
every p € PNrange(o) there is a g < p such that if G 5 g is P-generic
over V then in V[G] thereis a o/ : N < N with
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Introducing Subproperness

Using fullness we can now give the right definition of subproperness.

Definition (Jensen)

A forcing notion P is subproper if for all sufficiently large 6 with P € Hy if
N is of the form L,[A] = ZFC™ with Hy C N, AC 7 and o : N < N with
N countable, transitive and full and P = o(P), a, ...,an—1 € N then for
every p € PNrange(o) there is a g < p such that if G 5 g is P-generic
over V then in V[G] thereis a o' : N < N with

1. o/(P) =P and for all i < n o(a;) = o/(a;)

2. G :=0'"1"G is P-generic over N

3. The Hulls Condition: HullV(§ U range(o)) = HullV (6 U range(c’))
where § = §(PP) is the weight of IP: the least size of a dense subset of PP.
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Introducing SubProperness

The hulls condition is slightly unnatural since §(P) is depending on P not
its forcing equivalence class. It turns out it is also not necessary.
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its forcing equivalence class. It turns out it is also not necessary.

Definition (Jensen, (Fuchs - S.))

A forcing notion P is oo-subproper if for all sufficiently large 6 with P € Hy
if N is of the form L;[A] = ZFC™ with Hp C N, AC 7 and o : N <N
with N countable, transitive and full and P = o(P), ag,...,an_1 € N
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Introducing SubProperness

The hulls condition is slightly unnatural since §(P) is depending on P not
its forcing equivalence class. It turns out it is also not necessary.

Definition (Jensen, (Fuchs - S.))

A forcing notion P is oo-subproper if for all sufficiently large 6 with P € Hy
if N is of the form L, [A] E ZFC™ with HpC N, ACTando: N <N
with N countable, transitive and full and P = o(P), ao, ..., an—1 € N then
for every p € PNrange(o) there is a ¢ < p such that if G > g is P-generic
over V then in V[G] thereis a o' : N < N with

1. o/(P) =P and for all i < n o(a;) = o/(a;)

2. G :=0'"1"G is P-generic over N

The hulls condition was only used by Jensen in the iteration theorem and
later Fuchs and | found one which avoids it. We note that it is unknown
whether, up to forcing equivalence, these two definitions are the same. In
any case we won't worry so much about it in this talk.
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Introducing Subcompleteness

We can similarly find a “subversion” of o-closed forcing.

Definition (Jensen)

A forcing notion P is subcomplete if for all sufficiently large 6 with P € Hy
if Nis of the form L.[A] |z ZFC™ with Hp C N, ACTando: N <N
with N countable, transitive and full and P = o(P), ag, ..., an—1 € N and
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We can similarly find a “subversion” of o-closed forcing.

Definition (Jensen)

A forcing notion P is subcomplete if for all sufficiently large 6 with P € Hy
if N is of the form L,[A] = ZFC™ with HpC N, ACTando: N < N
with N countable, transitive and full and P = a(P), ag, ..., an—1 € N and if
G is P-generic over N
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We can similarly find a “subversion” of o-closed forcing.

Definition (Jensen)

A forcing notion P is subcomplete if for all sufficiently large 6 with P € Hy
if N is of the form L,[A] = ZFC™ with HpC N, ACTando: N < N
with N countable, transitive and full and P = a(P), ag, ..., an—1 € N and if
G is P-generic over N then there is a condition p € P such that if G 2 pis
P-generic over V then in V[G] thereis a o’ : N < N with

1. o/(P) =P and for all i < n o(a;) = o'(a;)

2. (6)'GC G

3. The Hulls Condition: HullV(§ U range(o)) = HullV(6 Uran(o’)) where
0 = §(P) is the least size of a dense subset of P.
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Introducing Subcompleteness

We can similarly find a “subversion” of o-closed forcing.

Definition (Jensen, (Fuchs- S.))

A forcing notion P is co-subcomplete if for all sufficiently large 6 with
P € Hy if N is of the form L, [A] = ZFC™ with Hp C N, AC 7 and

o : N < N with N countable, transitive and full and P = a(P),

ag, ...,an—1 € N and if G is P-generic over N then there is a condition
p € P such that if G 5 p is P-generic over V then in V[G] there is a
o' : N < N with

1. o/(P) =P and for all i < n o(a;) = o'(a;)

2. (6)'GC G
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General Theory of Subproper and Subcomplete Forcing

As before, for both subproper and subcomplete (their oo-versions) the
point is that o’ lifts to some ¢’ : N[G] < N[G]. Thus, while o itself might

not lift, in the generic extension there is some embedding which does and
agrees with o on any desired finite set.
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General Theory of Subproper and Subcomplete Forcing

As before, for both subproper and subcomplete (their co-versions) the
point is that o’ lifts to some &' : N[G] < N[G]. Thus, while o itself might
not lift, in the generic extension there is some embedding which does and
agrees with o on any desired finite set. The following observations are
essentially immediate from what we have seen.

e Every proper forcing is oo-subproper: it's the special case where
oc=o0o.

e Similarly every o-closed forcing is co-subcomplete.

e oo-subproper forcing notions preserve stationary subsets of ws.

e oco-subcomplete forcings may add new countable sets of ordinals but
not new countable subsets of w; (so no new reals). This is because if
§ = w) then it's easy to show we have o’ [ § = o | § and the old
argument kicks in. We will come back to this momentarily.
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General Theory of Subproper and Subcomplete Forcing

First some examples. The following are all subcomplete:
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General Theory of Subproper and Subcomplete Forcing

First some examples. The following are all subcomplete:
1. Various types of Namba Forcing (under CH, Jensen)
2. P¥ikry Forcing (Jensen)

3. Magidor Forcing (Fuchs)
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-
General Theory of Subproper and Subcomplete Forcing

First some examples. The following are all subcomplete:
1. Various types of Namba Forcing (under CH, Jensen)
2. P¥ikry Forcing (Jensen)

3. Magidor Forcing (Fuchs)

4. Diagonal P¥ikry Forcing (Minden)
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|
General Theory of Subproper and Subcomplete Forcing

Moreover subcomplete and subproper forcing notions are iterable.
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General Theory of Subproper and Subcomplete Forcing

Moreover subcomplete and subproper forcing notions are iterable.

Theorem
1. RCS iterations of subcomplete forcing notions are subcomplete. RCS
iterations of subproper forcing notions are subproper (Jensen).
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General Theory of Subproper and Subcomplete Forcing

Moreover subcomplete and subproper forcing notions are iterable.

Theorem

1. RCS iterations of subcomplete forcing notions are subcomplete. RCS
iterations of subproper forcing notions are subproper (Jensen).

2. Nice iterations in the style of Miyamoto of co-subproper forcing notions
are oco-subproper (Miyamoto, Fuchs - S.)
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General Theory of Subproper and Subcomplete Forcing

Moreover subcomplete and subproper forcing notions are iterable.

Theorem

1. RCS iterations of subcomplete forcing notions are subcomplete. RCS
iterations of subproper forcing notions are subproper (Jensen).

2. Nice iterations in the style of Miyamoto of co-subproper forcing notions
are oco-subproper (Miyamoto, Fuchs - S.)

3. Nice iterations of co-subcomplete forcing notions are co-subcomplete
(Fuchs - S.)
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General Theory of Subproper and Subcomplete Forcing

We also proved preservation theorems.
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We also proved preservation theorems.
Theorem (Fuchs - S.)

Nice iterations of co-subproper forcings preserve the following properties:

Corey Switzer (University of Vienna) Subversion Forcing Principles Arctic Set Theory 2023 18/33



General Theory of Subproper and Subcomplete Forcing
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Theorem (Fuchs - S.)

Nice iterations of co-subproper forcings preserve the following properties:
1. Not killing a specific Souslin tree
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We also proved preservation theorems.
Theorem (Fuchs - S.)

Nice iterations of co-subproper forcings preserve the following properties:
1. Not killing a specific Souslin tree

2. Not adding a branch to an wi-tree

3. w“-bounding
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General Theory of Subproper and Subcomplete Forcing

We also proved preservation theorems.

Theorem (Fuchs - S.)

Nice iterations of co-subproper forcings preserve the following properties:
1. Not killing a specific Souslin tree

2. Not adding a branch to an wi-tree

3. w“-bounding

4. The Laver Property

Corey Switzer (University of Vienna) Subversion Forcing Principles Arctic Set Theory 2023 18/33



|
General Theory of Subproper and Subcomplete Forcing

We also proved preservation theorems.

Theorem (Fuchs - S.)

Nice iterations of co-subproper forcings preserve the following properties:
1. Not killing a specific Souslin tree

2. Not adding a branch to an wi-tree

3. w“-bounding

4. The Laver Property

5. The Sacks Property
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General Theory of Subproper and Subcomplete Forcing

A consequence of all of these results is the consistency (relative to a
supercompact) of the forcing axioms for these classes.
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General Theory of Subproper and Subcomplete Forcing

A consequence of all of these results is the consistency (relative to a
supercompact) of the forcing axioms for these classes. Recall that if ' is a
class of forcing notions then FA(I) is the statement that for all P in I and
any wi-sequence of dense subsets of P, say {D; | i < w1} there is a filter
G C P which intersects every D;.
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General Theory of Subproper and Subcomplete Forcing

A consequence of all of these results is the consistency (relative to a
supercompact) of the forcing axioms for these classes. Recall that if ' is a
class of forcing notions then FA(I) is the statement that for all P in I and
any wi-sequence of dense subsets of P, say {D; | i < w1} there is a filter
G C P which intersects every D;.

Definition

If T is the class of (oo-)subproper forcing notions we denote FA(I') by
(0o-)SubPFA.
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General Theory of Subproper and Subcomplete Forcing

A consequence of all of these results is the consistency (relative to a
supercompact) of the forcing axioms for these classes. Recall that if ' is a
class of forcing notions then FA(I) is the statement that for all P in I and
any wi-sequence of dense subsets of P, say {D; | i < w1} there is a filter
G C P which intersects every D;.

Definition
If T is the class of (oo-)subproper forcing notions we denote FA(I') by

(0o-)SubPFA. Similarly if ' is the class of (oo-)subcomplete forcing
notions we denote FA(I") by (co-)SCFA.
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General Theory of Subproper and Subcomplete Forcing

Using the standard Baumgartner argument Jensen showed.

Theorem

If there is a supercompact cardinal then co-SubPFA and co-SCFA are
consistent. Moreover co-SCFA is consistent with <{>.
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Theorem
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consistent. Moreover co-SCFA is consistent with <{>.

The preservation theorems Fuchs and | proved also give some alternatives

to .
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General Theory of Subproper and Subcomplete Forcing

Using the standard Baumgartner argument Jensen showed.

Theorem

If there is a supercompact cardinal then co-SubPFA and co-SCFA are
consistent. Moreover co-SCFA is consistent with <{>.

The preservation theorems Fuchs and | proved also give some alternatives

to .
Theorem (Fuchs and S.)

If there is a supercompact cardinal, then it's consistent that SCFA holds
alongside 280 = ¥ plus any of the following:

1. There are Souslin trees.

2.0=R; < cov(N) =N,

3. MAy, (o — linked) holds but MAy, fails

4. cof (N) =%y

v
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-
Squares and the Strength of co-SCFA

00-SCFA (in fact just SCFA) has strength.
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Squares and the Strength of co-SCFA

00-SCFA (in fact just SCFA) has strength. Indeed it proves a variety of
reflection principles, including Friedman's problem. For us, let us focus on
a more basic one. Recall the following foundational definition.
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a more basic one. Recall the following foundational definition.

Definition

Let A be an uncountable cardinal. A [y-sequence is a sequence
(Cy | @ € AT NLim) so that for all « the following hold:
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Squares and the Strength of co-SCFA

00-SCFA (in fact just SCFA) has strength. Indeed it proves a variety of
reflection principles, including Friedman's problem. For us, let us focus on
a more basic one. Recall the following foundational definition.
Definition
Let A be an uncountable cardinal. A [y-sequence is a sequence
(Cy | @ € AT NLim) so that for all « the following hold:

e C,isclubin «

e ot(a) < A
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Squares and the Strength of co-SCFA

00-SCFA (in fact just SCFA) has strength. Indeed it proves a variety of
reflection principles, including Friedman's problem. For us, let us focus on
a more basic one. Recall the following foundational definition.

Definition

Let A be an uncountable cardinal. A [y-sequence is a sequence
(Cy | @ € AT NLim) so that for all « the following hold:

e C,isclubin «
e ot(a) < A

e For each 8 € lim(C,) we have that C, N 5 = C3
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Squares and the Strength of co-SCFA

00-SCFA (in fact just SCFA) has strength. Indeed it proves a variety of
reflection principles, including Friedman's problem. For us, let us focus on
a more basic one. Recall the following foundational definition.
Definition
Let A be an uncountable cardinal. A [y-sequence is a sequence
(Cy | @ € AT NLim) so that for all « the following hold:

e C,isclubin «

e ot(a) < A

e For each 8 € lim(C,) we have that C, N 5 = C3

The statement [y is the assertion that there is a [J) sequence.
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Squares and the Strength of co-SCFA

Theorem (Jensen)
SCFA implies that for all k > 280 we have —J,.. J
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Note this falls (almost) in line with well known results that PFA implies
Vk =0, holds (Todor&evi¢) and
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Squares and the Strength of co-SCFA

Theorem (Jensen)

SCFA implies that for all k > 280 we have —J,.. J

Note this falls (almost) in line with well known results that PFA implies
Vi =, holds (Todoréevi¢) and MAT (o —closed) implies Vx =[],
(Foreman-Magidor-Shelah) .
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-
Squares and the Strength of co-SCFA

Theorem (Jensen)

SCFA implies that for all k > 280 we have —J,.. J

Note this falls (almost) in line with well known results that PFA implies
Vi =, holds (Todoréevi¢) and MAT (o —closed) implies Vx =[],
(Foreman-Magidor-Shelah) . Of course the difference is the continuum as
a lower bound.
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-
Squares and the Strength of co-SCFA

Jensen erroneously states that in fact SCFA implies V& =, but Sean Cox
noticed the proof only gives Vi > 2% =[],
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Squares and the Strength of co-SCFA

Jensen erroneously states that in fact SCFA implies V& =, but Sean Cox
noticed the proof only gives Vx > 2% —[J,.. Sakai and | showed that in
fact SCFA is consistent with O, for k < 2%0_ In particular, in models of
SCFA + —CH we can have [y, .
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Squares and the Strength of co-SCFA

Jensen erroneously states that in fact SCFA implies V& =, but Sean Cox
noticed the proof only gives Vx > 2% —[J,.. Sakai and | showed that in
fact SCFA is consistent with O, for k < 2%0_ In particular, in models of
SCFA + —CH we can have [y, .

Theorem (Sakai-S.)

Assume SCFA + —~CH holds. Then the standard forcing to add a [y,
sequence preserves SCFA.
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-
Squares and the Strength of co-SCFA

Jensen erroneously states that in fact SCFA implies V& =, but Sean Cox
noticed the proof only gives Vx > 2% —[J,.. Sakai and | showed that in
fact SCFA is consistent with O, for k < 2%0_ In particular, in models of
SCFA + —CH we can have [y, .

Theorem (Sakai-S.)

Assume SCFA + —~CH holds. Then the standard forcing to add a [y,
sequence preserves SCFA.

| want to sketch a proof of this result, but first | want to put it in a
broader context. It turns out that there is something interesting going on
at the continuum (isn't there always). Below the continuum the

“sub” forcing notions look like their non “sub” counterparts. Above, life
gets more interesting.
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What's the continuum got to do with it?

Let us go back to our original standard set up.
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What's the continuum got to do with it?

Let us go back to our original standard set up. Recall we have the
following objects: a forcing notion P, a sufficiently large 6, a 7 > 6 so that
Hy € N := L.[A] with A C 7 and an embedding o : N < N with N
countable, transitive, full and o(P) = P
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following objects: a forcing notion P, a sufficiently large 6, a 7 > 6 so that
Hy € N := L.[A] with A C 7 and an embedding o : N < N with N
countable, transitive, full and o(P) = P

e Being oo-subproper means, roughly that there is a condition p € P
forcing that there is some new o’ : N < N which lifts to the generic
extension N[G].
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following objects: a forcing notion P, a sufficiently large 6, a 7 > 6 so that
Hy € N := L.[A] with A C 7 and an embedding o : N < N with N
countable, transitive, full and o(P) = P

e Being oo-subproper means, roughly that there is a condition p € P
forcing that there is some new o’ : N < N which lifts to the generic
extension N[G].

e How close to o does ¢’ have to be? We need to have ¢/ | kK = o | K and
o(k) = o/(k) = k where £ is the cardinality of the continuum.
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What's the continuum got to do with it?

Let us go back to our original standard set up. Recall we have the
following objects: a forcing notion P, a sufficiently large 6, a 7 > 6 so that
Hy € N := L.[A] with A C 7 and an embedding o : N < N with N
countable, transitive, full and o(P) = P

e Being oo-subproper means, roughly that there is a condition p € P
forcing that there is some new o’ : N < N which lifts to the generic
extension N[G].

e How close to o does ¢’ have to be? We need to have ¢/ | kK = o | K and
o(k) = o/(k) = k where £ is the cardinality of the continuum.

e This is because for all reals x € N it must be the case that

o(x) = o’(x) = x (and being a real is absolute between N and V) and
moreover, since N = L, [A] there is a definable well order of the universe,
and in particular there is a definable bijection of the reals onto x. We can
then apply elementarity to get the claim above.
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What's the continuum got to do with it?

Pushing this idea further we see how to generalize co-subcomplete and
oo-subproper forcing by insisting that the new embedding agrees with the
old one up to some cardinal p in the range of o.
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What's the continuum got to do with it?

Pushing this idea further we see how to generalize co-subcomplete and
oo-subproper forcing by insisting that the new embedding agrees with the
old one up to some cardinal i in the range of o. Call such a forcing notion
oo-subcomplete (respectively subproper) above .

e By what was just sketched oo-subcomplete/oo-subproper is equivalent to
oo-subcomplete/oo-subproper above 2%

e For cardinals larger than 2% the notion is stronger. For instance, the
argument from the beginning of the talk generalizes to see e.g. that if P is
oo-subproper above x then every new countable subset of x is contained in
an old one. Hence, Namba forcing is never oo-subproper above wy, even
though under CH it is subcomplete.
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What's the continuum got to do with it?

Pushing this idea further we see how to generalize co-subcomplete and
oo-subproper forcing by insisting that the new embedding agrees with the
old one up to some cardinal i in the range of o. Call such a forcing notion
oo-subcomplete (respectively subproper) above .

e By what was just sketched oo-subcomplete/oo-subproper is equivalent to
oo-subcomplete/oo-subproper above 2%

e For cardinals larger than 2% the notion is stronger. For instance, the
argument from the beginning of the talk generalizes to see e.g. that if P is
oo-subproper above x then every new countable subset of x is contained in
an old one. Hence, Namba forcing is never oo-subproper above wy, even
though under CH it is subcomplete.

e For cardinals i, denote by co-SCFA [ i the forcing axiom for
oo-subcomplete forcing notions above p and co-SubPFA | i the same for
subproper.
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Separating Subversion Forcing Principles

Let us summarize what principles we have in full. Let v < p
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Separating Subversion Forcing Principles

Let us summarize what principles we have in full. Let v < p

MM

oo-SubPFA 00-SCFA —— Vg > 2o,

| l |

00-SubPFA [ v — 00-SCFA [ v —— VK > v,

l l !

00-SubPFA | yt — 00-SCFA | p —— Vk > p—0,

|

PFA

l

MAT (o—closed) —— Vr—0,

The main result | want to sketch in the remaining time is that essentially
no arrows are missing from Figure 1 above.
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Separating Subversion Forcing Principles

Theorem (Sakai-S.)
Let 2% < v < X\ < = At be cardinals with v* < p.
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Separating Subversion Forcing Principles

Theorem (Sakai-S.)

Let 2% < v < X\ < = At be cardinals with v* < p. Assuming the
consistency of a supercompact cardinal, the implications given in the
figure on the previous slide are complete in the sense that if no
composition of arrows exists from one axiom to another then there is a
model of ZFC in which the implication fails.
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Separating Subversion Forcing Principles

Theorem (Sakai-S.)

Let 2% < v < X\ < = At be cardinals with v* < p. Assuming the
consistency of a supercompact cardinal, the implications given in the
figure on the previous slide are complete in the sense that if no
composition of arrows exists from one axiom to another then there is a
model of ZFC in which the implication fails.

(Except for the trivial Yk—-0O,, — Vk > 2% —[J,. which did not fit
aesthetically into the picture.)

Corey Switzer (University of Vienna) Subversion Forcing Principles Arctic Set Theory 2023 27/33



|
Separating co-SCFA | w; from oo-SCFA | w,

Let us finish by proving one instance of this theorem.
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-
Separating 0o-SCFA [ w; from 0o-SCFA | wy

Let us finish by proving one instance of this theorem.

Theorem (Sakai-S.)

Assume 0o-SCFA | wy and let Py be the standard forcing notion to add a
O, -sequence. Then I-p, 0co-SCFA [ wy. In particular co-SCFA | Ry does
not imply co-SCFA | N;.

Note this subsumes the previously stated proof since, under ~CH
00-SCFA | wy is equivalent to co-SCFA.
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Separating 0o-SCFA [ w; from 0o-SCFA | wy

Assume 00-SCFA | wy and let Py be the standard forcing notion to add a
0., -sequence. Then IFp, 0c0-SCFA | wy.
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|
Separating co-SCFA | w; from oo-SCFA | w,
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Separating 0o-SCFA [ w; from 0o-SCFA | wy

Assume 00-SCFA | wy and let Py be the standard forcing notion to add a
0., -sequence. Then IFp, 0c0-SCFA | wy.

Proof Sketch.
Concretely Py is the forcing notion defined as follows. Conditions p € Pg
are functions so that the domain of p is 5+ 1 N Lim for some
B € wp N Lim and
e For all @ € dom(p) we have that p(«) is club in a with order type
< wi; and
e If & € dom(p) then for each 5 € p(«) we have p(a) N S = p(5)
The order is end extension. We remark that a moment’s reflection
confirms that this poset is o-closed. []
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Separating 0o-SCFA [ w; from 0o-SCFA | wy

Proof Sketch Continued.

By a general forcing axiom preservation theorem of Sean Cox, it suffices to
show that if Q is a Pg-name for a co- subcomplete forcing above wy and 'IF
is the Pg-name for the forcing to thread the generic square sequence W|th
conditions of size < X; then the three step Pg % Q * ']TG is co-subcomplete
above wo.
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Proof Sketch Continued.

By a general forcing axiom preservation theorem of Sean Cox, it suffices to
show that if Q is a Pg-name for a co- subcomplete forcing above wy and 'IF
is the Pg-name for the forcing to thread the generic square sequence W|th
conditions of size < X; then the three step Pg % Q * ’]TG is co-subcomplete
above wy. Here, recall the forcing to thread the square is the forcing to
generically add a club cohering the square sequence with countable closed
bounded pieces. Please see the board for the rest of the sketch. O

v
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What else?

Exploiting similar ideas proves the other non-implications in the figure a
few slides ago.

!Beaudoin showed the same of PFA
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e What is stark here is that while, for PFA w, versus any other cardinal is
not important - it is here! Above the continuum oco-SubPFA, in fact SCFA
implies that every stationary set of cof w points reflects (and much more).
e The totality of these results suggest that “below the continuum”
00-SubPFA behaves like PFA and co-SCFA is trivial. Note FA(o—closed)
is a theorem of ZFC.

!Beaudoin showed the same of PFA
Corey Switzer (University of Vienna) Subversion Forcing Principles Arctic Set Theory 2023 31/33



N
What else?

Exploiting similar ideas proves the other non-implications in the figure a
few slides ago.

e For instance, following a well known result of Beaudoin we show that
00-SubPFA is preserved when a non-reflecting stationary subset of

wy N cof (w) is added in the usual way?.

e It follows that co-SubPFA does not imply MM.

e What is stark here is that while, for PFA w, versus any other cardinal is
not important - it is here! Above the continuum oco-SubPFA, in fact SCFA
implies that every stationary set of cof w points reflects (and much more).
e The totality of these results suggest that “below the continuum”
00-SubPFA behaves like PFA and co-SCFA is trivial. Note FA(o—closed)
is a theorem of ZFC.

e There remain many open questions regarding these classes but the most
pressing and interesting is the following. Does co-SCFA imply the
continuum is at most N»?

!Beaudoin showed the same of PFA
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Thank You!
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