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An improved model for hydrate formation in sulfuric acid—water nucleation
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The formation of sulfuric acid—water hydrates in the vapor phase and nucleation rates of sulfuric
acid—water clusters are investigated. The resultlofinitio calculations and experimental data
related to hydrates are utilized to improve the description of sulfuric acid—water hydration and
nucleation in atmospheric conditions. The nucleation rates are obtained using the most rigorous
nucleation kinetics and the thermodynamically consistent version of the classical nucleation model.
The improvements increase the predicted nucleation rates compared to previous models. The
predicted nucleation rates are compared with experimental ones, and they are in most cases within
experimental errors. Some experimental evidence suggests that the present model gives a more
realistic dependence of nucleation rate on relative humidity and sulfuric acid concentration than the
earlier versions of the theory. @002 American Institute of Physic§DOI: 10.1063/1.1423333

I. INTRODUCTION count the effect of sulfuric acid hydration. The hydrates sta-
) ) . bilize the vapor and reduce the nucleation rates by a factor
F_ormaﬂon _of atmospheric aer(_)sol§ has recently regelvegoe_loa_ Recently Noppél developed the hydrate model
growing experimental and theoretical interest due to climatg, iher Wilemsk presented a revised classical nucleation
and health related effects of fine partictésThe increased theory, and pointed out that the previous standard nucleation

aerosol concentrations are largely due to secondary partich}‘eory was thermodynamically inconsistent. Namely, the nu-

production, i.e., homogeneous nucleation from vapors. INgarical method to search the critical clustarsmallest ther-

strument techniques for measuring freshly formed particlg,oqynamically stable clustewas not correct, and it resulted
co.ncent'rations have been recently developed, and particlqﬁwrong cluster composition and nucleation rét&&ulmala
with a diameter of about 3 nm can be detected. These smal} 530 haye performed parameterizations for the nucleation
particles have been fou_r;d_ in the free _tropospﬁe?em the  rate as a function of temperature, relative humidity and acid-
marine boundary Iayér’o Jn the vicinity of evaporating jy ysing thermodynamically consistent theory. However,
clouds? in Arctic areas,”* in urban areas and in stack {hey ysed some approximations in nucleation kinetics and an
plumes!? and recently also in forestd=*® old model for the hydrates.

Although new theoretical approacfiausing, for ex- The prediction of binary nucleation theory that small
ample, ab '8”'“0 molecular dynamics and Monte Carlo 4 antities of sulfuric acid would significantly enhance the
S|mulat9|qné have been developed, the classical nucleationy ater vapor nucleation has been verified experimentally. For
theory” is still the only one which can be used in atmo- example Viisanenet al3! carried out quantitative experi-
spheric applications, particularly in atmospheric models. It iSpants at 298 K using a steady flow reactor with 38% and
important to make sure that the classical predictions ar@p, rejative humidity. Their results were in reasonable

. . . . 1 . X .
fore detailed thermodynamics is need€d: However, mo- a4 with the binary theory where hydrates were incluifed.
lecular approaches are needed to confirm the results obtamg@so a recent experimental study by Bat al3 agrees
by classical theories and in future, hopefully, parameterizedy jitatively with theoretical predictions. It should be noted
versions of molecular models could be used in atmospherig,; these laboratory studies have all been done at sulfuric

models. acid vapor concentrations that are much higher than values

The classical theory of binary homogeneous nucleation,easyred in the atmosphere. The latter ones have seldom
was first treated in the 1930’s by Flodtbut it was not until exceeded 10 molecules/cii even when nucleation is

almost 20 years later that Refdpublished a complete treat- ohqaredS Nucleation at low sulfuric acid concentrations
ment of binary nucleation. Doyté was the first to publish 5y he explained partly by the low temperatures encoun-
predicted nucleation rates for the sulfuric acid/water systemy during many of the reported atmospheric studies and by

Afree sulfuric acid molecule tends to gather water moleculeg,o possible participation of other species like ammonia in
around it to form hydrates. Heist and Réfsand Jaecker- atmospheric nucleation proces3&&7

. 26 . . . .
Voirol et al™ improved the classical theory taking into ac-  one of the main difficulties for predicting the nucleation
rate of sulfuric acid—water vapor, compared with other bi-
dAuthor to whom correspondence should be addresssed. nary systems, arises from the tendency of sulfuric acid to
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form hydrategsmall clusters of acid and water molecylas We fix the the Gibbs dividing surface at the surface of
the gas phas®:?’ Since the formation energy of hydrates is tension and assume curvature independent surface tension.
negative, it is energetically more difficult to form critical The volume of the cluster is now given by

nuclei out of sulfuric acid hydrates than from free acid mol-

ecules. In practice the total sulfuric acid concentration is /= 4_7Tr3:nava(x)+nwvw(x):nalva(x)+nwlvw(x)-
measured both in laboratory and atmospheric experiments. 3
On the other hand, the concentration of free, unbound acid )

molecules is needed in order to calculate the formation fregnd the molecular numbers in the core of the cluster by
energy of a critical nucleus and the nucleation rate. The re-

lation between total and free acid concentrations is usually _ Amr3xI3 (4
obtained using capillarity approximatiéfthe tiny hydrates A X0 4(X) + (1= X)vy(X)’

containing one to ten water molecules and one sulfuric acid 4mr¥(1—x)/3

molecule are incorrectly treated using the surface tensionand , — ) (5)
density of a macroscopic liquid. McGraw and WeBarom- XU a(X) + (1 =X)vy(X)

pared the results of total acid measurements of Martl*  The Gibbs adsorption isotheffn

with the predictions of classical liquid drop model and

showed that the model overestimates the extent of hydrate Nasdtal® Nysd g +4mr2dy=0 (6)
formation. Since the effect of hydratg formation is signifi- together with Eq(2) leads to the following expressions for
cant, a more accurate way to describe hydrates should Re surface excess numbéfés

found. In the present study we have used the resubibof

initio calculations as well as experimental data related to ,dy

hydrates to improve the description of sulfuric acid—water 4t dx

nucleation in atmospheric conditions. Mas= e dpy’ ()
First we summarize the classical droplet moc. 1)), -2 Zfwl el

then the hydrate formation is describggkc. Il)). In Sec. IV vw dX dx

the fitting procedure used to improve the hydrate interaction dy

model is presented. The self-consistent equilibrium binary 47-rr2&

distribution is described in Sec. V. The procedures to calcu- n,=————. (8)

late the formation work of a critical clustéBec. V) and Vw dpar i

nucleation ratéSec. VII) including detailed multicomponent vg dX dx

kinetics are summarized after that. Finally in Sec. VIII we Here pua = sa(p1 %) and sy = (py,X) are the chemical

present r%ﬁ%ﬁio '”ClUd'r?g comparisons - with 'abcl’rat?rypotentials of sulfuric acid and water, respectively, in the uni-
experimen and the parameterization by Kulmala {1, jiquid core with mole fraction. p; is the liquid pres-

etal’ sure in the interior of the cluster. The derivatives are taken
with fixed cluster radius and vapor propertigsu;,(p,) and
pi® below]. The chemical potential in the liquid is related to
Il. CLASSICAL DROPLET MODEL the chemical potential in the vaper, by equation
A cluster containingn, and n,, molecules of acid and pl  201(X)y(X)
water, respectively, is described as a spherical liquid droplet it (P1:X) = Kiy(P,) —KTIn e r )
1,S

and the Gibbsian formulation of Nishioka al*! is adopted.

The radius of the Gibbs dividing surfacerisand it encom- wherep, is the vapor pressur@,{ree is the concentration of
passes a volum¥ of uniform liquid. Letp;; be the number free molecules of componeitin the vapor.piffie(x) is the
density of speciesin the uniform liquid. The total number concentration of free molecules of componeint the equi-

of molecules of specidsis expressed as =n;; +n;s, where  librium vapor above a flat surface of a solution which has the
the number of molecules in the bulk phasenjs=p;(X)V, acid mole fractionx. Here we have, as usual, omitted the
numerically negligible terms;(p,—ps), Wherep, is the
total pressure of a vapor where the cluster would be critical,
is the mole fraction of acid in the interior “core” of the andps is the total pressure in the equilibrium vapor.

cluster anch;s is the surface excess number of molecules that  If the liquid in the cluster is assumed incompressible the
corrects for the difference between the density profiles of ouformation free energy of the cluster can be writteff'as
uniform droplet model and the actual cluster. The surface _ _ _

tensiony of clusters does not depend on their radius if and AGNa, M) = (Lai(Po) = Haw)Nar (i (Po) = Hu)
only if the equimolar surface given by the condittéf® + (as— Map)Nast (Hws— M) Nws

X=Ng/(Ng+Nyy) D

Naa(X) + Nyt w(X) =0 (2) + 412y, (10)

coincides with the surface of tension. Harg denotes the Hereu; (p,) is the chemical potential of compondrin the
partial molecular volume of water and, is the partial mo- liquid at the vapor pressure apd,s is the chemical potential
lecular volume of sulfuric acid. of the surface phase.
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We assume the vapor surrounding the cluster ideal and  x, =n,/(n,+n,)=1/(1+i). (16)
the chemical potential of the surface phase equal to th
chemical potential in the liquigkis= i (p; ,X), and use Egs.
(2) and (9) to express the chemical potentials in terms o
vapor concentrations. If we neglect again the small term
vi(p,—Ps), the formation work of the cluster can be ex-
pressed 4

Erom the point of view of macroscopic thermodynamics it is
gmore consistent to use the interior bulk mole fraction of a
gluster, Eq.(1). For the hydrates we know priori the total
molecular numbers, but not the molecular numbegsand

n,, in the core, but they can be solved from E@, (7), (5),
and(8) keeping in mind that the radiuss related to the total
AG(ng,Ny) = —NKTIN(pI*Y pl(x)) molecular numbers by Eq3). It is also more correct not to
use the differentiation but to take the difference in deriving

_ free; free 2
NukTIN(py 7y ) +4mr%y. (A1) o free energy change in water addition,

lIl. HYDRATE FORMATION AGi=AG(L1i)—AG(Li—-1). (17)

The hydration enthalpies, entropies, free energies and equi-
librium constants calculated by different levels of approxi-
mations in the classical liquid drop model are presented in

The concentration of hydratélusters containing one
sulfuric acid and water moleculesis given by*®

. free, | oo the first six rows of Table I. The results obtained using water
p(Li)=Ky Ky -+ -K; o) P2 (12 and acid activites by Zelezrfk and Clegg and

o _ Brimblecombé® are compared. Throughout this work we use
whereK; are the equilibrium constants for the successivene liquid density and surface tension given by Myatel *°

additions of water molecules to an acid molecyl§;® and  The enthalpies of hydration are calculated by the Gibbs—

plree are the vapor phase concentrations of free acid and Wade|mholtz equation,

ter molecules, respectively. The equilibrium constants are
calculated at the reference vapor concentratipg ,:&(AGi/ D (18)
=po/(KT). The arbitrary reference pressupg is usually b1

taken to be 1 atm. Hereis the Boltzmann constant ardis The entropies\S; are obtained using Ed14), whereAG,

the absolute temperature. Throughout this work we use thg.o astimated by Eq15) or (17) and AH, is calculated by
usual assumption that the concentration of sulfuric acid i%q_ (18).

much lower than that of water so that the concentration of
water is not significantly affected by the hydrate formation
(plree= plota) “and ignore the concentrations of hydrates with
more than one acid molecule. The relation between the fre

and total acid concentrations in the vapor is giveR®l§

The values calculated by different versions of the liquid
drop model in Table | show rather large divergence. Equilib-
rium constants for monohydrate differ by a factor 6.8 and
€onstants for dihydrate by a factor 2.6. We see that in the
scope of a liquid drop model the values of equilibrium con-

pt:tal p\fLee I’rvee [ stantsK; and K, erend essentially on the a.pproximation
ree —LHKg—+ - +Ky Ky - -Ki<— +.- used and, accordingly, the calculated nucleation rate values
Pa Po Po can differ more than 4—7 orders of magnitf§e° More re-
free\ N liable values for equilibrium constanis, andK, are clearly
+Ky Ky - .KN(L) (13)  required.
Po The next 10 rows of Table | list the results alb initio

where N is the number of water molecules in the largestcalculations presented in the literature. Again the divergence

hydrate taken into account. The equilibrium constants can bef equilibrium constant values is large, but in the values of
expressed as entropy the divergence is rather small, only 7.5% for mono-

hydrate and 3% for dihydrate. The experimental values for
—AG _ —(AH—TAS) (14) K, K, are available only for temperatufie=298 K (Ref.

RT RT ’ 51) and they are shown on the last row of Table |. Calcula-
tion of free energy(and thus the equilibrium constann-
yolves subtraction of two close valueA; andTAS;) and
is therefore very sensitive to the accuracy of these values.

In Ki:

whereAG;, AH;, andAS; are, respectively, the free energy,
the enthalpy, and entropy change per mole of addition of on
water molecule to a hydrate wiih-1 water molecules, and
R is the molar gas constant. The classical hydration model

formulated by Jaecker-Voiradt al?® gives the standard free

energy of addition of a water molecule to an-(1) hydrate V. FITTING FOR EQUILIBRIUM CONSTANTS

as In this paper we follow the procedure proposed by

IAG(1,)) o 27(X)vy(X)N, Noppef’ to obtain thg fprmation enthalpies, entropies, anq
Gi:T: —RTIn———+ r ) furthermore the equilibrium constants of the mono- and di-
Pw,s(X) hydrates by fitting these values to the data in Table | and the

(15 experimental data of sulfuric acid equilibrium vapor pres-
where N, is the Avogadro constant. In nucleation calcula-sure.
tions the hydrate composition is usually estimated by Marti et al3 report the pressurgsi®=p'®?kT corre-
Doyle’s method, i.e., at the average acid mole fraction, sponding to the total sulfuric acid concentration in the
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TABLE I. Gas phase hydration enthalpia$i; , entropiesAS;, free energiea G;, and equilibrium constants

K; (i=1,2) atT=298.15 K. The values on six first rows are calculated by the classical liquid drop model
(CLD): ¢ refers to Eq(15), A refers to Eq(17). Xore refers to Eq(1), X, refers to Eq(16). Also the activities
used(Zeleznik or Clegget al) in the calculation are indicated. Next ten rows are resultahofnitio calcula-
tions. The rows marked with D95 are all B3LYP results taken fromeRal. (Ref. 64, different values
correspond to different basis s¢{®95(d,p) and D95+ +(d,p)] and different structurél-n, etc). The last

row shows experimental results.

AH, AS,  AG, AH, AS, AG,
kd/mol  J/molK kJ/mol  K;*  kJ/mol J/molK kJ/mol Ky,? Reference

-57.0 —128 —188 1950 —48.0 -128 9.9 553 CLD,J, Xape, Zeleznil
-66.9 —177 —140 287 —442 -120 -84 292 CLD,J, Xcore, Zeleznik

-622 —153 —165 777 —53.6 —144 —10.7 757 CLDA, Xeye, Zeleznik

-362 —60.4 -182 1520 —36.9 -90.6 -9.9 543 CLD,d, Xae Clegget al®
-463 -110 -134 227 —334 -840 -83 290 CLD,d, Xcore Clegget ale
337 -551 -17.3 1060 -385 -941 -105 688 CLDA, X Clegget al®

-3 —48 Arstila et alf
—54.F —-12F -—-18.0 1450 Beichertet al®
-40.6 —128 -2.4 2.6 -38.7 -128 -04 1.2  Bandt alM®
-64.8 Kurdi et al
-56.1 —127 —182 1520 -557 —130 —17.0 946 D95¢,p) I-n, ll-n-a
-440 -129 -55 9.2 D95¢,p) I-c

-544 -132 -15 421 D95¢,p) l-n-b
—-46.5 —123 -9.9 54 -47.3 —131 —-8.2 28 D95+ +(d,p) I-n, ll-n-a
-36.0 -120 -0.3 1.1 D95 +(d,p) I-c

—44.0 -128 -5.8 10  D95-+(d,p) ll-n-b

410 50  Hansoret al’
+ 945 + 9.45 Experimental error estimates

@ quilibrium constants are given for the reference vapor pressure 1 atm.

PEvaluated byab initio at T=0 K, no zero point vibrational correction.

‘The enthalpie\H; and entropie\ S are considered to be temperature independent and they are calculated
from the values ofAG; given by Beichert and SchrentRef. 65 for T=195 K andT=230 K.
dReference 47.

‘Reference 48.

Reference 17.

9Reference 65.

"Reference 55.

iReference 66.

IReference 51.

equilibrium vapor above aqueous solutions with sulfuric acidwhere pg?se(x) andp}'s® are the equilibrium vapor pressures
mass fractionXm,se= 0.55—0.77 (corresponding to about above the solution and pure liquid sulfuric acid, respectively
5%—25% relative humidityat temperatures 298.15, 303.15, and A,(x) is the acid activity in the solution.
and 308.15 K. Their data consist of 47 poinfs, (,Xmassi) We compare the results calculated with activities given
(the data pointpass=0.541, T=298.15 K was excluded py zeleznik’ and Clegg and Brimblecomi&.In many
from our an_aIyS|s due to remarkable deviation from the trend,cleation studies in the literature EQO) is considered to
of other points. - _ _give the total rather than the free acid concentration and pres-
The total acid concentrations are related to the free ac"gure. Expressiofil3) is then applied to obtain the free acid
concent.rgtipns by Eq‘.ls)’. and the water concentration in concentration needed in the nucleation calculatise®, for
the equilibrium vapor is given by example, Eqs(11) and(28)].2% This approach would be cor-
rect if the activities were obtained by the measurements of
pafg(x)z erv‘?S(x)/kT= Pl SAW(X)/KT, (19 tota! 'ac.id pressuréree acid .moleculles plus hydrajen the .
equilibrium vapor above acid solutions. The data of sulfuric

where A,(x) is the water activity in the solution, and aciq gctivity common_l;; used in nucleation cglculaticﬁasg.,
p\f,[,ese(X)=pf,‘v’t§'(X) and pP™® are the equilibrium vapor pres- activities by Zglezmﬁ and Clegg and Brimblecomff
sures for the solution and pure water, respectively. The corf@ve been obtained by measurements related to the number
centration of free acid molecules in the equilibrium vapor isconcentration or the pressure of free acid molecules, not to
given by the total acid concentratidfi. Therefore, Eq.(20) is valid

directly for the free acid pressure.
e e ure The equilibrium vapor pressure of pure watereining
Pas(X)=Pas(X)/KT=pEcA(X)/KT, (200 etal®) is considered to be known accurately. The equilib-
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rium vapor pressure of pure acid by Ayersal® corrected Marti et al3® estimated the composition uncertainty of

by Kulmala and Laaksonéhis given by solutions in their experiments to be 15% and the uncertainty
of obtained total vapor pressures of acid to be 36%. Due to a

pure 1 0.38 steep dependence of activiy, on compositiorx the uncer-
Pa 7atm=exp L+10156-=-—r— =+ £ tainty of 15% gives rises to the uncertainties of acid pressure
of 1500-8300%. It is therefore appropriate to choose

o141 360.15) B 360.17 } 21) Yioi.. 47 Xmassi Where Xpmasg; 1S tt(gae mass fraction of _the

T T data pointi andyi—1 7= Xmas{Pa i Y is the mass fraction

that satisfies Eqs(13) and (20) for p®@=pLR/kT, where

whereL=—11.94. In the following calculations also the pa- pgﬁia' is the experimental value. 'T’he estimate_; 47

rameterL is submitted to fitting. The range of temperature in =0.014 for standard error Of nass; IS taken from Noppet!
the experiments by Martt al > was narrow, only 10 K. Itis Hanson and Eiseté measured the wall loss of sulfuric
therefore not reasonable to submit the parameter representggid vapor as a function of relative humidity and obtained
by the value of 1015@enthalpy of vaporization divided by  the valuesk; =410+ 94.5 andK,=50=9.45 for the equilib-
the molar gas constam) to the fitting. _ . rium constants of hydrate formatidprecision of two stan-
Numerical estimation shows that the sum in Et8) is  dard deviations The equilibrium constants are dimension-
dominated by three first terms. To take approximately intdess, the reference pressure is 1 atm. These results are
account the very weak effect of larger hydrates the enthalpiegpresented by the two terms with
and entropies foi=3, 4, and 5 were calculated using the
classical droplet moddlEq. (15)] with mole fraction X,
[Eq. (16)] at T=298.15 K. Equatiorf15) was preferred over Yag.45= ex;{
more correct Eq(17) because the enthalpy and entropy val-
ues obtained in this way were closer to #ie initio values. andY 5= 410Y 4= 50, 0-45= 94.5/2,0-49= 9.45/2 in the sum
The same reason led us to choose the less accurate approgi-
mation for the hydrate composition. As Fig. 2 shows, the = . iiio values obtained by Ret al. with the
relative importance of the larger hydrates is rather small, an% . .
. R A ; 95++(d,p) basis set were considered to be the most ac-

the choice of approximation is insignificant. The differences

. - . urate. The average of enthalpy changes for the monohydrate
between nucleation rates calculated with different versions of . .

I-n and I-c structuresYso=—41.2 kJ/mol, is considered as

the classical theory for hydrates containing 3—5 water mol-_ . .
ecules is negligible. an average value fakH,. The standard deviation d&fH is

The formation enthalpies and entropies of mono- anc}aken o be_2_1_ kJ/mol, W.h'Ch 1S the approximate variation
. o range ofab initio values given in Table I. Accordingly, the
dihydrates are used as fitting parameters. The resul&b of estimate forAS, is Ye,— — 121 J(molK) and the standard
initio calculations by Bandy and lantiyshow that when 1 51

decreasing temperature frofi=298 K the enthalpyAH, deviation is 8.3 J/mol. For dihydrate the enthalpy values of
: . S e II-n-a and lI-n-b structures were used. The average value for
and entropies of hydratiodS (i=1,2) will first grow a

little. At the temperaturd =223 K the entropiedS;, AS, AH was taken to béfs,=~45.6 kJ/mol and folS, the

are 0.3% and 0.2% higher, respectively, than at room tema verage isYs3=—130 J(mol K). The values of standard

perature. The difference for the enthalpyH, is 1%. The ?hee\llfntlc?r?oshfocri?;ez a_?gésé dv(\;irde ;gsfnn:grzet?r?nzaxijaas for
enthalpy AH, is 0.3% larger at this temperature. After the —" | y _AS —8.3 Jmol. and _2511
temperature value of about 223 K the enthalpfl, and .- 'L2: Y5258~ L2, 5051~ O ’ 752,53~

. . . 7 kJ(mol K) to the sum.
entropies of hydratioAS;, AS, will diminish regaining ap- The final termYe.— — 11.94 andve.=L arises from the
proximately their initial values aT=173 K. The enthalpy 54 ' ¥sa=

AH, increases in this temperature interval reaching the ValugarameteL In the saturation vapor pressure of pure sulfuric
which is atT=173 K 1% larger than the initial values &t acid[Eq. (21)]. The standard deviation df is taken to be

—298 K. Also the change in values of larger hydrates 754~ 0.437/2, since 0.437 is the estimated measurement er-

53
small (smaller than 2.3% Based on these results the tem- ror by Ayerset al.

perature dependence of the enthalpies and entropies of h%- Thgkwresult obtained _when .applylng the activities by
dration was ignored in this study. eleznikK'® are presented in the first column of Table II. We

o o - also present the equilibrium constants that were used for
the ;Tfn fitting was performed by finding the minimum of larger hydrates. The value df;=558 calculated atT
' =298.15 deviates clearly from the experimental value %10,
54 the difference being around three standard deviations. The
S= SPAYi—yi(AHL,AS; AH, AS, L)J? (22) value ofK,=53.8 atT=298.15 is well within the range of
20'i2 ' experimental errors, 509.45. The same is true for the pa-
rameterl (experimental value-11.94+ 0.43%. The value -
where Y; is the known value obtained from the AH;=51.21 kJ/mol is 9.3% larger than the value of I-n
measurementsb initio calculations, y;(AH{,AS;,AH,, structure by Reetal. [(D95+ +(d,p) basis st which
AS,,L) is the theoretical value, which depends on the fittingshould be the most realistic structure. The obtained entropy
parameters, and; is the estimated standard deviation of thevalue is 3% larger than the value of I-n structure. As with
known value. classical droplet model, the values for dihydrates show better

AHl,Z_ TAS].,Z) (23)

RT
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TABLE Il. Gas phase hydration enthalpidadd; , entropiesAS;, free ener-
giesAG;, (i=1,2) and equilibrium constants; (i =3,4,5) and the param-
eterL related to the pure sulfuric acid vapor pressure, 4). The equi-
librium constants are calculated at reference pressure 1 atm. The values
this table result from the fitting procedure described in Sec. IV. We compare
the values obtained with ZelezniRef. 47 and Clegget al. activities.

Zeleznik activities

Clegg and Brimblecombe activities

AH;=-51.21 kJ/mol
AS,=—119.2 Jmol K)
AH,=—48.34 kJ/mol
AS,=—129.0 J(mol K)
L=-11.695
Ks=exp(5246T —14.90)
K,=exp(4934T — 14.47)
Ks=exp(4763F —14.21)

AH,;=—51.02 kd/mol
AS;= —119.2 Jmol K)
AH,=—48.31 kJ/mol
AS,=—129.0 Jmol K)
L=—11.387

K= exp(4430T — 12.14)
K 4= exp(4384T — 12.60)
Ks=exp(4371T — 12.87)

Hydrate formation in H,SO,—H,0 223

whereK is an equilibrium constant which does not depend
on water and acid concentrations in the vapor. The equilib-
gium distribution(24) by Reiss can be expressed as

p(Ng,Ny) =K(pee)a( pliee)nwt, (26)

whereK does not depend on water and acid vapor pressures
and the concentrations of water vapor is considered to be
much larger than that of acid. We see that the equilibrium
distribution by Reiss gives a stronger dependence of the
number concentration of clusters on the vapor pressure of
water and consequently the nucleation rate is also a steeper
function of relative humidity. One form of equilibrium dis-
tribution that obeys the law of mass action is given by the

expressiorf

pfree 2
p<na,nw>=p2%(pl) KiK,

agreement withab initio values. The values foAH, and 0
AS, differ 2.2% and 1.6% from the ll-n-a structure, respec- AG(n,,ny)—AG(1,2)
tively. X exp{ B KT :

The model by Clegg and BrimbleconfSagives the ac- ] ] ] ]
tivity of sulfuric acid in agueous solutions with respect to theWhere AG(1,2) is the formation work of the sulfuric acid
reference state of infinite dilution of sulfuric acid. To obtain dihydrate according to the classical liquid drop mofted).
activity values for the reference state of pure liquid we di-(11)]. Note that evaluation of the classical formation free
vided their activity valueg\,= (xyf 1) 2x so4fso4 by their ac-  €nergy o_f the hydrate requires s_olw_ng the core comp0§|tlon
tivity values at pure liquid acidin practice pure acid was as _explamed below qu.B)' D_|str|but|on (27) IS a genera!l-
represented by a solution with molality A@nol/kg corre- zation of Eq.(12)_ and it is adjusted so _that it gives a dihy-
sponding to mole fraction 0.999 999erex,,, Xgo are the drate concentr_atlon eq“"?" to the one given by @@. Any
mole fractions and,,, fso are the activity coeff4icients of othgr cluster size for which the equilibrium constémit for-
. Sy TS0 & ) >~ mation free energy, enthalpy and entrpmye known from
ions H* and SG" in the solution, respectively. The activity eyperiments omb initio calculations could alternatively be
values for pure liquid acid are out of applicability range of chosen as the reference size.

the model by Clegg and Brimblecombe which is 0-40
mol/kg (corresponding to mole fractions 0—0)450 some
uncertainty is introduced into the activities, and it cannot be
separated from the uncertainty of the pure acid saturatioly!- WORK OF FORMATION OF THE CRITICAL
vapor pressure. For this reason the last term witth4 was CLUSTER

removed from the sum to be minimized when using Clegg

. o ) For the critical cluster the work of formation corre-
and Brimblecombe activities. The values for fitted param-gonds to the saddle point of the free energy surface given by
eters are presented in the second column of Table Il. The

k ; - Eq. (11). The critical cluster can be identified by finding the
are very close to the values obtained when using activities byinimum of the formation free energy with respectitpand
Zeleznik!” The results of the fitting are now applied to n,, . The derivatives are taken in the similar manner as in

nucleation rate calculations. deriving Eq.(15) (see Laaksoneet al*® for detail9. This
leads to the equation

(27)

free free
V. SELF-CONSISTENT EQUILIBRIUM Pt py
BINARY DISTRIBUTION vw(X*)IN—co——=v,(X*)In— o — (28)
pa,s(x ) Pw,s(x )

. 6 . ) . . .
~ WilemskP® has shown that commonly used cluster sizeyhich determines the critical cluster compositigh. The
distribution introduced by Reiss, asterisk refers to the critical cluster. The radius of the critical

AG(n,,n cluster is then given by the Kelvin equation,
at psst)ex;{ - —(ki W)) (24

does not obey the law of mass action.

For a vapor regarded as an ideal gas mixture the number
density of clusters containing, andn,, acid and water mol- where Eq(28) ensures that the value of is independent of
ecules, respectively, can be expressed by the law of maske choice of the componenta,w.
action, The work of formation for the critical nucleus is

p(Ng,Ny) =K(pe®"a( piiee)nw, (25)

p(Na,ny)=(p
2y(X* )vi(x*)

= k-l—ln(p{ree/pfree(x*)) !

i,s

*

(29

W* =2 771 29(x*). (30)
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VIl. NUCLEATION RATE
The general expression for nucleation ratis®->°
Mp(n* n*)
J—de(D/m)" """
where p(n} ,n}) is the number density of critical clusters.
The elements of matrio are given by
1 9°W(n,,ny)
1T2kT  anion,

(31

D

* *
na ,nW

(32

wherei,j=a, w. \ is the negative eigenvalue of the product
matrix KD, andK is the growth tensor with elements,

3
Kaa= 2> ninik(ng,ng;n%,n¥)p(ns,ng), (33)
né,n

3

Kwa= 2, NANLK(NL,nGin% n%)p(nl,ng)=Kaw

’
NN

’
w

) (34)
13

Kuw= 22 MunGK(NG Ny 0% ) p(ng.ny,).
!
N

(39

Na

w
The sums represent clusters of sigen,, colliding with the
critical cluster. The collision probability is

m/

(36)

wherem*, m’, r*, r’ are, respectively, the masses and radii
of the critical cluster and the cluster colliding with &.rep-
resents the cutoff size, above which the concentrations

1
—+
m*

k(n,,n,;n¥ ,n\’,‘v)=(r*+r’)2\/87rkT

cluster can be ignored. In this work free water, £0,n;,
=1) and free acid moleculesm{=1,n,=0), and also hy-
drates containing one acid molecule together with up to fiv
water moleculesr{;=1,n,,=1,...,5) are taken into account.

Equations(28), (29), and(30) give the composition and

q

clusters are so low that their collisions with the nucleatings
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FIG. 1. The ratio of free to total acid concentrations as a function of relative
humidity at two different temperatures. The result obtained using the activi-
ties by Clegg and Brimblecomt&ef. 48 and Zeleznik Ref. 47 are com-
pared. The values calculated by classical liquid drop m@¢@&D) [Egs.
(14), (15), and(16)] are also shown.

acid to total acid concentration is presented. At temperature
298.15 K the differences between calculations with Clegg
et al*® and Zeleznik’ activities are very small. The differ-
ences arise mainly indirectly from the difference in the fitted
values presented in Table Il. At temperatire 210.15 K the
difference between curves is slightly increased due to differ-
ent behavior of the activities. The classical liquid drop model
[CLD, Egs.(14), (15), and(16)] gives significantly different
results, especially at low temperatures.

Figure 2 shows the distribution of the hydrates at two
different temperatures. Again, the differences between Clegg
et al. and Zeleznik activities increases slightly at low tem-
peratures, but is not significant. The results of classical drop-
let model are shown for comparison. The classical model
ives a rather good order of magnitude estimates for the
ydrates, but the difference in the free acid concentrations
hown also in Fig. 1 is significant in the nucleation calcula-
tions since these concentrations enter the expression for the
formation energy of a cluster. Even though the equilibrium

%onstants for hydrates with=3,4,5 are taken from the clas-

sical droplet model, their concentration differs from the clas-

formation free energy for the critical cluster. We can use Egs.

(4) and(5) for the numbers of molecules in the interior of the

clustern;; . We have to calculate the surface excess numbers

nis [Egs. (7) and (8)] to find the total molecular numbers.
These are needed for accurate evaluations of the growth te
sor (mass of the clustg¢rand the second derivatives;; in
Eqg. (32). Here we also need information about noncritical

clusters; taking the derivatives take us from the critical clus-

ter to slightly modified, noncritical clusters. The method for

calculating the core composition of these clusters is ex-

plained below Eq(16).

VIIl. RESULTS

We performed the nucleation calculations by two com-
puter codes written in Mathcad and FORTRAN90 by two
independent person@v.N. and H.V). To avoid program-
ming errors we made sure that the results of the two pro
grams agree in all the cases studied. In Fig. 1 the ratio of fre
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FIG. 2. Size distribution of hydrates of sulfuric acid in the vapor phase at
relative humidity 50% at two different temperatures. The result obtained
using the activities by Clegg and BrimblecomtRef. 48 and Zeleznik
(Ref. 47 are compared. The values calculated by classical liquid drop model
€CLD) [Egs.(14), (15), and(16)] are also shown.
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FIG. 3. The nucleation rates at temperature 298.15 K and relative humiditie§!G- 4. The onset conditions for nucleation at temperatures 210.15 K and
38.2% and 52.3%. The results are calculated using Cégca. (Ref. 48 236 K. The r_es_l_JIts of calculations with ZelezriiRef. 47 and Clegget al. _
activities and self-consistent size distributitv). Experimental results of ~ (Ref. 48 activities are compared. We also compare the results obtained

Viisanenet al. (Ref. 31 and the parameterization by Kulmaga al. (Ref. using the Reiss equilibrium distribution presented in &4) and the self-
30) are shown for comparison. consistent distributioiSCD) of Eg. (27). At 236 K the parameterization of
Kulmalaet al. (Ref. 30 is also shown for comparison.

sical value since it depends also on the equilibrium constants
K, andK, according to Eq(12). change significantly. We also compare our results with the
Figure 3 shows the nucleation rates at 298 K as a funcearlier parameterization at 236 K. The parameterization is
tion of total sulfuric acid concentration in the vapor at two not valid at 210.15 K.
relative humidities 38.2% and 52.3%. Viisanenal 3! mea- Figure 5 shows the onset conditions for nucleation rate
sured the binary nucleation rate at these relative humidities]= 10/cm’®s at 236 K using different activities and equilib-
In their experiments the sulfuric acid concentration andrium distributions. The experimental result by Eisele and
nucleation time were uncertain. The uncertainty in the exHansof® and the parameterization of Kulmatt al* are
perimental results are represented by lines: One end lies also shown. The present theory seems to underestimate the
the maximum sulfuric acid concentration value and theamount of sulfuric acid needed for nucleation, in other words
maximum nucleation time 50 s given by Viisanenal, and  the theory overestimates the nucleation rate compared to ex-
the other end at minimum sulfuric acid concentrati®6  Periments.
times the maximumand minimum nucleation time 1 s. The In Figs. 4 and 5 the amount of sulfuric acid required for
higher nucleation rate end of the experimental range agreddicleation increases with relative humidity in some cases.
nicely with the theoretical predictions within one order of This might seem nonphysical at first glance, but can be ex-
magnitude. The experimental point with relative humidity Plained as follows: When the relative humidity increases the
52.3% and sulfuric acid concentration 1:28°°cm 3is left  concentration of free sulfuric acid molecules decreases due
out since at that point the measured nucleation rate is ver{p strong hydrate formation. The free acid concentration is
uncertain. We also compare our results with the parametehe one that enters the energetics of the cluster formation
ization by Kulmalaet al2® The nucleation rates given by the
parameterization are considerably lower than the ones given

by the present model. Note also that the dependence on sul- J=10" /cm3s, T=236K

furic acid concentration&slopes of the curves differ between 2 Parametization by Kumalo ot 2

the modely as well as relative humiditythe present model | — Slega sl b

curves lie closer together than the parameterization cuises o 10° f~~- Glogs Rols deirution pa! A

different between the models. Especially at relative humidity ] — T -

52.3% the slope of our theoretical curve agrees almost ex- gr sp T

actly with the experimental results. 2 —

Figure 4 show onset conditions for nucleation rdte ‘E“

=1/cn?s at temperatures 236 K and 210.15 K. We compare g ° \

results obtained using Cleget al. and Zeleznik activities. . \\\

Also the effect of the equilibrium distribution is shown. 0°F T ]

Reiss distribution(24) gives a stronger relative humidity de- 0 10 20 30 40 50 60 70 80 90 100
Relative humidity %

pendence than the self-consistent distribution given by Eq.

(27)' We also tested another form for the self-consistent disI'—'IG. 5. The conditions for nucleation rate=10"/cm®s at 236 K. The

tribution suggested by Wilemski and Wyslou#The results

results of calculations with ZeleznitRef. 47 and Clegget al. (Ref. 48

did not change significantly if their distribution was adjustedactivities are compared. We also compare the results obtained using the

to give the same value for the concentration of dihydrates ag

Egs.(12) and(27). If we chose monohydrate instead of di-
hydrate as the reference size in Eg7) our results did not

eiss equilibrium distribution presented in Eg4) and the self-consistent
stribution (SCD) of Eqg. (27). The experimental data point of Eisede al.

(Ref. 40 and the parameterization by Kulmaga al3° are shown for com-
parison.
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FIG. 6. Nucleation rate dependence on relative humidity at temperatures total H,S0, 1/cm

210.15 K and 298.15 K. The behavior with constant total concentration of IG. 7. Nucleation rate dependence on total concentration of sulfuric acid at
sulfuric acid and constant concentration of free sulfuric acid are compared, ' "* u p uiiu

. o emperatures 236 K and 298.15 K. All results are calculated with Clegg
?(Iellf-rgcs)ﬁlst;tgﬁ ;2'5;;:3:;‘:12%5'”9 Clegg al. (Ref. 48 activities and the activities (Ref. 48 and the self-consistent distributidiq. (27)]. The ex-

' perimental data of Eiselet al. (Ref. 40 the parameterization by Kulmala
et al. (Ref. 30 are shown for comparison.

(11) and determines the nucleation rate. Figure 6 clarifies this

point: we have compared the nucleation rates with constanige Jiquid mole fractiorf16) when evaluating the derivatives
free acid concentration and constant total acid concentratiopy £q. (32) and also the core molecular numbers as the

at two different temperatures. The values for acid concentrag,g) numbersn, when evaluating the mass of the critical

tions have been chosen so thoat_we get nucleation Jate ¢|yster does not change the results when the critical cluster is
=1/cn?'s at relative humidity 50% in all the cases. The con-|grger than about ten molecules. For example the inaccuracy
stant free acid concentration curves behave as expected: t} the mass of the cluster is less than 2.5%. With smaller
nucleation rate grows monotonously with relative humidity. cjysters, however, the accurate description of the kinetics is

At the low temperature and low relative humidities the ot possible without the surface excess correction since the
curves with constant total acid concentration show a decreaggsterminant in the denominator of nucleation ré&#) turns

in nucleation rate with increasing relative humidity. positive and the square root imaginary.
. 30 . . :
The model behind the Kulmalet al* parameterization Figure 8 compares the nucleation rates given by our cal-
uses the equilibrium distribution by Reiss and activities byqations with the experimental results of Batlal3* In the
60 i . . . : o
Taleb et al.™ The hydrates were treated according to theeyperiments of Balkt al. the sulfuric acid concentration in
classical droplet model, and the activities are considered tghe nycleation zone is estimated to be around 7.3:2866—
give the total rather than the free acid concentrafs®e Eq.  5794/+200% times larger than the one measured at the end
(20) and text beloy. The partial molar volumes were Set of chamber. The uncertainty of this factor means that the
constant in their calculations, and the kinetics was treateg,easured dependence of nucleation rate on the acid concen-

approximately using the concept of virtual monomer andyation is an estimate. The theoretical nucleation rates are
steepest descent approximatfdrihis approximation avoids

evaluation of the second derivatives in E&2), and the

effect of surface excess molecules is ignored. Also all other , T=295.15 K
terms but those corresponding to free sulfuric acid and water 106 A RH=75%  —— Kulmala et al. parameterization
ieci ; ; 10° [ ® RH=10.0% — Present model
molecules were missing in _the dlago_nal terms of the growth (o6 @ Aretsa ‘___’fej e Ak
tgnsor, Eqs(393) and(35?. This results in 1_—3 orders of mag- e e ppp——
nitude too low nucleation rates depending on the degree of P
10° e

hydrate formation. It must be kept in mind that the nucle-

ation rate parameterization of Kulmasaal*° does not agree ;
. . ; . 10

exactly with their model calculations, but rather provides an 100 -\-\'\"\\‘I?-MH.

order of magnitude estimate for atmospheric models. For ex-

ample the lack of curvature in the line representing the pa-

T . 10°%
rameterization in Fig. 4 is probably due to the crudeness of 10° L y
the parameterization. 10 2 8 4 5 6 780910
In Fig. 7 we compare the nucleation rates of this work total H,SO, 1/cm®

with the parameterization at 236 K and 298.15 K. The ex- ) . o ) -
. | int of Eisele and Han<8iis again shown. We FIG. 8. Experimental nucleation rate divided by the theoretical prediction as

perimental point of Eise _ ‘agan shown. a function of total concentration of sulfuric acid at different values of rela-
also indicate the effect of approximate kinetfisvithout the  tive humidity at 295.15 K. Theoretical results are calculated using Clegg
mistake in Eqs(33) and(35)]. At 236 K the kinetics alone is et al. (Ref. 48 activities and the self-consistent distributiffq. (27)]. Ex-
enough the explain the difference between the models, but &frimental rates are calculated from the data of Bafl. (Ref. 39 assum-

. g ing that the sulfuric acid concentration at the nucleation zone is 7.3 times
higher temperatures other effects are significant. We alSgigner than at the end of their chamtitireir lower limit.. We also show a

tested the effect of surface excess molecules: using the avetmparison to the parameterization of Kulmalzal. (Ref. 30.
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within two orders of magnitude compared to the experimenet al*® and Zeleznik’ activities used in this study give di-
tal ones if the lower limit of uncertaintgfactor 7.3 is used. rectly the free acid concentrations in the equilibrium vapor
We also have compared the parameterization of Kulmalaather than the total sulfuric acid concentrations as assumed
et al®° with the experimental results. With factor 7.3 the in several nucleation studies in the literature.

nucleation rates given by the present model lie closer to the We checked also the effect of differences in the density
experimental points than the parameterization results, but thend surface tension models and found that they do not cause
sulfuric acid dependence of the parameterization agrees betignificant changes in the nucleation rates. We have also
ter with the experimentgéthe parameterization lines are al- tested the effect of the equilibrium distribution used on the
most horizontgl Both models produce quite a similar rela- nucleation rate. A distribution obeying the mass action law
tive humidity dependencéseparation of the curvesFor  gives a weaker dependence of nucleation rate on the relative
example with factor 22 the situation is quite different: the humidity than the commonly used Reiss distributfon.

present model gives clearly better relative humidity depen-  In this work the nucleation rates have been obtained us-
dence, but the nucleation rates are further from the expering the rigorous nucleation kinetics and thermodynamically
mental values compared to the parameterization. In this casmnsistent version of the classical model. The results have
there is no significant difference in the dependence on acibeen compared with experimental nucleation rétésanen
concentration between the models. We have left experimentst al, Ball et al3*®3. In most cases the theoretical values are
with relative humidities 2.3%, 4.6%, and 4.8% out from Fig. within experimental area. However, at lower temperatures
8, since the nucleation rate at most of these points is ver{Eisele and Hansdf) there is some disagreement. The
low, and the theoretical rates can differ from the experimenpresent theory somewhat overestimates the nucleation rate
tal ones by several orders of magnitude. In this region theompared to the recent parameterization by Kulnelal3°
predictions of the theory are inaccurate since the numericaesides relying to the classical model for hydrates and the
errors are of the same order of magnitude as the resultReiss equilibrium distributio”® the model behind the pa-
Furthermore, for low relative humidities the theoretical criti- rameterization contains several approximations and the ki-
cal cluster composition is close to the upper limit of thenetic part is partly erroneous. These factors explain the dis-
region where Clegeet al. activities can be used. Also the crepancy between the parameterization and the present
inaccuracy of the experiments might be emphasized in theesults.

case of low nucleation rates. The nucleation theorerfis®indicate that besides the ab-
solute values of the nucleation rate also the slopes of the
IX. CONCLUSIONS nucleation rate curves plotted against the acid concentration

In this paper the hydrate formation in the water-sulfuricand the relative humidity are fundamentally important. The

acid vapor is investigated. The different approximations use&IOpes are directly ponnected o the size and.formatlon. en-
in the classical droplet model will cause differences in th ergy of the nucleating clusters. The self-consistent equilib-

equilibrium constants of hydrate formation. On the otheriuUm distribution and the new description of hydrate forma-
hand the nucleation rate is rather sensitive to the equilibriurﬁ

ion change the slopes of the nucleation rate. The slopes
constants. We have therefore developed a more reliab/@Ve"N by the_present theory agree well V.Vith the experimental
model for the hydrate formation. Our estimates are based OWSUHS of Viisaneret al, but the analysis of the measure-

ab initio structures of small water—sulfuric acid clusters andments of Ballet al. is ambiguous. The compatibility depends

on experimental results for equilibrium constants and equi_strongly on the estimate for the sulfuric acid concentration in

librium vapor pressures. In this paper we report new, im_f[he nucleation zone. Mc_>re accurate measurements are press-
: ; Hﬂgly needed to determine how well the classical theory re-

equilibrium constants for sulfuric acid mono- and dihydrate:~:.aIIy works for sulfuric acid-water nucleation.

We have tested the sensitivity of the fitting proced(see
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