Gauge theory bound states

Paul Hoyer University of Helsinki

Higgs Center seminar on 6 May 2026

Bound states vanish in QM — QFT transition
QFT textbooks omit atoms & hadrons

CERN Courier

Lattice QCD has verified hadrons

An analytic framework 1s missing
Analogous to IP derivation of Feynman diagrams for scattering

Now: Discuss an analytic method for QED & QCD bound states 3238] -?S;é;
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Atoms from Feynman diagrams

Schrodinger equation
from ladder diagrams :Q: : é: K K{ (p1 +p2 a2 T

o
Ladders dominate when a << 1 and exchanged momenta p = O(am). Gives V(r) = — —
r
NRQED expands in powers of L around the Schrodinger atom
m

Positronium hyperfine splitting:

AE 7 , (8 In2\e> 5 1367 5197 , (221 , 1 53,
—( + ) ——a ' Ina+ |—————n +(—7r +—>1n2——(,“(3) — ——Infa+
T 24 648 3456 144 2 327 3

Agrees with experiment:  Av,., = 203.39169(41) GHz

Bound state review:
Adkins, Cassidy, and Pérez-Rios (2022)
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No mesons from Feynman diagrams

Schrodinger equation
from ladder diagrams

QCD ladders dominate when a, < 1 and exchanged momenta p = O(a,m).

| 0
Gives: V(r) = — Cp — No confinement! Isa, > 17?
r

Quarkonium phenomenology:
Schrodinger equation with phenomenological

4 o
3T

V' ~0.18 GeV?, a(m?) ~0.39

“Cornell” potential: V' (r) = V'r

Confinement scale V' appears 1n the
non-relativistic, Schrodinger (no-loop) framework
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Lattice QCD confirmed the Cornell potential

3 B I I I I I x
3=6.0 —= ‘
,| p=62 _ .
b=6.4 — How does the confinement scale V' arise in QCD?
Cornell
;L ]
et From a boundary condition?
S 0r -
>
= 1t | - Wil | Need a bound state approach not based
S e quenched Wilson -
al action SU(3) potential. . on free propagators (Feynman diagrams).
=V’ & ~ : )
3| Comell V(r) =V'r 3 1 | Start from scratch: Canonical quantization
Gunnar S. Bali, Phys.Rept. 343 (2001) 1 - Lose explicit Poincare invariance 5
-4 I I I | |

0.5 1 1.5 2 2.5 3
r/rg

It 1s essential not to change the action (ie., the theory)

Ensures the non-trivial Poincaré invariance of bound states
E.g.: Atoms 1n motion
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Positronium in motion

Lorentz contraction of equal-time states:

~ 1/am, ~ 1/aE
— <« a
The Coulomb potential —— grows with P, whereas
r
Boost /\ excitation energies decrease with P:
Y o
m
VPP @t Ep? =[P dm® =« =
P=0 P>>M P

QED: |e e™y) Fock state contributes to Ep at leading @(meaz) for P > 0.

It subtracts the large Coulomb energy, ensuring £ = \/ M? + P?

M. Jarvinen, Phys. Rev. D71 (2005) 085006 [hep-ph/0411208]
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Temporal gauge: A°(t,x) = 0 :

_l /ﬂ/—l 0\2 2 3 A4 240 2 .
A dtdxFWF = dtdx[(@tA + VAY)" = (VX A;) ] + OA°,A")  07A", VA, are missing

AYand A, do not propagate

A'(t,x) = 0 gauge gives an instantaneous potential: Constraint at all x at an instant of time

time —

Binding without propagating gauge bosons

Only gauge theory has truly instantaneous interactions

leTe™) leTey)

1

In Feynman gauge all four A¥ components propagate: <S¢r=— 7

n -
S | drdx (0,A")> = —— |dtdx (0,A° + V - A)*

2.
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Canonical quantization in A%t,x) = 0 gauge

The electric field E = — 0 A 1s conjugate to —A. A" and its conjugate field vanish

Canonical commutators: E'(t,x), A (t,y)] =i076(x — y) (ol (8, 2), 3t y)} = 60p 6(x — y)

Time-independent gauge transformations preserve 49 =0

_ 08QED | Gauss’ operator G(z, x) generates
Gt ) = A (t, ) V- Elt,2) - eviy(t, z) time-independent gauge transformations

Physical states must be fully gauge fixed: G(7,x) | phys) = 0

A free electron state b'(p, )| 0) is unphysical in temporal gauge.



Physical electrons have an A. field

le™;p, A, 1) = [dx w'i(t,x) u(p,A)e?* W(A,;1,x)|0) satisfies G(t,x)|e”;p,A,t) =0

5S
G(t, @) = AOC(?EZ) — V- E(t z) — eptyt, o)

W(A;1,x) = exp i[dyAL(t’y) | Vy(47z\y — x| )

le™;p, A, t) is spatially extended, includes a gauge field.

The Hamiltonian 1s a local functional of the electron and gauge fields:

Hopp = de [%(Ef + E%)+%FUFU +y'(—ia- V+my’ —ea- Ay
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Schrédinger equation for Positronium

Positronium at ¢ =0 1n 1ts rest frame:

|€ € ,t — O> — / da:lda’;g @a(azl)(bag(wl — ZBQ)W[AL; L1, mg]wﬁ(ib‘g) |O>

. ) . . . .
Physical e~ and e*, distributed by a WI[AL; z1,xs] = exp u_e /dy A(y) -V, (| ey Bl e ‘)}
c-numbered wave function ®(x; — x,) " y—x) Y —x2

The Coulomb potential is locally built (| ) a )

2 ; — WA : 9
from the gauge field energy density: 2 / de |Ey(x), W[AL; x1, 2] T — o Az, @)
The 1nteraction term de W' (—ea - A)l//] of H contributes at higher order in a
HQED leTe™) = 2m + Ep)|e "e™) gives the NR Schrodinger equation for ®(x; — x,)

and structure of Positronitum 1n motion.
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gq bound states in QCD

10

4Gt = 0) = / 021 das §a(21)D (@1 — T2)Wap|AL; @1, a]ibp(as) |0)

WIAL; x1, 2] = exp

Gauss’ constraint G (7,x) | gg) = 0 :

1s satistied.

The potential 1s not confining:
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Boundary condition in Gauss constraint

1 Did we miss
We needed: V2< — )=—47r5x—x —o(x —Xx .
Ul — x| X — x| [ ( 1) — ol 2)] something?
Add a homogeneous 1 1 r
term in WA, ;x,x,]: V,zc( — +Kx - (X — xz)]) = = 4”[5(3‘7 — X)) —o(x — xz)]
| x — x| [ x =X, (
N g 1 ] ( Y
WIA;;x,x,] = exp{z dy T°A;(y) - —Vy( ) + k(X — X5) }
x . TNy =x | [y—x] /L J

2

— KX - (x, —Xx,)1s invariant under rotations

— Linear 1n x, hence electric field « V, x - (x; —x,) = x; — X, 1s 1sotropic (independent of x)

Globally color singlet gg:

U

X — X, | qx) > Uq(x) U+ Ux)

Gives potential: V(x, —x,) = A’ |x, —x,| — C;.

Confinement scale A” « k from a boundary condition. G ‘Al (y) = UT"A/(y) UD
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Confining potential from kx - (x; — x,)

Contribution of A; field to Hamiltonian:

| 1 '
lJ‘dx [Efa(x), WK[AL;xl,xZ]] = WK[AL;xl,xZ]lCFJ'dx [ivx( — ) + Kk (x; —xy) |
2 ' 2 47 lx—x;] x-—x :
- _C— 4 ) Ck (xy -2 | d
F + Crgk (X —X5)" + =Crk”(X; —X,)° | dx
X — x| 2

In the last term de o Volume of space: Must be universal to be irrelevant.

Defti A : | h density of th d ) .
CIMe K = gives the energy density of the ground state: —
Crg X1 — x| A 2Crg?
g A 1s the only free parameter,

and potential energy V(x; —x,) = A? X1 =X | = Cp lx; — X | All states have the same E
1 — X2 A
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Instantaneous potentials for other singlet states 1°

2 1 1 |
qe)q(x)q(xs): quq=—¢<x1—x2>2+<x2—x3>2+<x3—x1>2—— ( = = )
\/_ | X — x| | X, — x5 ] | X3 — x|
v e z2) - N—
: =4 /— A7 |x; — x| —
g(x)g(x,): g8 C, 12 “1x; — %)
A > T a1 1 1 1
- CV. = —(N—=Vxy —x) 2+ N.(x.—=x,—=x,)% + = N |
q(x1)q(x;)8(x,):  Vig \/@\/4( W) =B AN wmax) z[NC x| — x| “<|x1—xg| |x2—xg|>]
qqq(xla x29 x2) (x19 x2)
Consistency conditions: Viae(X1: X2, %) =V, (X1, %)
qqg(xlaxlax ) — (x19x )
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Bound state equation for mesons h

qq; M, P) = /dw1d$2 (xy)e @t 22)/25P) (g — 10\ W, [AL; 21, 2] (22) |0)

| 9G) | qég)

BSE: HQCDW@;M,P> = Ep|qq; M, P) A, . A,

Perturbative expansion: BSE at O(«,') i
O(ay) O(a)

O(a)) : V(x) = A”| x|, withg = 0in Hycp Lowest order in perturbative expansion

iV-{a, 27 (z)} — 5P |a, 27 (x)] + m[y", 2" (x)| = [Ep — V(x)] 2" () Poincaré covariant

JFC of states determined

P = 0 : Radial & angular variables separate,
No quark model exotic states

Chiral symmetry for m = O : Parity doublets
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Example: —17p = 1~ = (— 1) states at O(a’), P =0
2 . 0 ] .
> (x) = (i -V +m3°) + 1|75 Fy ()Y (&)
M-V i
F/ + (i | MV_ V)Fl’ + %(M — V)2 —m? j(j; b F; =0 Radial equation
Regularity of the wave function determmines the bound state masses M
Linear Regge trajectories | S ’:n:‘(). o
with daughters: | J
Spectrum similar to j e e e
dual m()dels 10 ® e o o e o o o o o
| B - MV
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Breaking of chiral symmetry at m=0

Massless (M =0) J©'© = 07" state ¢ for m = P = 0 : Poincaré invariant, can mix with vacuum

6|0) = deldxz gx)® (x; —x,)W [A;;x;,X,]q(x,) | 0) g = (Z) massless isospin doublet

, ' o - X '
BSE: iV {a,® (x)} +Vrd_(x) =0 O (x)=N, JO(%V’rz) | l Jl(%V’rz)

r

Generator of chiral transformations: OJs; = deqT(x)yS%Tj q(x)

Massless J©¢ = 07" pion: i [Qsj, 6] =7; with @ (x) = — ity @ (x)

Define ¢ condensate vacuum: |o) = exp(6)|0) Ground state is not chiral invariant.

Build states with |0) — | o) : Preserves J©'C , but breaks chiral invariance: no parity doublets.

Preliminary suggestion for ySB. Requires further study.
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1HE STATE IS NOT ABOLISHED, IT WITHERS
AWAY. HOW QUANTUM FIELD THEORY
BECAME A THEORY OF SCATTERING

Alexander S. Blum”

Max Planck Institute tor the History of Science, Boltzmannstral$e 22, 14195
Berlin, Germany

12th November 2020 2011.0598

Learning quantum field theory (QFT) for the first time, after first learning quantum
mechanics (QM), one 1s (or maybe, rather, I was) struck by the change of
emphasis: The notion of the quantum state, which plays such an essential role in
QM, from the stationary states of the Bohr atom, over the Schrodinger equation to

the interpretation debates over measurement and collapse, seems to fade from view
when doing QFT.



Summary

We need a framework for QED & QCD bound states, based on the action. Poincaré symmetry!
Feynman diagrams are questionable for bound states: Expand around free propagation.

Temporal gauge fixing gives an instantaneous interaction.

Physical states must satisfy Gauss’ law. Physical electron has an A; field.

Universal confinement scale A, p from a boundary condition on Gauss’ constraint .

Confining potentials for (globally) color singlet states (gg, gqq, g2, ggg...)

JP C

Poincare covariant eigenstates of H,p . No states that would be exotic in the quark model.

Chiral symmetry breaking at m = 0 by building states on a “o condensate” vacuum.
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