Bound states in perturbation theory
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A perturbative expansion for QED and QCD bound states is formulated in A° = 0 gauge. The
constituents of each Fock state are bound by their instantaneous interaction. In QCD an O (ag)
confining potential arises from a homogeneous solution of Gauss’ constraint. The Cornell potential
is obtained for quarkonia, and corresponding ones for higher Fock states, baryons and glueballs.
Light mesons and glueballs lie on linear Regge trajectories and their daughters. A condensate of
massless J©¢ = 07+ bound states allows to include spontaneous chiral symmetry breaking.

Principles of bound state perturbation theory

There is a widely held opinion that QED atoms and QCD hadrons differ fundamentally, the former being perturbative
(a < 1) and the latter non-perturbative (g = 1). I shall argue that this conclusion may be premature. Bound state

perturbation theory differs essentially from the expansion of scattering amplitudes in terms of Feynman diagrams.
Atoms are not as perturbative, and hadrons not as non-perturbative as sometimes thought.

Even “lowest order” bound state wave functions are non-polynomial in the perturbative parameter . Wave functions
have no unique expansion, since powers of a may be shifted between the lowest term and its “higher order” corrections.
This was first recognized for the Bethe-Salpeter equation [T, 2]. For Positronium it allows to start from solutions of
the Schrodinger equation with the classical potential V(r) = —a/r [3]. For hadrons the first term in a perturbative
expansion needs to include color confinement and chiral symmetry breaking.

Bound states cannot be properly derived from Feynman diagrams, which assume non-interacting (in and out) states
at asymptotic times. Formally, there is no overlap between free and bound states because bound states have finite
size. Consequently, no Feynman diagram can have a bound state pole. Having quarks and gluons infinitely separated
in the initial and final states is inconsistent with confinement in QCD.

Hadron dynamics is known to have atomic (perturbative) features. This is apparent for heavy quarkonia, which are
well described by the Schrodinger equation with the Cornell potential [4 [5],
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V(r)=V'r— =% with V'~018 GeV?, a, ~0.39 (1)

This potential was determined from fits to data and later found to agree with lattice QCD [6]. At face value, it
indicates that the confinement scale V' arises already in the classical potential, with a gluon coupling a; that is close
to the perturbative a(m.) ~ 0.33.

There are many ways to define bound state wave functions, and they are often gauge-dependent. Hence their per-
turbative expansion is not unique. On the other hand, bound state masses must have a unique expansion in powers
of a and log a since they are physical quantities (the Positronium expansion is compared with data in [7,[]]). In a
proper perturbative approach each successive approximation of the bound state (wave function) should contribute to
the mass at a corresponding, higher power of the coupling.

The hierarchy of bound state approximations is reflected in the Fock expansion of Positronium. The |eTe™) Fock state
determines (through the Schrédinger equation) the binding energy at lowest order, Ej, = —a?m, /4. Fock states with a
transverse photon |e*e ™), additional pairs [eTe~eTe™), etc. contribute to Ej at O () and higher. This is possible
because the |eTe™) state is bound by the instantaneous A° field, which is not a constituent. The instantaneous
interaction similarly determines the properties of higher Fock states. Thus the Fock expansion defines a perturbative
approach to bound states, with no ambiguity concerning the initial approximation.

A Fock approach may work also for hadrons. The quarkonium phenomenology based on indicates that the state
is dominated by the heavy quark pair. The reason is dynamical, since binding energies are much larger than the light
quark and gluon masses. The quantum numbers of light hadrons with relativistically bound quarks likewise reflect
their valence constituents, |¢g) and |qqq).

Having defined the perturbative framework we may ask whether it is compatible with color confinement. The confining
potential must be due to the instantaneous interaction which binds the |¢g) quarkonia (see also [9]). The A° field
is determined by its equation of motion (Gauss’ law), which does not have the QCD scale. In the absence of loop



contributions (which involve higher Fock states) the scale can arise only from a boundary condition. It turns out that
there is a reason for choosing different boundary conditions for atoms and hadrons.

The V(r) = —a/r potential of the Positronium |e™ (z1)e™ (z2)) Fock state (r = |1 — @2|) follows from Gauss’ law,
—V?2A%x) = ed(x—x1)—ed(x—x2). The boundary condition lim|;|_,« A°(x) = 0 eliminates long range interactions.
The Fock state is invariant under global U(1) gauge transformations, which also leave A" invariant.

A color singlet hadron is similarly invariant under global SU(3) transformations, but the octet gluon field is not.
Consequently a hadron’s classical field A%(x) = 0 for all «, and there is no need for a boundary condition as in QED.

A ‘quC Fock state does generate a classical field for each quark color C, but it cancels in the sum over C. The
quark ¢ is bound by the field of the g¢. That field is non-vanishing and depends on the boundary condition.

Homogeneous (sourceless) solutions of Gauss’ law for the [¢“¢“) Fock state have A%(z) # 0 at spatial infinity.
Translation and rotation invariance restrict the sourceless field up to a single parameter A, which characterizes its
a-independent field energy density. The corresponding potential is linear for |¢q) (meson) and gg (glueball) states.
The potential is confining also for |¢qq) (baryons) and higher meson Fock states such as |¢gg).

Loop contributions are suppressed insofar as the lowest Fock state dominates at hadronic scales Q@ < A. In this energy
range the coupling (@) is then independent of @, which is consistent with its moderate value in .

In the following we illustrate our approach using QED atoms and then summarize the results obtained in QCD. A
full description is given in [10].

Positronium in QED

We use temporal gauge (A = 0) [ITHI5] since it reveals the hierarchy of Fock states. The electric fields B¢ = F =
—0p A" are conjugate to the photon fields A (i = 1,2,3). Gauss’ operator G(x), defined by

G(t,x) = (M(js(f,m) = 0;E'(t,x) — eyT(t, ) (2)

is time independent since it commutes with the Hamiltonian, [G,H] = 0. Because A is eliminated G' does not vanish
as an operator. However, G(t,x) generates time-independent gauge transformations, which are unconstrained by the

A% = 0 gauge condition. The gauge is completely fixed by imposing Gauss’ law as a constraint on physical states [12],

G(t,z) [phys) =0 3)
The eTe™ Fock component of Positronium may be expressed as (henceforth ¢ = 0 is implicit),

etem ) = 3 [ derdas ul@n)Bas(es — e2)va(en) 0) = [ dosdas d(ar - 22) o1,22) (4)
a,B

where ¥ () is the electron field and the wave function ®(x; — x3) is a 4 X 4 matrix in the Dirac indices «, 5. The
state (4] is invariant under space translations, as appropriate for the rest frame. In the non-relativistic limit only the
electron and positron creation operators contribute (b' in 1 and d in 1), and the wave function ® is simply related
to the Schrodinger wave function [10].

Imposing the constraint (3)) on the state |x1, Z2) = 1, (21)¥s(x2) |0) determines the action of 9; E*(t, ) on this state,
0By (@) |1, @2) = e () a1, x2) = e[d(x — 1) — 6(@ — @2)] |a1, @2) (5)

where the index L reminds that this constrains only the longitudinal component of E. Requiring lim|g| Ei(x) =0,
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The QED Hamiltonian in temporal gauge is

H= /dm (L(BLE} + ELEL) + AFFT + 9 (—ia - V — eat - Ap +mA°))] (7)



The contribution of E? is determined by @ Partially integrating in & we get the classical potentiaﬂ

«

/dw %E%(:c) |e1, xa) = — |z1, 22) = V(e — x2]) |21, 22) (8)

|T1 — 2

Adding the contribution from the free fermion part of the Hamiltonian and neglecting the higher Fock states
created by ¥ A1) we can impose stationarity on the Positronium state , HleTe , M) = M |ete™, M). This gives
the bound state equation for ®(x),

lia- V + mr°]®(z) + ®(z) [ia- ¥V — my°] = [M - V(|z|)] & () 9)

which in the non-relativistic limit reduces to the Schrédinger equation [10]. The Fock states [ete ), [eTe~eTe ), ...
created by H contribute to M at higher orders in «, and their instantaneous potentials can be determined similarly
as for |eTe™). Because Gauss’ law is imposed as a constraint in temporal gauge the instantaneous interaction does
not create new states. In Coulomb gauge (V - A = 0) the operator A° can create an eTe™ pair.

Hadrons in QCD
The ¢q Fock component of a meson state may be expressed similarly as for Positronium in ,
1 _
93, M) = —— Z Z/dﬂhdivz ¢&4($1)5AB‘I)aﬁ($1 - 932)%]33(932) |0) = /dwldfvz (1 — @2) |21, T2) (10)
vV Ne .8 AB

The state is invariant under global gauge transformations since the wave function §AB<I>Q/3(:E) is diagonal in the quark
colors A, B. In the temporal gauge of QCD (A% = 0) [12HI5] Gauss constraint (3] has also a gluon contribution,

0;E} () Iphys) = g[ — fae AVEL + 1T ()] [phys) (11)

The solution of this constraint for Ey, is not unique due to contributions from large gluon fields (Gribov copies [16]).
This does not concern the perturbative expansion in g which we consider here. At lowest order we may neglect the
contribution of Ej, on the rhs. of . For the qq Fock components defined in (suppressing Dirac indices),

O o(@) |21, @2) = gy a(@1)Th pvon(a2) [6(z — 21) — 3(z — @2)] [0) (12)

In QED the component |z, x2) of Positronium gives rise to the dipole electric field (@ The meson state on the
other hand cannot create a classical, color octet electric field Ep ,(z) at any @ since it is a color singlet under global
gauge transformations. The expectation value of 0; £} ,(x) in the color C' component of |xy, x2) is

(0185 (22785 ()0, B o (@) |9 (1)1 (22) [0) o< g[6( — 1) — 8(a — @2)] T (13)

An external observer does not see any color field since the sum over the quark colors C' vanishes, Tr 7% = 0. On the
other hand, the color C' quark interacts only with the color C' antiquark in the same Fock state, and thus experiences
a non-vanishing Er. This motivates adding a homogeneous (9; £}, ,(x) = 0) term to the solution of ,

Bal@)lohys) = =07 [ dy[ra -+ L ,(w) lphys)
Ea(y) = — fare AL Ee(y) + 0T T (y) (14)

with a normalization x that is independent of & and y. Since 87 (kx - y) = rky* the field energy density of this term
is independent of x, as required by translation invariance for a sourceless contribution.

The QCD Hamiltonian in temporal gauge is

H = /dm[%EﬂaEga +3Er By, + $FIFY + Vi(—io- V +m7° — ga - AFT)y)] (15)

1 The “self-energy” contributions proportional to 1/|x¢1 — x1| and 1/|x2 — x2| are independent of @1, x2 and may be subtracted.



where F2 = 0;A% — 0;A% — gfaupc AP AS . From ((14) the longitudinal electric field contributes
1] ] J* 177

Hy = %/dwE;LEéL = %/dw{@f/dy[mw~y+m}fa(y)}{af/dz{nww—&-m}ga(z)}
_ /dydz{ Y-z [%nzfda: n gﬁ] n %lyO‘%Z'}ga(y)sa(z) =1 + 1Y) (16)

where the terms of O (gn, g2) were integrated by parts.
The states |@1, @) = Y 4 12 (331)1/)[‘;‘ (z2)|0) are eigenstates of Hy since

Zé’a(y)é’a(z) |z1, 2) = Cp [6(y —x1) — o(y — wg)] [(5(,2 —x) —d(z— wg)] |z, x2) (17)

where Cp = (N2 —1)/2N = 4/3 for N = Ng = 3. For /Hg)) in this gives,
HY |21, 22) = Crp[462[dz + gr] (21 — @)% |21, 22) (18)

The O (HQ) contribution arises from the field energy and is proportional to the volume of space. It is irrelevant only
if it is the same for all bound state components. This requires

A? 1

_ 1
S Tepyr——" (19)

We extract the factor gCp from the definition of the universal scale A in order to simplify the coefficient of the
confining potential. The gk term in gives

VO (&) — xs]) = gCpk (1 — x2)? = A%|x; — 24| (20)

The gluon exchange potential arising from HS) in is V(N = —Cray/|z1 — x3|. Neglecting higher Fock states the
stationarity condition H |qq, M) = M |qq, M) gives the bound state equation @ for the (color reduced) wave function
in , with V = V(© + V() In the non-relativistic limit this agrees with the approach to quarkonia based on the
Cornell potential 4, [5].

At O (ag) only the linear potential 1) and the 1) state contribute, even for light (relativistic) quarksﬂ Fock
states with transverse gluons such as |qgg) are suppressed by factors of g. See [I0] for a study of the states determined
by the relativistic bound state equation

The instantaneous potential is analogously derived for any state using . The field energy density, i.e., the O (/12)
term in the Hamiltonian Hy , must be the same for all states, making the scale A universal. Three examples [10]:
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99) = Aqr(x1) A, 1 (22)[0) : Vgg(x1,22) = Cr A? @y — o] — N
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lgqq) = eapcyt(x1) ¢§T(Sﬂ2) ¢S (1) |0) : With dyge(z1, @2, T5) V(@ —22)? + (22 — x3)2 + (@3 — T1)?
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laga) = Pa(@1) A} 1 (@) Thpt(@2) [0) : With dygg(z1, 2y, 22) = \/i(N —2/N)(@1 — x2)? + N(zg — 521 — 522)%
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In each case a bound state equation may be derived by adding the kinetic terms in the Hamiltonian, and the mixing
with higher Fock components taken into account at higher orders of «. Let us illustrate this for |gg) (“glueball”)
states at O (a?).

Vagq =

2 When the binding is relativistic the state (10) has virtual ¢ contributions, which may be thought of as due to Z-diagrams and have
the features of sea quarks.



The full O (a?) Hamiltonian is H = Ho + A, with #\" given in (16) and
Ho = /d(l: [%E27TE;,T =+ %A;T(—(sijVQ + 8iaj)A27T] (24)
The canonical commutation relation [E%(t, ), Ai(t, Y)] =66 6(x — y) gives

[HO:AZ,T(CC)] = ZE;T(CC) [HO:E;T(‘E)] = iVQA;,T(w) (25)
For |gg) to be an eigenstate of Hg it must have AA, AE, EA and EE components,
lgg) = /dwld-’w [AZ,T(wl)Ai,T(wQ)CI)ZA(wl —x3) + AQ,TEZ,TQ’ZE + EZ,TA;T(I)%A + E;TEgT(I)gE] 0) (26)
The free Hamiltonian Hy mixes the components. Suppressing the 4, j indices (which are not changed by Hg + 7-[&9))7
Ho lgg) = i/dfﬁldwz { [Ea(®1)Ag(®2) + Aa(1) Eo(22)| P an(my — @2) + [EaEq + AgAa V]| Pap

+ [A0AuV? + BuEy|®ps + [AuBy + EuA,] V2<I>EE} 10) (27)
The instantaneous Hamiltonian ’HEE) gives all four components the same potential Vg(;) ) as the AA term in . The

eigenvalue condition H |gg) = M |gg) allows to express P44, Pap and g4 in terms of Ppg, which should satisfy

V/ V/

V20pp(z) — ﬁ@T@EE(w) — T(TQ_V)%E(:B) + Y M - V)*Ppp(x) =0 (28)

where V' =V |z| with V] = , / C% A?=3A%asin 1) The radial r = || and angular  variables may be separated
for states with orbital angular momentum L? = £(¢ + 1) and L* = \, ®pp(x) = F(r)Ys\ (). This gives the radial

equation

P+ (= 3 ) P+ [fr vy - s - Ao k) o (29

The glueball masses M are determined by requiring the wave function to be regular at » = 0 and at M — V(r) = 0,
which ensures a probabilistic interpretation of ® [I0]. The glueball states lie on approximately linear Regge trajectories
and their parallel daughters. Using V' = A? = 0.18 GeV? from the Cornell potential the lightest glueball has
M ~ 1.6 GeV.

All bound states have corrections even at O (ag) stemming from real decays and hadron loops. The transition
a — b+ ¢ is given by the matrix element (bc|a) which may be evaluated using the (zero width) meson and glueball
states discussed above. For the parts of |a) that have a large r, and hence large V(r), the transition has the features
of color string breaking. Such transitions need to be iterated (expanded in powers of 1/N¢) for unitarity to apply at
the level of hadrons.

For massless (m = 0) quarks the bound state equation @D has chiral symmetry: If ®(x) solves the equation then so
does v5P(x). There are also massless bound states [I7], since the condition that the wave function is regular at r = 0
coincides with the condition at V(r) = M when the potential is linear and M = 0. The J©¢ = 07+ “sigma” solution

of @D is analytic,
1 1
Fdﬁ,(m) = Jo(%r2)+ia'm;J1(iT2) (m=M=0) (30)

where Jy 1 are Bessel functions and N, is a normalization constant. The corresponding massless 0~ “pion” wave
function is ®,(x) x 5P, (). These states have 4-momentum P* = 0 in all frames and are thus not physical.
However, we may explicitly verify the standard mechanism for the spontaneous breaking of chiral symmetry. The
sigma state can mix with the vacuum without breaking Poincaré invariance, forming a “chiral condensate”,

|x) = exp {/dwl dxo h(x1) ®p(x1 — 2) (22) | |0) (31)



The scalar operator ¢ (z)y(z) annihilates the sigma, (0|¢¢|0) = Tr [y°®,(0)7°] = 4N,. Hence chiral symmetry is
broken by the chiral condensate,

() = (xl(2)v(z) ) = 4N (xIx) (32)
An infinitesimal chiral transformation U, (8) (8 < 1) transforms the quark fields as
U (B) 9 (@) UY(B) = d(x) (1 — if75) U (B) 9 (@) UY(B) = (1 — iBs)v() (33)

Since @, = 15®, = 3 {75, P, } (up to the relative normalization) we get,

U(B) ) = exp | [ derdes den) [0 16 15, 82} Jo(en)] 0) = (1 - 2i67) [0 (34)

where 7 creates a pion, |7) = 7 |0). Thus a chiral transformation of |x) creates massless pions, as expected.

There is a massless (M = 0) 07" sigma state also for a non-vanishing quark mass, m # 0. The corresponding pion
with M o m? satisfies the PCAC relation for small m [10], motivating further study.

Quantum field theory is subtle, and bound states especially so. The method presented here and in [T0] needs further
tests, and possibly modifications. Hopefully it can contribute to making bound state calculations more systematic
and less of an art, as they are occasionally described.
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