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ProducerTheory

•Startwithasinglermfacinggivenprices

•Productionsetdescribestechnology,notresources

•Comparativestaticsinvolveonlysubstitutioneects

•Exogenous:prices

•Endogenous:outputandinputdemands



•Firstlookataggregatebehaviorandthefundamentaltheoremsofwelfareeco-
nomics



Primitives:

1.CommodityspaceR

Incontrasttoconsumertheory,alsonegativenumbersarepossible.

Forany=(1)R

•Inputimplies0

•Outputimplies0

2.ProductionsetR:

Summaryofthetechnologicallyfeasibeoutcomes.



Anyisfeasible,any6isnot.

3.Withprices=(1),protis·forany

4.Behavioralassumption:

Maximizeprotingiven

5.completelygenerallanguagetodescribeproductionpossibilities.Possibleas-
sumptionsinclude

(a)isnon-emptyandclosed.



(b)isconvex.

(c)R+implies=0i.e.positiveoutputrequiresinput,andinactivity
isfeasible.

(d)0foralland0R+i.e.freedisposal.

(e)andimply=0i.e.irreversibility:acommittedproduction
cannotbeundone.

(f)impliesforall[01]i.e.decreasingreturnsto
scaleConversely,

•Increasingreturnstoscale:impliesforall[1)

•Constantreturnstoscale:impliesforall



(g)+0forall0,i.e.freeentry.



•Alternativewaysofdescribingthetechnologyset:

1.Generalcase:Transformationfunction:R+Rsuchthat

={R:()0}

is0onthefrontierofi.e.={R:()=0}isthetransfor-
mationfrontier.Theslopeofthelevelcurvesofarecalledthemarginalrate
oftransformation.

2.Singleoutput-case:Productionfunction:R
1

+R+where

•thethgoodreectstheoutputR+.

•=(11)R
1

+thevectorofinputs.



•Then

=
n
()R+:()

o

•Notethatwithsingleoutputisconvexonlyifisconcave.



ProtMaximizationProblem(PMP)

max·

•Observe:Nobudgetconstraint.

•Question:Whenistheproblemwellposed(i.e.whendoesithaveasolution)?

•DenotethevaluefunctiontoPMPby()

•()iscalledtheprotfunction.



•Let()denotethesetofoptimalchoicesatprice

•Thereisadualitybetween()and:Ifisconvex,then

=
n

R:·()forallR++
o

RevealedProtApproach

•Forany0weknowthatif()and0¡0¢
then

··0and
0·00·

Let

=
³
0

´
and=

³
0

´



Thentheinequalitiescanbewrittenas:

·0and0·0

SummingthesetwoinequalitiesgivestheLawofSupply:

·0



Optimalproduction

•Assumethesingleoutputmodel=().

•Denotethe(strictlypositive)inputpricesby=(11)

•Theproblemreducesto

max
R

1
+

()·(1)



•FOCs:forall=11

()
and

()
=if0

•Marginalrateofsubstitution:

=
()

()

Slopeoftheisoquant{0R
1

+:
¡0¢

=}at



•Attheoptimum,

=

•Thefollowingcharacterizesthesolution(alsomoregenerallywhenisclosed
andsatisesthefreedisposalproperty.).

Proposition1(Propertiesof())Let()bethesolutionto(1)and
()=(()).

1.(·)ishomogenousofdegreeone.

2.()isconvex.



3.()ishomogenousofdegreezero.

4.Ifisconvex,then()isconvexvalued.Ifisstrictlyconvexthen
()iseitheremptyorsinglevalued.

5.If()issinglevaluedat()then()isdierentiableat()

and()=((())())(Hotelling’slemma;usetheenvelope
thrm).

6.If()isafunctionanddierentiableat(),then((())())=
2()isasymmetricandpositivesemidenite.



•Fromproperties2and5wegetimmediately:

(())
0and

()
0forall=11

•Interpretation:Ifthepriceofanoutputincreases,thenthesupplyincreases:
"LawofSupply".

•Also:Ifthepriceofaninputincreases,thedemandfortheinputdecreases:."Law
ofInputDemand".



Costminimization

•Foreachquantityofoutput,,ndtheleastcostinputcombinationthatyields

•Theproblem:

min
R

1
+

·

s.t.=()

•Denotethesolutionsby()i.e.theconditionalfactordemands.



•Thevaluefunctionisthecostfunction,()

()=·()

•()iscompletelyanalogousto()inconsumertheoryand()is
analogousto()



Proposition2(Propertiesof())Assumeasingleoutputandthatisclosed
andsatisesthefreedisposalproperty.Then,

1.ishomogenousofdegree0inandnondecreasingin

2.isconcavein

3.if{0:()}isconvexforall,then={():·(),
forallR

1
++}

4.()ishomogenousofdegree0in



5.if{0:()}isconvex,then()isaconvexset;if{0:

()}isstrictlyconvex,then()isafunction

6.if()isafunction,then()isdierentiableatandsatises()=

()(Shepard’sLemma;envelopethrm)

7.if()isdientiableat,then()=2()issymmetricand
negativesemidenitewith()=0

8.ifishomogenousofdegree1,thenandarehomogenousofdegree1in

9.ifisconcave,thenisconvexin



...backtooptimalproduction

•Choosetheoptimallevelofproduction.

max
R

()

•FOC:

=
()

Forcompetitiverms,marginalcostequalsprice.

•Oncethecostminimizinginputisdetermined,theproblemofoptimalproduction
onedimensional!



BigDierencebetweenConsumerandProducerTheory:

•Preferencerepresentationisuniqueonlyuptoincreasingtransformations.

•Productionfunctionisauniquedescriptionoftechnology.

•Conclusion:Notonlyordinalbutalsocardinaldierenceshavemeaningunder
.E.g.concavityofmatters!



Aggregation-thegeneralcase

•Sincethereareonlysubstitutioneectsalongtheproductionfrontier,theaggre-
gationtheoryforthesupplysideisstraighforward.

•Let1bethecollectionofproductionsetswithprotsandsupplycorre-
spondences()and()ofrms=1

•Theaggregatesupply

()=
P

=1
()=

(

R:=
P

=1
,for()forall

)



•Thepropertiesof()arepreservedunderaddition.Inparticular,()=
2()isasymmetricandpositivesemidenite.

•TheLawof(aggregate)Supplyfollows:

·0

•Letbetheaggregateproductionset:

=1++={R:=
X

,forsome,=1}

•Let(),()bethecorrespondingprotsandsupplycorrespondences.



Proposition3ForallR++,

1.()=
X

(),

2.()=
X

()


