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Return by Wednesday, April 26.

1. Let X be a CAT(κ)-space. Suppose that α : [0, a]→ X and β : [0, b]→ X

are geodesics such that α(0) = p = β(0).
(a) Show that the κ-comparison angle

∠
(κ)
p

(

α(s), β(t)
)

is increasing in both s > 0 and t > 0.
(b) Show that the Alexandrov angle satisfies
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2. LetX be a CAT(κ)-space and let x, y ∈ X\{p} with max{d(p, x), d(p, y)} <
Dκ. Prove that
(a) (p, x, y) 7→ ∠p

(

[p, x], [p, y]
)

is upper semicontinuous, and

(b) for fixed p, (x, y) 7→ ∠p

(

[p, x], [p, y]
)

is continuous.

3. Prove that the κ-cone X = CκY over a metric space Y is complete if and
only if Y is complete.

4. Suppose that the κ-cone X = CκY over a metric space Y is a CAT(κ)-
space. Prove that for each pair of points y1, y2 ∈ Y , with d(y1, y2) < π,
there exists a unique geodesic segment in Y joining y1 and y2.

5. Let (X, d) be a metric space of curvature ≤ κ. For each n ∈ N, we define
a metric dn by setting

dn(x, y) = nd(x, y).

Prove that the tangent cone C0Sp(X) at p ∈ X (and its completion) is a
4-point limit of the sequence (X, dn).


