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Beltrami equations
fz = H

(
z , fz

)
a.e.

z 7→H (z, ξ) is measurable (measurability)

k(z)-Lipschitz, 0 ≤ k(z) ≤ k < 1 (ellipticity)

H (z, 0) ≡ 0 (normalisation)

The domain of definition for solutions f : Ω→ C is Sobolev space W 1,2
loc (Ω,C),

where Ω ⊂ C is a domain.
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Examples
C-linear Beltrami equation

fz = µ(z) fz, |µ(z)| ≤ k < 1.

R-linear Beltrami equation

fz = µ(z) fz + ν(z) fz, |µ(z)|+ |ν(z)| ≤ k < 1.

Let Γ be a curve in the complex plane. Set

fz = µ(z) dist(fz, Γ), |µ| ≤ k < 1.

The above Beltrami equation is a key to the solution of Tartar’s conjecture by
Faraco-Székelyhidi Jr. (2008).
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Quasiconformal maps
Solutions to Beltrami equation fz = H (z, fz) satisfy distortion inequality

|fz| ≤ k |fz| or ∥Df∥2 ≤ K Jf, where K =
1 + k
1− k

,

since
|fz| = |H (z, fz)−H (z, 0)| ≤ k |fz|.

Thus homeomorphic W 1,2
loc -solutions are quasiconformal. General solutions of

such an equation are called quasiregular mappings.

An important result in the theory of the Beltrami equation is the Stoïlow
factorisation: Every solution to the Beltrami equation fz = µ fz may be written in
the form

f = Φ ◦ h ,

Where Φ is holomorphic and h is a quasiconformal mapping that solves the
same equation.
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Connection to div-type equations
A key aspect of quasiregular mappings and Beltrami equations is their strong
connection to other elliptic PDEs.

There is one-to-one correspondence between

fz = H
(

z , fz
)

and div A (z,∇u) = 0

Here u = Re f ∈ W 1,2
loc (Ω,R).

The ellipticity of H , that is,

|H (z, ξ1)−H (z, ξ2)| ≤ k|ξ1 − ξ2|, K =
1 + k
1− k

is seen as the strong ellipticity condition of A . It satisfies

|ξ1−ξ2|2+|A (z, ξ1)−A (z, ξ2)|2 ≤
(
K +

1
K

)
⟨ξ1 − ξ2,A (z, ξ1)−A (z, ξ2)⟩ .

Linearity and autonomity are preserved.

Jarmo Jääskeläinen Nonlinear Beltrami equations Tad70 4 / 15



Connection to div-type equations
A key aspect of quasiregular mappings and Beltrami equations is their strong
connection to other elliptic PDEs.

There is one-to-one correspondence between

fz = H
(

z , fz
)

and div A (z,∇u) = 0

Here u = Re f ∈ W 1,2
loc (Ω,R). The ellipticity of H , that is, k-Lipschitz

|H (z, ξ1)−H (z, ξ2)| ≤ k|ξ1 − ξ2|, K =
1 + k
1− k

is seen as the strong ellipticity condition of A .

It satisfies

|ξ1−ξ2|2+|A (z, ξ1)−A (z, ξ2)|2 ≤
(
K +

1
K

)
⟨ξ1 − ξ2,A (z, ξ1)−A (z, ξ2)⟩ .

Linearity and autonomity are preserved.

Jarmo Jääskeläinen Nonlinear Beltrami equations Tad70 4 / 15



Connection to div-type equations
A key aspect of quasiregular mappings and Beltrami equations is their strong
connection to other elliptic PDEs.

There is one-to-one correspondence between

fz = H
(

z , fz
)

and div A (z,∇u) = 0

Here u = Re f ∈ W 1,2
loc (Ω,R). The ellipticity of H , that is,

|H (z, ξ1)−H (z, ξ2)| ≤ k|ξ1 − ξ2|, K =
1 + k
1− k

is seen as the strong ellipticity condition of A . It satisfies

|ξ1−ξ2|2+|A (z, ξ1)−A (z, ξ2)|2 ≤
(
K +

1
K

)
⟨ξ1 − ξ2,A (z, ξ1)−A (z, ξ2)⟩ .

Linearity and autonomity are preserved.

Jarmo Jääskeläinen Nonlinear Beltrami equations Tad70 4 / 15



Connection to div-type equations
A key aspect of quasiregular mappings and Beltrami equations is their strong
connection to other elliptic PDEs.

There is one-to-one correspondence between

fz = H
(

z , fz
)

and div A (z,∇u) = 0

Here u = Re f ∈ W 1,2
loc (Ω,R). The ellipticity of H , that is,

|H (z, ξ1)−H (z, ξ2)| ≤ k|ξ1 − ξ2|, K =
1 + k
1− k

is seen as the strong ellipticity condition of A . It satisfies

|ξ1−ξ2|2+|A (z, ξ1)−A (z, ξ2)|2 ≤
(
K +

1
K

)
⟨ξ1 − ξ2,A (z, ξ1)−A (z, ξ2)⟩ .

Linearity and autonomity are preserved.
Jarmo Jääskeläinen Nonlinear Beltrami equations Tad70 4 / 15



Remarks
fz = H (z, fz)

Introduced by Bojarski and Iwaniec in 1970s.

Lp-theory by Astala-Iwaniec-Saksman (2001), that is, there is a solution with
Df ∈ Lp(C) to inhomogeneous equation

fz = H (z, fz) + ψ(z)

where ψ ∈ Lp(C), p ∈
(
1 + k, 1 +

1
k

)
.
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Homeomorphic
W 1,2

loc (C,C)-
solutions 0 7→ 0,
1 7→ 1

fz = µ fz fz = µ fz + ν fz fz = H (z, fz)

· Existence

· Uniqueness
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Homeomorphic
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loc (C,C)-
solutions 0 7→ 0,
1 7→ 1

fz = µ fz fz = µ fz + ν fz fz = H (z, fz)

· Existence –Yes, Morrey
(1938)

–Yes –Yes

· Uniqueness

Measurable Riemann mapping theorem

There is a good existence theory even for fz = H (z, f, fz). One needs so-called
Lusin-measurability of the structure field H , Astala-Iwaniec-Martin (2009).
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Stoïlow factorisation: Every solution to the Beltrami equation fz = µ fz may be
written in the form

f = Φ ◦ h ,

Where Φ is holomorphic and h is a quasiconformal mapping that solves the
same equation.

Reduction to fz = µ Im fz.
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Homeomorphic
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(1938)

–Yes –Yes

· Uniqueness –Yes, by Stoïlow
factorisation,
Bojarski (1950s)

–Yes, Astala-
Iwaniec-Martin
(2009)

– ?

Yes, when
lim sup
|z|→∞

k(z) <

3−2
√

2, ACFJS
(2012)

Theorem. (ACFJS, IMRN 2012)
Normalised homeomorphic W 1,2

loc (C,C)-solutions are unique, if

lim sup
|z|→∞

k(z) < 3− 2
√

2.

Question: Do nonlinear Beltrami equations always have a unique normalised
homeomorphic solution?

NO, above bound is sharp.
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Sketch of proof
Let, f and g solve the same H -equation, fz = H (z, fz). Then

fz − gz = H (z, fz)−H (z, gz)

Hence,
|(f− g)z| = |H (z, fz)−H (z, gz)| ≤ k |(f− g)z|

that is, f− g is quasiregular.
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Sketch of proof II
Suppose f and g are homeomorphic solutions, both fixing 0 and 1. Then:

deg(f− g) ≤ K2, K =
1 + k
1− k

Namely: f− g = Φ(h), where Φ(z) is holomorphic with Φ(0) = Φ(1) = 0, and
h a normalised quasiconformal mapping (Stoïlow factorisation).

|Φ ◦ h(z)| = |f− g| ≤ C |z|K ≤ C|h(z)|K2

Now, lim sup
|z|→∞

K(z) =
k(z)− 1
k(z) + 1

<
√

2.

If K2 < 2, then deg(f− g) = 1. Thus f = g.

Sharpness: Example by construction.
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Counterexamples
Let

Ft(z) =

(1 + t) z|z| − tz2, for |z| > 1,
(1 + t) z− tz2, for |z| ≤ 1,

Gt(z) =

(1 + t) z|z| − tz, for |z| > 1,
z, for |z| ≤ 1.

Then Ft − Gt ≡ t(z− z2) and both Ft and Gt fix 0 and 1.

Set
H (z, 0) = 0, H (z, ∂zFt(z)) := ∂zFt(z), H (z, ∂zGt(z)) := ∂zGt(z).

Extend by Kirzbraun’s theorem. Here K→ 2
To get K→

√
2 compose Ft and Gt with

ϕ(z) =

z|z|
1√
2
−1

,when |z| > 1,
z ,when |z| ≤ 1
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Homeomorphic
W 1,2

loc (C,C)-
solutions 0 7→ 0,
1 7→ 1

family of solutions
FH = {φa : a ∈
C}, where
homeomorphisms
φa satisfy
φa(0) = 0,
φa(1) = a, when
a , 0; φ0 ≡ 0

fz = µ fz fz = µ fz + ν fz fz = H (z, fz)

· Existence –Yes, Morrey
(1938)

–Yes –Yes

· Uniqueness –Yes, by Stoïlow
factorisation,
Bojarski (1950s)

–Yes, Astala-
Iwaniec-Martin
(2009)

–Yes, when
lim sup
|z|→∞

k(z) <

3−2
√

2, ACFJS
(2012)

· Structure of
homeomorphic
solutions
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–Yes, when
lim sup
|z|→∞

k(z) <

3−2
√

2, ACFJS
(2012)

· Structure of
homeomorphic
solutions

–a complex line
in W 1,2

loc (C,C)
–an R-linear
2D-subspace of
W 1,2

loc (C,C)

Fµ = {aφ1 : a ∈ C}

Fµ,ν = {sφ1 + tφi : s, t ∈ R}
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Homeomorphic
W 1,2

loc (C,C)-
solutions 0 7→ 0,
1 7→ 1

family of solutions
FH = {φa : a ∈
C}, where
homeomorphisms
φa satisfy
φa(0) = 0,
φa(1) = a, when
a , 0; φ0 ≡ 0

fz = µ fz fz = µ fz + ν fz fz = H (z, fz)

· Existence –Yes, Morrey
(1938)

–Yes –Yes

· Uniqueness –Yes, by Stoïlow
factorisation,
Bojarski (1950s)

–Yes, Astala-
Iwaniec-Martin
(2009)

–Yes, when
lim sup
|z|→∞

k(z) <

3−2
√

2, ACFJS
(2012)

· Structure of
homeomorphic
solutions

–a complex line
in W 1,2

loc (C,C)
–an R-linear
2D-subspace of
W 1,2

loc (C,C)

– ?
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· Structure of
homeomorphic
solutions

–a complex line
in W 1,2

loc (C,C)
–an R-linear
2D-subspace of
W 1,2

loc (C,C)

–an embedded
submanifold of
W 1,2

loc (C,C),
ACFJ (2017)

Theorem. (ACFJ, J Anal Math 2017)
a 7→ φa : C→ W 1,2

loc (C,C) is bi-Lipschitz.

If ξ 7→H (z, ξ) is C1, FH is a C1-embedded submanifold of W 1,2
loc (C,C).
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What is the tangent plane of FH ?
Theorem. (ACFJ, J Anal Math 2017)
a 7→ φa : C→ W 1,2

loc (C,C) is bi-Lipschitz.

If ξ 7→H (z, ξ) is C1, FH is a C1-embedded submanifold of W 1,2
loc (C,C).

Theorem. (ACFJ, J Anal Math 2017)
The tangent plane at φa is given by the solutions to an R-linear equation,

TφaFH = Fµa,νa ,

where

µa(z) = ∂ξH (z, ∂zφa(z)) and νa(z) = ∂
ξ
H (z, ∂zφa(z)) .
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Homeomorphic
W 1,2

loc (C,C)-
solutions 0 7→ 0,
1 7→ 1

family of solutions
FH = {φa : a ∈
C}, where
homeomorphisms
φa satisfy
φa(0) = 0,
φa(1) = a, when
a , 0; φ0 ≡ 0

µ, ν ∈ C αloc(Ω,C),
z 7→H (z, ξ) ∈
C αloc(Ω,C)

fz = µ fz fz = µ fz + ν fz fz = H (z, fz)

· Existence –Yes, Morrey
(1938)

–Yes –Yes

· Uniqueness –Yes, by Stoïlow
factorisation,
Bojarski (1950s)

–Yes, Astala-
Iwaniec-Martin
(2009)

–Yes, when
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|z|→∞

k(z) <

3−2
√

2, ACFJS
(2012)

· Structure of
homeomorphic
solutions
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in W 1,2

loc (C,C)
–an R-linear
2D-subspace of
W 1,2

loc (C,C)

–an embedded
submanifold of
W 1,2

loc (C,C),
ACFJ (2017)

· Schauder
estimates
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–an embedded
submanifold of
W 1,2

loc (C,C),
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· Schauder
estimates

f∈C 1,α
loc (Ω,C),

Ladyzhenskaya-
Uralt’seva,
(1968)

f∈C 1,α
loc (Ω,C),

Ladyzhenskaya-
Uralt’seva,
(1968)
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f∈C 1,α
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f∈C 1,γ
loc (Ω,C),

γ<min
{
α,

1
K

}
,

ACFJK (Ann I H
Poincare-An
2016)

Question: Is it necessary for the Hölder exponent to depend on K and not only
on α?
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Dziękuję! Kiitos! Thank you!


