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Scattering vs. Bound States in QFT

PH 2101.06721 and 2304.11903

S-matrix (textbooks): Interaction Picture, start from H0 

Bound states through an infinite sum of Feynman diagrams
    Regenerates the classical potential V(r) = – α/r 

Physics: Constituents propagate in their mutual fields

Consider: Poincaré covariance

The QCD scale Λ is compatible with the action

Get confining potential ∝ Λ of O(αₛ⁰) 

QCD dynamics at αₛ=0 has parton-hadron duality

Instantaneous (in time) interactions in relativistic dynamics
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Brief review of bound state PT (1)
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A Relativistic Equation for Bound-State Problems
E. E. SALPETER AND H. A. BETHE

Ee2oman Iaboratory of nuclear Studies, Cornell University, Ithaca, Eeu~ York
(Received August 24, 1951)

The relativistic S-matrix formalism of Feynman is applied to
the bound-state problem for two interacting Fermi-Dirac particles.
The bound state is described by a wave function depending on
separate times for each of the two particles. Two alternative
integral equations for this wave function are derived with kernels
in the form of an expansion in powers of g~, the dimensionless
coupling constant for the interaction. Each term in these expan-
sions gives Lorentz-invariant equations. The validity and physical
signi6cance of these equations is discussed. In extreme non-
relativistic approximation and to lowest order in g' they reduce to
the appropriate Schrodinger equation.
One of these integral equations is applied to the deuteron ground

state using scalar mesons of mass p with scalar coupling. For
neutral mesons the Lorentz-invariant interaction is transformed
into the sum of the instantaneous Vukawa interaction and a
retarded correction term. The value obtained for g' differs only
by a fraction proportional to (p/M)2 from that obtained by using
a phenomenological Yukawa potential. For a purely charged
meson theory a correction term is obtained by a direct solution
of the relativistic integral equation using only the 6rst term in
the expansion of the kernel. This correction is due to the fact
that a nucleon can emit, or absorb, positive and negative mesons
only alternately. The constant g' is increased by a fraction of
1.1(it4/M) or 15 percent.

I. INTRODUCTION

V ARIOUS mathematical formalisms, all equivalent
physically, for a relativistic treatment of scat-

tering problems for two or more particles have been
developed in the last few years by Dyson, Feynman,
Schwinger, and Tomonaga. It is the aim of this paper
to present an extension of the Feynman formalism' to
bound-state problems involving several particles.
Throughout this paper we shall deal only with two
Fermi-Dirac particles interacting with each other by
means of an arbitrary (electrodynamic or mesonic)
interaction in the absence of any external forces,
particles, or quanta. The extension of the method to
more complex bound states should, in principle, be
straightforward, although the computational work
might we11 become prohibitive.
For a scattering problem involving two such particles,

the Feynman formalism consists essentially of giving a
prescription for the amplitude function (or kernel)
E(3,4; 1,2), representing the probability amplitude for
the one particle to proceed from time and place x„1 to
x„s, while the other particle proceeds from time and
place x„2 to x„4.This meaning of the amplitude function
suggests that we should describe a state of the system
by a wave function f(x», x») with 16 spinor compo-
nents, depending on a separate time for each of the
particles as well as on the spatial coordinates of the
two particles. Such an approach bears some similarity
to the many-times formalism of Dirac, Fock, and
Podolski' and of Bloch. ' In a purely formal way f(3,4)
can be calculated, by the help of E(3,4; 1,2) and pre-
scriptions given in FI and II, if f(1,2) is known.
E(3,4; 1,2) is defined in terms of a doubly infinite series,
but a relatively simple integral equation can be derived

' R. P. Feynman, Phys. Rev. 76, 749 (1949), hereafter referred
to as FI, and R. P. Feynman, Phys. Rev. 76, 769 (1949),hereafter
referred to as FII.

Dirac, Fock, and Podolski, Physik. Z. d. Sowjetunion 2, 468
(1932).
~ F. Bloch, Physik. Z. d. Sowjetunion 5, 301 (1934).

for it. From this an integral equation can be derived
for f(3,4) with an inhomogeneous term depending on
$(1,2). E(3,4;1,2) also obeys a differential-integral
equation from which a homogeneous diGerential-integral
equation can be derived for P(3,4) which does not
contain any boundary conditions for t& and t& explicitly.
These equations are derived in Sec. II and their

validity discussed in Sec. III. These equations are
applied to the deuteron ground state using a scalar
meson theory with scalar interaction in Secs. IV and V.

II. DERIVATION OF THE EQUATIONS

Throughout this paper we shall use, wherever
possible, the notation of FI and FII and shall put
k=c=i. YVe 6rst give a formal derivation of two
equations for the wave function P(1,2) and the ampli-
tude function E(3,4; 1,2) based on the expression given
in FII for E(3,4; 1,2) and postpone a discussion of the
validity of these equations till the following section.
Consider two Fermi-Dirac particles of masses m

and m&, respectively (electrons or nucleons), capable of
interacting with each other through "the virtual emis-
sion and absorption of quanta" (photons or mesons).
Let G(1,2) be the interaction function corresponding to
a simple exchange of one quantum written in its lorentz
invariant form (proportional to a dimensionless coupling
constant g'). For the case of electrodynamics we have

G(1,2) =e'y„y„'i'i+(s, ii)
For scalar mesons with scalar coupling G(1,2) is the
relativistic generalization of the Yukawa potential, etc.
(for further details see Sec. 10 of FII). We now define
reducible and irreducible graphs in a manner similar to
that used by Dyson;4 i.e., we call a graph reducible if
it can be split into two simpler graphs by drawing a
line which cuts no quantum lines at all and each of the
two particle lines only once. The remaining irreducible
graphs can be ordered according to the power of the

4 F. J. Dyson, Phys. Rev. 75, 486 and 1736 (1949).
1232
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Allows to calculate relativistic corrections to atomic binding energies
Very complicated: No analytic solution at “lowest order”
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Reduction of the Bethe-Salpeter equation to an equivalent
Schrodinger equation, with applications

VA'lliam E. Caswell
Stanford Linear'Accelerator Center, Stanford University, Stanford, California 94305
and Department of Physics, Brown University, ,Providence, Rhode Island 02912

G. Peter Lepage
Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305

(Received 10 February 1978)
We propose a new relativistic two-body formalism which reduces to a nonrelativistic Schrodinger theory for
a single effective particle. The formalism is equal in rigor to that of Bethe and Salpeter, and considerably
simpler to apply. We illustrate its use by computing 0(a ) terms in the ground-state splitting of muonium
and positronium involving infinite Coulomb exchange.

I. INTRODUCTION

The high-precision measurements of the ground-
state hyperfine splittings (hfs) in muonium' (e p, ')
and positronium' (e 8') allow a sensitive test of
our understanding of two-body bound states in quan-
tum fje].dI theories and particularly in quantum
~l~ct~odynamics (QED). This is the second of two
papers in which we examine alternatives to the
Bethe-Salpeter' (BS) equation for organizing and
computing bound-state energies in spinor field
theories. In the first paper (I),' the BS equation
was reduced to an equivalent Dirac equation by
placing one particle effectively on mass shell.
This approach is natural when the binding i.s non-
relativistic or when the ratio of constituent mass-
es is large (e.g. , in high Zo. atoms or perhaps in
D mesons). Analytic solutions were found for a
Coulomb-like kernel, and a systematic perturba-
tion theory developed. The bound-state equation
reduced to the Dirac-Coulomb equation when one
particle's mass became infinite.
Here we propose an alternative approach which

may be more convenient when calculating high-
order corrections for nonrelativistic systems
(e.g. , muonium or positronium). We reduce the
exact BS equation to an equivalent Schrodinger
equation with reduced mass. Among the advantages
Of sucll Rll Rppl'ORcll RI'e: (1) Appl'OxlIIlRtlllg tile
kernel by a simple Coulomb interaction results in
a zeroth-order problem of great simplicity. The
wave functions are essentially just the usual
SchrMinger wave functions for the hydrogen atom.
(ii) The corrections to this zeroth-order problem
can be elaborated in a systematic perturbation
series. (iii) The unperturbed two-particle Green's
function can be expressed in a number of simple
analytic forms. This is important when computing
contributions from second order perturbation theo-

ry, as we demonstrate below. (iv) As the exact
unperturbed wave functions are finite at the origin,
the expectation value of the one-photon annihila-
tion kernel (in positronium) is finite. This is not
the case in the BS approach, where this quantity
can be made finite only after an infinite order (in
II) renormalization of the annihilation vertices.
En the formalism described below, all infinities
related to renormalization can be removed order
by order in precisely the way on-shell amplitudes
are treated. This greatly simplifies the analysis
and numerical evaluation of high-order terms
(Appendix A). (v) The spinor structure of the wave
functions is that of free-particle Dirac spinors,
facilitating the use of computers fox performing
spinor algebra. This is quite important in view of
the large number of diagrams remaining to be
computed before theoretical and ekpeqimental de-
terminations of hfs can be compared. (vi) The
constituents are t, reated symmetrically, and herm-
iticity is explicitly maintained. (vii) In the limit
of zero binding, the O~een's function and wave
functions reduce to the correct relativistic func-
tions describing two free particles (at zero rela-
'tive time).
Unlike I, none of the fine structure of levels

with differing angular momenta is incorporated in-
to the unperturbed QED solutions. The fine struc-
ture of atoms'with constituents of equal mass is
quite different in character from that of atoms
with a large mass ratio. It is difficult to create
a formalism which naturally acommodates both
cases and still admits analytic solutions compar-
able in simplicity to those presented below.
The most recent measurements of hfs test theory

to O(n'nEo) in positronium and to O(u'm, /m„&Eo,
n'nE, ) in muonium, where nE, is the leading con-
tribution in each case. The relevant terms of
O(cI'hE, ) can be computed in the Dirac limit (m„

1978 The American Physical Society
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“Lowest order” bound state wave functions are of  O(α∞)
This allows to reorder the perturbative series. 

The choice of state to expand around determines its higher order corrections
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EFFECTIVE LAGRANGIANS FOR BOUND STATE PROBLEMS 
IN QED, QCD, AND OTHER FIELD THEORIES  
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Physws Department, Umverslty of Maryland, College Park, MD 20742, USA 

and 
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Newman Laboratory of Nuclear Studtes, Cornell Umverstty, Ithaca, N Y  14853, USA 
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A renormahzatmn group strategy for the study of bound states in field theory ~s developed Our analysis ts completely 
different from conventmnal analyses, based upon the Bethe-Salpeter equation, and tt is far simpler This IS illustrated m 
state-of-the-art calculatmns for the ground state sphttmgs in muonmm and pos~tromum 

Nonrelativistic atoms like muonium (ge) or posi- 
tronium (~e) are described very accurately by simple 
nonrelativistic quantum mechanics, particularly if the 
Coulomb potential is augmented by the various cor- 
rections of the Pauli hamiltonian [1]. Further accura- 
cy can only be achieved by somehow incorporating the 
covariant perturbation theory of quantum electrody- 
namics (QED). Schwinger [2], and Bethe and Salpeter 
[3] first accomplished this by reformulating the bound 
state problem in terms of the covariant Green func- 
tions that arise naturally in covariant perturbation 
theory, thereby abandoning nonrelativistic quantum 
mechanics. This procedure, in one guise or another [4, 
5],  has formed the basis for all modern work on two- 
body bound states. However the resulting equations, 
while elegant, have proven quite difficult to apply in 
high precision calculations, primarily because they are 
relativistic equations being applied to a nonrelativistic 
problem. These formulations take little or no advan- 
tage of the radical differences between the physics at 
nonrelativistic momenta and that at relativistic mo- 
menta. In this note we will describe a powerful alter- 
native to this approach that greatly simplifies the anal- 
ysis of bound states, or indeed of any other nonrela- 
tivistic problem (e.g., low energy scattering, infrared 

0370-2693/86/$ 03.50 © Elsevier Science Publishers B.V. 
(North-Holland Physics Publishing Division) 

singularities, ...). Rather than replace nonrelativistic 
quantum mechanics by a relativistic formalism for 
bound states, we replace relativistic QED by a new 
nonrelativistic field theory, which we call nonrelativis- 
tic quantum electrodynamics (NRQED). This effec- 
tive field theory is designed so that: (a) it involves 
only nonrelativistic momenta, both on external lines 
and in loops; and (b) it reproduces the low momen- 
tum behavior of QED to any desired accuracy. Given 
NRQED we can compute bound state properties or 
other nonrelativistic phenomena using the ordinary 
techniques of nonrelativistic quantum mechanics - 
the SchrSdinger equation, Rayleigh-SchrSdinger per- 
turbation theory, and so on. In effect we are adapting 
our analysis to the nonrelativistic nature of the prob- 
lem, rather than to the relativistic nature of QED. 

This approach constitutes a renormalization group 
strategy in that it isolates contributions from relativis- 
tic and nonrelativistic momentum scales, and deals 
with them separately. Such a separation does not oc- 
cur in a Bethe-Salpeter analysis or in any of the "quasi- 
potential" variations on this analysis [4,5]. The 
Bethe-Salpeter interaction kernel is composed of 
Feynman diagrams that receive contributions from 
many momentum scales (e.g., tX2mred, Otmred, me, 
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and m~). As a result a given kernel contributes to an 
infinite number of orders in o~, corresponding to 
"Taylor series" in various ratios of the momentum 
scales. Such behavior is quite different from perturba- 
tive expansions for things like the electron's g-factor, 
where a given diagram contributes only to a single or- 
der, and it greatly complicates the analysis of bound 
state properties. This problem is further exacerbated 
by the lack of gauge invariance in the Bethe-Salpeter 
kernel. High-momentum contributions are most easily 
evaluated in Feynman gauge, while Coulomb gauge is 
far superior for low momentum terms. Given that the 
kernel is gauge dependent and contains both high and 
low momenta, one is faced with a dilemma. 

By contrast our approach proceeds in two steps, 
one treating only relativistic loop momenta, the other 
only nonrelativistic momenta. First we determine 
NRQED. The form of the action is uniquely deter- 
mined by the symmetries and particle content of the 
theory. The coupling constants that appear are deter- 
mined by requiring that the predictions of NRQED 
agree with those of QED to whatever order of accura- 
cy is desired. By matching tree diagrams from NRQED 
with those of QED, one guarantees that all low-mo- 
mentum contributmns are properly included in 
NRQED. Contributions from QED that involve relativ- 
istic loop momenta are absorbed as renormalizations 
of the coupling constants for the various local interac- 
tions in NRQED. This is necessary since NRQED can 
have only nonrelativistic loop momenta. It is possible 
since the wavelengths associated with relativistic mo- 
menta are far shorter than those associated with non- 
relativistic momenta, and consequently any effects due 
to relativistic loop momenta can be mimicked by local 
interactions. The determination of these coupling con- 
stants requires a straightforward evaluation of on.shell 
scattering amplitudes in QED. Bound state physics 
does not enter, only relativistic loop momenta contri- 
ute, and the calculations are gauge invariant so that 
Feynman gauge can be used with impunity. Further- 
more, each diagram contributes to only a single order 
in a since only one momentum scale is involved. The 
second step in our procedure is to compute bound 
state properties in NRQED. Only nonrelativistic mo- 
menta enter here, and we are free to switch to 
Coulomb gauge. This part of  the analysis is a simple 
extension of the analysis of  the Pauli hamiltouian fa- 
miliar from elementary books on quantum mechanics, 

and again it is trivial to separate contributions of dif- 
ferent orders in a. 

The procedure outlined above can be used to study 
nonrelativistic systems in any relativistic field theory. 
In particular it is quite useful for organizing the analy- 
sis of heavy quark mesons in quantum chromodynam- 
ics - separating perturbative from nonperturbative ef- 
fects, estimating nonperturbative effects, and so on. 
Such applications will be discussed in a later paper. 
Here we will focus on the applications to high precis- 
ion QED. We will illustrate the use of NRQED in a 
new analysis of the ground state hyperffme splitting 
(hfs) in muonium. Our results verify a recent analysis 
by Bodwin, Yennie, and Gregorio [5], providing a 
very non-trivial test of our approach (and of theirs). 
As we make no approximations, our results apply for 
positronium as well. These contributions to positroni- 
um hfs have not been computed previously, and bear 
significantly upon the comparison between theory and 
experiment. 

The lagrangian for NRQED is built out nonrelativis- 
tic (two-component) Pauli spinor fields ~b for each of 
the electron, positron, muon, proton, etc., while the 
photon, necessarily relativistic, is treated in the same 
fashion as in QED. The lagrangian is strongly con- 
strained by such requirements as gauge invariance, lo- 
cality, hermiticity, parity conservation, time reversal 
symmetry, and galilean invariance. Consequently it 
must have the form 

1 2 ~ ( i a  t e¢ + D2/2m)~be L e f  t = - ~ ( E  - B  2)+ 

+ ~b~ [cxD4]8m 3 + c2(e/2m)~.B 

+ c3(e/8m 2) V .E + c4(e/8m 2) (iD .E X ~)] ~b e 

+ ~ [dl (e /8m3)(O2, l l  "S)] d/e 

-- (d2/memu)(~kte*~e)'Ok~tkt,) + .... (1) 

where D = V + leA is the gauge covariant derivative. 
Terms with more powers of D/m, Elm 2 , etc., have 
been omitted as they contribute to higher order in 
o2/c 2 . Each new power of 1/m leads to an additional 
power of o/c. When working to a given order in 02/C 2 , 
one needs only to retain terms in L e f  t of that order or 
lower relative to the leading terms. Here, in addition 
to the leading terms, we have exhibited all the order 
o2/c 2 corrections (terms c 1 - c4) as well as some of 
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Expand around the Schrödinger atom

Calculate the corrections using
the effective, non-relativistic
field theory of NRQED

Today’s method of choice for QED

Expansion in powers of pₑ/mₑ
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7

where the products imply convolutions over four-momenta similar to that in (2.19). This equation is valid provided
the kernel satisfies

K = (1 +GT S)�1
GT = GT �GT S GT + ... (2.22)

Thus the “propagator” S may in fact be chosen freely. The expansion of K in ↵ follows from the corresponding
expansions of S and GT . As a consequence of unitarity the residues of the bound state poles of GT factorize into a
product of wave functions similarly as in (2.17). Since the finite order kernel K in (2.21) cannot have a bound state
pole the Bethe-Salpeter wave function �P

T (with external propagators truncated) must satisfy

�P
T (q) ⌘

Z
d
4
x�P

T (x)eiq·x =

Z
d
4
k

(2⇡)4
�P

T (k)S(k)K(k, q) (2.23)

which is the all-orders equivalent4 of (2.19). With a suitable choice of the propagator S analytic expressions for the
wave functions are obtained when the lowest order kernel is used in the BSE. These solutions facilitate calculations
of higher order corrections to the binding energies [2].

The wide range of possibilities in the choice of propagator in the BSE motivated a search for an optimal approach
based on physical arguments. The perturbative expansion relies on the non-relativistic nature of atoms, v/c ' ↵ ⌧ 1.
This suggested the use of an e↵ective QED Lagrangian (NRQED) [7], which is essentially an expansion of the standard
Lagrangian in inverse powers of me. At the expense of introducing more interactions the NRQED Lagrangian allows
to use non-relativistic dynamics, which is of great help in high order calculations [3]. The contribution of relativistic
momenta (p ⇠ me) in positronium is only of O

�
↵
5
�
⇠ 10�11, making NRQED very e�cient.

The continuous development of theoretical and experimental techniques have allowed precision tests of QED using
bound states. Thus the hyperfine splitting in positronium, i.e., the energy di↵erence �E between orthopositronium
(JPC = 1��) and parapositronium (JPC = 0�+), expressed in terms of �⌫ ⌘ �E/2⇡~, is calculated using NRQED
methods to be [8]

�⌫QED = me↵
4

⇢
7

12
� ↵

⇡

✓
8

9
+

ln 2

2

◆

+
↵
2

⇡2


� 5

24
⇡
2 ln↵+

1367

648
� 5197

3456
⇡
2 +

✓
221

144
⇡
2 +

1

2

◆
ln 2� 53

32
⇣(3)

�

�7↵3

8⇡
ln2 ↵+

↵
3

⇡
ln↵

✓
17

3
ln 2� 217

90

◆
+O

�
↵
3
��

= 203.39169(41) GHz (2.24)

Table 1: Summary of systematic errors.

Source Errors in �HFS (ppm)

Material E�ect:

o-Ps pick-o� 3.8

Gas density measurement 1.0

Thermalization of Ps 1.0

Magnetic Field:

Non-uniformity 3.0

O�set and reproducibility 1.0

NMR measurement 1.0

RF System:

RF power 0.7

QL value of RF cavity 0.3

RF frequency 1.0

Analysis:

Choice of energy window 0.6

Quadrature sum 5.4

considered in the previous experiments, fitting without taking

into account the time evolution of �HFS and �pick is performed.

The fitted Ps-HFS value with an assumption that Ps is well ther-

malized results in 203.392 1(16) GHz. Comparing it with Eq.
(15), the non-thermalized o-Ps e�ect is evaluated to be as large

as 10 ± 1 ppm in the timing window we used. This e�ect might
be larger if no timing window is applied, since it depends on the

timing window used for the analysis. In the timing window of

0–50 ns, which we do not use for the analysis, Ps-HFS is dra-

matically changing because Ps is not well thermalized and Ps

velocity is still rapidly changing.

Systematic errors are summarized in Table 1. The largest

contribution is an uncertainty of o-Ps pick-o� rate (�pick(n,�)).
It is estimated by taking the error of the fitting of the o-Ps decay

curve. The uncertainty of the gas density is computed from the

uncertainties of the gas pressure and temperature, resulting in

1.0 ppm uncertainty. The uncertainty of Ps thermalization e�ect

comes from the uncertainties of �m and E0. The second largest
contribution is an uncertainty of the static magnetic field. Dis-

tribution of the static magnetic field is measured by the NMR

magnetometer with the same setup as Ps-HFS measurement for

twice (before and after the measurement). The results of the

two measurements are consistent with each other and the non-

uniformity is weighted by the RF magnetic field strength and

distribution of Ps formation position, which results in 1.5ppm

RMS inhomogeneity. The strength of the static magnetic field

is measured outside of the RF cavity during the run. An o�set

value at this point is measured during the measurement of the

magnetic field distribution, and its uncertainty including repro-

ducibility is 0.5 ppm. The precision of magnetic field measure-

ment is 0.5 ppm, which comes from the polarity-dependence

of the NMR probe. These uncertainties are doubled because

�HFS is approximately proportional to the square of the static

magnetic field strength. The uncertainty of RF power meter re-

sults in 0.7 ppm systematic error. The QL value of the cavity

is measured before and after each run, and the uncertainty is

 (GHz)HFS∆

203.386 203.388 203.39 203.392 203.394 203.396

Old method

a

b

This measurement

Previous experimental
                  average

) QED-1
αln3

αO(

Figure 5: Summary of �HFS measurements from past experiments and this

work. The circles with error bars are the experimental data (a�[4], b�[5]),
the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.
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FIG. 4: Data on positronium hyperfine splitting
compared to theory. Two previous results (a [9],
b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵me)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫EXP =
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫EXP =
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).

4 In (2.19) a factor P 0 � Eq+ � Eq� was extracted from the wave function  (q).

Hyperfine splitting in Positronium

ΔνEXP = 203.394± .002 GHz
depends on log(α)

06.03.22, 18.58ISOTOPE INFO

Page 1 of 1http://www.rogerarm.freeuk.com/Pages/Positronium.htm

POSITRONIUM

The electron and it's anti-particle, the positron, can orbit each other in a matter/anti-matter
unfriendly alliance called a positronium before they decay by mutual annihilation. The
lifetime of such a contrivance depends upon the relative orientation of their individual spins.
If the spins are paired anti-parallel with each other, with a total spin of zero, then the lifetime
is about 8 nanoseconds. If, on the other hand, they are aligned parallel, with a total spin of 1,
then the lifetime is about a thousand times longer at 7 microseconds. The reason being that the
spin-zero state must decay to a pair of gamma ray photons, each with spin-1, whereas the
spin-1 positronium cannot do this and must instead decay into a minimum of three gamma ray
photons (in order to conserve momentum and angular momentum), and this decay is much
less probable requiring it to generate three photons simultaneously.

G. S. Adkins,
Hyperfine Interact.  233 (2015) 59

The perturbative series for measurable quantities is unique
QED agrees with data.

Brief review of bound state PT (4)
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7The instantaneous potential of QED

How do we describe constituents propagating in their mutual field?
    Avoid free propagation (Feynman diagrams)

Is an instantaneous interaction compatible with a local action?
   Or is it only a non-relativistic approximation?
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Gauge theories have instantaneous interactions: 
Although their action is local, the gauge may be fixed non-locally

The lack of ∂₀A0 and ∇⋅A in FμνFμν means that A0 and AL do not propagate

Covariant gauge fixing: LGF= (∂μ Aμ)2  adds the missing derivatives 

This hides the instantaneous potential, obscures bound state dynamics.

The values of A0 and AL are determined by the choice of gauge

Coulomb gauge (∇⋅A = 0)

Canonical quantization complicated by constraints:

Keeps explicit rotational invariance
<latexit sha1_base64="ccLJ/Wat99jUEz69UbA1PyMKGWE="></latexit>

�r2A0(t,x) = e †(t,x) (t,x) Operator EoM (Gauss’ law)

S ≠ S(∂₀A0)
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9Temporal gauge in QED: A0(t,x) = 0

 A0 = ∂₀A0 = 0
<latexit sha1_base64="qRc8EaGC5795/79iqA3H9JpCED4="></latexit>⇥
Ei(t,x), Aj(t,y)

⇤
= i�ij�(x� y)

Physical states must be invariant under all gauge transformations:
<latexit sha1_base64="fM3PI3orgab4Hc3Ujx8MCaJRPNI="> </latexit>

�SQED

�A0(x)
|physi = 0 Determines ∇⋅EL from the charges in each state

<latexit sha1_base64="AjXK/7K72HIAVF1sE6VnBHDTGC4="></latexit>

�SQED

�A0(x)
= @iE

i(x)� e † (x)

Willemsen (1978)

A0(t,x) = 0 is preserved under time-independent gauge transformations. 
These are generated by the operator of “Gauss’ law”:

Does not vanish as an operator since A0 = 0

Canonical quantisation is straightforward:

Ei = – ∂₀Ai Electric field
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10Temporal gauge in QCD: Aa0 = 0

Include a homogeneous solution for EL,a :   ∇⋅ EL,a (x) = 0

Introduces the QCD scale from a boundary condition

Maintaining translation and rotation symmetry imposes tight constraints

Color singlet states required for translation invariance

<latexit sha1_base64="PkCSAOZ5dGW8N3DHco2yr6JIVBQ="></latexit>

�SQCD

�A0
a(x)

|physi = 0

Generates time-
independent gauge
transformations

Ensures the full gauge invariance of physical states.
Defines ∇⋅ EL for each |phys〉

<latexit sha1_base64="DIXxK2EKtt4TR9OPwTJMX0z1RjA="></latexit>

�SQCD

�A0
a

= r ·Ea + gfabcAb ·Ec � g †Ta 

Canonical quantization without constraints. 
Gauss law is not an EoM

Willemsen (1978)
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11Including a homogeneous solution for EL

The field energy ∝ volume of space is irrelevant only if it is universal.

This relates the normalisation κ for all physical states,

leaving a universal scale Λ = O(αₛ⁰) as the single parameter.

HV ⌘
1
2

Z
dx

X

a

Ea
L ·Ea

L

<latexit sha1_base64="y/LnBf7mje5m9eVwAk0ubbh1JuI="></latexit>

where Ea(y) = �fabcA
i
bE

i
c(y) +  †T a (y)

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

<latexit sha1_base64="XrAzwemaW4lc/SFYJkW4PykE4n8="></latexit>

Ea
L(x) |physi = �rx

Z
dy

h
x · y +

g

4⇡|x� y|

i
Ea(y) |physi

<latexit sha1_base64="pdrf2dql6c++8Y8/QMrSmgfmWs8="></latexit>

=

Z
dydz

n
y · z

h
1
2

2

Z
dx+ g

i
+ 1

2

↵s

|y � z|

o
Ea(y)Ea(z)
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12qq̅ Fock state potential

|q(x1)q̄(x2)i ⌘
X

A

 ̄A(x1) 
A(x2) |0i

<latexit sha1_base64="lbd4cESyhPMNRbzkf6zIWydHoAI="></latexit>

Cornell potentialVqq̄(x1,x2) = ⇤2|x1 � x2|� CF
↵s

|x1 � x2|

<latexit sha1_base64="I300IL8ktnl/KGseWtdyR290vOk="></latexit>

<latexit sha1_base64="bl23Gb02JMATVIAoL23RyjcbToA="></latexit>

HV |qq̄i = Vqq̄ |qq̄iHV ⌘
1
2

Z
dx

X

a

Ea
L ·Ea

L

<latexit sha1_base64="y/LnBf7mje5m9eVwAk0ubbh1JuI="></latexit>

globally color singlet

This potential is valid also for relativistic qq̅ Fock states, in any frame

The universal vacuum energy density is
<latexit sha1_base64="3t3KJLQUMzntWlstBMpb2om6dp4="></latexit>

E⇤ =
⇤4

2g2CF



13Baryon Fock state potential

Baryon:

Vqqq(x1,x2,x3) = ⇤2dqqq(x1,x2,x3)�
2

3
↵s

⇣ 1

|x1 � x2|
+

1

|x2 � x3|
+

1

|x3 � x1|

⌘

<latexit sha1_base64="P4FaT3OezJUk+2KpgueiTMZoqyw="></latexit>

dqqq(x1,x2,x3) ⌘
1p
2

p
(x1 � x2)2 + (x2 � x3)2 + (x3 � x1)2

<latexit sha1_base64="ICKqdX4LeMmtbzoRvEtuZmVSOjA="></latexit>

Analogous potentials are obtained for any globally color singlet 
quark and gluon Fock state, such as qq̅g and gg.

When two of the quarks coincide the potential reduces to the qq̅ potential:
<latexit sha1_base64="ZuEHtliMMKMSJwA3W3dqbaZh6Vk="></latexit>

Vqqq(x1,x2,x2) = ⇤2|x1 � x2|�
4

3

↵s

|x1 � x2|
= Vqq̄(x1,x2)

<latexit sha1_base64="9ekWTx1STEbSdwCXI4w/jIjMZec="></latexit>

|q(x1)q(x2)q(x3)i ⌘
X

A,B,C

✏ABC 
†
A(x1) 

†
B(x2) 

†
C(x3) |0i
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V (0)
qgq (x1,xg,x2) =

⇤2

p
CF

dqgq(x1,xg,x2)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

dqgq(x1,xg,x2) ⌘
q

1
4 (N � 2/N)(x1 � x2)2 +N(xg � 1

2x1 � 1
2x2)2

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (1)
qgq (x1,xg,x2) =

1
2 ↵s

h 1

N

1

|x1 � x2|
�N

⇣ 1

|x1 � xg|
+

1

|x2 � xg|

⌘i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

V (0)
qgq (x1 = xg,x2) = ⇤2|x1 � x2| = V (0)

qq̄
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

When q and g coincide:

V (1)
qgq (x1 = xg,x2) = V (1)

qq̄
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

(universal Λ)

The qgq̅ potential

A qq̅ state, with the exchange of a transverse gluon:

|q(x1)g(xg)q̄(x2)i ⌘
X

A,B,b

 ̄A(x1)A
j
b(xg)T

b
AB B(x2) |0i

<latexit sha1_base64="4A47M1oNzVnscPPsuHznqAz2ZsM="></latexit>

AT
EL

q

q̅



Paul Hoyer Torino 10/23

15

Vgg =

r
N

CF
⇤2 |x1 � x2|�N

↵s

|x1 � x2|
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

This agrees with the qgq̅ potential where the quarks coincide:

Vgg(x,xg) = Vqgq̄(x,xg,x)
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

It is straightforward to work out the instantaneous potential for any Fock state.

The gg potential

|g(x1)g(x2)i ⌘
X

a

Ai
a(x1)A

j
a(x2) |0i

<latexit sha1_base64="b7SFvYI2CKTLDh+oNwPNkMU5Bgk="></latexit>

A “glueball” component:

has the potential
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16Bound Fock expansion for mesons in A0=0 gauge

The perturbative expansion in αs starts
from the |qq̅〉 Fock state, bound by the
O(αₛ⁰) instantaneous potential Vqq̅ :

q

q̅
EL

Each Fock component of  the bound state 
includes its O(αₛ⁰) instantaneous potential.

This Fock expansion is valid in any frame,
and is formally exact at O(αs∞).

O(αₛ) corrections include states with
transverse gluons and quark pairs,
determined perturbatively by HQCD |qq̅〉 AT

EL

q q̅

q q̅ g
q

q̅
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|Mi =
X

A,B;↵,�

Z
dx1dx2  ̄

A
↵ (t = 0,x1)�

AB�↵�(x1 � x2) 
B
� (t = 0,x2) |0i

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

In the non-relativistic limit (m ≫ Λ) this reduces to the Schrödinger equation.

The quarkonium phenomenology with the Cornell potential.⇒ 

 qq̅ bound statesO
�
↵0
s

�
<latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit>

 An                meson state with P = 0 and wave function Φ:O
�
↵0
s

�
<latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit><latexit sha1_base64="EJYYDAYq5X7uyUkGhfg27/h77+o="></latexit>

The (rest frame) bound state condition H |Mi = M |Mi
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

gives

⇥
i�0� ·

!
r+m�0

⇤
�(x) + �(x)

⇥
i�0� ·

 
r�m�0

⇤
=

⇥
M � V (|x|)

⇤
�(x)

where x ≡ x1 – x2 and                             at 
<latexit sha1_base64="Ii0qu4pPhml++c+JxNFdlA/a5aA="></latexit>

V (x) = ⇤2|x|
<latexit sha1_base64="TeO4ayQeNplsgZuO5Drk5zWmsNg="></latexit>

O
�
↵0
s

�
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  Example:                                 states at O(αs0)

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�0) + 1

i
�5 F1(r)Yj�(x̂)

Radial equation: F 00
1 +

⇣2
r
+

V 0

M � V

⌘
F 0
1 +

h
1
4 (M � V )2 �m2 � j(j + 1)

r2

i
F1 = 0

Spectrum similar to
dual models

/V´

Linear Regge
trajectories 

with daughters

• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •
• • • • • • • • • •

5 10 15 20

1

2

3

4

5

6

M2

j
Mass spectrum: m = 0

Regularity of the wave function determines the bound state masses M

<latexit sha1_base64="s6DXAoEGRvKSBrffdnLS13le0ek="></latexit>

�⌘P = ⌘C = (�1)j
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Bound state with CM momentum P:
<latexit sha1_base64="urWghj9wJvG0n+jYDRD9gnerVE4="></latexit>

|M,P i = 1p
Nc

X

A,B

Z
dx1dx2  ̄

A(x1)e
iP ·(x1+x2)/2�AB�(P )(x1 � x2) 

B(x2) |0i

<latexit sha1_base64="KtD2bmOHtQgNhVhs6BqCIuOv3Rk="></latexit>

ir ·
�
↵,�(P )(x)

 
� 1

2P ·
⇥
↵,�(P )(x)

⇤
+m

⇥
�0,�(P )(x)

⇤
=
⇥
E � V (x)

⇤
�(P )(x)

Wave function satisfies bound state equation:

An infinitesimal boost ξ in the z-direction transforms the wave function as

The energy eigenvalues satisfy (for a linear potential only):
<latexit sha1_base64="6On3IXHHXXT2IUB1KYFs1zEnOWU="></latexit>

E =
p
M2 + P 2

<latexit sha1_base64="Tq4FHdn8bBJOP8lSsJpJBRC4rnI="></latexit>

@⇠�
(P ) =

z

E � V
P ·r�(P ) � z

2(E � V )

⇥
↵ ·rV ,�(P )

⇤
� 1

2

⇥
↵3,�

(P )
⇤
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In a perturbative expansion each order in αₛ, including O(αₛ0),
must have exact Poincaré covariance.

Frame dependence of EM form factors

<latexit sha1_base64="BwyOUG1Rmq3vGvzTJLAd7/MbFno="></latexit>

Fµ
AB(y) = hB,PB |jµ(y) |A,PAi = ei(PB�PA)·yhB,PB |jµ(0) |A,PAi

Check with electromagnetic form factor for any states A, B:

<latexit sha1_base64="vi8iC09VHrgQnm2PZQSztHMf0ks="></latexit>

Fµ
AB(q) =

Z
d4y e�iq·y Fµ

AB(y) ⌘ (2⇡)4�4(PB � PA � q)Gµ
AB(q)

<latexit sha1_base64="kdjmXpA6pA8eJOpRYNVT0WW/N7A="></latexit>

Gµ
AB =

Z
dx ei(PB�PA)·x/2 Tr

�
�†

B(x)�
µ�0�A(x)

 

With ∂ξ E = P, ∂ξ P = E and ∂ξ Φ as above, the 
form factor Gμ indeed transforms as a 4-vector.
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39

(ii) It has been known since 1932 [28] that the normalization integral
R
d
3x| (x)|2 of the Dirac wave function diverges

for all polynomial potentials V (|x|) and that the energy spectrum is continuous17. There is little awareness and
understanding of this property of the Dirac bound states (see [30] for a recent discussion). With retarded boundary
conditions  †

 is the number operator of positive and negative energy fermions, and its expectation value in the
Dirac state is | (x)|2. Fig. 14 supports the interpretation of | (x)|2 as an inclusive particle density.

δ1

δ2
A

B

C

FIG. 19: The dual diagram for meson
splitting A ! B + C, given by (7.1).
The qq̄ pair is created at distance �1

from the quark and �2 from the anti-
quark of meson A.

The ff̄ bound states that we studied in Section V also need to be built on
a vacuum that is an eigenstate of the Hamiltonian. This suggests an analogy
to the in and out states used as asymptotic states of the perturbative S-
matrix, which are eigenstates of the free Hamiltonian H0. States defined at
asymptotic times are on-shell and thus independent of the i" prescription in
their propagator. The ff̄ states discussed here may be used as asymptotic
states of the S-matrix, as in the electromagnetic form factor (5.48).

The time development from t = ±1 to the (finite) scattering time is deter-
mined by the full Hamiltonian. The asymptotic states therefore develop into
eigenstates of H by the time of scattering. In addition to contributions from
higher orders in ↵s, the bound states can split and merge as illustrated in
the dual meson diagram of Fig. 19. The amplitude hB,C|Ai can be evaluated
directly from the definition (6.12) of the meson states, using anticommutation
relations for the quark fields according to Fig. 19. Suppressing Dirac and color
indices,

hB,C|Ai =
1p
NC

Z h Y

k=A,B,C

dxk
1dx

k
2

i
e
i(xA

1 +xA
2 )·PA/2�i(xB

1 +xB
2 )·PB/2�i(xC

1 +xC
2 )·PC/2

⇥ h0|
⇥
 
†(xB

2 )�
†
B�

0
 (xB

1 )
⇤⇥
 
†(xC

2 )�
†
C�

0
 (xC

1 )
⇤⇥
 
†(xA

1 )�
0(xA

1 )�A (x
A
2 )

⇤
|0i

= � (2⇡)3p
NC

�
3(PA � PB � PC)

Z
d�1d�2 e

i�1·PC/2�i�2·PB/2Tr
⇥
�
0�†

B(�1)�A(�1 + �2)�
†
C(�2)

⇤
(7.1)

If the A ! B + C amplitude is combined with B + C ! A we get a hadron loop correction to the propagation of A.
The loop also induces mixing between hadrons, A ! B + C ! D. Thus the orthogonal basis of wave functions �(x)
which satisfy the bound state equation (6.10) needs to be rediagonalized when hadron loop corrections are considered.
Similarly to the Dirac wave functions (see remark (ii) above) the original basis functions are not normalizable, as
their norm �†(x)�(x) approaches a constant at large |x|. The mixing will likely redistribute the large |x| components
of low-lying states onto higher-lying states (which then decay into on-shell pairs, much like the pions produced in
phenomenological string breaking). The states of the rediagonalized basis may thus become normalizable. The
importance of the loop corrections for physical quantities depends on how sensitive measurables are to the large |x|
components of the wave functions. In D = 1+ 1 both the parton distributions and duality relations were determined
by low values of x, and should therefore be fairly insensitive to the mixing e↵ects.

There is an essential di↵erence between the Dirac wave functions and the ff̄ solutions of (6.10). The ff̄ wave functions
�(x) are (in the rest frame) generally singular at M = V (|x|) [42]. Regular (locally normalizable) solutions exist
only for discrete bound state masses. The Dirac wave functions have no singularities, implying a continuous mass
spectrum [28, 29].

The bound state equation (6.10) appears to have a hidden boost invariance, which ensures the correct frame depen-

dence for the energy eigenvalues, E =
p

M2 + P 2. We investigated this in some detail in D = 1 + 1 dimensions,
where the P -dependence of the wave function is given by (5.16). In D = 3+ 1 a similar relation holds when x||P , in
which case the bound state equation can be cast in the covariant form (6.32). Whether the frame dependence of the
wave function can be expressed analytically for general x is an open question.

The Poincaré covariance makes it possible to consider dynamical processes involving bound states. We studied
electromagnetic form factors and parton-hadron duality in D = 1+ 1. Many more processes are of interest, including
hadron-hadron scattering. The outcome of such studies, including the loop corrections mentioned above, will determine
whether considering the O

�
g
0
�
homogeneous solution (6.11) of Gauss’ law is physically viable.

17 The sole exception is the V (r) ⇠ 1/r potential in D = 3 + 1 dimensions, which is often found in textbooks.

String breaking: Quark pairs created in V(r) :

QFT dynamics at O
�
↵0
s

�
<latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit><latexit sha1_base64="hBsucDegWwqkTleWK92v3qBGmGQ="></latexit>

Hadron loops: Required by unitarity

A new αₛ⁰ world defined by QCD

Bound state overlap determined by their wf’s:

Dihadron component of hadron wf (cf. form factors)

<latexit sha1_base64="NHYDFu/bBEec580s7RmtjxpwDp4="></latexit>

hBC|Ai



Paul Hoyer Torino 10/23

22Summary

In temporal gauge (A0 = 0) the constituents instantaneously determine ∇⋅EL 

Including a homogeneous solution for EL gives confinement in QCD

A Bound Fock expansion: Formally exact when summed to all orders in α

Bound states in QED and QCD should be defined
 systematically, as for the perturbative S-matrix.

The O(αₛ0) “Born term” provides a promising hadron dynamics 

EL AT
EL+ + …

q

q̅

q

q̅
g


