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Discrete Chi-Square Method discovers solar forcing signals in El Nino time series

L. JeTsu @1

1 Department of Physics, P.O. Box 64, FI-00014 University of Helsinki, Finland

(Received 2026-05-26 20:27:58+03:00)

ABSTRACT

Discrete Chi-square Method (DCM) can detect multiple signals superimposed on an arbitrary trend.
DCM’s backbone is Gaufi-Markov theorem that Least Squares (LS) is the best unbiased estimator for
linear regression models. DCM is robust because it computes a massive number of linear model LS
fits. Discrete Fourier Transform (DFT) and other frequency-domain methods have numerous appli-
cation limitations. None of those limitations constrains DCM. Fisher-test provides signal significance
estimates and identifies the best DCM model, which is validated by Forecast-test. Simulations verify
the groundbreaking Window Dimension Effect (WD-effect): “For any sample window AT, DCM in-
evitably detects the correct p(t) trend and h(t) signal(-s) when sample size n and/or data accuracy o
increase.” WD-effect ”sees through time”. DCM’s model analytical solution is ill-posed. We present
a computational well-posed solution. Mainstream considers El Nifio phenomenon chaotic. Usual fore-
casts are probabilistic, not deterministic. We use El Nino time series to stress-test DCM. It detects
the multi-periodic “Big Wave” superimposed on linear global warming trend. This gives accurate
El Nino forecasts. Our real-time forecast outperforms those of official agencies. Only solar forcing,
not chaotic ocean-atmosphere coupling, can cause the “Big Wave”. DCM has now detected multi-
periodicity in the Pacific Ocean and sunspot record. Only a strictly multi-periodic solar dynamo, not
the mainstream stochastic dynamo, can cause this. Planetary clockwork tidal forces probably drive
solar dynamo. Future El Nino models must integrate astrophysical cycles with chaotic climatological
fluid dynamics. Validating our analysis now can save trillions (USD) in El Nifio damages.

Keywords: Sun: solar-terrestrial relations, activity, magnetic fields, Methods: statistical, data analysis,
Celestial mechanics: tides

1. INTRODUCTION DCM can provide reliable, deterministic, long-term El

Jetsu (2020) formulated DCM. This current follow- Nifio forecasts.

up paper aims to demonstrate that DCM outperforms Cheng et al. (2015) stated, “Forecasting the evolution
all other parametric frequency-domain time series anal- of complex systems s not”ed as one of the 10 grand chal-
ysis methods. We validate this claim in our stress test, lenges of modern science.” We will show that DCM can

where DCM is applied to the notorious El Nino time se- detect the signal(-s) and the trend in complex time se-

ries. The mainstream El Nifio dynamical models rely ries, and can also forecast the time series evolution. Our
on supercomputers to simulate the chaotic and non- DCM is based on the LS method, which was originally

linear coupling of the ocean and atmosphere (Timmer- formulated by Legendre (1805). Gauf (1809) connected

mann et al. 2018; Hu et al. 2024). The current short- this method to the principles of probability and the nor-
term El Nifio forecasts are usually probabilistic and typ- mal distribution. A few years later, he showed that the
ically fail beyond 18 months (Chen et al. 2004; Lenssen LS method gives the best unbiased estimates for the free

parameters of linear models, if the zero mean data errors
are equal, normally distributed and uncorrelated (Gauf
1821). The extended GauB-Markov theorem states that
lauri.jetsu@helsinki.fi the LS method gives the best estimates for the free pa-
rameters of linear models, even if the data errors do
not pass all the above-mentioned criteria (Wooldridge

et al. 2024). In contrast, our stress test will show that
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2010). The GauB-Markov theorem is the backbone of
our DCM. This time series analysis method performs a
massive number of LS fits to find the best model for the
data.

Hadamard (1902) defined the three conditions for a
well-posed problem. The solution for the problem de-
termines these conditions.

C; Existence: A solution exists.
Cy Uniqueness: The solution is unique.

C3 Stability: Small changes in the input data
cause small changes in the solution.

Stability means that the solution behaves predictably as
the input varies. In other words, there exists a continu-
ous mapping from the input space to the solution space.
If any of these conditions are not satisfied, the problem
is classified as ill-posed.

Ill-posed problems arise in many fields of science
(Rudin 1976; Tikhonov & Arsenin 1977; Lavrentiev
et al. 1986). For example, Piskunov et al. (1990)
solved the stellar surface imaging inverse problem us-
ing the Tikhonov (1963) regularisation technique. Other
typical examples are partial differential equation solu-
tions (Hadamard 1923), non-linear parameter estima-
tion (Bard 1974) and regularisation of inverse problems
(Engl et al. 1996; Vogel 2002). Tll-posed problems are
encountered in time series analysis (Timmer & Konig
1995; Bailer-Jones 2012; Berger 2013; Box et al. 2015)
because the models for the data are often non-linear
(Tong 1990; Tsay & Chen 2018). The unknown free
parameters of the model, namely the frequencies, are
in the arguments of trigonometric functions represent-
ing the signals. This causes non-linearity because the
model partial derivatives contain free parameters of the
model.

Our DCM is a frequency-domain parametric time se-
ries analysis method. Here, we discuss shortly such
methods in the order of increasing model complexity.
Numerous methods can be applied if the time series
is stationary (constant mean and variance). The Fast
Fourier Transform (FFT) for evenly spaced data (Coo-
ley & Tukey 1965) and DFT for unevenly spaced data
(Lomb 1976; Scargle 1982) are the most widely-used
methods. Astronomers have published several exten-
sions of these methods (Zechmeister & Kiirster 2009;
VanderPlas 2018). FFT and DFT assume that the cor-
rect model for the time series is a pure sine. The spectral
estimating techniques fail if the data are non-stationary.
Therefore, trends changing the sample mean and/or
variance must be removed before applying spectral esti-
mation (Nerlove 1964). There are numerous methods for
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detecting one signal superimposed on a trend, especially
for evenly spaced data (Cleveland et al. 1990; Shumway
& Stoffer 2006; Brockwell & Davis 2009). Kay & Marple
(1981) compared many spectral estimating techniques
that can detect more than one signal from evenly spaced
data. They discussed how the sample window (AT') lim-
its the frequency resolution for detecting many signals
and causes leakage that shifts power from one spectral
peak to another. Exactly correct frequency values may
not be detected because the leakage can shift the pe-
riodogram peaks. Ghaderpour et al. (2021) presented
different techniques for reducing spectral leakage. They
also discussed techniques for detecting many signals in
unevenly spaced data, if these signals are pure sines.
Astronomers apply DF'T pre-whitening technique to de-
tect many signals from unevenly spaced data (Reinhold
et al. 2013; Zhu & Jia 2018). The data must be de-
trended before applying this technique, which detects
one frequency at a time, until it detects no new fre-
quency. There are more complex modelling problems.
For example, the signals are not necessarily pure sines
or the sample window AT is shorter than the signal
period(-s).

Reliable forecasting is the ultimate test for any time
series analysis method (Cheng et al. 2015; Jetsu 2025).
Forecasting can work for linear and stationary processes,
but it is challenging for non-linear or non-stationary
ones. Other forecasting challenges are overfitting and
forecast error estimation (Makridakis et al. 1987; Lefran-
cois 1989; Grushka-Cockayne et al. 2017; Petropoulos
et al. 2022).

Our DCM is a frequency-domain parametric time se-
ries analysis method. Such methods have their own
particular limitations that constrain their applications.
Here is our list of those application limitations (AL).

1. Data errors (level of noise) are unknown.
2. Data error information is not utilised.

. Data must be evenly spaced.

=~ W

. Model parameter errors are unknown.

ot

. Model and forecast errors are unknown.
. Sample window is shorter than signal period(s).
. Presence and shape of trend are unknown.

. Sample window causes leakage.

© o N O

. Leakage weakens frequency resolution.
10. Signal shapes are not pure sines.

11. Number of signals is unknown.
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12. Correct model alternative is unknown.
13. Signal significances are unknown.
14. Model solution is ill-posed.

15. Complex non-linear model forecasts fail.

We will show that these ALs do not constrain the DCM.
The modelling and forecasting of El Nifno is consid-
ered extremely challenging (Thirumalai et al. 2024; Lu
et al. 2025; Cai et al. 2014; Hu et al. 2024; Liu et al.
2023b; Ludescher et al. 2013; Timmermann et al. 2018;
Liang et al. 2021). In the mainstream climatological
models, El Nino emerges from the non-linear dynami-
cal coupling between the Pacific Ocean and atmosphere
(Bjerknes 1969; Zebiak & Cane 1987). Supercomputers
must be used to solve millions of complex fluid dynamic
equations of this chaotic interaction (Cane et al. 1986;
Barnston et al. 2012). The “spring predictability bar-
rier” reduces forecast accuracy from March to May due
to high ocean-atmosphere instability (Webster & Yang
1992; Lau & Yang 1996). Even the best El Nifio forecasts
fail in 1.5-years (Chen et al. 2004; Zhao et al. 2024).

The annual cost of El Nifio damage is roughly one tril-
lion dollars (Callahan & Mankin 2023; Liu et al. 2023a).
An accurate El Nino prediction for just one year ahead
would save the global economy trillions of dollars by mit-
igating long-term productivity losses (Hsiang et al. 2011;
Xu et al. 2026). If decadal reliable El Nino forecasts were
possible, they would allow us to prepare for these clima-
tological disasters well in advance. Such forecasts would
stabilise global agriculture and economy be replacing
reactive guesswork with proactive planning (Solaraju-
Murali et al. 2022).

The total solar irradiance varies by about 0.1% dur-
ing the solar cycle (Willson & Hudson 1991; Frohlich
& Lean 1998). Some studies have proposed a connec-
tion between solar cycle and climate temperature (Friis-
Christensen & Lassen 1991; Connolly et al. 2021). Re-
cent research has confirmed that solar irradiance fluc-
tuations have a negligible impact on global warming
(Gray et al. 2010; Kopp & Lean 2011; Lockwood 2012).
In the mainstream solar dynamo models, the stochas-
tic and non-stationary solar cycle cannot cause any
strictly periodic solar forcing (Usoskin 2017; Charbon-
neau 2020). The alternative planetary tidal dynamo
models could provide a precise solar cycle “clocking”
mechanism (Klevs et al. 2023; Mouél et al. 2025; Ste-
fani et al. 2025; Jetsu 2025). Our DCM has already
detected extremely significant, strictly periodic signals
in the sunspot record (Jetsu 2025). Reliable decedal El
Nino forecasts may succeed, if the solar forcing is dis-
covered to cause strictly periodic changes in the Nino

4 index data. This would challenge to the mainstream
climate and solar dynamo theories.

This study proceeds through following stages. We
present DCM formulation (Section 2.1). The WD-
effect is discussed (Section 2.2). Complex time series
are simulated using DCM model (Sect. 2.3). DFT and
its ALs are presented (Section 2.4). We compare our
DCM to the renowned DFT. The time series analysis of
simulated data sets shows that the ALs of DFT do not
constrain DCM (Sections 3.1-3.8). Then, we present the
identification of the best DCM model for the data (Sec-
tion 3.9), DCM significance estimates (Section 3.10), the
well-posed computational DCM model solution (Section
3.11) and DCM forecasts (Section 3.12). We summarise
why DCM outperforms other frequency-domain para-
metric time series analysis methods (Section 4). In our
stress test, we show that DCM can model and forecast
the El Nino time series (Section 5). Many tables and
figures are published only in Supplementary material.

2. METHODS

The observations are y; = y(t;) + o(¢;), where t; are
the observing times and o; are the errors (i = 1,2, ..., n).
The sample window is AT = t,, — t;. The mid point is
tmid = t1 +AT/2. The mean and the standard deviation
of all y; values are denoted with m and s.

2.1. Discrete Chi-square method (DCM)

Jetsu (2020) introduced DCM which is a frequency-
domain parametric time series analysis method. The
primary objective of this current paper is to show that
DCM outperforms all other similar methods.

DCM model is

9(t) = g(t, K1, K2, K3) = h(t) + p(t), (1)

where the integer values K1, K5 and K3 are called the
model orders. The notation gx, k,, K, (t) is used to spec-
ify these orders. DCM model is a sum of two functions.
These functions are the periodic function

0,if Ky =0
h(t) = h(t, K1, Ko)=4 =1 (2)

ZiK:ll hi(t),if K1 >1

K>
hi(t) = ha(t, fi) =) Bij cos (27 fit) 3)

j=1
+C; jsin (27 ft)

and the aperiodic function

0 if Ky = —1

plt) = plt K) = 4
Silopk(t), if K3=0,1,2,...

(4)



where

k
o= |2 | )

For k > 1, the pg(t) function full range is

2|My|, if kis odd

|My|, if kis even.
The free parameters of g(t) model are

6:[617525“'7ﬁn] (7)
- [Bl,la Cl,la flv ceey BKl,ngCKl,Kw fK17
Mo, ..., Mg,).

The number of free parameters is

We divide the free parameters 8 into two groups 8y and
Brr- The first group are the frequencies

1=f1, K] 9)

Due to this group, all free parameters are not eliminated
from all partial derivatives dg/95;. This makes the g(t)
model non-linear. If the B; frequencies have constant
values, the multipliers 27j f; in Equation 3 become con-
stants. In this case, the model becomes linear because
the partial derivatives dg/08; no longer contain any free
parameters. The LS solution for the second group of re-
maining free parameters

Br1=[B11C1,1, s Br, k21 Ckcy 15 (10)
Mg,...7MK3]

becomes unique. This solution passes the C;, Co and
Cs conditions of a well-posed problem.

Let us assume that we search for periods between fuin
and fimax. The non-linear ¢g(t) model becomes linear,
if the tested By frequencies are fixed to any constant
values. The sum h(t) of signals hq(t, f1), ha(t, f2) ...
and hg, (¢, fi,) does not depend on the order in which
these signals are added. For example, the two signal
K1 = 2 model symmetry is

h(t)=hi(t, f1) + ha(t, f2) (11)

=hi(t, f2) + ha(t, f1)
Both (f1, f2) and (fa2, f1) combinations give the same
value for the g(t) model. Since this symmetry applies to

any K7 number of signals, we compute the linear g(t)
models only for all tested frequency combinations

fmax2f1>f2>--->fK1 meirr (12)
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This frequency space symmetry idea reduces CPU con-
sumption dramatically. For example, were this sym-
metry not exploited, the four signal Ky = 4 search
would give 4! = 24 exactly the same solutions from four-
dimensional tested grid in frequency space. This would
cause unnecessary use of CPU in the preliminary test-
ing all possible frequency combinations inside a tesseract
(a four-dimensional cube). The search for the best fre-

quency combination from 4! = 24 different non-linear
iterations would be a pointless exercise (see Equation
22).

DCM model residuals
e =y(ti) —9(t:) = vi — gi- (13)

give the sum of squared residuals

R=> €, (14)
i=1
and the Chi-square
2 - e
X* = Z = (15)

1

o
Il

For every tested S; = [f1, fa, ..., fK,] frequency combi-
nation, the LS fit gives DCM test statistic

z = z(f1, fa, -, [K,) = VR/n, unknown o;  (16)
z=z(f1, fo, - [K,) = \/X2/n, known o; (17)

computed for a linear model. The value of z is unique.
The errors can be unknown in Equation 16 (AL1). For
known errors, DCM uses this information in Equation
17 (AL2). In the preliminary long search, we test an
evenly spaced grid of ny, frequencies between f;, and
fmax. This search gives the best frequency candidates
fl,mid7 ~~~fK1,mid~

In the final short search, we test a denser grid of ng
frequencies within an interval

[fi,mid —a, fi,mid + a]v (18)

where i = 1,.., K1, @ = ¢(fmin — fmax)/2 and ¢ = 0.05.
The total number of all tested long and short search
frequency combinations is

i L
<K1) © Kil(ng — Kyp)! (19)

where ny = np and ny = ng, respectively. The even
or uneven data spacing is irrelevant because the LS fit
result for every tested frequency combination does not
depend on this spacing (AL3).
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The global periodogram minimum

Zmin = Z(fl,besta f2,besta [X3) thbeSt) (20)

is at the tested frequencies fi best, f2,bests -y JK; best-
This tested frequency combination gives the best lin-
ear model for the data. The periodogam value z is a
scalar, which is computed from K; frequency values. It
is possible to plot the K3 = 2 two signal periodogram
z(f1, f2) as a map, where f; and f5 are the coordinates,
and z = z(f1, f2) is the height. For more than two sig-
nals, there is no direct graphical z plot because that
requires more than three dimensions. Our solution for
this dimensional problem is simple. We plot only the
following one-dimensional slices of the full periodogram

21(f1) = 2(f1, fo,bests -+ fK1 best) (21)

22(f2) = 2(f1,bests 25 f3.besty -+ fK; best)

23(f3) = 2(f1,bests f2,besty [35 fabesty -+ Ky best)

24(f1) = 2(f1 bests f2,bests 3 best, f45 f5 bests fK; best)

25(f5) = 2(f1,bests f2,bests f3,bests f4,bests [55 fK: best)
(fo)=2(

Z6 f6 z fl,bestv f2,best7 f3,besta f4,best7 f5,best7 fG)

In the above-mentioned K; = 2 map, the slice z1(f1)
would represent the height z at the location (f1, f2 best)
when moving along the straight constant line fo =
f2,pest that crosses the global minimum znin (Equation
20) at the coordinate point (f1 best, f2,best). These one-
dimensional periodogram slices (Equation 21) allow us
”to see inside” the multi-dimensional structure of DCM
test statistic z (Equations 16 and 17). This kind of visu-
alisation is important in time series analysis (Su & Wu
2024).

The short search gives the best fi pest,---, fKq,best
frequencies for the data. These frequencies are the
unique initial values for the first group of free param-
eters 5I,initial = [fl,best; [X) le,best} (Equation 9) The
linear model for these constant [f1 bests -, fK;, best] fTe-
quencies gives the unique initial values for the second
group Sirinitial Of free parameters (Equation 10). The
non-linear iteration

Binitial = [B1,initial, B11,initial] — Bfinal (22)

gives the final free parameter values Bgpal-

Furlan & Mortarino (2020) emphasise that the analyt-
ical error estimates for the non-linear model free param-
eters can be tricky. They compare different analytical
free parameter error estimating methods by using the
computational statistical bootstrap technique (Efron &
Tibshirani 1986). They conclude that the analytical er-
ror estimates become less reliable if the number of free

parameters increases. For our non-linear DCM model,
we determine the i:th signal parameters

P,=1/f; = Period
A; =Peak to peak amplitude

ti,min,1 = Deeper primary minimum
ti min,2 = Secondary minimum (if present)
i,max,1 = Higher primary maximum

ti
ti max,2 = Secondary maximum (if present)
and the trend parameters
My, =Polynomial coefficients. (29)

Of these model parameters, all P, = 1/f; and all Mj,
estimates are among the free parameters 5. However,
the A, timin,15 ti,min,2, timax,1 and #jmax,2 model pa-
rameters depend on [ values. The analytical solutions
for these model parameters are simple for pure sines
(Ko = 1), but become quite complicated for double
waves (Ko = 2). Clearly, the analytical solution for
the errors of DCM model parameters would be tedious.
The analytical solution for the model error

g(t) o) (30)

would be practically impossible because the number of
DCM model free parameters is large, especially if the
data contains many signals.

We use the computational statistical bootstrap tech-
nique (Efron & Tibshirani 1986) to solve the above-
mentioned analytical problems. In our bootstrap, the
tested frequencies are the same as in the short search.
We select a random sample €* from the residuals € of
DCM model (Equation 13). Any €; value can be chosen
to the €* sample as many times as the random selection
happens to favour it. We create J = 1,2, ..., ng residual
random samples €. Every € sample gives one artificial
bootstrap data set

yy=g-+ej. (31)

Each % sample gives one free parameter estimate 3;.
This bootstrap procedure gives ng free parameter esti-
mates B;. The standard deviations for all ng estimates
for P; = 1/f; and all My, give the errors of these model
parameters. We use each ; to compute the model for
a dense grid of time points. This gives us ng numerical
Ai ti,min,la ti,min,?a ti,max,l and ti,max,? estimates. The
standard deviation of those ng estimates is the error of
these model parameters. The (; values give ng esti-
mates for g(t) at any time ¢t. The standard deviation of
these g(t) estimates gives the error o, of Equation 30.
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Note that these §; values can also be used to compute
the errors for h(t), h;(t),p(t) and pg(t). Our computa-
tional statistical bootstrap approach gives not only the
errors estimates for DCM model parameters (AL4), but
also the model error inside AT and the forecast error
outside AT (AL5: Equation 30).

There are, of course, totally wrong DCM models for
the data. For example, DCM can be forced search for
too few or too many K; signals, or the selected p(t)
trend order K3 can be wrong, as shown in Figures 5-10
by Jetsu (2020). Such DCM models are unstable and
we denote them with “UM?”, like in Jetsu (2025). These
unstable models have three signatures

Intersecting frequencies (IF)
Dispersing amplitudes (AD)
Leaking periods (LP)

Intersecting frequencies occur when the signal frequen-
cies in the data are very close to each other. We give
the following example of how this instability can arise in
the two signal model. If the frequency f; approaches the
frequency fo, both hq(t) and hs(t) signals become essen-
tially one and the same signal. The LS fit fails because
it makes no sense to model the same signal twice.

Dispersing amplitudes instability can occur, if the two
signal frequencies are too close to each other. The LS fit
finds a model, where two high amplitude signals nearly
cancel out each other. The low amplitude signal, the
sum of these two high amplitude signals, fits to the data.

There are DCM models where the detected frequency
f is outside the tested frequency interval between fi,in
and fiax. This leaking periods instability may indicate
that the chosen tested period range is wrong.

DCM model (Equation 1) is more sophisticated than
the models of our former time series analysis meth-
ods, the Three Stage Period Search (Jetsu & Pelt 1999,
TSPA, Equation 1) and the Continuous Period Search
(Lehtinen et al. 2011, CPS, Equation 3). TSPA and CPS
can detect only one signal (K7 = 1) from stationary time
series (K3 = 0). TSPA can detect pure sine and double
wave signals (K3 = 1 or 2). The extension of TSPA, the
CPS method, tests three alternatives: Ko = 1 or 2, or no
signal at all. DCM model is more sophisticated because
it can have any arbitrary K;, Ko and K3 combination.
DCM sum g¢(t) = h(t) + p(t) of arbitrary periodic and
aperiodic functions represents a universal model because
the innumerable K7, K5 and K3 combinations allow un-
limited complexity. Even more complex signal shape
(K3) combinations could be used. For example, these
shapes could be K3 ;=1 = 3 (3rd harmonic), Ky ;=0 =1
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(pure sine) and K3 ;—3 = 2 (double wave), where if K ;
denotes the shape of i:th signal.

2.2. WD-effect: Spearhead of DCM

In this section, we discuss what causes the WD-
effect defined in our abstract:

“For any sample window AT, DCM inevitably de-
tects the correct p(t) trend and h(t) signal(-s) when
sample size n and/or data accuracy o increase.”

The consequences of this effect are also discussed.

The t;, y; and o; data are inside the rectangle AT x
Ay = (tn, —t1) X [max(y; + 0;) — min(y; — 0;)]. The LS
fit results do not depend on AT'. If the measuring time
intervals d¢; for each observation y; fulfil §t; < AT, the
R and x? values obtained from all LS (Equation 19) de-
pend only on y; changes in AY direction, but not on
the ¢; changes in AT direction. For fixed y; and oy,
the residuals €; determine the R and x2 values. These
residuals measure only the Ay direction. Hence, the pe-
riodogram z values (Equation 16 or 17) do not depend
on AT. If AT decreases, the R and x? estimates can
measure the g; model details inside the AT x Ay rectan-
gle only if n increases and/or o decreases. Better data
reveal these model details.

Plenty of concrete examples will confirm that the WD-
effect is real (Sections 3.1-3.7). We will show that DCM
can detect signals(-s) when the sample window AT is
shorter than the period P value(-s). DCM surpasses
ALG6. The data window AT length is irrelevant. This
means that DCM can model an infinitesimal time series,
as well as forecast its future and past, if the sample size
(n) and/or the data accuracy (o) are sufficient. This
revolutionary achievement allows DCM to “see through
time”.

2.3. Simulated DCM model time series samples

We use seven different ¢g(¢) models to simulate 21 arti-
ficial complex time series (Sections 3.1-3.7). The sample
window of all simulated time series is AT = 1. The n*
simulated time points ¢} are drawn from a random uni-
form distribution U(0, AT,n*). The first and last time
point values are then modified to tJ = 0 and ¢} = AT
Hence, the distance between independent frequencies
(Loumos & Deeming 1978; Kay & Marple 1981; Press
et al. 1992) is always

fo=1/AT =1. (32)

The n* residuals €*(¢7) of simulated model are drawn
from a random normal distribution N (0, o, n*), where o
is the accuracy of simulated data. The simulated data
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Table 1. Model 1: DCM analysis between Pmin = 0.63 and Pmax = 5.70. (1) Simulated Pi, A1, t1,min,1, t1,max,1 and Mo values.
(2-4) Detected values for different n and SN combinations. Two lowest lines specify electronic data files and DCM analysis
control files.

(1) (2) (3) (4)
n = 50 n = 50 n = 100
Model 1 SN =10 SN = 50 SN = 100
P, =19 1.58 +0.21 1.822 £ 0.042 1.863 £ 0.017
A =2.0 1.64 +0.33 1.894 £ 0.072 1.941 £ 0.025
t1,min,1 = 1.35 1.20 £ 0.11 1.312 £ 0.021 1.3321 + 0.0088
t1,max,1 = 0.40 0.4098 4+ 0.0058 0.4007 4+ 0.0013 0.40056 £ 0.00078
My =1.0 1.20 +0.18 1.061 £ 0.036 1.030 £ 0.014
Data file Modelln50SN10.dat Model1ln50SN50.dat Modelin100SN100.dat
Control file dcmModel1n50SN10.dat dcmModel1ln50SN50.dat dcmModelinl100SN100.dat
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Figure 1. Model 1 (Table 1: n = 50, SN = 50 simulation). (a) DCM long search periodogram zi(f1) gives best period
at 1.843 (diamond). (b) DCM short search periodogram z1(f1) gives best period at 1.822 (diamond). (c) DCM model g(t)
(black continuous line), DCM trend p(t) (black dashed line) and data y; (black dots). (d) DCM model detrended g(t) — p(¢)
(black continuous line), DCM signal hi(t) (red thick continuous line), detrended data y(t;) — p(¢;) (black dots) and DCM model
residuals y(t;) — g(t1) (blue dots) offset to -0.65 level (blue dotted line). (e) DFT periodogram zprr(f) gives best period at
1.190 (Diamond). (f) DFT model gprr(t) (black continuous line), DFT trend pprr(t) (black dashed line) and data y; (black
dots). (g) DFT model detrended gprr(t) — porr(t) (black continuous line), DFT pure sine sprr(t) (red thick continuous line),
detrended data y(t;) — pprr(t;) (black dots) and DFT model residuals (blue dots) offset to -1.5 level (blue dotted line).



are

yr(t7) =g(t7) + € (t)
=h(t}) +p(t}) + € (t]).

The peak to peak amplitudes of all simulated signals
is A = 2. Our definition for the signal to noise ratio is

SN =(A/2)/o. (33)
2.4. Discrete Fourier Transform (DFT)

DFT is one of the most prevalent frequency-domain
parametric time series analysis methods for unevenly
spaced time series. It searches for the best pure sine
model for the data. The equivalent DCM model has
the orders K1 = 1, Ko = 1 and K3 = 0. Any time se-
ries analysis method must be remarkable if it performs
better than the distinguished DFT. Therefore, we will
compare how DCM and DFT perform in the analyses
of simulated time series (Sections 3.1-3.7). We search
for signals in these simulated time series by using the
frequently applied DFT version formulated by Horne &
Baliunas (1986)'. Our notation for DFT test statistic
is zppr(f) (Horne & Baliunas 1986, Equation 1). The
notations for DFT model are

gpr1(t) = sprr(t) + porT(l), (34)

where sppr(t) is the sum of pure sine signals and
pprr(t) is the trend. The pure sine signals for the y;
data and the ¢; residuals are denoted with s, ppr(t) and
se.prT(t), respectively. Our DFT analyses of simulated
time series may fail due to AL6-AL10.

The time series is “too short” (Kay & Marple 1981;
Scargle 1982, 1989, ALG)

P> AT. (35)

The time series is non-stationary because it contains
“a trend” (Nerlove 1964; Chianca et al. 2005; Kim et al.
2009, AL7)

ppr(t) # 0. (36)

Due to the leakage caused by the sample window
(ALR), the signal frequencies are “too close” (Loumos &
Deeming 1978; Kay & Marple 1981; Martinez & Kurtz
1990, AL9).

|fi = fal < fo=AT . (37)

The signals are not “pure sines” (Bretthorst 1988;
Koen 1995; Baluev 2009, AL10)

Ky # 1. (38)

1 This paper had over 2600 citations in December 2025
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Many parametric frequency-domain time series analy-
sis methods, like DFT, can be applied only to stationary
data. Trends changing the time series mean or vari-
ance must be removed before applying these methods
(Nerlove 1964). DFT can detect only one period at
the time. Such frequency-domain parametric time series
analysis methods are hereafter called “one-dimensional”.
Our DFT analysis of simulated data proceeds through
two stages. First, the p; = pprr(t;) trend is removed
from the simulated data y; = y(t;). Then, the iterative
pre-whitening technique (Reinhold et al. 2013; Zhu &
Jia 2018; Ghaderpour et al. 2021) is applied to search
for the pure sine signals. We search for the first sig-
nal by applying DF'T to the detrended y; — p; simulated
data. In the second signal search, the DTF is applied to
the original model residuals €; = (y; — pi) — gy,prT(t:).
At any stage, this combination of detrending and itera-
tive pre-whitening analysis may fail and corrupt the re-
sults obtained at the next stages. For example, all DFT
analyses of simulated time series will fail already at the
detrending stage (Sections 3.1-3.7). Our DCM has no
corrupting separate stages because the trend and the
signal(-s) are detected (modelled) simultaneously.

3. RESULTS

The validity of the WD-effect is critical to the credi-
bility of our work. We confirm this validity thoroughly
by applying DCM and DFT to seven different simulated
time series (Sections 3.1 - 3.7). As we proceed, these
time series become increasingly complex. DCM analysis
succeeds for all time series. DFT analysis fails for every
time series.

3.1. Model 1

Our first time series simulation model is the one signal
model

27T(t - tl,max,l)

g(t) = (A1/2) cos [ B } + M. (39)

We give the P1, A1, t1max,1 and My values in Table 1
(Column 1). This sample is “too short” (Equation 35)
because Py = 1.9AT. The constant mean level My is
unknown (Equation 36). We perform DCM and DFT
time series analysis between Py, = P1/3 = 0.63 and
Ppax = 3P = 5.70.

Model 1 is a DCM model, where K1 = 1, Ky = 1,
Kg = 0, Bl,l = (A1/2) CcOs (QWfltl,max,l) and 0171 =
(A1/2) sin (27 f1t1 max,1)- We give DCM analysis results
for three samples having different n and SN combina-
tions (Table 1: Columns 2-4). For each sample, this
table specifies the electronic data file and the electronic
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DCM control file.? The detected Py, A1, t1 max,1 and
My values are correct and accurate even for the combi-
nation n = 50 and SN = 50. Regardless of AT < Py,
these model parameter values become more accurate and
converge to the correct simulated values when n and SN
increase. This confirms the WD-effect.

A graphical presentation of DCM analysis results is
shown for Model 1 simulated time series, where n = 50
and SN = 50 (Figures la-d). DCM long search z;(f)
periodogram minimum is at P, = 1.843 (Figure la: dia-
mond). DCM short search periodogram z;(f1) gives the
best period at P; = 1.822 (Figure 1b: diamond). The
continuous black line denoting DCM model g(¢) fits per-
fectly to the black dots denoting the data y; (Figure 1lc).
The mean p(t) = My = 1.061 £ 0.036 is correct (Figure
le: dashed black line). The detrended model g(t) — p(t)
(black continuous line), the detrended data y(t;) — p(¢;)
(black dots) and the pure sine signal hq(¢) (red thick
continuous line) are shown in Figure 1d. Note that the
thick continuous red line stays under the thin continuous
black line because hy(t) = g(t) — p(t). DCM residuals
(blue dots) are offset to the level of -0.65 (blue dotted
line). These residuals are stable and display no trends.

DFT detects the wrong period P; = 1.190 (Figure
le: Diamond). DFT mean level estimate My = 1.527
is also wrong (Figure 1f: Dashed black line). The black
dots denoting the data y; deviate from the continuous
black line denoting DFT model gppr(t). The detrended
model gprr(t) — pprr(t) (continuous black line), the
detrended data y(t;) — pprr(t;) (black dots) and the
signal sy pr7(t) (continuous thick red line) are shown in
Figure 1g. The thin black line covers the thick red line
because sy prr(t) = gprr(t) — pprr(t). DFT residuals
(blue dots) offset to the level of -1.5 (blue dotted line)
display obvious trends, especially at the end of analysed
sample.

For the simulated time series of Model 1, DCM anal-
ysis succeeds, but DFT analysis fails.

3.2. Model 2

Our next one signal time series simulation model is

g(t)=(A1/2) cos [W}

+ My + M T + MoT?

(40)

where T' = [2(t—tmia)]/AT. We give the Pi, A1, t1 max,1,
My, My and My values in Table 2. As a DCM model, the
orders of Model 2 are K1 =1, K3 =1 and K3 = 2. The
simulated time series is “too short” because the period

2 See declaration “Code and data availability”.

Py is 1.9 x AT (Equation 35). The parabolic trend p(t)
is unknown (Equation 36). Again, we use DCM and
DFT time series analysis methods to search for periods
between Ppin = P1/3 = 0.63 and P.x = 3P, = 4.70.

DCM analysis results are given in Table 2. These re-
sults are not very accurate for the n = 100 and SN = 100
combination, but they definitely improve for larger n
and SN values. The WD-effect ensures that the detected
values converge to the correct simulated model param-
eter values. The short sample window, AT < Py, does
not mislead DCM analysis.

For Model 2, DCM analysis results are illustrated for
the n = 10 000 and SN = 100 combination (Figures
2a~-d). DCM long search z1(f1) periodogram minimum
is at P, = 1.843 (Figure 2a: diamond). DCM short
search gives the value P; = 1.852 (Figure 2b: diamond).
DCM model g(t) is so good that it’s continuous black
line is totally covered by the black dots representing the
y; data (Figure 2c). Therefore, the colour of this g(t)
line has been changed from black to white. The results
for the parabolic trend coefficients My = 1.079 &+ 0.096,
M; = 0.229 £+ 0.026 and M> = 0.451 4+ 0,064 of the
dashed black p(t) line are correct. In Figure 1d, the
white continuous line shows the detrended model g(t) —
p(t). The black dots show the detrended data y(t;) —
p(t;) and the red thick continuous line shows the pure
sine signal h(¢). Note that the red thick line is under
the white thin line because hi(t) = g(t) — p(t). DCM
residuals (blue dots) are offset to the level of -0.65. The
colour of dotted line, which denotes this offset level, has
been changed from blue to white. The distribution of
these DCM model residuals is stable, as expected for a
random normal distribution.

The wrong period P; = 0.697 is detected by DFT
(Figure 2e: Diamond). DFT estimates for the trend p(t)
coefficients, My = 1.92, M; = —0.15 and My = —0.56
are also wrong (Figure 2f: dashed black line). The data
y; (black dots) deviate from DFT model gppr(t) (black
continuous line), especially in the end of the sample
(Figure 2g). For the detrended DFT model, the thin
black line covers the thick red line because sy ppr(t) =
gorT(t) —pprr(t) (Figure 2g). The sy prr(t) sine curve
peak to peak amplitude is far below the correct A; = 2.0
value. DFT residuals (blue dots) are offset to the level
of -1.5 (blue dotted line). The trends of these residuals
confirm that DFT analysis fails.

Only DCM (not DFT) succeeds in the analysis of
Model 2 simulated time series.

3.3. Model 3
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Table 2. Model 2. DCM analysis between Pnin = 0.63 and Pmnax = 4.70. Notations as in Table 1.

(1) (2) (3) (4)
n = 1 000 n = 10 000 n = 10 000

Model 2 SN = 100 SN = 100 SN = 200

P =19 1.98 +£0.34 1.852 £ 0.055 1.933 £ 0.040

A1 =2.0 24428 1.84 +0.20 2.13+0.16

t1,min,1 = 1.35 1.39 +£0.17 1.326 £+ 0.027 1.367 £ 0.020

t1,max,1 = 0.40 0.4015 £ 0.0020 0.40007 4 0.00072 0.40017 4 0.00075

My =1.0 0.8+1.4 1.079 £+ 0.096 0.937 + 0.080

My, =0.25 0.29 +0.21 0.229 + 0.026 0.266 + 0.020

My = 0.50 0.62 + 0.52 0.451 + 0.064 0.540 + 0.049

Data file Model2n1000SN100.dat Model2n10000SN100.dat Model2n10000SN200.dat

Control file

dcmModel2n1000SN100.dat

dcmModel2n10000SN100.dat

dcmModel2n10000SN200.dat

Long search

DCM model and trend
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Figure 2. Model 2 (Table 2: n = 10 000, SN = 100 simulation). (c) Colour of g(¢) line has been changed from black to white.
(d) Colour of g(t) line has been changed from black to white. Colour of offset level -0.3 dotted line has been changed from blue
to white. Locations of best periods (diamonds) are explained in text (Section 3.2). Otherwise, notations are as in Figure 1.
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Figure 3. Model 3 (Table 3: n = 50, SN = 50 simulation). (a) DCM long search periodograms z1(f1) (red) and z2(f) (blue)
give best periods at 0.160 and 0.168 (diamonds). (b) DCM short search periodograms z1(f1) (red) and z2(f) (blue) give best
periods at 0.160 and 0.170 (diamonds). (¢) DCM model g(t) (black continuous line), DCM trend p(t) (black dashed line) and
data y; (black dots). (d) DCM model detrended g(t) —p(t) (black continuous line), DCM signal hi(t) (red thick continuous line),
DCM signal ha(t) (blue continuous thin line), detrended data y(t:) — p(¢;) (black dots) and DCM model residuals y(¢;) — g(1)
(blue dots) offset to -3.0 level (blue dotted line) (¢) DFT periodogram zprr(f) for the original data gives best period at 0.163
(diamond). (f) DFT periodogram zprr(f) for the sine model residuals gives best period at 0.182 (diamond). (g) DFT model
gorr(t) (black continuous line), DFT trend pprr(t) (black dashed line) and data y; (black dots). (h) DFT model detrended
gorr(t) — porr(¢) (black continuous line), DFT pure sine model for original data s, prr(t) (red thick continuous line), DFT
pure sine model for first residuals se,prr(¢) (blue continuous thin line), detrended data y(¢;) — porr(¢:) (black dots) and DFT
model residuals (blue dots) offset to -3.0 level (blue dotted line).
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Table 3. Model 3. DCM analysis between Pnin = 0.053 and Ppax = 0.480. Notations as in Table 1.

(€] (2)

(3) (4)

n = 50 n = 50 n = 100
Model 3 SN =10 SN = 50 SN = 100
P; =0.16 0.15898 + 0.00068 0.15989 + 0.00014 0.159950 + 0.000077
A =20 1.85+0.10 1.987 £ 0.036 1.994 £ 0.015

t1,min,1 = 0.11
t1,max,1 = 0.03
Py =0.17

Ay =20
t2,min,1 = 0.135
t2 max,1 = 0.05

0.1122 £ 0.0020
0.0328 £ 0.0022
0.17025 + 0.00066
2.001 £ 0.090
0.1312 £ 0.0022
0.0461 £ 0.0024

Mo =1.0 0.996 + 0.011
Data file Model3n50SN10.dat
Control file dcmModel3n50SN10.dat

Model3n50SN50.dat
dcmModel3n50SN50.dat dcmModel3n100SN100.dat

0.11080 + 0.00088
0.03086 £ 0.00094
0.17018 + 0.00024
1.962 £ 0.046
0.13461 + 0.00087
0.04952 4 0.00099
0.9985 £ 0.0032

0.11004 + 0.00030
0.03007 + 0.00033
0.16996 + 0.00080
2.002 + 0.012
0.13495 + 0.00031
0.04997 + 0.000038
0.9995 4+ 0.0012
Model3n100SN100.dat

Our third time series simulation model is the two sig-
nal model

910) = (41/2) cos | 2T mest) | (a1)
27T(t — t2,max,1)

+ (A/2) cos { ] + M.

P,

We give the P17 P27 Al,AQ, tl,max,l» t2,max,1 and Mo
values in Table 3 (Column 1). DCM orders of Model
3are K1 = 2, Ko = 1 and K3 = 0. The simu-
lated time series is not “too short” (Equation 35) be-
cause P; < Py < AT. The p(t) trend mean level My
is unknown (Equation 36). The two frequencies are
“too close” because Af = f1 — fo = [fo/2.72 (Equa-
tion 37). We apply DCM and DFT time series analyses
to search for periods between Py, = P1/3 = 0.053 and
Prax = 3P = 0.480.

DCM analysis results for different n and SN combina-
tions are given in Table 3 (Columns 2-4). The results
are surprisingly accurate even for the small n = 50 sam-
ple having a low SN = 10. Due to the WD-effect, the
detected model parameter values converge to the correct
simulated values when n and SN increase.

DCM results for Model 3 are illustrated in Figures
la-d (n = 50 and SN = 50 combination). DCM long
search z1(f1) periodogram (red) and z5(f) periodogram
(blue) minima are at the best periods P; = 0.159 and
P, = 0.168 (Figure 3a: diamonds). DCM short search
gives P, = 0.160 and P, = 0.170 (Figure 3b: diamonds).
The black continuous DCM model ¢(t) curve crosses
trough the black dots of y; data (Figure 1c¢). The result
My = 0.9985 + 0.0032 for the dashed black p(t) trend
line is correct. Our Figure 3d shows the detrended DCM
model g(t) — p(t) (black continuous line), the detrended
data y(t;) —p(t;) (black dots), the pure sine signal hq (t)
(red thick continuous line) and the pure sine signal ho(t)
(blue thin continuous line). DCM residuals (blue dots)

are offset to the level of -3.0 (blue dotted line). These
residuals are small and their level is stable.

DFT detects the wrong period P; = 1.163 for the
original data (Figure 3e: diamond). This is an expected
result because the detected period should be close to
(P1+P3)/2 when the peak to peak amplitudes of the sim-
ulated data, A; = Ag, are equal (Jetsu 2025). The two
DFT periodogram zppr(f) peaks at frequencies 1/P;
and 1/P, overlap and merge into one peak. The pe-
riod P, = 0.182 detected for the residuals is also wrong
(Figure 3f: diamond). DFT trend pppr(t) estimate
My = 0.880 fails (Figure 3f: dashed black line). The
black dots y; show minor deviations from the contin-
uous black DFT model gppr(t) line (Figure 3g). The
detrended model gppr(t) — pprr(t) (continuous black
line), the detrended data y(¢;) — pprr(t;) (black dots),
the pure sine signal s, ppr(t) for the data (continuous
thick red line) and the pure sine signal s.ppr(t) for
the residuals (continuous blue thin line) are shown in
Figure 3h. Note that the sy ppr(t) and scprr(t) sig-
nal amplitudes are far from equal. DFT residuals (blue
dots) offset to the level of -3.0 (blue dotted line) are not
stable.

DCM analysis of Model 3 simulated time series suc-
ceeds, but DFT analysis does not.

3.4. Model 4

The next time series simulation model is

s [W‘E“”] (42)
+(A2/2) cos {Mt—;jmn]

+ Mo + M\ T + M,T?,

where T = [2(t — tmia)]/AT. In this model, two sig-
nals are superimposed on an unknown parabolic trend.
The Pi, P, A1,A2, t1max,15 t2,max,1, Mo, My and My



Table 4. Model 4. DCM analysis between Pnin = 0.053 and Ppax = 0.480. Notations as in Table 1.
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1) 2) 3) (1)

n = 50 n = 50 n = 100
Model 4 SN =10 SN = 50 SN = 100
Py =0.16 0.1606 4 0.0084 0.15982 + 0.00023 0.16001 + 0.000058
A1 =20 1.97 £ 0.15 1.958 £ 0.051 2.012 + 0.014

t1,min,1 = 0.11

t1,max,1 = 0.03
Py =0.17

Az =2.0

t2 min,1 = 0.135
t2,max,1 = 0.05

Mo =1.0
My, = 0.25
Ms = 0.5
Data file

Control file

0.1134 £+ 0.0036
0.0331 £ 0.0040
0.1744 £+ 0.0012
1.74 +£0.17
0.1321 £ 0.0044
0.0460 £ 0.0048
1.015 £ 0.024
0.219 + 0.023
0.485 4+ 0.050

Model4n50SN10.dat

0.11059 % 0.00088
0.03068 + 0.00097
0.17009 + 0.00026
1.982 £ 0.044
0.1342 4+ 0.0011
0.0492 £+ 0.0012
0.9997 £+ 0.0030
0.2565 £ 0.0066
0.511 + 0.011

Model4n50SN50.dat

0.10977 &+ 0.00033
0.02976 + 0.00035

0.169958 £+ 0.000092

2.018 £ 0.017
0.13528 + 0.00042
0.05031 + 0.00034

1.0012 + 0.0016
0.2495 £+ 0.0019
0.4983 £+ 0.0033

Model4n100SN100.dat
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Figure 4. Model 4 (Table 4: n = 50, SN = 50 simulation).

Notations as in Figure 3. Best periods (diamonds) are explained
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values are given in Table 4. This simulated sample is
not “too short” (Equation 35). The polynomial trend
p(t) is unknown (Equation 36). The Af = f; — fo =
fo/2.72 difference means that the frequencies are “too
close” (Equation 37). DCM and DFT time series anal-
ysis methods are used to search for periods between
Prin = P1/3 =0.053 and Pax = 3P = 0.480.

Model 4 is a DCM model having orders K1 = 2, Ky =
1 and K35 = 2. Our DCM analysis results for different
n and SN combinations are given in Table 4 (Columns
2-4). DCM detects the correct Py, P, A1, Az, tmax,1,
tmax,2, Mo, My and M, values even for the lowest n = 50
and SN = 10 combination. As the simulated data n
and SN values increase, the WD-effect ensures that all
detected values converge to the correct simulated model
parameter values.

Our Figures 4a-d illustrate DCM analysis results for
one sample of simulated time series (Model 4: n = 50
and SN = 50). DCM long search best periods are at
P, = 0.159 and P» = 0.168 (Figure 4a: diamonds).
DCM short search values are P; = 0.160 and P, = 0.170
(Figure 4b: diamonds). The continuous DCM model
g(t) black line crosses through all black dots represent-
ing the y; data (Figure 4c). DCM detects the correct
polynomial trend p(t) coefficients My = 0.9997+0.0030,
M; = 0.2565 £+ 0.0066 and M, = 0.511 £+ 0.011 (Fig-
ure 4c: dashed black line). The detrended DCM model
g(t) — p(t) (black continuous line), the detrended data
y(t;) — p(t;) (black dots), the pure sine signal h;(t) (red
thick continuous line) and the pure sine signal ho(t)
(blue thin continuous line) are shown in Figure 4d.
DCM residuals (blue dots) offset to the level of -3.0 show
no trends and are extremely stable.

Since the peak to peak amplitudes of the simulated
data signals are equal, Ay = As, the expected result for
DFT analysis of original data is (P; + P»)/2, where P,
and P, are the simulated signal periods (Jetsu 2025).
DFT detects this expected wrong period P; = 1.165 for
the original data (Figure 4e: diamond). A wrong period
P, = 0.147 is also detected for the residuals (Figure 4f:
diamond). DFT estimate My = 0.962 for the p(t) trend
is close to the correct value My = 1, but the M; =
—0.017 and M5 = 0.903 estimates are wrong (Figure 4g:
dashed black line). The continuous black DFT model
gporr(t) line deviates from the black dots of data y;,
especially in the beginning and end of the sample. In our
Figure 4h, the black dots are the detrended data y(t¢;) —
pprr(t;) and the continuous black line is the detrended
DFT model gppr(t) — pprr(t). The continuous thick
red line is the pure sine signal sy ppr(t) for the original
data and the continuous thinner blue line is the pure sine
signal s. prr(t) for the residuals. The s, prr(t) signal

JETSU

amplitude is far below the simulated correct value Ay =
2.0. The blue dots representing DFT model residuals
are offset to the level of -3.0 and show clear trends.

Our Model 4 simulated time series analysis succeeds
for DCM and fails for DFT.

3.5. Model 5

The mathematical time series equation

g(0)= (412 cos | 2T ftms)|

27T(t - t2,max,1)
P
+ Mo + My T + M,T?

(43)

+ (Ay/2) cos {

for our fifth model is the same as for Model 4 (Equa-
tion 42). However, this new Model 5 differs from the
earlier Model 4 because we use totally different Py, Ps,
A1,A2, t1 max,15 t2.max,1, Mo, M1 and My values (Table
5, Column 1). The simulated time series is “too short”
for both P; and P; periods (Equation 35). There is “a
trend” p(t) (Equation 36). The signal frequencies f;
and fy are “too close” (Equation 37). The three main
reasons that can cause the failure of DFT analysis are
present. We perform DCM and DFT time series analysis
between Ppin = P1/3 = 0.47 and Ppax = 3P, = 4.20.

Model 5 has DCM orders K1 = 2, Ko = 1 and K3 = 2.
We give DCM analysis results for different n and SN
combinations in Table 5 (Columns 2-4). DCM fails to
detect the correct Py, P, ..., M7 and My values for the
the lowest n = 10 000 and SN = 1 000 combination
(Table 5, Column 2). This shows that DCM can fail,
just like any other time series analysis method, if the
quality of data is too low. Due to the WD-effect, DCM
results for higher n and SN combinations are correct
(Table 5, Columns 3-4).

We show DCM analysis results for one sample of
Model 5 simulated time series (Figures 5a-d: n = 10 000
and SN = 10 000). The long and short DCM searches
give P; = 1.407 and P, = 1.917 (Figure 5a: diamonds),
and P = 1.393 and P, = 2.024 (Figure 5b: Dia-
monds). The continuous line denoting the model g(t) is
totally covered by the black dots of y; data (Figure 5c¢).
Therefore, we use white colour to highlight this DCM
model g(¢) line. The detected polynomial trend p(¢) co-
efficients My = 0.81 + 0.16, M; = 0.230 4+ 0.013 and
My = 0.596+0.084 are correct (Figure 5¢: dashed black
line). We show the detrended DCM model g(t) — p(t)
(white continuous line), the detrended data y(t;) — p(¢;)
(black dots), the signal hj(t) (red thick continuous line)
and the signal ho(t) (blue thin continuous line) in Fig-
ure 5d. DCM residuals (blue dots) are offset to the
level of -1.5. These blue dots appear black because there
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5 @) ®) @
n = 10 000 n = 10 000 n = 100 000

Model 5 SN =1 000 SN = 10 000 SN = 10 000

P, =14 1.404 £ 0.046 1.393 +£ 0.014 1.4019 + 0.0035

A1 =20 2.27 + 0.45 1.97 +£0.13 1.994 £+ 0.029

t1,min,1 = 1.1 1.129 £+ 0.023 1.1030 £ 0.0028 1.09766 4+ 0.00082

t1,max,1 = 0.4 0.4267 + 0.0012 0.4066 + 0.0059 0.3967 + 0.0020

P, =19 5.24 + 0.83 2.023 + 0.094 1.854 + 0.023

Ay =20 5424 2.35+0.34 1.918 +0.074

t2,min,1 = 1.55 3.23 £ 0.50 1.599 + 0.030 1.5292 + 0.0066

t2 max,1 = 0.6 0.61 +0.34 0.587 + 0.030 0.6024 + 0.0064

My =1.0 —2+12 0.81 +0.16 1.055 £ 0.035

M, = 0.25 —1.27 +£0.53 0.230 + 0.013 0.2590 + 0.0029

Ms = 0.5 3.8+ 1.8 0.596 + 0.084 0.470 + 0.020

Data file Model5n10000SN1000.dat Model5n10000SN10000.dat Model5n100000SN10000.dat

Control file

dcmModel5n10000SN1000.dat

dcmModel5n10000SN10000.dat

dcmModel5n100000SN10000.dat
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Figure 5. Model 5 (Table 5: n = 10 000, SN = 10 000 simulation). Notations as in Figure 3. Best periods (diamonds) are

explained in Section 3.5.
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Table 6. Model 6. DCM analysis between Pnin = 0.053 and Ppax = 0.480. Notations as in Table 1.

30

JETSU

5 @) 3) @

n = 50 n = 50 n = 100
Model 6 SN = 10 SN = 50 SN = 100
P; =0.16 0.15966 £ 0.00020 0.160022 + 0.000021 0.160024 + 0.000019

1.983 + £0.041
0.09868 + 0.00057
0.02283 £ 0.00070
0.14241 + 0.00064
0.05827 £ 0.00057

0.003 £ 0.012
Model6n50SN10.dat

A; =20

t1,min,1 = 0.0979
t1,min,2 = 0.0225
t1.max,1 = 0.1421
t1,max,2 = 0.0575
My =0

Data file

Control file

dcmModel6n50SN10.dat

2.0031 £ 0.0086
0.097933 £ 0.000096
0.022563 £ 0.000077
0.142099 £ 0.000079

0.05761 + 0.00011
—0.0055 £ 0.0026
Model6n50SN50.dat

dcmModel6n50SN50.dat

2.0013 £ 0.0032
0.097934 £ 0.000079
0.022403 £ 0.000071
0.142100 £ 0.000077
0.057448 £+ 0.000074

0.00176 + 0.00088
Model6n100SN100.dat

dcmModel6n100SN100.dat
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Figure 6. Model 6 (Table 6: n = 50, SN = 50 simulation). Notations as in Figure 3. Best periods (diamonds) are explained

in Section 3.6.
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Table 7. Model 7. DCM analysis between Pnin = 0.4 and Pnax = 3.6. Notations as in Table 1.

(1) 2) 3) (4)

n = 100 n =1 000 n = 10 000
Model 7 SN = 5 000 000 SN =1 000 000 SN = 1 000 000
P =12 1.19917 4 0.00070 1.20000 &+ 0.00063 1.20000 =+ 0.00024
A1 =2.0 2.20 4+ 0.20 1.94 +0.14 1.990 £ 0.057

t1,min,1 = 0.6892
t1,min,2 = 0.1134
t1,max,1 = 1.0195
t1,max,2 = 0.3779
Py=14

Ax =2.0

t2,min,1 = 0.9262
t2 min,2 = 0.2766
t2, max,1 = 1.3109
t2 max,2 = 0.5864

My =1.0
M; =0.25
Mo = 0.5
Data file

Control file

0.6835 £ 0.0050
0.1235 £ 0.0098
1.0253 £+ 0.0052
0.3705 £ 0.0082
1.4050 % 0.0048
1.871 £ 0.098
0.938 + 0.012
0.260 + 0.016
1.3165 + 0.0049
0.5817 £ 0.0037
0.950 + 0.050
0.2447 £ 0.0067
0.551 + 0.050

Model7n100SN5000000.dat
dcmModel7n100SN5000000.dat

0.6900 £ 0.0043
0.1160 £ 0.0067
1.0176 £+ 0.0039
0.3804 £ 0.0050
1.3986 + 0.00034
2.049 + 0.095
0.9231 £ 0.0090
0.281 + 0.012
1.3105 + 0.0039
0.5860 £ 0.0042
1.011 £ 0.035
0.2548 £ 0.0039
0.488 + 0.035

Model7n1000SN1000000.dat
dcmModel7n1000SN1000000.dat

0.6888 £ 0.0019
0.1128 £ 0.0026
1.0188 + 0.0018
0.3780 £ 0.0020
1.3997 + 0.0014
2.009 + 0.040
0.9252 £ 0.0036
0.2771 £ 0.0046
1.3101 4+ 0.0014
0.5865 £ 0.0015
1.002 £ 0.013
0.2509 £ 0.0018
0.498 £ 0.014
Model7n10000SN1000000.dat
dcmModel7n10000SN1000000.dat
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Figure 7. Model 7 (Table 7: n = 100, SN = 5 000 000 simulation). Notations as in Figure 3. Best periods (diamonds) are

explained in Section 3.7.
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are 10 000 of them. For obvious reasons, the -1.5 level
of these residuals is highlighted by a white dotted line.
DCM model residuals are stable and show no trends.

DFT detects the wrong periods for the original data
(Figure 5e: diamond at P; = 0.592) and for the resid-
uals (Figure 5f: diamond at P, = 1.012). DFT esti-
mates for the p(t) trend, My = 2.758, M; = 0.091 and
My = —2.120, are also wrong (Figure 5g: dashed black
line). DFT model gprr(t) black continuous line devi-
ates from the black dots of data y;, especially in the
end of the simulated data sample. The black dots de-
noting the detrended data y(t;) — pprr(t;) and the con-
tinuous black line denoting the detrended DFT model
gpr1(t) — pporr(t) are shown in Figure 5h. DFT model
gprT(t) gives very low amplitudes for the pure sine sig-
nal sy prr(t) (continuous thick red line) and pure sine
signal s ppr(t) (continuous thinner blue line). These
amplitudes are far below the correct simulated values
A; = Ay = 2. The offset level for DFT model residuals
(blue dots) is -0.5. These residuals show strong trends.

DCM analysis succeeds for Model 5 simulated time
series, but DFT analysis fails.

3.6. Model 6

Our sixth time series simulation model is

2t
Py
4m(t

—c3)
_— M
P1 :| + 05

g(t) =c1 cos [
+ ¢co Ccos [

where P = 0.16 and My = 0. The coefficients ¢; =
0.3655, co = 0.7310 and c¢3 = 0.3000 determine the Ay,
tl,min,h tl,min,27 tl,max,l and tl,max,? values given in Ta-
ble 6 (Column 1). This simulated time series is not “too
short” because P; < AT (Equation 35). There is no
trend because p(t) = My = 0 (Equation 36). This sim-
ulated time series contains only one signal (Equation
37). However, this simulation Model 6 is not a Ky = 1
pure sine model (Equation 38). This double wave simu-
lation model has two unequal minima and maxima. Its
DCM orders are K1 = 1, Ko = 2 and K3 = 0. We
perform DCM and DFT time series analysis between
Ppin = P1/3 =0.053 and Ppax = 3P; = 0.480.

DCM time series analysis results for different n and
SN combinations are given in Table 6 (Columns 2-4).
DCM detects the correct Pl, Al, tl,min,l thin,Q tl,max,l
t1,max,2 and My values even for the lowest n = 50 and
SN = 10 combination. For increasing n and SN, the re-
sults for the model parameters converge to correct values
(WD-effect).

We demonstrate DCM analysis results for simulated
time series having n = 50 and SN = 50 (Figures 6a-
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d). The long and short searches give P; = 0.159 (Fig-
ure 6a: diamond) and P, = 0.160 (Figure 6b: dia-
mond). DCM model g(¢) black line covers the black
dots denoting the data y; (Figure 6¢). The ”trend”
at p(t) = My = —0.0055 & 0.0026 is correct. The de-
trended model g(t) — p(¢t) (black continuous line), the
pure sine signal h;(¢) (red thick continuous line) and the
detrended data y(t;) —p(t;) (black dots) are displayed in
Figure 6d. The thick continuous red line stays under the
thin continuous black line because hi(t) = g(t) — p(t).
DCM residuals (blue dots) are offset to the level of -1.8
(blue dotted line). These residuals show no trends and
their level is stable.

DFT detects the wrong period P; = 0.080 (Figure 6e:
Diamond). This results is exactly half of the correct sim-
ulated value P; = 0.160. The reason for this “detection”
is that the double wave dominates because ¢y = 2¢; in
Model 6 (Equation 44). DFT mean level estimate My =
—0.172 fails (Figure 6f: Dashed black line). DFT anal-
ysis of the residuals €; = y(t;) — [sy,pr7(ti) + PoET(t:)]
gives P, = 0.161, which is nearly equal to the correct
simulated P; = 0.160 value. The black dots denoting
the data y; show minor deviations from continuous black
line denoting DFT model gppr(t) (Figure 6g). The de-
trended model gprr(t)—pprr(t) (continuous black line),
the detrended data y(t;) — pprr(t;) (black dots) and the
signal sy prr(t) (continuous thick red line) are shown in
Figure 6h. DFT analysis residuals (blue dots) are offset
to the level of -1.5 (blue dotted line). These residuals
display trends.

We conclude that DFT “detects” the P;/2 and P
periods, where P; is the correct simulated period value.
However, DFT two signal model is not the correct model
for these Model 6 simulated time series, which contains
only one signal. If the correct period is P and the correct
model is a double wave (K3 = 2), DCM pure sine model
(K7 = 1) analysis can also give the values P/2 and P.

DCM analysis succeeds for Model 6 simulated time
series. DF'T analysis fails.

3.7. Model 7

In this section, we analyse our most complex time se-
ries. The seventh simulation model is
47T(t — 03)

] )

47r(tPg CG)]

2nt
g(t)=cy1cos | —| + ca cos
P

n 27t "

COS | — COSs
Cq P2 Cs
+ Mo + My T + M,T?

where T = [2(t—tmid)}/AT, P1 = 1.2, P2 = ]..4, M() =1
M; = 0.25 and M5 = 0.5. The coefficients ¢; = 0.3687,
co = 0.7374, c3 = 0.4000, ¢4 = 0.3708, c5 = 0.7416 and
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Ce — 0.6000 determine the Al, tl,min,la tl,min,Q; tl,max,la
tl,max,27 A27 t2,min,17 t2,min,27 t2,max,1 and t2,max,2 values
given in Table 7 (Column 1). This simulated time series
is “too short” because AT < P; < P, (Equation 35).
The parabolic p(t) represents “a trend” (Equation 36).
The signal frequencies f; and f5 are “too close” because
Af = f1— fo =012 < fy =1 (Equation 37). The two
hi(t) and ho(t) signals are not “pure sines” (Equation
38). These signals are double waves having two unequal
minima and maxima. All four main reasons that can
cause the failure of DFT analysis are present (Equations
35-38). Therefore, this simulated time series is the most
complex one of all analysed seven time series. Our DCM
and DFT time series analysis of Model 7 simulated time
series is performed between Py, = P;/3 = 0.4 and
Prax =3P, = 3.6.

DCM orders of Model 7 are K1 = 2, Ko = 2 and
K3 = 2. This model has n = 13 free parameters (Equa-
tion 8). We give DCM analysis results for different n
and SN combinations in Table 7 (Columns 2-4). DCM
analysis results are displayed for one sample of Model
7 simulated time series (Figures 7a-d: n = 100 and
SN = 5 000 000). Since there are n = 13 free model
parameters, this n = 100 time series is quite small for
time series analysis. The long and short DCM searches
give Py = 1.200 and P, = 1.385 (Figure 7a: dia-
monds), and P; = 1.199 and P, = 1.405 (Figure 7b:
Diamonds). The black g(¢) model line goes through all
black y; data dots (Figure 7c). DCM detects the correct
polynomial trend p(t) coefficients My = 0.950 £ 0.050,
M; = 0.2447 £+ 0.0067 and M, = 0.551 + 0.050 (Fig-
ure 7c: dashed black line). The detrended DCM model
g(t) — p(t) (white continuous line), the detrended data
y(t;) —p(t;) (black dots), the signal hy(t) (red thick con-
tinuous line) and the signal ho(¢) (blue thin continuous
line) are displayed in Figure 7d. The n = 100 residuals
(blue dots) are offset to the level of -1.8 (dotted blue
line). These DCM model residuals are small and their
level is stable. These results confirm that DCM time se-
ries analysis method can detect complex non-linear mod-
els (n = 13) from very small time series (n = 100), if the
data are extremely accurate (SN = 5 000 000). These re-
sults demonstrate the power of WD-effect because both
periods P; and P, are shorter than the sample window
AT, the trend is a parabola and the signals are not pure
sines.

DFT time series analysis gives the wrong periods for
the original data (Figure 7e: diamond at P, = 0.542
and for the residuals (Figure 7f: diamond at P, = 1.059.
DFT also gives wrong p(t) trend coefficients My = 0.670,
M, = —0.025 and Ms = 0.406 (Figure 7g: dashed black
line). DFT model gppr(t) (black continuous line) de-

viates from the data y; (black dots). This deviation is
largest at the beginning and the end of the simulated
time series. In our Figure 7h, the black dots denote the
detrended data y(t;) — pprr(t;), the continuous black
line denotes the detrended DFT model gprr(t)—pprT(t)
and the continuous thick red line denotes pure sine signal
sy prr(t) detected from the original data. DFT model
gprr(t) gives very low amplitude for the pure sine signal
se.prT(t) detected from the residuals (continuous thin-
ner blue line). The correct simulated peak to peak am-
plitude for this second signal is much larger, A, = 2.
DFT model residuals (blue dots) are offset to -1.5 level
and show strong trends.

DCM analysis succeeds for Model 7 simulated time
series. DFT analysis fails, as predicted by Equations
35-38.

3.8. Summary of simulations

For all seven simulated time series, all DCM analyses
succeed and all DFT analyses fail (Sections 3.1 - 3.7).

DCM detects exactly the correct signal(-s) and trend.
Clearly, the AL6-AL10 do not constrain our DCM. We
do admit that the simulated n and SN values of Models
2, 5 and 7 are extreme and unrealistic for most cases
of real data. However, those model simulations are
necessary for demonstrating the WD-effect. We could
keep on adding complexity by simulating a larger num-
ber of signals (K3), more complex signal shapes (K3)
and/or higher order polynomial trends (K3). The WD-
effect ensures that DCM would detect those complex
models when the sample size (n) and/or the signal to
noise (SN) increase. The other way round, the correct
model can be found if the correct DCM model combi-
nation K, Ks and K3 is tested. Furthermore, totally
wrong K7, K and K3 combinations give unstable DCM
models ("UM”).

The analyses of seven simulated time series expose
DFT’s weaknesses. Every analysis fails! The AL6-AL10
are not the only causes for these failures. In general,
the solutions for one-dimensional time series analysis
models are ill-posed, if the data contain an unknown
trend and/or more than one signal. For example, the
detrending of simulated data misleads DFT even when
the correct K3 value is known (Sections 3.1-3.7). This
correct K3 value can be unknown for real data. The
combination of detrending and iterative pre-whitening
can fail at any stage. Even if the detrending succeeds,
the leakage can cause the detection of wrong first sig-
nal frequency. This corrupts the model residuals and
the whole analysis. For any one-dimensional time series
analysis method, like DFT, the search for many signals
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superimposed on an unknown trend can fail when the
combination of detrending and pre-whitening is applied.

Our DCM outperforms the esteemed DTF. DCM de-
tects the correct signal(s) and trend, but DFT does not.
For the sunspot data, DCM detects signals superim-
posed on a constant trend (Jetsu 2025). The simula-
tions presented here support the conclusion that those
solar signals and the trend are correct. This would ex-
plain why DCM is the first time series analysis method
that detects Jupiter’s exact 11.Y86 period in the sunspot
record. The one-dimensional time series analysis meth-
ods, like DFF, have failed to find exactly correct periods.

3.9. Best model
The K;, Ko and K3 orders of the best model are

not necessarily known when some time series analysis
method is applied to the real time series. We know a
priori the best DCM and DFT model orders for the
simulated time series of Models 1-7 (Sections 3.1-3.7).
It could be argued that our DCM analysis succeeds only
for this reason.

All alternative Ky, K and K3 order models are
nested. For example, the simple one signal K; = 1
model g;(t) is a special case of the compler two sig-
nal K7 = 2 model g2(¢) having A2 = 0. We use the
Fisher-test to compare any pair of simple ¢ (t) and com-
plex go(t) models. The model parameters (Equation
14: Ry, Ry ), (Equation 15: x1,x2) and (Equation 8:
71 < 12) give the test statistic of Fisher-test

Rl n—n2—1>
Fr=(—-1 _ 46
r (R2 )( 2 — M (46)
F _(X%_1> (n—ng—l) (47)
X X% 2 — M .

The Fisher-test is based on the null hypothesis

Hy: “The complex model g2(t) does not provide a
significantly better fit to the data than the simple
model g1(t).”

Under this hypothesis, the Fr and F) test statistic pa-
rameters have an F distribution with 14 = 12 — 7, and
vy =n — 1y degrees of freedom (Draper & Smith 1998).
The critical level Qp = P(Fr > F)or Qp = P(F\, > F)
is the probability that Fr or F) exceeds the numerical
value F. If

Qr < ~yr =0.001, (48)

we reject the Hy hypothesis, which means that the com-
plex go(t) model is better than the simple g;(¢) model.
The pre-assigned significance level yg = 0.001 repre-
sents the probability that we falsely reject the Hy hy-
pothesis when it is in fact true.
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Larger Fr or F), values have smaller Q) critical levels.
Hence, the probability for the Hy hypothesis rejection
increases when Fg or F) increases. If the number of
complex model free parameters 7y increases, the Ry or
X3 values decrease. This increases the F or F, values
because the terms (R1/Ry — 1) or (x?/x3 — 1) increase
(Equations 46 and 47: first terms). At the same time,
the (n—mn2 —1)/(n2 — 1) penalty term decreases (Equa-
tions 46 and 47: second terms), and this decreases the
Fr or F, values. This penalty term prevents the use of
too high 7y values (too complex models).

Here, we illustrate how the Fisher-test finds the best
model from a group of numerous alternative nested
DCM models. The Fisher-test is used to find the best
model for the simulated time series of Model 1 combi-
nation n = 100 and SN = 100 (Table 1: column 4). In
other words, we assume that the correct DCM model
orders K1, Ko and K3 are unknown, which can be the
case for real time series. The eight tested models contain
one or two signals, and no trend or a constant trend or a
linear trend or a parabolic trend. We compare all these
eight models M=1-8 against each other (Table 8). The
special model number notation “M?” is used because the
notations “My, ..., Mg,” have already been reserved for
the p(t) trend.

Model M=2 has the known correct Model 1 orders
K; =1, Ky =1 and K3 = 0. For example, the Fisher-
test between the simple model M=1 (n = 3, x? = 738)
and the complex model M=2 (n = 4, x? = 84.7422)
gives F' = 733 (Equation 47). The critical level® for this
very large F value is extremely significant, Qy <1076,
This means that the Hy hypothesis must be rejected,
and the complex M=2 model is certainly better than
the simple M=1 model (Equation 48). The upward
arrow “1” in Table 8 indicates that M=2 model is a
better model than M=1 model. A closer look at Ta-
ble 8 reveals that M=2 model is better than all other
models because the “t” and “<” arrows of all other
models point toward M=2 model. There is no need to
test models having more than two signals because all
two signal M=5-8 models are already unstable (Table
8:”UM”). The Fisher-test finds the correct DCM model
for Model 1 simulated time series.

In the above example, the Fisher-test finds the correct
number of signals (K7) and the correct trend (K3) for
the pure sine signal alternative (K2 = 1). We do not
test the double wave signal alternative (Ky = 2) against
the pure sine signal alternative (K7 = 1) because the

3 The highest achievable accuracy for the computational f.cdf sub-

routine in scipy.optimize python library is 1016,
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Table 8. Fisher tests. DCM analysis of Model 1 simulated time series (n = 100, SN = 100, data file Mode11n100SN100.dat). (1)
Simple model: Model number M, model g, k,, x5, number of free parameters 7, chi-square x2 and control file name. (2-8)
Complex model: Hypothesis Hy rejected 1 (Complex model better), Hypothesis Ho not rejected < (Simple model better), test
statistic F' and critical level Qr. Note that no Fisher-test is done between models M=4 and M=5 because 171 = 172 = 6.

&) (2 (3)

(4) (5) (6) (7) (8)
Fisher-test (v = 0.001)
Complex model

Simple model M=2 M=3 M=4 M=5 M=6 M=7 M=8
M=1 T T T T T T T
g91,,1,—-1 F =733 F = 367 F =242 F =242 F =180 F =142 F =121
n=3,x2 =738 Qr <107 Qp <1071 Qp <107'® Qrp <107  Qp <107  Qp <107'® Qp <1071
dcmModellK11-1.dat

M=2 - — — — — — —
g1,1,0 - F =1.0451 F = 0.5404 F =0.5159 F =0.3553 F =0.2784 F =0.7686
n=4,x> = 84.7422 - QrF =0.309 Qp =0.584 Qp = 0.599 Qr =0.78 Qp =0.891 Qr = 0.575
dcmModel1K110.dat

M=3 - - — — — — “—
91,11 - - F =0.0464 F=-0.0021 F=0.0213 F=0.0336 F =0.7027
n =5,x> = 83.8104 - - Qr = 0.830 Qr =1 QrF =0.979 Qp =0.992 Qp = 0.592
dcmModellK111.dat

M=4 - - - — “— — —
g1,1,2 - - - No Test F = —0.0033 F =0.0277 F =0.9215
n = 6,x> = 83.7686 - - - Qr =1 Qr =0.973 Qp = 0.434
dcmModellK112.dat

M=5 UM : AD - - - - — — —
g2,1,-1 - - - - F =0.0447 F =0.0515 F =0.9377
n=6,x> = 83.8123 - - - - Qr =0.833 Qp =0.950 Qr = 0.426
dcmModellK21-1.dat

M=6 UM : IF, AD - - - - - «— «—
g2,1,0 - - - - - F = 0.0587 F = 1.3840
n="17,x>=83.7716 - - - - - Qr = 0.809 Qg = 0.256
dcmModel1K210.dat

M=7 UM : IF, AD - - - - - - —
g2,1,1 - - - - - - F =2.7081
n =8,x? =83.7176 - - - - - - Qr = 0.103

dcmModellK211.dat

M=8 UM : IF, AD R R
92,1,2 - -
n=9,x?=81.2721 - -
dcmModel1K212.dat

number of tested models would increase from 8 to 16,
and Table 8 would become excessively large. One ex-
ample of testing the Ky = 2 signal models against each
other can be found in Jetsu (2025, Table S7).

We conclude that the best model for the real time
series can be found by applying the Fisher-test to any
arbitrary number of different nested DCM or DFT mod-
els.

3.10. Significance estimates

Jetsu (2020) or Jetsu (2025) gave no signal significance
estimate for the first detected period. Here, we use the
Fisher-test for this purpose. The one signal model is the
complex model. The logical simple model alternative is
g(t) = p(t) = m = white noise having standard devi-
ation s. However, white noise is not the only possible
alternative simple model. The other possible nested no

signal DCM polynomial models are

g(t) = p(t, K3) (49)

where h(t) = 0, K3 = 0,1,2... The K3 = 0 polynomial
g(t) = p(t) = My represents white noise. The Fisher-
test gives the critical level Qp for rejecting the Hy hy-
pothesis when this hypothesis is in fact true (Equation
48). Therefore, this Qr value represents the probability
of false signal detection. In cases Qr <1016, the signal
detection is absolutely certain.

We use the Model 1 simulated time series combina-
tion n = 100 and SN = 100 to demonstrate the sig-
nificance estimation for the first detected period. The
correct model for the first detected signal is g1 1,0(%).
The Fisher-test is used to compare this correct g1 1,0(t)
model to different polynomial models g(t) = p(¢, K3)
having K3 = 0,1,..,7 (Table 9: Equation 49). The
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M=1, 2 and 3 models have less free parameters than
the correct g1 1,0(t) model, but the x? values of these
three polynomial models are so large that the Fisher-
test is merely a formality. The M=4 model has the
same number of free parameters as the correct g1 1,0(t)
model, but the comparison of x? values reveals that this
third order p(t) polynomial is not the correct model for
the time series. The next model M=5 has more free pa-
rameters than the correct g11,(t) model. This fourth
order p(t) polynomial M=5 model must be rejected be-
cause it has a larger x? value than the correct g1 1 0(t)
model. The critical levels Qr > ~v = 0.001 for the re-
maining M=6, 7 and 8 polynomial models are so large
that these models must also be rejected. The results
in Table 9 confirm that the one signal model is better
than any polynomial model in Equation 49. Hence, the
analysed Model 1 simulated time series must contain at
least the hi(t) pure sine signal. For the constant, linear
or parabolic p(t) trend alternatives, the significance for
this hq(t) signal is Qp <1076,

After the detection of the first strongest signal, the
Fisher-test critical level Qr values increase for the next
detected weaker signals. In other words, the signal sig-
nificances decrease. Typical examples can be found in
Jetsu (2025, Tables S5-S16). No new signals are de-
tected when Qr > v = 0.001 because the critical level
exceeds the pre-assigned significance level and the Hy
hypothesis is no longer rejected. For the Model 1 simu-
lated n = 100 and SN = 100 combination, Table 8 shows
that this time series contains only one signal.

For this Model 1 time series, there is no need to discuss
DFT significance estimates (Horne & Baliunas 1986,
their Equation 22) because this method fails to detect
the correct period.

We conclude that the Fisher-test identifies the correct
DCM model (Section 3.9), as well as gives the signal
significance Qr estimates (Section 3.10).

3.11. Ill-posed problem

The solution for the non-linear DCM model is an ill-
posed problem (Equations 1-5). We present a compu-
tational statistical solution that fulfils the C;, Cy and
Cs conditions of a well-posed problem. DCM model is
just one special case of a non-linear model. Our tech-
nique can be applied to solve other non-linear models:
Use the free parameters that make the model non-linear
(Equation 9: Bj) for solving the remaining other free
parameters (Equation 10: 8;y).

3.11.1. Ezistence (C1)

Fourier (1822) transformed the original function into
the frequency domain. The modern DFT time series
analysis method transforms the original time series into
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Table 9. Fisher tests for Model 1 n = 100, SN = 100 sim-
ulated time series (electronic data file Mode11n100SN100.dat).
(1) Polynomial model (Equation 49). (2) DCM model g1,1,0.
Note that M=1-3 polynomials represent simple models, and
M=5-8 polynomials represent complex models. Otherwise
as in Table 8.

(1) )
Fisher-test (7 = 0.001)

gi,1,0

Polynomial n=4,x> = 84.7422
M=1 T

g(t) = p(t, K3 = 0) F = 63218
n=1, x* = 169260 Qr <1071¢

M=2 0
gt) =p(t, K3 =1) F = 54366
n=2, x> = 97076 Qr <1071¢
M=3 1

g(t) = p(t, K3 = 2) F =1945
n=13,x>=1820 Qr <1076
M=4 1

g(t) =p(t, K3 = 3) No test
n=4, x> =169

M=5 0

g(t) = p(t, K3 = 4) F = —0.3718
n =5, x> =85.0787 Qr =1
M=6 1

g(t) = p(t, K3 = 5) F =0.3403
n=6, x> = 84.1265 Qr = 0.712

M=7 0
g(t) = p(t, K3 = 6) F =0.3524
n="7x>=83.7794 Qr =0.787
M=8 T

g(t) =p(t, K3 =7) F =0.9394
n=38, x> =81.3819 Qr = 0.445

the frequency domain and gives the best frequency for a
pure sine model. Gauf} (1821) presented the LS method,
which minimises the differences between the data and
the linear model. Our DCM does the same by testing a
large number of linear models. The data spacing, even or
uneven, is irrelevant for these models. For every chosen
DCM model, the total number of tested linear models is

Niin = (;2) + (1 +np) x (?{S), (50)

where the number of tested long and short search fre-
quencies is ny, and ng, respectively. The number of boot-
strap samples is ng. In other words, we solve this ill-
posed problem by using brute computational force. If
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the time series contains only zero mean white noise, the
Gaufl-Markov theorem ensures that a LS fit solution ex-
ists for every tested frequency combination.

3.11.2. Uniqueness (C2)

We make the most of the Gauf-Markov theorem.
When the numerical values of the tested frequencies (57
(Equation 9) are fixed, the model becomes linear and
the solution for the other free parameters By is unique
(Equation 10). All possible ; frequency combinations
are tested (Equation 12). For every tested frequency
combination By, the linear model gives a unique value
for the test statistic z (Equations 16 and 17). From
all tested frequency combinations, we select the best
frequency combination i pest which minimises z. The
linear model for this best frequency combination Bi pest
gives unique values for the remaining other free parame-
ters Birbest- The only goal for the massive DCM search
(Equation 50) is to find these unique initial free param-
eter values Binitial = [B1,best, Bir,best] for the non-linear
iteration that gives the unique final free parameter val-
ues Bana; (Equation 22).

We use the Fisher-test to compare many different non-
linear DCM models against each other. The selection
criterion for the best model is unique (Equation 48). The
best DCM model is not necessarily the correct model, if
this correct model is not among the compared models.
The correct model must be able to forecast the future
and past data. We formulate the Forecast-test for alter-
native DCM models (Equation 53). The order of Fisher-
and Forecast-tests can be reversed. However, the former
uses all data, while the latter uses a subset of all data,
the forecasting data. In ideal cases, both tests identify
the same best and correct model, like in Section 3.12.

3.11.3. Stability (Cs)

The artificial bootstrap data sets (Equation 31) repre-
sent “small changes in the input data”, while the boot-
strap results for the model parameters represent “small
chances in the solution” (Section 1: Cg condition for-
mulation). We routinely check the stability of these so-
lutions (Jetsu 2025, Figure S5). The unstable models,
where the model parameter changes are large, are re-
jected (Section 2.1: “UM” models).

There are additional signatures of stability. The z
periodogram solution is unique for every tested [5; fre-
quency combination. If these periodograms are contin-
uous and their changes are not irregular (e.g., like in
Figs. la-b), DCM model solution is stable because it
does not change by increasing the number of tested fre-
quencies ny, and ng. Furthermore, the solutions for all
seven simulated time series converge when the n and SN

Table 10. DCM time series analysis between Puyin = 0.53
and Ppax = 4.80 for forecasting data (Model = 3 combina-
tion n = 50 and SN = 10 simulated data: first forty ob-
servations). (1) Model. (2) Forecasting data test statistic z
(Equation 17). (3) Forecasted data test statistic zrore (Equa-
tion 53). (4) Data file. (5) Control file. (6) Figure where
forecast is shown.

n @ 6 (4) (5) (6)
Model 2z zFore Data file Control file Fig
gi,1,0 2.27 8.61 Model3n40SN10.dat dcmModel3K110.dat Sa
g2,1,0 0.76 0.88 Model3n40SN10.dat dcmModel3K210.dat 8b
g3,1,0 0.70 0.91 Model3n40SN10.dat dcmModel3K310.dat 8c

values increase (Tables 1 - 7). The different n and SN
combinations give the same stable DCM model solution.

We conclude that our computational statistical DCM
model solution fulfils the C;, Cy and Cj3 conditions of

the solution for a well-posed problem (Sections 3.11.1 -
3.11.3).

3.12. Forecast

There are numerous techniques for forecasting a time
series (e.g., Hamilton 1994; Hastie et al. 2001; Kazemi
& Rodrigues 2025). DCM model g(¢;, 8) can be used to
forecast. We divide all data into the forecasting data and
the forecasted data. The time points, the observations
and the errors of these samples are

n forecasting data values ¢;, y; and o;
n’ forecasted data values ¢/, y; and o

DCM gives the best forecasting data model

gi = g(tiaﬁFore)a (51)

where [pore are the free parameter values.  The

tmid, Fore = (tn +11)/2 and ATpore = tn, —t1 values are

computed from the forecasting data time points ¢;. The

forecasting model values at any arbitrary time ¢ can be

obtained from the Brore, tmid,Fore and ATFore values.
The forecasted data model values are

95 = g(t;, Brore), (52)

where tmid = tmid,Fore and AT = ATgoe. We do not
compute “new” tniq and AT values from the forecasted
data time points ¢, because the correct g, values are
obtained only from the Brore, tmid, Fore and ATwore com-
bination of the forecasting model (Equation 52). The n’
forecasted data model residuals

!’ /
€& =Y —9;
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Figure 8. DCM model forecast (Model 3 simulated time series fd¢r combination n = 50 and SN = 10: first forty observations
are forecasting data). (a) One signal model g1,1,0 results. Forecasting data are ¢;, y; and o; (n = 40 black dots) and forecasted
data are ten last observations t;, y; and o, (n = 10 open black dots). Continuous black line of forecasting data model g(, Brore)
ends to vertical dotted blue line, where dotted black line of forecasted model g’ (¢, Brore) begins. Dotted red line denotes £30 41
errors of both models (Equation 30). Residuals of forecasting data model €; = y; — g; (blue dots), residuals of forecasted data
model ¢; = y; — g; (open blue dots) and 30 errors of both models (red dotted line) are offset to level -1 (blue dotted line).

(b) Two signal model g2,1,0 results. Otherwise as in “a”. (c¢) Three signal model g3,1,0 results. Otherwise as in “a”.
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give the forecasted data test statistic

ZFore = 7 test statistic for forecasted (53)
data t;, y; and o, (Equation 16 or 17).

This parameter zp,e measures how well the forecast
(Equation 52) obtained from the forecasting data works
for the forecasted data. If DCM detects a new signal
from the forecasting data, there are two alternatives:

If this new signal is real, the zpy. value of fore-
casted data decreases.

If this new signal is unreal, the zge value of fore-
casted data increases.

This “Forecast-test” technique revealed at least five real
signals in the sunspot record (Jetsu 2025)

We compute the zp,re parameter value from the known
forecasted data t., y; and o} values (Equation 53). Fore-
casts are possible even if all ¢, y! or o forecasted data
values are unknown. In this case, the ¢;, y; and o; val-
ues of all data can be used as forecasting data. The best
DCM model g(t;, Brore) for all data determines the cor-
rect Brore, tmid,Fore = (tn + tl)/2 and ATrore = tn, — 11
combination of the forecasting model. The n’ forecasted
data time points ¢, can be created for any arbitrary cho-
sen sample window AT’ = ¢/ —t;. The n’ forecasted
g5 = g.(t, Brore) values are obtained from Equation 52.
These g} values can be used, for example, to compute
the forecasted mean level

1<
MFore = ? Z gzl‘ (54)
=1

during the chosen sample window AT’ =t} —t|. Jetsu
(2025) used this mpere parameter to postdict the known
AT’ time intervals of prolonged solar activity minima,
like the Maunder minimum between the years 1640 and
1720 (Usoskin et al. 2007). Since the known mean level
of all sunspot data was m, Jetsu (2025) used these three
criteria for correct postdictions of past prolonged activ-
ity minima AT’ time intervals:

If DCM detects a real new signal in all data, the
MEore value decreases.

If DCM detects many real signals in all data, the
Mrore value falls below m.

If DCM detects an unreal new signal in all data,
the mpore value increases.

We use Model 3 combination n = 50 and SN = 10
simulated data (Table 3, column 2) to illustrate DCM

forecasting technique. The black dots in Figures 8a-c
are the first n = 40 forecasting data values t;, y; and
0;. The open black dots denote the n’ = 10 forecasted
data values t;, y; and o}. The continuous black line is
the forecasting model g(¢) and the dotted black line is
the forecasted model ¢'(¢). The red dotted line shows
the £30 errors of both models. The blue dots are the
forecasting data €; = y; — g; residuals and the open blue
dots are the forecasted data €, =y, — g} residuals.

Model 3 is the sum of two P; = 0.16 and P, = 0.17
pure sine signals (K7 = 2, Ko = 1) superimposed on the
constant mean level My =1 (K3 = 0). We compute the
z and zpore values for the g1.1,0, g2,1,0 and gs,1,0 models
(Table 10). These three models have the same Ky = 1
and K3 = 0 orders as Model 3, but their signal numbers
K; = 1,2 or 3 are different, the g 1,0 model being the
correct simulation Model 3.

The correct go 1,0 model gives the smallest zpore = 0.88
value (Table 10). Therefore, it is a better forecasting
model than the g1,1,0 and g3,1,0 models. The one signal
g1,1,0 model forecast fails because the blue open circles
denoting the forecasted data residuals €, = y; — g, show
large deviations from to the blue dotted line offset level
of ¢, = —1 (Figure 8a). The two signal g 1,0 model
forecast succeeds because all open blue dots denoting the
forecasted data residuals stay close to the blue dotted
line offset level €; = —1, as well as inside the red dotted
+30 model error limits (Figure 8b).

The three signal model g31,0 periods are P, =
0.0643 + 0.0018, P, = 0.1592 + 0.0012 and P; =
0.1716 £ 0.0012. The amplitudes of these pure sine sig-
nals are A; = 0.092 + 0.025, A, = 1.879 4+ 0.16 and
Az = 1.8240.15. The periods and the amplitudes of the
two strongest P, and P5 signals are correct because they
are the same as in Model 3 simulation (Table 3, column
1). Therefore, the g3 1, forecast appears nearly as good
as the go 1,0 forecast because the residuals €, are close to
the offset level of €, = —1 (blue open dots), and these
residuals also stay inside the red dotted £30 model er-
ror limits (Figure 8c). The amplitude 4; = 0.092 of the
third P, = 0.0643 signal is very low. Due this weak “un-
real” P signal, the g3 1,0 model has a larger zgore = 0.91
value than the correct gs 1,0 model (Table 10). Finally,
we note that the three signal model g3 1,0 is not unsta-
ble (“UM”) although the simulated time series contains
only two signals.

For the forecasting data, the extreme Fisher-test crit-
ical levels Qr < 107'3 confirm that the two signal 92,1,0
(x* = 22.946) and the three signal g3 1,0 (x? = 19.790)
models are certainly better than the one signal g1,
(x* = 206.3) model. The forecasting data parameters
n =40, n1 =7, 2 = 10, x1 = 22.946 and x2 = 19.790
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for the simple g2 1 o model and the complex g3 1 0 model
give the Fisher-test critical level Qp = 0.22 > p =
0.001. The g2,1,0 model beats the gs 1,0 model because
the Hp hypothesis is not rejected. Hence, the Fisher-
test confirms that the g1, model is the best model
for the forecasting data. The best DCM model (Fisher-
test, g2.1,0 ) is also the correct DCM model (Forecast-
test, g2.1,0). The double-check works for this particular
Model 3 simulated time series!

DFT cannot detect the correct frequencies for the fore-
casting data because the simulated frequencies are “too
close” (Equation 37). Therefore, DFT forecast cannot
succeed.

The analyses of all seven complex time series indicate
that the relative accuracy of amplitude and period es-
timates are lower than the relative accuracy of signal
minimum and maximum epoch estimates (Tables 1 - 7).
This statistical effect is the same when DCM is applied
to the time series of any arbitrary phenomenon. This
effect would, for example, explain why our solar cycle
amplitude forecasts are less accurate than our solar cycle
minimum and maximum epoch forecasts (Jetsu 2025).
DCM detects the correct simulated period values, but
DFT detects less accurate period values, which are not
always correct. The leakage of DFT spectral power (Kay
& Marple 1981; Ghaderpour et al. 2021) would explain
why correct signal periods have not been detected earlier
from the sunspot data.

DCM analysis results can be double-checked. We use
the Fisher-test to identify the best DCM model from all
tested DCM models (Equation 48). The correct model
may not be among the tested models. Hence, the best
model is not necessarily the correct one. This best model
must be correct if it passes the Forecast-test (Equation
53). This Fisher- and Forecast-test combination double-
checks DCM analysis results. The perfect result is that
the best model is the correct model. Therefore, the
Forecast-test also prevents overfitting.

4. DISCUSSION

DCM proceeds through two stages. It computes the R
(Equation 14) or x? (Equation 15) values for a massive
number of LS fits (Equation 50). The Gauf-Markov
theorem ensures that DCM model having the lowest
R or 2 is inevitably always found, and the result for
the non-linear iteration is unique (Equation 22). This
first stage devours CPU. The second fast stage, the
Fisher-test, then reveals the best DCM model alterna-
tive (Equation 48). Practical time series analysis appli-
cations, like digital signal processing, require fast com-
putational algorithms (Kay & Marple 1981). Long com-
putation time is the main AL constraining DCM. For ex-
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ample, Jetsu (2025) computed about 4.5 million LS fits
to search for four signals in the monthly sunspot data
(’I’L = 3287, K1 = 4,K2 = 1,K3 = O,HL = 100,715 =
30,np = 20). This required several months of CPU.
The parallel Python code computations took a few days.
Nevertheless, the CPU used is beside the point if a well-
posed computational solution can be found to any chal-
lenging scientific ill-posed problem.

DCM computation time AL constraint is amply com-
pensated in real observations because there is no need to
wait for the repetition of the signal(-s). The WD-effect is
the spearhead of DCM because the sample window (AT)
can be infinitesimally short. Fast accurate observations
are the best approach. If the noise (¢ = SN) cannot be
eliminated it is always possible to increase the sample
size (n).

It is time to summarise why the fifteen ALs (Section 1)
of other frequency-domain parametric time series anal-
ysis methods do not constrain DCM.

1. Data errors (level of noise) are unknown.

DCM can solve both alternatives: errors o;
known or unknown (Equations 16, 17, 46 and
47).  All DCM model parameter solutions
in Tables 1-7 converge to the correct values
when the simulated data n and/or SN in-
crease (o; decrease). Due to this WD-effect,
sufficient noise reduction always leads to the
correct model detection.

2. Data error information is not utilised.

DCM utilises this information. If the errors
o; are known, DCM performs weighted LS
fits which minimise the model 2 for every
tested frequency combination (Equation 15).
This gives DCM test statistic z (Equation
17). The Fisher-test utilises the y? values of
all alternative tested DCM models to identify
the best DCM model (Equation 47).

3. Data must be evenly spaced.

DCM performance is independent of data
spacing. Even or uneven spacing is irrelevant
for all nr;, LS fits (Equation 50). However,
we do admit that long gaps can mislead even
these LS fits.

4. Model parameter errors are unknown.

DCM gives error estimates for the model pa-
rameters of Equations 23-29. For non-linear
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models, such as DCM model, the analytical
solution for the model parameter errors is a
highly complex effort (Furlan & Mortarino
2020). DCM solves these error estimates us-
ing the computational statistical bootstrap
technique (Equation 31).

5. Model and forecast errors are unknown.

The computational bootstrap technique
(Equation 31) gives np estimates for Sy,
tmid,; and ATy, where J =1,2,..np. These
estimates give np values for ¢g(¢) at any time
t inside and outside the sample window AT.
The standard deviation of these np values
gives the error limits o, in Equation 30.
The np estimates for B;, tmiq,; and AT,
also give the error limits for the functions
h(t), hi(t) and p(t) in DCM model g(t).

6. Sample window is shorter than signal period(s).

DCM solves this problem. The sample win-
dow is shorter than the period(s) in Model 1,
2, 5 and 7 time series simulations. Regardless
of this, all model parameter estimates con-
verge to correct values when n and/or SN in-
crease (Tables 1, 2, 5 and 7). Due to this
WD-effect, the sample window AT value is
irrelevant for DCM. It can perceive the future
and the past much “earlier” (from shorter
AT) than has been previously thought, like
in Equations 35 and 37.

7. Presence and shape of trend are unknown.

DCM can test any K3, Ko and K3 model
combination. The Fisher-test reveals the
combination of the best DCM model. The
Forecast-test can double-check this result.
These tests give the correct K3 trend or-
der. Due to the WD-effect, the polynomial
trend coefficients M}, converge to correct val-
ues in all simulated time series (Sections 3.1-
3.7). The trend is absent (stationary time
series) if K3 = =1 =p(t) =0o0r K3 =0 =
p(t) = My = constant (Equations 4 and 5).

8. Sample window causes leakage.

Leakage does not constrain DCM because the
sample window AT has no effect on the LS
fits (Equation 50: nr;,). All frequencies con-
verge to exactly correct values when the n

and/or SN values of simulated time series in-
crease (Tables 1-7). This confirms the ab-
sence of leakage. Due to the WD-effect, the
performance of DCM does not depend on the
sample window AT.

9. Leakage weakens frequency resolution.

There is no leakage because the sample win-
dow is irrelevant (AL8). DCM frequency res-
olution is limited only by the sample size n
and the data accuracy . The WD-effect en-
sures that all frequency detections for the
simulated time series converge to exactly cor-
rect values (Tables 1-7).

10. Signal shapes are not pure sines.

DCM always finds the correct K;, Ko and
K3 values (AL7). The K> value determines
the signal shape. The K5 = 1 pure sine
shape is the simplest. Higher K5 values allow
DCM modelling of more complex shapes. We
demonstrate the Ky = 2 double wave signal
detections in Sections 3.6 and 3.7.

11. Number of signals is unknown.

The correct Ky, Ko and K3 values can al-
ways be found (ALT7). The K; value deter-
mines the number of signals. For all simu-
lated time series, the detected signal frequen-
cies and amplitudes converge to exactly cor-
rect values (Sections 3.1-3.7). Furthermore,
Jetsu (2020) showed that DCM models hav-
ing too few or too many signals are often un-
stable ("UM”).

12. Correct model alternative is unknown.

The values of K;, Ky and K3 determine
the correct model (AL7). The (n — 1o —
1)/(n2 — m1) penalty terms prevent overfit-
ting when the Fisher-test is used to identify
the best DCM model from all tested DCM
models (Equations 46 and 47). This best
model is also the correct model if it passes
the Forecast-test (Equation 53). The WD-
effect ensures that better data can inevitably
reveal the correct model.

13. Signal significances are unknown.

The Fisher-test gives the Qp critical levels
(signal significances) for all detected signals
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(Sections 3.9 and 3.10). This Qr is the prob-
ability of falsely rejecting the Hy hypothe-
sis when it is in fact true. Thus, the Qp
value represents the probability of false sig-
nal detection. This detection is absolutely
certain in the Qp < 10716 cases. Our pre-
assigned significance level for signal detection
is v = 0.001 (Equation 48).

14. Model solution is ill-posed.

The analytical solution for the non-linear
DCM model is ill-posed (Equation 1). We
show that there exists a well-posed compu-
tational solution (Section 3.11). The WD-
effect ensures that this solution can always
be found by increasing the sample size (n)
and/or the signal to noise ratio (SN), regard-
less of the time series complexity (K7, Ko and
K3 combination). The main DCM constraint
is that the solutions for more complex mod-
els require more computation time when the
number of signals increases (Equation 50).

15. Complex non-linear model forecasts fail.

Our computational solution for the non-
linear DCM model is well-posed (Section
3.11). The forecast of this well-posed solution
can be double-checked (Section 3.12). First,
the Fisher-test identifies the best DCM model
from all tested DCM models (Section 3.9).
Then, the Forecast-test reveals if this best
DCM model is also the correct one (Equation
53). Again, the WD-effect ensures that the
correct model and forecast can be found for
any complex time series (K7, K2 and K3 com-
bination) when n and/or SN increase. We
conclude that DCM rises to meet the chal-
lenge of “forecasting the evolution of complex
systems” (Cheng et al. 2015).

DCM turns things upside down. There would be no
need for time series analysis, if the correct frequencies
were already known. The tested frequencies are already
known. DCM does not search for unknown frequencies,
it just tests known frequencies. DCM tests all possi-
ble frequency combinations. The LS fit for every fre-
quency combination gives unique R and 2 values. The
best frequency combination minimises R or x2. This
gives the unique initial free parameter 8 values for the
non-linear iteration. The frequencies are never unknown
in this process. The Gauss-Markov theorem, the well-
posed computational model solution and the revolution-
ary WD-effect make absolutely sure that DCM succeeds

for any number of signals (K1), all signal shapes (K3)
and every polynomial trend (K3). The Fisher-test and
the Forecast-test can double-check that DCM model so-
lution is correct. DCM analysis of intensive, large and
accurate time series can see through time: a glimpse of
the future and the past.

Our DCM is a remarkable method because it outper-
forms DFT. Gauf} (1777-1855) developed an early form
of the Fast Fourier Transform (FFT) algorithm for as-
tronomical purposes, but did he not publish it. Perhaps
our DCM should be re-named the Slow Gaufl Transform
(SGT).

5. VALIDATION ON COMPLEX TERRESTRIAL
TIME SERIES: EL NINO-SOUTHERN
OSCILLATION

We subject DCM to a rigorous stress test to evaluate
its performance limits. DCM is applied to the Nifio 4 in-
dex time series which measures the sea surface tempera-
ture anomalies in the central-western equatorial Pacific
Ocean. An El Nino event threshold is that the Nino
4 index exceeds 0.5 °C (Hanley et al. 2003; Bunge &
Clarke 2009; Ren & Jin 2011). The mainstream clima-
tological models treat El Nifio as a non-linear, chaotic
phenomenon. The forecasting of El Nino events is chal-
lenging and even the best forecasts fail after 18 months
(Ludescher et al. 2013; Cai et al. 2014; Timmermann
et al. 2018; Liang et al. 2021; Liu et al. 2023b; Hu et al.
2024; Thirumalai et al. 2024; Lu et al. 2025).

5.1. Data

We apply DCM to the Nino 4 index from The Seasonal
Mean Nino 4 HadISST1.1 (NOAA PSL) sample. These
NOAA* data were retrieved on January 29th, 2026. For
the year 2025, four monthly mean values from Septem-
ber to December were missing. Therefore, we analyse
n = 155 yearly mean values and n = 1860 monthly mean
values between January, 1870 and December, 2024. All
analysed data samples are summarised in Table S1.

5.2. DCM analysis results
5.2.1. Trend in all yearly mean data

For all yearly mean Nifio 4 index data, we detect sig-
nificant signals only from the weighted values (Table S1:
Clong.dat). Therefore, the correct K3 order for the
polynomial trend p(t) is solved from these weighted all
yearly mean data. The weighted DCM analysis results
for all yearly mean data are given in Table S2. For one,

4 https://psl.noaa.gov/data/timeseries/month/
data/nino4.long.anom.dat
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two, three, and four signal models, the best alternative
is always the linear trend K3 = 1. We use this K3 =1
trend in all our subsequent DCM analysis of Nino 4 in-
dex data. For all yearly mean data, the positive lin-
ear temperature increase trend for the best three signal
model M=3 (Table S2) is 2M; = 0.56 £ 0.20 °C dur-
ing AT = 154 years (Equation 5). This trend is ap-
proximately the same in all models (Table S2: M=1-4).
This positive linear trend pattern confirms the climate
change-induced global warming.

5.2.2. Forecast of first half of all yearly mean data

We use the first half of all yearly mean Nifio 4 in-
dex data (n = 78) to forecast the second half (n = 77).
The weighted DCM analysis results for the first half are
given in Table S4. DCM detects many signals. The
sum of these interfering signals is hereafter called the
“Big Wave”. The periods of the three strongest “Big
Wave” signals are P = 5.580£0.085, P, = 12.82+0.40
and P; = 19.30 £ 0.83 years (Table S4, M=3). For the
pure white noise simple model alternative, the first sig-
nal significance is Qr = 6.2 x 10~° (Table S3, M=1).
The one, two and three signal significances are Qp =
0.0016, 0.0025 and 0.013 (Table S4, M=1-3). For the
pre-assigned significance level v = 0.005, the M=2
model is the best. The M=2 and M=3 model peri-
odograms show clearly defined, very sharp minima (Fig-
ures 9a and 10a). The simulations of Models 1-7 (Sec-
tions 3.1-3.7) have already confirmed that only real sig-
nals cause such clear periodogram minima. The two
and three signal model forecasts, dotted black lines, are
shown in Figures 9b-e and 10b-e. Both forecasts can
reproduce the changes of forecasted yearly Nifio 4 in-
dex means, the open black circles, during the second
half. For the second half, the first half forecast x? val-
ues for the one, two, three and four signal models are
421, 336, 370 and 428, respectively. Hence, the two sig-
nal M=2 model gives the best forecast for the second
half of weighted yearly mean data. The red closed cir-
cles denoting the observed 2025 yearly mean (Figures
9e and 10e) are discussed in greater detail in the next
Section 5.2.3.

5.2.3. All weighted yearly mean data

DCM analysis results for all weighted yearly mean
Nino 4 index data are given in Table S5. We detect
the same “Big Wave” periods that are already detected
from the first half of weighted yearly mean data. The
three signal M=3 model is the best. The M=3 model
DCM periodogram shows three clearly defined, sharp
minima (Figure 11a). The “Big Wave” signal periods are
P =5.662+0.077, P, = 12.78+0.12 and P; = 21.3+1.5
years. The peak to peak amplitudes are A; = 0.40+0.13

°C, A2 =047 £0.10 °C and A3z = 0.37 £ 0.12 °C. We
show this M=3 model in Figures 11b-e. The Fisher-test
comparison between the simple pure white noise model
and the complex one signal model gives signal signifi-
cance Qr = 3.9x10713 (Table S6, M=1). This Qr value
represents the probability that the strongest signal, the
first detected 12.65 years signal of model M=1, is not
real. All other pure polynomial model g(t) = p(t) alter-
natives are also rejected (Table S6, M> 2). The second
and third signal significances are Qp = 2.7 x 107 and
Qr = 0.00038 (Table S5: M=2-3). We conclude that
the detections of all these three “Big Wave” signals are
significant.

The results for the unstable four signal model (Ta-
ble S5, M=4, UM) are shown in Figures 12a-e. The
M=3 and M=4 model alternatives for all yearly mean
weighted data give essentially the same “Big Wave” fore-
cast values between 2025 and 2036 (Table 11).

Table 11. “Big Wave”yearly mean forecasts. (1) Year. (2-3)
Figure 11e: open circles. (4-5) Figure 12e: open circles.

Figure 1le Figure 12e

o @ B @ 6

t y *lo y *lo
) (°O) (6 (°©) (°©)
2025.5 0.05 0.25 0.30 0.22
2026.5 0.30 0.21 0.42 0.21
2027.5 0.36  0.20 0.26 0.23
2028.5 0.31 0.17 0.16  0.27
2029.5 0.35 0.17 0.37 0.28
2030.5 0.56  0.20 0.74 0.28
2031.5 0.74 0.21 0.89 0.31
2032.5 0.70 0.31 0.61  0.30
2033.5 0.40 0.37 0.14 0.31
2034.5 0.06 0.32 -0.14 0.33
2035.5 -0.08 0.25 -0.08 0.34
2036.5 0.01 0.20 0.11  0.35

The old data from NOAA database were retrieved on
January 29th, 2026. The four last monthly mean values
were missing for the year 2025. Today, May 2nd, 2026,
we have retrieved those missing values. The old and new
data after December 2024 are given in Table S8.

The data gap after December 2024 is a fortunate co-
incidence for us. The mew monthly mean values in Ta-
ble S8 (column 3) give the new 2025 yearly mean value
y; £ 1lo; = —0.16 £ 0.18 °C. The red closed circle now
highlights this observed new 2025 yearly value in Fig-
ures 9e, 10e, 11e and 12e. All four figures confirm that
the DCM forecast for this new 2025 yearly mean value
succeeds! For first half of data between 1870 and 1947,
both DCM models M=2 and M=3 can, after a gap
of 78 years, forecast the year 2025 observed mew value
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within £10 (Figures 9e and 10e). For the best M=3
model of all yearly means, the “Big Wave” forecast for
the year 2025 (black open circle) and the observed new
2025 value (red closed circle) agree within +1o (Fig-
ure 1le). Even the unstable M=4 model for all yearly
means gives an accurate 2025 forecast (Figure 12¢). In
short, the observed mew 2025 value not only confirms
both all data forecasts, but it also confirms both first
half data forecasts. All these forecasts can, of course, be
dismissed just as lucky guesses. Who wants to take the
risk that our severe “Big Wave” forecasts for the years
2030, 2031 and 2032 are also “lucky” (Table 11)?

Both DCM models M=2 and M=3 for the first half
of yearly mean n = 78 sample give excellent forecasts
for the second half (Figures 9b-e and 10b-e). For the
first six years, the observed second half data £10; errors
match the first half forecast £1og(;) errors. Therefore,
our forecasts for 2025 - 2036 should be even more accu-
rate because DCM can utilise a two times larger n = 155
sample of all weighted yearly means (Table 11, Figures
11le and 12e).

The three signal model is the best one for all weighted
yearly mean data (Table S5, M=3). This best forecast-
ing model is computed for the n = 155 yearly means
(Figure 11e, black closed circles). We can check our real-
time yearly mean forecast against only one new yearly
mean value, the year 2025 (Figure 1le, red closed cir-
cle). However, every monthly mean ¢; and y; value after
December 2024 can be used to compute the yearly slid-
ing mean values t12;, y12,1 and o12,; for past 12 months.
To be precise, the yearly sliding means are computed
from each monthly mean ¢; and y;, and the eleven ear-
lier monthly means. The observed yearly sliding means
are given in Table 12 and displayed in Figure 13 (open
red small circles). These yearly sliding mean values con-
firm that the M=3 model (Table S5) real-time forecast
after December 2024 has become true.

While there is no fixed numerical Nino 4 index limit for
El Nifio events, the general academic standard is +0.5
°C (Hanley et al. 2003; Bunge & Clarke 2009; Ren & Jin
2011). The Nino 4 index variance is much lower than the
Nino 3.4 index variance. Consequently, a lower Nino 4
index anomaly value is statistically more significant. We
show the M=3 model (Table S5) “Big Wave” forecast
for the next decade in Figure 13. The forecasted +1o
yearly mean values between the years 2026 and 2029 rise
close to the El Nifo limit +0.5 °C (continuous horizon-
tal black line). We forecast a prolonged three year El
Nino period, where the yearly mean Nino 4 index values
will exceed this +0.5 °C limit (Table 11, 2030-2032). A
four year cooling trend should begin in the year 2033.

For the sake of consistency, we also give DCM results
for all non-weighted yearly Nifio 4 index data (Table S7).
We detect the signatures of the same “Big Wave” sig-
nals, but the signal significances Qr are low. This con-
firms that the yearly data error information is crucial
for weighted DCM analysis.

5.2.4. All monthly means

Here, we analyse n = 1860 monthly mean Nino 4 in-
dex values between January, 1870 and December, 2024.
The computation of twelve month means may have pre-
vented the detection of shorter periods from yearly mean
data. We allow shorter period detections by lowering
Pupin = 3 years to 2 years. The value Ppa.x = 100
years remains the same. The four signal DCM model
is the best one (Table S9, M=4). The signal peri-
ods are P; = 3.6436 £ 0.0046, P, = 4.7477 4+ 0.0080,
P3; =5.647+0.011, and P, = 12.704 £ 0.063 years. The
12.7 years signal has the highest peak to peak amplitude
As = 0.392 £ 0.038 °C.

Four prominent, sharp periodogram minima (Figure
14a) indicate the presence of true periodic signals. The
first signal significance is Qr <1071¢ (Table S10, M=1-
4). The second, third and fourth signal significances are
also Qr < 10716 (Table S9). All four signal detections
are absolutely certain. DCM search for the fifth signal
from the M=4 model residuals gives R = 529. This
confirms that these monthly mean data contain only four
signals because the M=4 model has R = 475.

Table 12. Yearly sliding means after December 2024 (Figure
13: small red open circles). (1-2) Monthly ¢; and y;. (3-5)
Sliding means for past twelve months t12;, y12,; and oi12,;.

(1) (2) (3) (4) (5)

t; Yi t12,4 Y12,i 9125

) °c) ) (&S] [G))
2025.04 -0.50 2024.58  0.42 0.48
2025.12  -0.36  2024.66  0.29 0.46
2025.21  -0.13  2024.75  0.20 0.42
2025.29 -0.09  2024.83  0.12 0.38
2025.38  0.02  2024.91  0.06 0.34
2025.42  0.14  2025.00  0.03 0.31

2025.54 0.05 2025.08 -0.01 0.27
2025.62 0.06 2025.16 -0.04 0.24
2025.71 -0.12 2025.25 -0.07 0.22
2025.79 -0.32 2025.33 -0.11 0.22
2025.88 -0.37 2025.41 -0.16 0.20
2025.96 -0.19 2025.50 -0.15 0.19
2026.04 -0.15 2025.58 -0.12 0.16
2026.12 0.12 2025.66 -0.08 0.16
2026.21 0.35 2025.75 -0.04 0.20
2026.29 0.30 2025.83 -0.01 0.22

We show the best DCM model for all monthly mean
data in Figures 14b-e. The consecutive model residu-
als (blue closed circles) show strong residual correlation
which is typical for climatological time series (Zwiers &
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Figure 13. Real-time forecast validation for M=3 model
(Table S5). Model curves, observed large closed black cir-
cles and forecasted large open white circles are as in Fig-
ure 1le. Small open red circles denote y;12 sliding means
(Table 12). Observed 2025 yearly mean (red large closed
circle) falls within +1c confidence interval of deterministic
forecast (large open black circle) generated from data be-
fore December 2024. Continuous horizontal black line shows
El Nino +0.5 °C limit. Note that our real-time model also
successfully captured neutral period in early 2026 and sub-
sequent warming at spring 2026 (Table S8: January-April,
2026). This demonstrates that real-time Nifo 4 index fore-
cast is currently synchronised with ”Big Wave” periodicities.
All error bars are +1¢. Units are [y] (x-axis) and [°C] (y-
axis)

Von Storch 1995; Guemas et al. 2014). Due to this resid-
ual correlation, the bootstrap procedure gives too small
model error o) estimates (Equation 30). For this rea-
son, we give only the next decade 2025-2036 monthly
mean forecast values, but not their error estimates (Ta-
ble S11). The monthly mean values after December 2024
are not analysed, but they are displayed in Figure 14e
(red closed circles).

The correlating monthly mean model residuals (blue
closed dots) consistently show how rapidly and strongly
the y(t;) values react to the g(t;) peaks and valleys
(Figures 14b-e). The extrema of y(t;) and g¢(¢;) co-
incide. This is confirmed by the extreme significance
p = 9.3 x 107199 for their linear correlation (Figure 15).
However, the scatter of monthly y(¢;) values at any g(t;)
value is about +1 °C. This means that DCM cannot
forecast the monthly mean Nino 4 index values.

5.2.5. Separate months

We also analyse separately all months from January
to December (Tables S12-S23). The one year gap be-
tween consecutive values can weaken the residual cor-

relation problem. We compare the observed and fore-
casted monthly values after December 2024 (Figures S1-
S12: red closed circles and black open circles). All red
closed circles are within the forecast £30 ;) error limits
denoted by the red dotted lines. We give the forecasted
separate monthly mean values for the next decade (Ta-
ble S24). Note that Table S24 also gives the forecast
error estimates because the residual correlation problem
for separate months is weak or totally absent.

5.3. Solar forcing hypothesis

DCM analysis of Nino 4 index data reveals that some
strictly periodic mysterious “engine” warms and cools
the Pacific Ocean. It is highly improbable that some in-
ternal oceanic “engine” functions with such mechanical
regularity. The primordial “engine” outside the ocean
must be the Sun. We apply DCM to the observed
anomalies of the sea surface temperatures Tge,(t). If
the “engine” is the Sun, the Tgea(t) changes

Y(t) = Tsea(t) = Tsal(t) + Taio (), (55)

are the sum of solar forcing Tsei(t) and global warming
Taio(t), where the units are °C.

Our model g(t) = h(t) + p(t) is the sum of a periodic
h(t) function and an aperiodic p(t) function. If the ob-
served linear polynomial trend p(t) represents the global
warming

TGlo(t) = p(t), (56)
we get
y(t) — p(t) = Tsea(t) — p(t) = Tsol (1) (57)

In this case,

Tsol(t) =y(t) — p(t)
~g(t) — p(t) = h(t) < Fsun(t) (58)

where Fgyy,(t) is the sum of solar output flux signals hav-
ing the units Wm~=2. The maximum h(t) solar forcing
effect is A1 + As + A3 = 1.2+ 0.2 °C for yearly means
(Table 85) and A1 + AQ + A3 + A4 =1.41 +0.06 °C for
monthly means (Table S9). The 1o limits of these two
estimates overlap.

We use the relation

Foun (t) <5 Tooi(t) (59)

to describe how Fgun(t) triggers the Tsoi(t) changes.
The symbol « 9 contains all unknown climatologi-
cal processes that transform Wm™2 to °C. For the
monthly mean values, the linear correlation between
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Figure 15. Correlation between monthly mean g(¢;) and
y(t:) values. Linear correlation coefficient » = 0.501 signifi-
cance is p = 9.3 x 107'?. Red line denotes y(t) = a[g(t) +b,
where a = 1.001 £ 0.040 and b = 0.000 & 0.013. Units are
[°C] (x- and y-axis).

g(t) — p(t) o« Fgun(t) and y(t) — p(t) = Tsa(t) is ab-
solutely certain (Figure 16: p = 5.7 x 10792), but the
+1 °C scatter of monthly y(t;) —p(t;) values prevents ac-
curate forecasting. For the yearly means, however, fore-
casting succeeds because the average of twelve month
means eliminates the chaotic “%7 effect in Equation
59.

5.4. Holy grail: El Nino, the Sun and the Planets

DCM can model and forecast the “Big Wave” in Nifno
4 index data. We detect three signals in all yearly mean
data and four signals in all monthly mean data. The
two strongest 12.8 and 5.7 year signals are the same.
The shorter 3.6 and 4.7 year signals are detected only
from the monthly mean data because the computation
of twelve month averages eliminates them from yearly
mean data. Between January 1870 and December 2024,
the first half of the yearly means effectively forecasts the
second half (Figures 9b-e and 10b-e: open circles). Both
first half DCM models for yearly Nifio 4 index means be-
fore the year 1948 can accurately forecast the observed
new 2025 yearly mean (Figures 9e and 10e: closed red
circle). The “Big Wave” signals must be very stable be-
cause DCM forecasts come true in the year 2025 after
a gap of 78 years. In a chaotic system, a 78-year fore-
cast should be mathematically impossible. For the two
times larger complete yearly mean sample, only time
will reveal if our ten year “Big Wave” forecast after De-
cember 2024 succeeds (Table 11, Figures 1le and 12e:
open black circles). Our real-time yearly sliding mean
DCM forecast after December 2024 has come true (Fig-

ure 13). Due to the «on offect (Equation 59), the
monthly mean data are too chaotic for accurate fore-
casting (Figures 15 and 16).

Here, we discuss the hypothesis that external solar
forcing, rather than internal climate dynamics, governs
the general pattern of Nino 4 index changes. Some
studies have found correlation between the solar cy-
cle and the climate temperature (Friis-Christensen &
Lassen 1991; Connolly et al. 2021). The mainstream
scientific consensus is that solar activity plays a minor
role in global warming (Gray et al. 2010; Kopp & Lean
2011; Lockwood 2012). For the period 1870 - 2024, our
DCM estimates for all yearly means give + 0.6 °C for
linear global warming trend and + 0.6 °C for solar forc-
ing superimposed on this trend.

y(t) = p(t) = Tsun(t)

—20+— . - . T .
-0.6 -0.4 -0.2 0.0 0.2 0.4 0.6
9(t) — p(t) « Fsun(t)

Figure 16. Correlation between monthly g(¢;) — p(t;) and
y(t:) — p(t;) values. Linear correlation coefficient r = 0.447
significance is p = 5.7 x 107°2. Red line denotes y(t) —p(t) =
alg(t) — p(t)] + b, where a = 0.999 £+ 0.046 and b = 0.000 +
0.012. Units are [°C] (x- and y-axis).

Our arguments are transparent.

Argument 1: If the “Big Wave” is a real phe-
nomenon, solar forcing is the only logical cause.

Argument 2: If the solar forcing causes the “Big
Wave”, this forcing must be strictly periodic.

Argument 3: If the solar forcing is strictly peri-
odic, the solar dynamo must be strictly periodic.

Argument 4: If the solar dynamo is strictly peri-
odic, the planetary tides are the only logical cause.

The main counterarguments are
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Counterargument 1: El Nifo is an internal climate
phenomenon, where the ocean and the atmosphere
are dynamically coupled (Bjerknes 1969; Philan-
der 1989).

Counterargument 2: The solar dynamo is stochas-
tic and non-stationary (Usoskin 2017; Charbon-
neau 2020).

Counterargument 3: Planetary gravitational fields
are too weak to sustain a strictly periodic solar
dynamo (Kudryavtsev et al. 2022; Charbonneau
2022).

5.4.1. Argument 1

DCM detects the same strictly periodic signals from
half of the yearly Nino 4 index means, all yearly Nino
4 index means and all monthly Nino 4 index means.
The signal signicances are extreme, like Qr <10716 for
all four signals detected from all monthly mean Nino 4
index values. DCM models give accurate forecasts. All
these results confirm that the “Big Wave” must be a real
phenomenon. If Counterargument 1 were true, such a
chaotic system would not cause the “Big Wave”. If the
ocean or atmosphere cannot cause the “Big Wave”, the
only remaining alternative is the Sun.

5.4.2. Argument 2

If the solar forcing were not strictly periodic, what
other alternative phenomenon could cause the observed
regular “Big Wave”? If the solar forcing were irregular,
the global warming and climate response noise PRSI
(Equation 59) could prevent DCM detection of “Big
Wave”. For example, this forcing must be strictly peri-
odic and stationary because the yearly means between
the years 1870 and 1947 can accurately forecast the 2025
yearly mean (Figures 9e and 10e: closed red circle).

5.4.3. Argument 3

If the solar dynamo is stochastic and non-stationary
(Counterargument 2), the solar forcing can not be
strictly periodic. There are dynamo models, where the
synchronised response to planetary tides drives a multi-
periodic solar dynamo (Klevs et al. 2023; Mouél et al.
2025; Stefani et al. 2025). The solar dynamo may be
multi-periodic and stationary because DCM detects the
extremely significant, strictly periodic Si1v, Siov and
S11.vse signals from the sunspot record (Jetsu 2025).
The above subscripts refer to the signal periods in years.

5.4.4. Argument /

Counterargument 3 is not true, if the synchronised
planetary tides can provide the “clocking” mechanism
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for the solar dynamo (Klevs et al. 2023; Mouél et al.
2025; Stefani et al. 2025). The unending interference of
planetary tides could explain the regular “Big Wave” in
the Nino 4 index time series. Except for planets, there
is nothing else in the solar system that can cause the
regular signals in the period range of the “Big Wave”.
The planetary tides could also explain the strictly peri-
odic S11v, Siov and Si1.vgg signals in the sunspot data
(Jetsu 2025). It may not be a coincidence that the
S11.vs¢ signal period detected from the sunspot record
is equal to Jupiter’s orbital period of 11.86 years. The
tidally driven solar dynamo could explain both the “Big
Wave” in the Pacific Ocean and the strictly periodic
signals in the sunspot record (Jetsu 2025). If the solar
dynamo were indeed stochastic and non-stationary, our
DCM would never detect extremely significant, strictly
periodic signals in these two different physical systems.

5.4.5. Damping and amplifying in solar forcing

DCM detected the Sigv, S11v and Sy1.vgg signals from
the sunspot record (Jetsu 2025). These solar forcing
signals would amplify or dampen each other in the Pa-
cific Ocean. Our notation Si5.v7g refers to the strongest
12.78 £ 0.12 years signal in the yearly mean Nino 4 in-
dex data (Table S5, M=3).

The beat frequency of two arbitrary frequencies f; =
1/p1 and f2 = 1/p2 is

fig=1fi— fol- (60)

One connection between the sunspot signals S1gy (p1 =
1/f1), Slly (pg = /fz) and Sll_ygﬁ (pg = 1/f3), and the
El Nino signal S12y7s (pa = 1/f4), is outlined in Table
525. If we take the "beat” fy 3 between fo and f3, and
subtract this beat from the frequency f3, we get

12.87=0.0777 = f3 — fa3 (61)
~ f1=0.0782 = 12.78 = p,.

This relation is well within the 10 = 0.12 error limits.
The f1, f2, f3 and f4 frequencies are nearly equidis-
tant (Table S25). The chain is 10 —0.009, qp 000

11.86 —2%%, 12.78. The 12.78 period may represent the
low frequency caused by interference between the 11 and
11.86 periods. For example, Stefani et al. (2019) discuss
this S12.y7s signal in connection to their planetary tidal
synchronisation dynamo model.

We show that the strongest Si2.y7s signal in Nino 4
index data can be connected to the strongest S11y signal
and the third strongest Sii1.ygg signal which DCM has
detected in the sunspot data (Jetsu 2025). Therefore,
it is unnecessary to begin a long discussion about all
possible connections between the signals detected in the
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Pacific Ocean and the Sun. The main point is that DCM
signal detections in these two different physical systems
can be connected.

5.4.6. General comments

Our mathematical model detects regularities that the
climatological models fail to detect, let alone forecast.
Mathematics detects signals that, according to Clima-
tology, should not be there. The counterargument is
that simple mathematics cannot explain the complex
coupling between the ocean and atmosphere. Our simple
physical model is that the solar forcing causes the “Big
Wave”. The Pacific Ocean is the Earth’s largest, and
therefore the most robust, thermal reservoir for measur-
ing this forcing in real-time. If the sum of many sig-
nals moderates the solar forcing, it is no surprise that
we have so far failed to discover this “Big Wave” inter-
ference in the sea surface temperature anomalies. Fur-
thermore, the “Big Wave” is buried under the global
warming trend and the strong noise ” G caused by
the climate response (Equation 59). El Nino seems to
work like a “clock” because our DCM can model and
forecast the “Big Wave”. This result may be the “holy
grail” of climatology. Our “Big Wave” discovery does
not fully solve the El Nino riddle, like the chaotic Nino
4 index monthly means. However, the “Big Wave” does
give a C%'OOd starting point for modelling the climatolog-
ical “—5" effects (Equation 59).

The mainstream dynamical models simulate ocean-
atmosphere coupling using supercomputers. The
“spring predictability barrier” prevents long-term fore-
casting. Even the best dynamical model El Nifio fore-
casts fail in 1.5 years (Zhao et al. 2024). These dynam-
ical models may be over-complicated because our DCM
analysis confirms that short-term weather does not af-
fect long-term trends. Our mathematical DCM yearly
mean forecast can connect seven “Big Wave” decades
to the next seven decades (Figures 9 and 10). This
should be impossible if the climatological chaos takes
over within 1.5 years, not to mention the obstacle of
breaking through seventy “spring predictability barri-
ers”. A reliable El Nino forecast even one year ahead
would save trillions of dollars (Hsiang et al. 2011; Calla-
han & Mankin 2023; Liu et al. 2023a; Xu et al. 2026).
Given these massive financial stakes, we urge the scien-
tific community to verify our findings immediately.” An
ordinary PC can detect the first two “Big Wave” signals
in about one minute. The third signal detection takes
a few minutes. William of Ockham (1287-1347) stated
that if two competing hypotheses make the same pre-

5 See declaration “Code and data availability”.

dictions, the simplest hypothesis is usually the best one
(Occam’s razor). This comes true when an ordinary PC
gives better El Nino forecasts than multi-million-dollar
supercomputers.

Since December 2024, DCM has achieved a critical
milestone by forecasting in real-time the 2025 yearly
mean within a 10 margin (Figure 13). Our real-time
validation also accurately captured the neutral condi-
tions in early 2026 and the current warming trend at
the end of spring 2026. All these validity checks con-
firm DCM'’s predictive power of strictly periodic sig-
nals. These results confirm that DCM can provide deter-
ministic forecasts for complex climate transitions. The
next months will show if the Pacific Ocean continues to
dance the “Big Wave” tune. That would also finally con-
firm that the solar cycle is multi-periodic and stationary
(Jetsu 2025). It is fortunate for us that the Nino 4 in-
dex forecasts can be checked much faster the sunspot
cycle forecasts.

The “notorious” Nino 4 index time series is actually
considerably simpler than our simulated Model 7 time
series discussed in Section 3.7. That time series is patho-
logical because both signal periods are shorter than the
data window. Both signals are not pure sines and they
are superimposed on a parabolic polynomial trend. This
pathology does not hinder the success of the Model 7
time series DCM analysis. Because of this, there is no
rational reason to doubt the results of our Nino 4 in-
dex DCM analysis. As shown in Figures 9a, 10a, 1la,
and 14a, the sharp periodogram minima unmistakably
indicate a successful analysis. Official El Nino forecasts
from NOAA and similar agencies often cite probabili-
ties in the 10% — 90% range. DCM probability that the
four strongest monthly mean data “Big wave” signals are
real is larger than 1 — 10716 = 0.9 999 999 999 999 999
(Table S9). If our DCM can decode the Earth’s most
complex non-linear phenomenon (El Nifo) with this sig-
nificance, it is powerful enough to handle complex as-
trophysical time series. Our El Nino stress test confirms
that DCM is a robust, cross-disciplinary tool for detect-
ing non-stationary signals in the presence of extreme
variance.

6. CONCLUSIONS

The frequency-domain parametric time series analysis
methods methods suffer from many application limita-
tions (Section 1: AL1 - AL15). We demonstrate thor-
oughly that none of those limitations apply to DCM
(Sections 3 - 4). By dividing the data into separate
forecasting and forecasted samples, DCM is able to “see
through time”. The Fisher-test and the Forecast-test
can confirm the correct model for the data. Due to the
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WD-effect, the time span of data window is irrelevant
because the performance of DCM depends only on the
quantity and quality of data.

The mainstream considers the El Nino phenomenon so
chaotic and non-linear that even multi-million-dollar su-
percomputer long-term forecasts are doomed to fail. In
our stress test, we apply DCM to the Nino 4 index time
series (Section 5). DCM can model and forecast El Niflo.
For the yearly means, the DCM model for the first seven
decades can forecast the next seven decades. Despite
the 78-year gap, both DCM models for the 1780 - 1947
yearly means can accurately predict the observed new
2025 yearly mean (Figures 9e and 10e: red closed cir-
cle). As for all yearly means before December 2024,
we perform a real-time DCM forecast validation. This
DCM real-time forecast for the new data after Decem-
ber 2024 has come true (Figure 13). The rapid warming
of sea surface temperatures observed now, in May 2026,
provides the latest striking real-time validation.

We detect the extremely significant and strictly pe-
riodic “Big Wave” from the yearly and monthly Nino
4 index data. No such precise “clock” can exist in-
side the Pacific Ocean. Strictly periodic solar forcing
is the only possible external “clock”. The mainstream
stochastic and non-stationary solar dynamo (Charbon-
neau 2020; Usoskin 2023) cannot cause strictly periodic
solar cycles. Planetary tides could provide such a pre-
cise multi-periodic solar dynamo “clocking” mechanism
(Klevs et al. 2023; Mouél et al. 2025; Stefani et al. 2025;
Jetsu 2025). By definition, a system cannot be charac-
terized as chaotic (e.g., E1 Nino) or stochastic (e.g., solar
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dynamo) if it produces strictly periodic, extremely sig-
nificant signals that exhibit phase-stability for decades
(e.g., red closed circles in Figures 9e and 10e).

At the moment, our solar dynamo and El Nino claims
are off-mainstream. However, that scientific narrative
is unimportant, for example, to commodity producers
who deserve reliable real-time El Nino forecasts. The
simple connection between the Sun, the Planets and the
“Big Wave” may seem like the holy grail of Climatol-
ogy. However, these three elements are merely physical
phenomena. The mathematical DCM is the real sci-
entific holy grail. DCM has now discovered extremely
significant, strictly periodic signals in the sunspot and
El Nino data. Both discoveries require that the solar
dynamo is stationary and multi-periodic. These claims
are now under an objective, real-time “review” by the
Pacific Ocean itself.
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DISCRETE CHI-SQUARE METHOD

Supplementary material

Table S1. Samples. (1) Description. (2-3) Size and time span. (4) Errors available. (5) Electronic data file.

) (2) 3 @ 6

Description n AT  o; Data file
) ) » & O

All yearly 155 154 yes Clong.dat
First half all yearly 78 77 yes Chalf.dat
All yearly 155 154 no Rlong.dat
All monthly 1860 154.9 no mAll.dat
All January 155 154 no Jan.dat
All February 155 154 no Feb.dat
All March 155 154 no Mar.dat
All April 155 154 no Apr.dat
All May 155 154 no May.dat
All June 155 154 no Jun.dat
All July 155 154 no Jul.dat
All August 155 154 no Aug.dat
All September 155 154 no Sep.dat
All October 155 154 no Oct.dat
All November 155 154 no Nov.dat

All December 155 154 no Dec.dat
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Table S2. Trend in all yearly mean weighted data. DCM analysis between Pmin = 3 and Pmax = 100 years. We use v = 0.001
(Equation 48) for yearly data. Otherwise as in Table 8

Period analysis Fisher-test (v = 0.001)
Data: Original weighted data (n = 155, AT = 154: Clong.dat)
(1) (2) (3) (4) (5) (6) (7 (8) (9)
M P (v) Py (v) P3 (v) Py () M=2 M=3
n () A1 (°O) Az (°0) Az (°0) Ay (°O) Fy (=) Fy (-) Control file
P tmin,1 () tmin,1 (%) tmin,1 () tmin,1 () QF ) QF ()
One signal
M=1 12.67 £+ 0.33 - - - t T
1,1,0,x2 4 0.62 £ 0.15 - - - 26.9 14.0 longC14K110.dat
516 1871.7 £ 1.3 - - - 6.7 x 107 2.7 x 10”6
M=2 12.65 £ 0.20 - - - - —
111,52 5 0.51 £ 0.14 - - - - 1.02 longC14K111.dat
437 1871.8 + 1.3 - - - - 0.31
M=3 12.65 £ 0.43 - - -
11,22 6 0.52 £ 0.12 - - - longC14K112.dat
434 1871.9 £ 1.1 - - -
Two signals
M=5 M=6
M=4 12.70 £ 0.17 26.8 £ 2.0 - - T T
My 1052 7 0.62 +0.12 0.39 +0.16 - - 27.4 13.6 longC14K210.dat
456 1871.3 £ 1.0 1870.8 + 3.4 - - 5.6 x10°7 3.8x10°6
M=5 5.677 + 0.089 12.64 +0.31 - - - —
112 8 0.393 + 0.086 0.47 £0.13 - - - 0 longC14K211.dat
384 1876.15 & .56 1871.8 £ 1.2 - - - 1
M=6 5.677 £ 0.077 12.64 £ 0.42 - - -
My 1o 2 9 0.388 £ 0.093 0.47 £ 0.12 - - - longC14K212.dat
384 1876.06 £ 0.76 1871.9 £ 1.2 - - -
Three signals
M=8 M=9
M=7 5.619 + 0.091 12.74 £ 0.48 21.83 4 0.81 - T T
3,1,0,x2 10 0.41 +0.13 0.52 + 0.11 0.40 £ 0.12 - 29.2 15.0 longC14K310.dat
407 1871.54 4 0.77 1871.2 + 1.7 1870.5 + 3.2 - 2.6x10"7 1.2x10°6
M=8 5.662 + 0.077 12.78 +0.12 21.3+ 1.5 - - «
3.1,1,x2 11 0.40 +£0.13 0.47 + 0.10 0.37 £0.12 - - 0.82 longC14K311.dat
338 1870.77 4 0.62 1870.86 4 0.88 1871.3 + 3.3 - - 0.36
M=9 5.661 4+ 0.073 12.76 £ 0.22 21.2 £ 1.2 - - -
31,252 12 0.40 £ 0.11 0.49 £0.10 0.39 £ 0.12 - - - longCI0K312.dat
336 1870.8 £ 0.74 1871.1 £ 1.2 1871.6 + 2.8 - - -
Four signals
M=11 M=12
M=10 5.597 + 0.066 12.77 £ 0.19 19.4+ 1.6 IF  21.5 £ 2.1 IF T T
4,1,0,x2 13 0.44 £ 0.10 0.57 £0.11 0.4+1.3AD  04+1.4 AD 28.1 14.2 longC14K410.dat
UM 362 1872.06 + 0.57 1870.8 + 1.2 1873.3 + 3.7 1872.3 + 3.3 4.5 x10°7 2.5 x 1076
M=11 5.496 + 0.093 IF 5.66 £ 0.13 IF 12.76 £ 0.15 21.1+ 1.5 - —
My1a2 14 0.3+ 1.8 AD 0.4+ 1.8 AD 0.49 £ 0.13 0.39 £ 0.11 - 0.45 longC14K411.dat
UM 300 1874.3 £ 1.2 1870.7 + 1.2 1871.10 +0.97  1871.8 + 2.1 - 0.50
M=12 5.497 £ 0.087 IF  0.566 £ 0.062 IF 12.75 £ 0.17 21.0 £ 1.0 -
41,252 15 0.34 + 0.94 AD 0.42 4+ 0.90 AD 0.50 £ 0.11 0.398 £ 0.084 - - longC14K412.dat

UM 299 1874.3 + 1.0 1870.68 + 0.99 1871.1 + 0.97 1871.9 £ 2.2 - -
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Table S3. Significance of one signal model M=1 in Table S4. Note that we use v = 0.005 for this smallest sample. Otherwise

as in Table 9.

(1)

2)
Fisher-test (v = 0.005)

gi,1,1, N = 78
Polynomial n=>5,%x> =168
M=1 0
g(t) = p(t, Kz = 0) F=172
n=1, x* =235 Qr =6.2x107°
M=2 1
g(t) =p(t,Ks=1) 5.14
n=2, x> =204 Qr = 0.0028
M=3 0
g(t) = p(t, K3 = 2) F=173
n=3, x? =202 Qr = 0.0013
M=4 0
g(t) =p(t, K3 = 3) F =12.86
n=4,x* =198 Qr = 0.00060
M=5 0
g(t) = p(t, K3 = 4) No test
n=>5,x>=192 Qr =1
M=6 N
g(t) = p(t, K3 = 5) F=-89
n==6, x> =192 Qr=1
M=T7 0
g(t) = p(t, K3 = 6) F=—-42
n="7,x>=191 Qr =1
M=8 0
g(t) =p(t, Kz =T7) F=-24
n=28, x? =188 Qr =1
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Table S4. Periods in first half yearly mean data. Otherwise as in Table S2.

Period analysis
Data: Original weighted data (n = 78, AT = 77: Chalf.dat)

Fisher-test (v = 0.005)

1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
M Py (v) Py (v) P3 (y) Py (v) M=2 M=3 M=4
n (-) Ay (°O) Ag (°C) Az (°C) Ay (°O) Fy (-) Fy (-) Fy (-) Control file
X ) tming O tmin,1 () tming &) tmina &) Qr () Qr () QF )
One signal
M=1 19.05 £ 0.95 - - - T T T
My 12 5 0.44 + 0.16 - - - 5.62 5.95 5.78 halfC14K111.dat
168 1874.2 + 2.1 - - - 0.0016 0x 10”5 5 x 10°6
Two signals
M=2 12.81 £ 0.44 18.8 + 1. - - - T T
My 112 8 0.44 £ 0.10 0.53 £0.18 - - - 5.3 4.91 halfC14K211.dat
135 1870.9 + 1.45 1874.8 + 2.5 - - - 0.0025 0.00034
Three signals
M=3 5.82 4 0.14 12.82 4 0.43 19.33 4 0.74 - - - P
My 1152 11 0.42 £+ 0.13 0.49 £ 0.10 0.50 £ 0.12 - - - 3.88 halfC14K311.dat
109 1875.51 + 0.94 1874.0 + 1.3 1874.0 + 1.8 - - - 0.013
Four signals
M=4 3.437 + 0.052 5.830 & 0.047 12.82 4+ 0.45  19.57 + 0.59 - - -
My 112 14 0.30 4+ 0.12 0.48 4 0.13 0.498 4+ 0.097  0.54 + 0.12 - - - halfC14K411.dat
92 1873.01 + 0.66  1875.42 £ 0.39  1870.7 4+ 1.8  1873.6 + 2.2 - - -
Table S5. Periods in all yearly mean weighted data. Otherwise as in Table S2.
Period analysis Fisher-test (v = 0.001)
Data: Original weighted data (n = 155, AT = 154: Clong.dat)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
M Py (y) Po (v) P3 (v) Py (v) M=2 M=3 M=4
n () A1 (°C) As (°C) Az (°0) Ay (°C) Fy (-) Fy (-) Fy (=) Control file
x* () tmin,1 (%) tmin,1 (¥) tmin,1 (¥) tmin,1 (%) Qr () Qr () Qr ()
One signal
M=1 12.65 4 0.20 - - - T T +
My 112 5 0.51 +0.14 - - - 12.4 6.98 7.10 longC14K111.dat
437 1871.8 & 1.3 - - - 2.7x10°7 1.6x10°6 1.9x10°8
Two signals
M=2 5.677 + 0.089 12.64 4 0.31 - - - + +
My 1 1a2 8 0.393 4 0.086 0.47 +0.13 - - - 6.48 6,53 longC14K211.dat
384 1876.15 4 0.56 1871.8 + 1.2 - - - 0.00038 4.1 x 10~6
Three signals
M=3 5.662 + 0.077 12.78 £+ 0.12 2134+ 1.5 - - - T
My 1 1x2 11 0.40 +0.13 0.47 + 0.10 0.37 £0.12 - - - 5.91 longC14K311.dat
338 1870.77 4 0.62 1870.86 + 0.88  1871.3 + 3.3 - - - 0.00079
Four signals
M=4 5.496 4+ 0.093 IF  5.66 £ 0.13 IF  12.76 £ 0.15 21.09 + 1.5 - - -
My 112 14 0.3+ 1.8 AD 0.4 + 1.8 AD 0.49 £ 0.13 0.39 £ 0.11 - - - longC14K411.dat
UM 300 1874.3 + 1.2 1870.7 + 1.1 1871.1 4 0.97  1871.9 4 22. - - -
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Table S6. Significance of one signal model M=1 in Table S5. Otherwise as in Table 9.

(1)

()
Fisher-test (7 = 0.001)

gi,1,1,n = 155
Polynomial n=>5,x% =437
M=1 0
g(t) = p(t, Ks = 0) F=199
n=1, x* =670 Qr =39x107 1
M=2 0
g(t) =p(t, K3 =1) 11.4
n=2, x? =537 Qr=92x10"7
M=3 1
g(t) = p(t, K3 = 2) F =170
n=3, x> =537 Qr =2.1x107"7
M=4 0
g(t) = p(t, K3 = 3) F =338
n=4, x> =536 Qr =3.6 x 1078
M=5 0
g(t) = p(t, K3 = 4) No test
n=>5, x2 =514 Qr =1
M=6 0
g(t) = p(t, K3 = 5) F=-22
n==6,x>=>514 Qr =1
M=T7 T
g(t) = p(t, Kz = 6) F=-82
n="7,x% =492 Qr=1
M=8 0
g(t) =p(t,Kz=17) F=-54
n=28, x? =492 Qr=1

Table S7. Periods in all non-weighted yearly mean data. Otherwise as in Table S2.

Period analysis

Data: Original non-weighted data (n = 155, AT = 154: Rlong.dat)

Fisher-test (v = 0.001)

(1) (2) (3) (4) (5) (6) (7 (8) (9) (10)
M Py (y) Py (v) P3 (v) Py (v) M=2 M=3 M=4
n () A () Az () Az () Ag () Fr () Fr () FR(-) Control file
- tmin,1 (%) tmin,1 (%) tmin,1 (%) tmin,1 (%) Qr () Qr () Qr ()
One signal
M=1 12.71 £0.12 - - - — — —
Mi11,R 5 0.389 4 0.074 - - - 3.67 3.77 1.11 longR14K110.dat
27.1 1871.69 + 0.86 - - - 0.013 0.0016 0.36
Two signals
M=2 5.651 + 0.030 12.69 + 0.15 - - R P P
Mo 11,R 8 0.319 4 0.064 0.384 £ 0.088 - - - 3.77 -0.092  longR14K211.dat
25.2 1870.76 + 0.41 1871.8 + 1.1 - - - 0.0016 1
Three signals
M=3 5.650 + 0.032 9.12 +0.12 12.69 £ 0.27 - - - «—
M3 11,R 11 0.327 £+ 0.084 0.299 =+ 0.087 0.381 £ 0.079 - - - -3.50 longR14K311.dat
23.4 1870.78 + 0.46 1873.0 + 1.2 1871.9 + 1.3 - - - 1
Four signals
M=4 5.496 + 0.093 IF  5.662 + 1.3 IF 12.76 £ 0.16 21.1+1.5 -
My 11,R 14 0.3+ 1.9 AD 0.4+1.8 AD  0.491+£0.49+0.13  0.39 £ 0.11 - longR14K411.dat
UM 25.3 1874.3 £ 1.2 1870.7 £ 1.2 1871.1 4+ 0.97 1871.8 + 2.1 -

47
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Table S8. Monthly Nino 4 index means after December 2024. (1) Month. (2) Available on 29.01.2026. (3) Available on
02.05.2026. Monthly values for 2026 are not yet finalised in NOAA.

n @ 6
Month Y Y

“) °c_°C
Jan-25 -0.50 -0.50
Feb-25 -0.36 -0.36
Mar-25 -0.13 -0.13
Apr-25 -0.09 -0.09
May-25 0.02 0.02
Jun-25 0.14 0.14
Jul-25  0.05 0.05
Aug-25 0.06 0.06

Sep-25 - -0.12
Oct-25 - -0.32
Nov-25 - -0.37
Dec-25 - -0.19
Jan-26 - -0.15
Feb-26 - 0.12
Mar-26 - 035
Apr-26 - 0.30

Table S9. Periods in non-weighted all months data. Otherwise as in Table S2.

Period analysis Fisher-test (y = 0.001)
Data: Original non-weighted data (n = 1860, AT = 154.9: mAll.dat)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
M Py (y) Py (y) P3 (y) Py (y) M=2 M=3 M=4
n (-) A1 (°0C) Ag (°C) Az (°C) A4 (PO) Fgr (-) Fr (-) FRr(-) Control file
R () tmin,1 () tmin,1 () tmin,1 (%) tmin,1 (%) Qr () Qr () Qr )
One signal
M=1 12.716 + 0.047 - - - T T 1
Mi11,R 5 0.396 4 0.029 - - - 32.9 33.2 35.3 mA11R14K111.dat
556.8 1871.62 + 0.37 - - - Qp <1076 gp <1076 Qp <1016
Two signals
M=2 5.651 + 0.012  12.700 + 0.042 - - - T T
Mo 11.R 8 0.348 4 0.029 0.389 + 0.028 - - - 31.8 34.7 mA11R14K211.dat
528.6 1870.75 +0.19  1871.76 + 0.32 - - - Qp <1016 Qp <10-16
Three signals
M=3 4.7459 4+ 0.0082  5.640 + 0.012  12.694 + 0.043 - - - T
Mg 11,r 11 0.335 + 0.023 0.340 £ 0.034  0.388 & 0.030 - - - 35.7 mA11R14K311.dat
502.6  1870.60 + 0.13  1870.93 + 0.15 _ 1871.83 + 0.29 - - - Qp <1016
Four signals
M=4 3.6436 & 0.0046 4.7477 + 0.0080 5.647 + 0.011  12.704 + 0.063 - - -
My 11,R 14 0.345 + 0.030 0.332 4+ 0.031  0.342 £ 0.025  0.392 + 0.038 - - - mA11R14K411.dat

475.0 1872.68 4+ 0.11 1870.55 £ 0.14 1870.82 + 0.19 1871.74 + 0.39. - - -



https://psl.noaa.gov/data/timeseries/month/data/nino4.long.anom.data
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Table S10. Significance of one signal model M=1 in Table S9. Otherwise as in Table 9.

(1)

(2)

Fisher-test (7 = 0.001)
gi,1,1, N = 1860

Polynomial n=5R=>557.1
M=1 0

g(t) = p(t, Ks = 0) F =639
n=1, R=0634 Qr <1071¢
M=2 T

g(t) =p(t, K3 =1) F =398
n=2 R =593 Qr <1076
M=3 T

g(t) = p(t, K3 = 2) F =59.7
n=3, R=>593 Qr <1071¢
M=4 0

g(t) = p(t, Ks = 3) F=0928
n=4, R=7585 Qr <1071¢
M=5 T

g(t) = p(t, K3 = 4) No test
n=>5, R =584 Qr =1
M=6 T

g(t) = p(t, Kz =5) F=-34
n =6, R =584 Qr=1
M=T7 T

g(t) = p(t, Kz = 6) F=-335
n=7, R=0578 Qr=1
M=8 T

g(t) =p(t,Kz=17) F=-223
n=238, R=7578 Qr =1
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Table S11. All months “Big Wave” forecast (Figure 14). (1) Year. (2-13) Month. Symbols 1 and | tell that preceding value

is smaller or bigger.

(1) (2) (3) (4) (5) (6) (7 (8) (9) (10) (11) (12) (13)
Year Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec

) (¢ [GL)) (6] (Gd®)) (Gd®)) [GL)) [GL)) (Gd®)) (Gd®)) [Gd)) [GL)) (6]
2025 0.06 1T 0.05 | 0.04 | 0.03 | 0.02 | 0.02 | 0.01 | 0.00 | -0.00 | -0.01 | -0.01 | -0.01 7
2026 -0.00 1+ 0.00 1 001 4 0.01 4+ 002 1 003 1 004 1 0.05 1+ 0.06 1+ 008 1 009 1 010 +
2027 0.11 1 0.12 1t 0.12 1t 0.13 1t 0.13 1 0.13 1 0.13 1t 0.13 | 0.13 | 0.12 | 0.12 | 0.11 |
2028 0.10 | ©0.09 | o009 | o008 | o007 | o006 | 005 | 005 | 004 | 004 | 004 1t 004 7t
2029 0.05 1 0.06 1 0.07 1 0.08 ¢t 0.10 1t 0.12 1 0.14 ¢t 0.17 ¢t 0.19 ¢t 0.22 1 0.25 1 0.28 ¢t
2030 0.31 1 0.34 1 037 + 040 1 042 1 045 1 047 1 049 1 050 1 052 1 052 1 053 %
2031 053 1 052 | 052 | 050 | 049 | 047 | 045 | 042 | 039 | 036 | 0.33 | 030 |
2032 0.27 | 023 | o020 | 017 | 0.14 | 0.12 | 0.09 | o0.07 | 0.05 | 003 | 002 | 001 |
2033 o0.01 4 o©0.01 | o001 t 002 t 002 T 003 T 005 t 006 t 008 Tt 009 Tt 011 1t 0.13 T
2034 0.14 1t 0.15 1 0.17 1 0.17 ¢t 0.18 1 0.19 1 0.19 ¢t 0.18 | 0.18 | 0.16 | 0.15 | 0.13 |
2035 0.11 | 0.09 | 0.06 | 0.03 | 0.00 | -0.03 | -0.06 | -0.10 | -0.13 | -0.16 | -0.19 | -0.22 |
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Figure S1. January data model M=4 in Table S12. Red dots from Table S8 (Column 3). Otherwise as in Figure 10.

Table S12. Periods in January data. Note that we use the pre-assigned significance level v = 0.05 (Equation 48) because data
of separate months data are so noisy. Otherwise as in Table S2.

Period analysis Fisher-test (v = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Jan.dat)
(1) (2) (3) (4) (5) (6) (7 (8) (9) (10)
M P1 (v) Pa (v) P3 (y) Py (v) M=2 M=3 M=4
n (=) A1 (°C) Ag (°0) Az (°C) Ay (°0) Fr (-) Fgr (-) FRr(-) Control file
R ) tmin,1 (%) tmin,1 (%) tmin,1 (¥) tmin,1 (%) Qr (1) Qr () Qp ()
One signal
M=1 3.766 + 0.030 - - - T 1 T
Mi11,R 5 0.46 £ 0.12 - - - 3.33 3.40 3.26 JanR14K111.dat
64.0  1872.18 4 0.46 - - - 0.021 0.0035  0.0012
Two signals
M=2 3.767 & 0.040 4.734 4+ 0.046 - - - T T
Mo 11,R 0.45 £ 0.11 0.46 £ 0.13 - - - 3.14 3.09 JanR14K211.dat
59.9  1872.18 + 0.44  1871.02 =+ 0.59 - - - 0.027 0.0071
Three signals
M=3 3.766 & 0.045 4.734 4 0.026 12.72 £ 0.18 - - - T
Mgz 11,R 11 0.45 £ 0.10 0.46 £ 0.11 0.44 +0.11 - - - 2.91 JanR14K311.dat
56.2  1872.19 + 0.44  1871.02 4 0.57 1871.7 + 1.4 - - - 0.037
Four signals
M=4 3.768 + 0.018 4.737 4+ 0.048 5.643 4+ 0.15 12.68 + 0.30 - - -
My 11,R 14 0.45 £ 0.12 0.44 £ 0.12 0.41 4 0.10 0.43 £ 0.11 - - - JanR14K411.dat
52.9  1872.21 +0.44  1870.94 4+ 0.62  1870.84 + 0.73  1871.9 + 1.4. - - -
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Figure S2. February data model M=4 in Table S13. Otherwise as in Figure S1.
Table S13. Periods in February data. Otherwise as in Table S12.
Period analysis Fisher-test (v = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Feb.dat)
(1) (2) (3) (4) (5) (6) (7 (8) (9) (10)
M Py (y) Po (v) P3 (v) Py (v) M=2 M=3 M=4
n () Ay (°C) Ay (°C) Az (°C) Ayq (°C) Fr () Fr () FRr() Control file
R () tmin,1 (¥) tmin,1 (¥) tmin,1 (¥) tmin,1 (¥) Qr () Qp () Qp ()
One signal
M=1 5.652 £ 0.088 - - - T T T
Mi11,R 5 0.48 +£0.13 - - - 3.55 3.36 3.23 FebR14K111.dat
55.8 1870.73 4 0.46 - - - 0.016 0.0039  0.0013
Two signals
M=2 5.656 + 0.025 12.74 4 0.22 - - - T T
Mo 11,R 8 0.47 £0.12 0.441 £ 0.086 - - - 3.02 2.92 FebR14K211.dat
52.0 1870.68 4 0.75 1871.3 + 1.6 - - - 0.032 0.010
Three signals
M=3 4.741 £ 0.052 5.644 + 0.089 12.73 4 0.69 - - - T
M3 1,1,R 11 0.40 £ 0.11 0.45 £ 0.11 0.43 £0.101 - - - 2.72 FebR14K311.dat
48.9  1870.960 + 0.60  1870.88 + 0.48  1871.37 + 1.8 - - - 0.046
Four signals
M=4 3.770 + 0.034 4.742 £ 0.046 5.647 + 0.031 12.73 + 0.22 - - -
My 11,R 14 0.37 £0.11 0.398 + 0.097 0.45 +£0.13 0.436 £ 0.094 - - - FebR14K411.dat
' 46.2 1872.12 + 0.44  1870.93 + 0.67  1870.80 + 0.47  1871.31+ 1.5 - -
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Figure S3. March data model M=3 in Table S14. Otherwise as in Figure S1.
Table S14. Periods in March data. Otherwise as in Table S12.
Period analysis Fisher-test (v = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Mar.dat)
1) (2 3) (@) (5) (6) ) (8 ) (10)
M P (v) P (v) P3 (v) Py () M=2 M=3 M=4
n () Ay (°O) Ag (°C) Az (°C) Ay (°O) Fr () Fr () Fr(-) Control file
R ( tmin,1 (%) tmin,1 (¥) tmin,1 (%) tmin,1 (%) Qr () Qpr () Qr ()
One signal
M=1 5.665 + 0.029 - - - T T T
Mi11,R 5 0.45 +£0.13 - - - 3.94 4.27 3.71 MarR14K111.dat
44.1  1870.67 + 0.64 - - - 0.0097  0.00054  0.00033
Two signals
M=2 5.669 4 0.042 12.68 + 0.56 - - - * T
Ma11,R 8 0.444 £ 0.092 0.412 £ 0.085 - - - 4.33 3.41 MarR14K211.dat
40.8  1870.61 + 0.53 1871.9 + 1.1 - - - 0.0059 0.0036
Three signals
M=3 3.633 + 0.019  5.671 + 0.0289 12.68 £ 0.13 - - - —
M3.1,1,R 11 0.42 £0.12 0.45 £ 0.10 0.418 % 0.090 - - - 2.36 MarR14K311.dat
37.4  1873.16 £ 0.26  1870.58 & 0.50  1871.85 + 0.77 - - - 0.074
Four signals
M=4 3.633 + 0.027 4.585 + 0.079 5.671 & 0.034 12.68 4 0.15 - - -
My11,R 14 0.419 £ 0.093 0.311 & 0.084 0.45 £ 0.10 0.418 & 0.080 - - - MarR14K411.dat
35.6  1873.14 £ 0.17  1870.51 4+ 0.48  1870.63 £ 0.65  1871.9 £ 1.5 - - -
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Figure S4. April data model M=4 in Table S15. Otherwise as in Figure S1.
Table S15. Periods in April data. Otherwise as in Table S12.
Period analysis Fisher-test (v = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Apr.dat)
(1) (2) (3) (4) (5) (6) (7 (8) (9) (10)
M Py (v) Py (v) P3 (y) Py (v) M=2 M=3 M=4
n (=) Ay (°0) Ay (°C) Az (°C) Ay (°C) Fr () FRr () Fr(-) Control file
R ( tmin,1 (¥) tmin,1 (¥) tmin,1 (%) tmin,1 (¥) Qp () Qrp () Qr ()
One signal
M=1 12.69 + 0.13 - - - T+ 1T 1T
Mi11,R 5 0.42 +£0.10 - - - 5.06 4.29 3.92 AprR14K111.dat
30.8  1871.90 £ 0.92 - - - 0.0023  0.00052 _ 0.00018
Two signals
M=2 5.663 + 0.052 12.66 4 0.14 - - - T T
Mo 11, R 8 0.388 4 0.073 0.416 + 0.068 - - - 3.29 3.13 AprR14K211.dat
27.9  1870.73 + 0.44 1872.1 + 1.3 - - - 0.022 0.0065
Three signals
M=3 5.665 + 0.017 12.73 + 0.13 18.83 + 0.84 - - - T
M3.1,1,R 11 0.382 & 0.097 0.416 £ 0.068 0.31 +0.11 - - - 2.82 AprR14K311.dat
26.1  1870.71 + 0.48  1871.65 4 0.89 1874.0 + 1.6 - - - 0.040
Four signals
M=4 3.760 £ 0.039  5.669 %+ 0.069 12.74 £ 0.12 18.85 + 0.37 - - -
My11,R 14 0.276 £ 0.074 0.382 & 0.096 0.42 +0.13 0.310 & 0.090 - - - AprR14K411.dat
24.6  1872.27 +0.38  1870.65 + 0.56 _ 1871.59 £ 0.89  1873.9+ 1.6 - - -
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Figure S5. May data model M=4 in Table S16. Otherwise as in Figure S1.
Table S16. Periods in May data. Otherwise as in Table S12.
Period analysis Fisher-test (y = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: May.dat)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
M Py () Po (v) P3 (v) Py () M=2 M=3 M=4
n (=) Ay (°0) Ay (°C) Az (°C) Ay (°C) Fr (-) Fgr () Fr(-) Control file
R (- tmin,1 (¥) tmin,1 (¥) tmin,1 (¥) tmin,1 (¥) Qr (1) Qr () Qp ()
One signal
M=1 12.67 £ 0.24 - - - T + 4
Mi11,R 5 0.358 £ 0.070 - - - 5.67 3.39 3.38 MayR14K111.dat
29.7 1872.4 + 1.2 - - - 0.0010 _ 0.0037 __ 0.00088
Two signals
M=2 5.664 + 0.045 12.65 £ 0.15 - - - T T
Ma11,R 8 0.329 £ 0.073 0.353 £ 0.075 - - - 2.93 3.37 MayR14K211.dat
27.6  1870.76 £ 0.56 _ 1872.51 4 0.96 - - - 0.036 0.0060
Three signals
M=3 3.388 + 0.025 5.666 + 0.062 12.65 + 0.30 - - - T
M3 1,1,R 11 0.288 £ 0.090 0.330 & 0.057 0.356 % 0.080 - - - 3.26 MayR14K311.dat
26.0  1873.42 £ 0.40  1870.76 + 0.66 _ 1872.55 & 0.39 - - - 0.023
Four signals
M=4 3.383 + 0.024 3.551 + 0.042 5.666 £ 0027 12.65 + 0.12 - - -
My11,R 14 0.304 & 0.098 0.30 £ 0.10 0.332 £ 0.067  0.356 £ 0.081 - - - MayR14K411.dat
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Figure S6. June data model M=4 in Table S17. Otherwise as in Figure S1.
Table S17. Periods in June data. Otherwise as in Table S12.
Period analysis Fisher-test (v = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Jun.dat)
(1) (2) (3) (4) (5) (6) (7 (8) (9) (10)
M Py (v) Py (v) P3 (y) Py (v) M=2 M=3 M=4
n (=) Ay (°0) Ay (°C) Az (°C) Ay (°C) Fr () FRr () Fr(-) Control file
R ( tmin,1 (¥) tmin,1 (¥) tmin,1 (%) tmin,1 (¥) Qp () Qrp () Qr ()
One signal
M=1 12.72 + 0.15 - - - T+ 1T 1T
Mi11,R 5 0.42 +£0.10 - - - 4.67 4.07 4.00 JunR14K111.dat
27.4  1872.00 + 0.86 - - - 0.0038  0.00084 _ 0.00014
Two signals
M=2 4.740 + 0.022 12.72 £ 0.14 - - - T T
Ma11,R 8 0.34 £ 0.10 0.42 £0.11 - - - 3.26 3.42 JunR14K211.dat
25.0  1870.74 + 0.33  1872.05 £ 0.79 - - - 0.023 0.0035
Three signals
M=3 4.740 £ 0.018 12.75 + 0.15 22.46 + 0.55 - - - T
M3.1,1,R 11 0.342 £ 0.072 0.411 £ 0.072 0.297 + 0.068 - - - 3.42 JunR14K311.dat
23.4  1870.73 + 0.47 1871.9 £ 1.0 1891.5 + 1.6 - - - 0.019
Four signals
M=4 3.647 £ 0.012  4.741 + 0.037 12.76 £+ 0.12 22.44 + 1.7 - - -
My11,R 14 0.289 & 0.069 0.338 & 0.09 0.415 £ 0.077  0.302 £ 0.086 - - - JunR14K411.dat
21.8  1872.53 +0.35  1870.8 £0.36 _ 1871.81+0.99  1891.5+ 1.8 - - -




56

o

L
1870

L
1875

L
1880

L L L L
1895 1900 1905 1910

—a i
1955 1960 1965 1970 1975 1980 1985 1990 1095 2000 2005 2010 2015 2020 2025 2030 2035
t t
Figure S7. July data model M=4 in Table S18. Otherwise as in Figure S1.
Table S18. Periods in July data. Otherwise as in Table S12.
Period analysis Fisher-test (y = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Jul.dat)
(1) (2) (3) (4) (5) (6) (7 (8) (9) (10)
M Py () Pa (v) P3 (v) Py (v) M=2 M=3 M=4
n (=) Ay (°0) Ay (°C) Az (°C) A4 (°0) Fr (-) FRr (9 FRr(-) Control file
R (-) tmin,1 (¥) tmin,1 (¥) tmin,1 (¥) tmin,1 (¥) Qr () Qp () Qr ()
One signal
M=1 12.76 £ 0.17 - - - 1T T+ 1T
Mi11,R 0.372 £ 0.049 - - - 4.07 4.23 4.24 JulR14K111.dat
28.5 1871.3 + 1.4 - - - 0.0082  0.00059 7.1 x 10~°
Two signals
M=2 12.77 £ 0.18 20.0 £ 1.0 - - - T T
Mo 11,R 8 0.372 £ 0.093 0.330 £ 0.081 - - - 4.14 4.06 JulR14K211.dat
26.3 1871.1 + 1.3 1873.0 + 2.1 - - - 0.0076 0.00087
Three signals
M=3 4.738 + 0.048 12.77 + 0.16 19.90 + 0.71 - - - T
M3.1,1,R 11 0.331 & 0.085 0.369 & 0.078  0.327 % 0.069 - - - 3.75 JulR14K311.dat
24.2  1870.78 £ 0.40 1871.2 + 1.3 1873.2 + 1.6 - - - 0.012
Four signals
M=4 3.545 £ 0.010  4.740 + 0.043 12.77 £ 0.12 19.97 + 0.98 - - -
My11,R 14 0.302 & 0.070 0.333 £ 0.08 0.370 £ 0.081  0.329 & 0.047 - - - JulR14K411.dat
' 22.4  1872.25+0.34 1870.73 +0.42  1871.2+1.2 1873.1 £ 2.1 - - -
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Figure S8. August data model M=4 in Table S19. Red dot is -0.30 for 2025. Otherwise as in Figure 11
Table S19. Periods in August data. Otherwise as in Table S12.
Period analysis Fisher-test (v = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Aug.dat)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
M Py (y) Py (y) P3 (y) Py (y) M=2 M=3 M=4
n () A1 (°C) Ag (°C) Az (°0) Ay (PO) Fr (-) Fr () FRr(-) Control file
R (- tmin,1 (¥) tmin,1 (¥) tmin,1 (¥) tmin,1 (¥) Qrp (1) Qp () Qp ()
One signal
M=1 3.643 £ 0.036 - - - + T T
Mi11,R 5 0.38 +0.14 - - - 3.86 37.4 3.56 AugR14K111.dat
35.4  1872.50 + 0.36 - - - 0.011 0.0017 _ 0.00051
Two signals
M=2 3.647 £ 0.011 20.58 + 0.89 - - - T T
Mo 11, R 8 0.38 4 0.10 0.368 & 0.071 - - - 3.43 3.26 Aug14K211.dat
32.8  1872.51 + 0.23 1871.8 + 2.7 - - - 0.019 0.0050
Three signals
M=3 3.647 £ 0.017 12.56 + 0.42 20.58 + 0.44 - - - T
M3 1,1,R 11 0.38 £ 0.10 0.331 £ 0.081  0.367 £ 0.071 - - - 2.92 AugR14K311.dat
30.6  1872.51 + 0.32 1873.0 £ 1.5 1871.9 + 2.0 - - - 0.036
Four signals
M=4 3.648 £ 0.010 9.13 +0.19 12.51 + 0.31 20.6 + 1.2 - - -
My 11,R 14 0.382 & 0.084 0.311 £ 0.064  0.334 £0.084  0.353 £ 0.092 - - - AugR14K411.dat
28.8  1872.51 +0.36  1872.94+0.64  1873.6 £ 1.1 1871.9 + 1.9 - - -
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Figure S9. September data model M=3 in Table S20. Otherwise as in Figure S1.
Table S20. Periods in September data. Otherwise as in Table S12.
Period analysis Fisher-test (v = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Sep.dat)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
M Py () Po (v) P3 (y) Py (v) M=2 M=3 M=4
n () Ay (°C) Ag (°C) Az (°C) Ay (°O) Fr () Fr () FRr() Control file
) tmin,1 (¥) tmin,1 () tmin,1 (¥) tmin,1 (¥) Qr (1) Qr () QF ()
One signal
M=1 9.12 + 0.11 - - - T T 1T
Mi11,R 0.350 & 0.078 - - - 2.84 2.81 2.78 SepR14K111.dat
43.5  1873.23 £ 0.99 - - - 0.040 0.013 0.0050
Two signals
M=2 3.546 + 0.022 20.1 + 1.3 - - - T T
M2 11,R 8 0.35 £0.13 0.350 & 0.076 - - - 2.70 2.66 Sep14K211.dat
41.1  1872.32 + 0.34 1872.3 + 2.9 - - - 0.048 0.018
Three signals
M=3 3.546 + 0.018 9.13 4+ 0.21 19.99 + 0.89 - - - -
M3 1,1,R 11 0.35 £ 0.11 0.340 £ 0.094  0.341 £ 0.083 - - - 2.53 SepR14K311.dat
38.9  1872.31 4 0.47  1873.18 £ 0.81  1872.6 + 2.3 - - - 0.060
Four signals
M=4 3.545 + 0.025 4.749 £ 0.071 9.12 4+ 0.11 19.92 4+ 0.93 - - -
My11,R 14 0.35 +0.12 0.32+0.11 0.343 £ 0.079  0.340 % 0.082 - - - SepR14K411.dat
36.9  1872.35+0.27  1875.18 + 0.74  1873.2PM1.4  1872.7 + 2.3 - - -
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Figure S10. October data model M=4 in Table S21. Otherwise as in Figure S1.

Table S21. Periods in October data. Otherwise as in Table S12.
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Period analysis Fisher-test (v = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Oct.dat)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
M P (v) Py (v) P3 (y) Py () M=2 M=3 M=4
n (=) Ay (°C) Ay (°C) A3 (°C) Ay (°0) Fr () Fr () Fgr() Control file
R () tmin,1 () tmin,1 (¥) tmin,1 () tmin,1 () Qr () Qr () Qp ()
One signal
M=1 3.354 4 0.049 - - - T 1 1
Mi11,R 5 0.38 £0.13 - - - 2.51 2.70 2.78 OctR14K111.dat
56.0  1872.40 + 0.54 - - - 0.039 0.016 0.0049
Two signals
M=2 3.542 £ 0.022 4.576 £ 0.045 - - - — T
Mz 11,R 8 0.38 4 0.11 0.40 4 0.12 - - - 2.46 2.65 Oct14K211.dat
52.9  1871.62 + 0.41  1874.92 4 0.88 - - - 0.065 0.018
Three signals
M=3 3.542 4 0.022 4.578 4 0.047 12.82 + 0.47 - - - T
M3 11,R 11 0.381 & 0.093 0.419 £ 0.11 0.367 + 0.093 - - - 2.75 OctR14K311.dat
50.3  1872.42 4 0.40  1874.88 £ 0.48  1883.4 4 2.0 - - - 0.045
Four signals
M=4 3.542 4+ 0.035 5.579 4 0.058 12.84 + 0.39 20.4 + 1.0 - - -
My11,R 14 0.38 £0.10 0.40 £ 0.15 0.38 +£0.13 0.38 £0.11 - - - OctR14K411.dat

47.5 1872.44 £ 0.46 1874.86 £ 0.47 1883.0 + 1.4 1872.0 + 2.7 - - -
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Figure S11. November data model M=3 in Table S22. Otherwise as in Figure S1.
Table S22. Periods in November data. Otherwise as in Table S12.
Period analysis Fisher-test (v = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Nov.dat)
(1) (2) (3) (4) (5) (6) (7) (8) (9) (10)
M Py (v) P (v) P3 (y) Py (v) M=2 M=3 M=4
n () Ay (°0) Ag (°C) Az (°C) Ay (°O) Fr (-) Fr () FRr() Control file
R ( tmin,1 (¥) tmin,1 () tmin,1 () tmin,1 () Qr (1) QrF () Qp ()
One signal
M=1 5.665 + 0.052 - - - + T 1+
Mi11,R 5 0.47 £ 0.10 - - - 2.86 3.02 3.08 NovR14K111.dat
64.8  1876.05 + 0.40 - - - 0.039 0.0081  0.0021
Two signals
M=2 3.647 + 0.019 5.668 + 0.078 - - - * T
Ma1,1,R 8 0.43 £ 0.12 0.47 £ 0.14 - - - 3.07 3.06 Nov14K211.dat
61.2  1872.54 + 0.48  1876.01 4 0.57 - - - 0.039 0.0076
Three signals
M=3 3.647 + 0.041 5.670 + 0.049 12.86 4 0.63 - - - -
M3 1,1,R 11 0.44 £0.14 0.46 £ 0.12 0.43 £ 0.13 - - - 2.67 NovR14K311.dat
57.5  1872.56 + 0.44 187596 % 0.59 1883.1 + 1.2 - - - 0.050
Four signals
M=4 3.647 4 0.029 5.667 + 0.072 9.095 + 0.090 12.90 =+ 0.31 - - -
My11,R 14 0.43 £0.13 0.47 £ 0.15 0.42 +0.12 0.432 £ 0.096 - - - NovR14K411.dat

54.1

1872.55 £ 0.41

1876.01 + 0.67 1873.54 + 0.78

1882.8 £ 1.7
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Figure S12. December data model M=4 in Table S23. Otherwise as in Figure S1.
Table S23. Periods in December data. Otherwise as in Table S12.
Period analysis Fisher-test (v = 0.05)
Data: Original non-weighted data (n = 155, AT = 154: Dec.dat)
1) 2) (3) (4) (5) (6) ) (8) © (10)
M P () Py (v) P3 (y) Py (v) M=2 M=3 M=4
n () A1 (°O) Az (°C) Az (°C) Aq (°O) Fr () Fr () FRr(-) Control file
R (-) tmin.1 (¥) tmin,1 (¥) tmin,1 (V) tmin,1 (¥) Qr (-) Qrp (-) Qr (-)
One signal
M=1 3.645 £ 0.019 - - - T T T
Mi11,R 5 0.48 £0.12 - - - 4.97 4.20 3.94 DecR14K111.dat
64.8  1872.66 + 0.45 - - - 0.0026 _ 0.00064 _ 0.00017
Two signals
M=2 3.645 + 0.016 12.75 4 0.38 - - - T T
Mg 11,R 8 0.49 + 0.15 0.50 4 0.16 - - - 3.20 3.20 Dec14K211.dat
58.8  1872.67 + 0.36 _ 1871.29 & 0.95 - - - 0.025 0.0056
Three signals
M=3 3.643 £ 0.029  5.664 + 0.090 12.74 +0.18 - - - T
M3 1,1,R 11 0.49 £0.10 0.43 £0.10 0.50 £ 0.11 - - - 3.06 DecR14K311.dat
55.1  1872.69 + 0.38  1876.19 + 0.61 _ 1871.35 + 0.98 - - - 0.030
Four signals
M=4 3.644 £ 0.040  4.566 £ 0.020  5.664 + 0.058  12.74 + 0.32 - - -
My11,R 14 0.49 £ 0.10 0.42 £ 0.10 0.428 & 0.092 0.50 £0.12 - - - DecR14K411.dat
51.7  1872.71 +0.38  1875.35 +0.59  1876.22 £ 0.80  1871.4 + 1.2 - - -
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Table S24. Separate months. “Big Wave” forecast (Figures S1-S12: open circles). Otherwise as in Table S11.

25) () 3) (4) ) (6) (6) (8) ) (10) (11) (12) (13)
Year Jan Feb Mar Apr May Jun Jul Aug Sep Oct Nov Dec
) (Gd®)) (&S] () (&S] (Gd®)) ©c) [(Gd®)) o) [Gd®)) o) [Gd®)) (&S]
2025 0.3+0.31% 0.4+031t-0.24+0.2]-0.14+0.21+-0.24+0.2]-0.3+0.1) 0.2+4+0.21+ 0.04+0.2] 0.24+0.214-00+0.2}-0.0+0.2]—-0.34+0.2]
2026 0.0+ 0.2t 0.1+0.21t 0.0#£0.2)-0.14+0.1) 03+0.21-0.3+£0.1), 0.1£+0.21+ 0.24+0.294 0.2+0.21 0.2+0.21 0.3+£0.21 0.240.2]
2027 —0.3+ 0.3, —0.2+0.21 044024 01+0.2] 04+021-014+01],-0.1+0.21 04£021-02+0.2) 0.3+£0.3% 03%02+ 0.5+0.27
2028 0.0+0.4] 0.0+0.2] 0.24+0.21% 0.24+0.11-00+0.2] 0.1+0.21 0.1+0.11 0.24+0.21-0.3+0.2] 0.34+0.21-0.14+0.3,—-0.0£0.2%
2029 0.3+0.317 0.3+0.2]-0.24+0.2] 0.14+0.21% 00+0.2] 0.2+£0.21% 05+0.117 0.1+0.1}-0.0+0.2] 0.34+0.31 0.0+0.2]—-0.1+0.3]
2030 0.24+0.31 0.34+0.21 0.14+0.2] 0.14+0.21+ 054021 04+£0.1) 03+0.2] 044+0.21 0.0+0.2] 0.14+0.21 064021 04£0.2]
2031 0.3+0.3} 0.3+£0.21t 0.6+0.11+ 06+0.2] 04+0.1) 03+£0.1}l-0.1£0.14 0.54+0.24-0.1+0.2] 00+£0.21 0.7£0.11 0.6£0.3]
2032 0.4+0.2) 04+£0.2% 04402] 07+0.21 02+02] 014+02],-00+01, 014021 00+0.2]) 0.3+£02% 02402] 03+0.27
2033 0.1+0.3] 0.24+0.21 0.0+0.2] 044+0.21% 04+02] 03+£0.2] 03+0.1}l-0.0+0.2) 0.24+0.21 0.24+0.3] 0.0+0.3,—-0.0£0.3]
2034 —0.2+ 0.3} —0.24+0.21 —-0.04+0.21+ 0.0+ 0.21+ 0.2+0.21+ 05+£0.21% 0.1+0.2] 0.1+0.21-0.0+0.2]-0.44+0.3] 0.1+0.21-0.2+£0.2]
2035 —-0.1 £ 0.3t —-0.1+0.2, —-0.14+0.2), 0.14+021+-04+0.2] 03+£021t-0.2+£0.2,-0.24+0.29-0.2+0.21-0.5+£0.21-0.1+£0.21—-0.44+0.2]
2036 —0.0 + 0.3t 0.0+ 0.3t —-0.3+0.2) 0.14+0.214-0.1+0.2]—-0.2+0.2),—-0.2+0.29+—-0.54+0.1) 0.0+0.21 00+£0.31—-0.1+0.2]—0.14+0.2%

Table S25. Signal Si1v, Si0v, S11.v86¢ and Si12.v7s connections.
SlO-V S11y SllAYSG 512)'78
P1 P2 pP3 Pa
10 y 11y 11.86 y 12.78 y
f1 f2 f3 fa
0.1000 y=' 0.0909 y=* 0.0843 y~! 0.0782 y !
fi—f2 fo—fs fza— fa
0.0091 y~* 0.0066 y~* 0.0061 y~!
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