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QED bound states are not part of the standard QFT curriculum

A less well known part of the Standard Model

There is a consensus that the QED methods are not applicable to hadrons

Yet there are similarities between hadrons and atoms
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Applying QED to atoms is an “art”



 2

Applying QED to atoms is an “art”

“Bound state theory is non-perturbative, but it is possible to develop 
  expressions in increasing orders of α … 
 There is an art in developing theoretical expressions in this manner.”

Bodwin, Yennie and Gregorio, Rev. Mod. Phys.  57 (1985) 723 

Introduction:
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Applying QED to atoms is an “art”

Hyperfine splitting in Positronium (sect. 10.3): 
  “To be completely fair, we should admit that accurate predictions require 
    some artistic gifts from the practitioner.”

Itzykson and Zuber, Quantum Field theory (1980)

“Bound state theory is non-perturbative, but it is possible to develop 
  expressions in increasing orders of α … 
 There is an art in developing theoretical expressions in this manner.”

Bodwin, Yennie and Gregorio, Rev. Mod. Phys.  57 (1985) 723 

Introduction:
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Contrast with the perturbative S-matrix

Interaction Picture:
<latexit sha1_base64="fIOVhsYNgMt1hdpsRSIw5CCxtRQ="></latexit>

H = H0 +Hint

The time dependence of the IP fields is given by H0 , 
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The perturbative S-matrix is derived to be

where HI is Hint ( I), and the in and out states are free. 
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The perturbative S-matrix is derived to be

where HI is Hint ( I), and the in and out states are free. 

There is little discussion of the principal differences 
between perturbation theory for bound states and scattering.
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THE STATE IS NOT ABOLISHED, IT WITHERS
AWAY: HOW QUANTUM FIELD THEORY

BECAME A THEORY OF SCATTERING

Alexander S. Blum†

Max Planck Institute for the History of Science, Boltzmannstraße 22, 14195
Berlin, Germany

12th November 2020

Learning quantum field theory (QFT) for the first time, after first learning quantum mechan-
ics (QM), one is (or maybe, rather, I was) struck by the change of emphasis: The notion of the
quantum state, which plays such an essential role in QM, from the stationary states of the
Bohr atom, over the Schrödinger equation to the interpretation debates over measurement
and collapse, seems to fade from view when doing QFT. Not that it’s gone - as any physi-
cist will be quick to tell you, QFT is simply a quantum theory, with all the general structure
of QM taken over unchanged. But the quantum state is hardly mentioned, when dealing
with Feynman diagrams, path integrals and all the other mainstays of an introductory QFT
course.

This was not always so: The QFT of the late 1920s and 1930s developed as a straightfor-
ward extension and generalization of QM; consequently, writing down Schrödinger equa-
tions and calculating the energies of stationary states were the prime concerns of the physi-
cists working with QFT at the time.1 But, as is well-known, this early QFT suffered from
crippling defects, most notably the divergence problem, i.e., that all calculations appeared
to give nonsensical, infinite results, once one went past the first approximation. The diver-
gence difficulties of QFT (or at least of quantum electrodynamics) were solved through the
renormalization techniques developed in the late 1940s. As was frequently stressed already
at the time, the success of the renormalization program meant that the conceptual founda-
tions of QM could be taken over to field theory with only slight modifications, as opposed
to what physicists had generally believed all through the 1930s and early 1940s. But even
though the foundations did not change (or change only just enough so that they could stay

This paper was originally published in Studies in the History and Philosophy of Modern Physics, Volume
60 (2017), pp. 46-80. Due to formatting mistakes that appeared only after proof-reading, parts of that paper
are garbled. An erratum was published in SHPMP that links to this version, which is the definitive version of
the paper.

†ablum@mpiwg-berlin.mpg.de
1One just needs to look at the first paper on the full theory of quantum electrodynamics

[Heisenberg and Pauli 1929].

1

Learning quantum field theory (QFT) for the first time, after first learning 
quantum mechanics (QM), one is (or maybe, rather, I was) struck by the change 
of emphasis: The notion of the quantum state, which plays such an essential role 
in QM, from the stationary states of the Bohr atom, over the Schrödinger 
equation to the interpretation debates over measurement and collapse, seems to 
fade from view when doing QFT. 

2011.0598
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Scattering amplitudes are
expanded around free states

e⁺e⁻ → e⁺e⁻
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h�|ini = 0 ⟹  No Feynman diagram has a bound state pole



 5Perturbative expansion: Scattering vs. bound states

Atomic wave functions Φ(α) are non-polynomial (exponential) in α

Their higher order corrections Φ(α)(1 + c₁α + c₂α² …) depend on Φ(α).
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 5Perturbative expansion: Scattering vs. bound states

Atomic wave functions Φ(α) are non-polynomial (exponential) in α

Their higher order corrections Φ(α)(1 + c₁α + c₂α² …) depend on Φ(α).

The perturbative expansion for wave functions
 is not unique, it depends on the choice of initial state.

Caswell & 
Lepage (1975)

Scattering amplitudes are
expanded around free states
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where the products imply convolutions over four-momenta similar to that in (2.19). This equation is valid provided
the kernel satisfies

K = (1 +GT S)�1
GT = GT �GT S GT + ... (2.22)

Thus the “propagator” S may in fact be chosen freely. The expansion of K in ↵ follows from the corresponding
expansions of S and GT . As a consequence of unitarity the residues of the bound state poles of GT factorize into a
product of wave functions similarly as in (2.17). Since the finite order kernel K in (2.21) cannot have a bound state
pole the Bethe-Salpeter wave function �P

T (with external propagators truncated) must satisfy

�P
T (q) ⌘

Z
d
4
x�P

T (x)eiq·x =

Z
d
4
k

(2⇡)4
�P

T (k)S(k)K(k, q) (2.23)

which is the all-orders equivalent4 of (2.19). With a suitable choice of the propagator S analytic expressions for the
wave functions are obtained when the lowest order kernel is used in the BSE. These solutions facilitate calculations
of higher order corrections to the binding energies [2].

The wide range of possibilities in the choice of propagator in the BSE motivated a search for an optimal approach
based on physical arguments. The perturbative expansion relies on the non-relativistic nature of atoms, v/c ' ↵ ⌧ 1.
This suggested the use of an e↵ective QED Lagrangian (NRQED) [7], which is essentially an expansion of the standard
Lagrangian in inverse powers of me. At the expense of introducing more interactions the NRQED Lagrangian allows
to use non-relativistic dynamics, which is of great help in high order calculations [3]. The contribution of relativistic
momenta (p ⇠ me) in positronium is only of O

�
↵
5
�
⇠ 10�11, making NRQED very e�cient.

The continuous development of theoretical and experimental techniques have allowed precision tests of QED using
bound states. Thus the hyperfine splitting in positronium, i.e., the energy di↵erence �E between orthopositronium
(JPC = 1��) and parapositronium (JPC = 0�+), expressed in terms of �⌫ ⌘ �E/2⇡~, is calculated using NRQED
methods to be [8]

�⌫QED = me↵
4

⇢
7

12
� ↵

⇡

✓
8

9
+

ln 2

2

◆

+
↵
2

⇡2


� 5

24
⇡
2 ln↵+

1367

648
� 5197

3456
⇡
2 +

✓
221

144
⇡
2 +

1

2

◆
ln 2� 53

32
⇣(3)

�

�7↵3

8⇡
ln2 ↵+

↵
3

⇡
ln↵

✓
17

3
ln 2� 217

90

◆
+O

�
↵
3
��

= 203.39169(41) GHz (2.24)

Table 1: Summary of systematic errors.

Source Errors in �HFS (ppm)

Material E�ect:

o-Ps pick-o� 3.8

Gas density measurement 1.0

Thermalization of Ps 1.0

Magnetic Field:

Non-uniformity 3.0

O�set and reproducibility 1.0

NMR measurement 1.0

RF System:

RF power 0.7

QL value of RF cavity 0.3

RF frequency 1.0

Analysis:

Choice of energy window 0.6

Quadrature sum 5.4

considered in the previous experiments, fitting without taking

into account the time evolution of �HFS and �pick is performed.

The fitted Ps-HFS value with an assumption that Ps is well ther-

malized results in 203.392 1(16) GHz. Comparing it with Eq.
(15), the non-thermalized o-Ps e�ect is evaluated to be as large

as 10 ± 1 ppm in the timing window we used. This e�ect might
be larger if no timing window is applied, since it depends on the

timing window used for the analysis. In the timing window of

0–50 ns, which we do not use for the analysis, Ps-HFS is dra-

matically changing because Ps is not well thermalized and Ps

velocity is still rapidly changing.

Systematic errors are summarized in Table 1. The largest

contribution is an uncertainty of o-Ps pick-o� rate (�pick(n,�)).
It is estimated by taking the error of the fitting of the o-Ps decay

curve. The uncertainty of the gas density is computed from the

uncertainties of the gas pressure and temperature, resulting in

1.0 ppm uncertainty. The uncertainty of Ps thermalization e�ect

comes from the uncertainties of �m and E0. The second largest
contribution is an uncertainty of the static magnetic field. Dis-

tribution of the static magnetic field is measured by the NMR

magnetometer with the same setup as Ps-HFS measurement for

twice (before and after the measurement). The results of the

two measurements are consistent with each other and the non-

uniformity is weighted by the RF magnetic field strength and

distribution of Ps formation position, which results in 1.5ppm

RMS inhomogeneity. The strength of the static magnetic field

is measured outside of the RF cavity during the run. An o�set

value at this point is measured during the measurement of the

magnetic field distribution, and its uncertainty including repro-

ducibility is 0.5 ppm. The precision of magnetic field measure-

ment is 0.5 ppm, which comes from the polarity-dependence

of the NMR probe. These uncertainties are doubled because

�HFS is approximately proportional to the square of the static

magnetic field strength. The uncertainty of RF power meter re-

sults in 0.7 ppm systematic error. The QL value of the cavity

is measured before and after each run, and the uncertainty is

 (GHz)HFS∆

203.386 203.388 203.39 203.392 203.394 203.396

Old method

a

b

This measurement

Previous experimental
                  average

) QED-1
αln3

αO(

Figure 5: Summary of �HFS measurements from past experiments and this

work. The circles with error bars are the experimental data (a�[4], b�[5]),
the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.
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for useful discussions. This work was supported by JSPS KAK-
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FIG. 4: Data on positronium hyperfine splitting
compared to theory. Two previous results (a [9],
b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵me)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫EXP =
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫EXP =
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).

4 In (2.19) a factor P 0 � Eq+ � Eq� was extracted from the wave function  (q).

Hyperfine splitting in Positronium

ΔνEXP = 203.394± .002 GHz
depends on lnα

06.03.22, 18.58ISOTOPE INFO

Page 1 of 1http://www.rogerarm.freeuk.com/Pages/Positronium.htm

POSITRONIUM

The electron and it's anti-particle, the positron, can orbit each other in a matter/anti-matter
unfriendly alliance called a positronium before they decay by mutual annihilation. The
lifetime of such a contrivance depends upon the relative orientation of their individual spins.
If the spins are paired anti-parallel with each other, with a total spin of zero, then the lifetime
is about 8 nanoseconds. If, on the other hand, they are aligned parallel, with a total spin of 1,
then the lifetime is about a thousand times longer at 7 microseconds. The reason being that the
spin-zero state must decay to a pair of gamma ray photons, each with spin-1, whereas the
spin-1 positronium cannot do this and must instead decay into a minimum of three gamma ray
photons (in order to conserve momentum and angular momentum), and this decay is much
less probable requiring it to generate three photons simultaneously.

G. S. Adkins,
Hyperfine Interact.  233 (2015) 59
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Bound state expansions are not unique:
Bethe-Salpeter (1950)
NRQED (1986)

and they agree for measurable quantities, such as binding energies.

and others
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the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.
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FIG. 4: Data on positronium hyperfine splitting
compared to theory. Two previous results (a [9],
b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵me)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫EXP =
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫EXP =
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).

4 In (2.19) a factor P 0 � Eq+ � Eq� was extracted from the wave function  (q).

Hyperfine splitting in Positronium

ΔνEXP = 203.394± .002 GHz
depends on lnα

06.03.22, 18.58ISOTOPE INFO

Page 1 of 1http://www.rogerarm.freeuk.com/Pages/Positronium.htm

POSITRONIUM

The electron and it's anti-particle, the positron, can orbit each other in a matter/anti-matter
unfriendly alliance called a positronium before they decay by mutual annihilation. The
lifetime of such a contrivance depends upon the relative orientation of their individual spins.
If the spins are paired anti-parallel with each other, with a total spin of zero, then the lifetime
is about 8 nanoseconds. If, on the other hand, they are aligned parallel, with a total spin of 1,
then the lifetime is about a thousand times longer at 7 microseconds. The reason being that the
spin-zero state must decay to a pair of gamma ray photons, each with spin-1, whereas the
spin-1 positronium cannot do this and must instead decay into a minimum of three gamma ray
photons (in order to conserve momentum and angular momentum), and this decay is much
less probable requiring it to generate three photons simultaneously.

G. S. Adkins,
Hyperfine Interact.  233 (2015) 59
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appear in the perturbative framework and their relative importance is unclear. If one assumes that ↵s mQ � ⇤QCD

the matching between NRQCD and pNRQCD can be made perturbatively at O (↵s mQ). The pNRQCD action has
thus been determined, including non-leading orders in ↵s and 1/↵s mQ. The resulting heavy quark potential is found
to agree with the one calculated using lattice methods at short distances (. 0.25 fm). Quantitative applications to
quarkonia su↵er from uncertainties concerning the influence of confinement.

IV. DIRAC BOUND STATES

A. Weak vs. strong binding

The QED atoms discussed above were weakly coupled (↵ ⌧ 1). We have only a limited understanding of the dynamics
of strong binding in QFT. Some features are known in D = 1 + 1 dimensions (QED2), where the dimensionless
parameter is e/m [74–76]. For e/m ⌧ 1 the e+e� states are weakly bound and approximately described by the
Schrödinger equation. For e/m � 1 on the other hand the spectrum is that of weakly interacting bosons. This may
be qualitatively understood since the large coupling locks the fermion degrees of freedom into compact neutral bound
states. In the limit of e/m ! 1 (the massless Schwinger model) QED2 has only a pointlike, non-interacting massive
(M = e/

p
⇡) boson. The physical hadron spectrum does not resemble the strong binding limit of QED2.

Solving the relativistic Bethe-Salpeter equation is complicated by the dependence of the kernel on the relative time
of the constituents (section III C). The time dependence is due to the exchange of transversely polarized photons. In
chapter V I take this into account through a Fock expansion of the bound state, keeping the instantaneous (Coulomb)
part of the interaction within each Fock state.

The Dirac equation has no retardation e↵ects since the potential Aµ is external, i.e., fixed. A space-dependent potential
Aµ(x) breaks translation invariance, so there are no eigenstates of 3-momentum. Nevertheless, Dirac solutions with
large potentials give insights into relativistic binding. For a linear potential eA0(x) = V 0|x| it has long been known
[77] (but is rarely mentioned) that the Dirac spectrum is continuous. I discuss this case in section IV F.

Klein’s paradox [23, 78, 79] signals an essential di↵erence between the Schrödinger and Dirac equations. For potentials
of the order of the electron mass (i.e., relativistic binding) the Dirac wave function does not describe a single electron.
The state has e+e� pairs which are not constituents in the usual (non-relativistic) sense. As noted in [80] the Dirac
wave function should (when possible) be normalized to unity, regardless of the number of pairs. The Dirac pairs do
not add degrees of freedom to the Dirac spectrum, which corresponds to that of a single electron. This motivates the
study of the states described by the Dirac wave functions in section IVC.

B. The Dirac equation

The Dirac equation

(i/@ � m � e /A) (x) = 0 (4.1)

should be distinguished from the operator equation of motion for the electron field, given by �SQED/� ̄(x) = 0. The
c-numbered equation (4.1) studied by Dirac in 1928 [81, 82] is a relativistic version of the Schrödinger equation, where
Aµ(x) is an external, classical field. The condition (4.1) implies that propagation in the field Aµ(x) is singular for
electrons with wave function  (x). Scattering in the field is explicit in a perturbative expansion,

i

i/@ � m � e /A
=

i

i/@ � m
� i

i/@ � m
ie /A

i

i/@ � m
+ . . . (4.2)

For time-independent potentials Aµ(x) the static solutions  (t,x) = exp(�itM) (x) have both positive and negative
energy eigenvalues M . The corresponding wave functions  and  satisfy

⇥
� ir · � + m + e /A(x)

⇤
 n(x) = Mn�

0 n(x) (4.3)

⇥
� ir · � + m + e /A(x)

⇤
 n(x) = �Mn�

0 n(x) (4.4)

where Mn, Mn � 0. The free (Aµ = 0) solutions are given by the spinors (3.7) as  (x) = e�itp0

 p�(x) = u(p,�)e�ip·x

and  (x) = eitp0

 p�(x) = v(p,�)eip·x with Mp = Mp = p0 =
p

p2 + m2. The solutions with negative kinetic energy

 =)
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The Schrödinger equation is postulated in Introductory Quantum Mechanics.

    In QFT it should be derived from SQED.  
<latexit sha1_base64="tHtvYrOmrS630gKhmOk/jStv3XI="></latexit>p
M2 + P 2 ' M + P 2/2MC.f. Relativity:

Moving bound states are often depicted as
    ellipses due to Lorentz contraction

(How) is the classical relativistic concept 
of contraction realised in QFT:

What is the wave function of Positronium in motion?

Poincaré symmetry for extended states is interesting and non-trivial.
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Recap: Bound state features

Atomic constituents are bound by an instantaneous, classical potential V(r)

Feynman diagrams describe the propagation of free constituents.

QCD: Expanding around free quarks and gluons need not give confinement.

All constituents together determine the binding field of a Fock state.
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In light of these limitations, some physicists have turned to quantum computers, hoping that their
capabilities are a better match for the requirements of the simulations. A joint team from the
University of Waterloo and York University, both in Canada, has now made headway toward this
goal by simulating the interactions between matter particles using a class of quantum algorithms
known as variational algorithms. The work could make it possible to study the behaviour of nuclei
in the aftermath of the Big Bang and in astrophysical objects such as neutron stars – systems that
are inaccessible on classical computers.

Simulating fundamental forces
In the quantum theory of electromagnetic
interactions (known as quantum electrodynamics,
or QED), the particle that carries the
electromagnetic force – the photon – does not
directly interact with itself. This type of theory is
known as an Abelian gauge theory. In contrast, the
theory of the strong force (known as quantum
chromodynamics, or QCD), is non-Abelian, and its
force-carrying particles, called gluons, do interact
with each other.

This interaction allows a rich variety of
composite particles to form, including baryons
like protons and neutrons, which are made up of
three matter particles called quarks, and
mesons, which are quark-antiquark pairs. “Non-
Abelian gauge theories are at the basis of how
the matter around us is formed, and are
necessary for a full description of our universe,”
explains Jinglei Zhang, a postdoctoral fellow at
Waterloo and an author of a paper describing
the recent quantum simulations.

While making predictions in QCD is critical to our
understanding of our universe, it is not without its challenges. Due to the nature of the gluon
interaction, only at the highest energies can quarks become freed from bonds with other quarks.
This property, known as confinement, arises because the strength of the strong force increases
with decreased energy.  Unfortunately, this makes it unfeasible to calculate or even approximate

Composite particles: Artistic rendering of a meson
(left) and baryon (right). The meson comprises a
quark (represented by a filled circle), antiquark
(represented by a striped circle), and a connecting
gluon. The baryon consists of three quarks and three
gluons. (Courtesy: Amara McCune and Jacob Marks)
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even a pure Coulomb potential, σ = 0, implies a non-vanishing σeff at finite t ! r.
Of course, the symmetry of the Wilson loop under interchange of r and t also implies
that no plateau in V (r, t) can be found, unless t " r. For smeared Wilson loops, one
would still expect a similar 1/t2 approach (with a different coefficient) of σeff towards
the asymptotic limit, while effective masses, V (r, t), will approach V (r) exponentially
fast at any r.

4.7.2 The quenched potential
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Figure 4.2: The quenched Wilson action SU(3) potential, normalised to V (r0) = 0.

In Figure 4.2, we display the quenched potential, obtained at three different β values
in units of r0 ≈ 0.5 fm from the data of Refs. [173, 29]. The lattice spacings, determined
from r0, correspond to a ≈ 0.094 fm, 0.069 fm and 0.051 fm, respectively. The curve
represents the Cornell parametrisation with e = 0.295. At small distances the data
points lie somewhat above the curve, indicating a weakening of the effective coupling
and, therefore, asymptotic freedom. We will discuss this observation later. All data
points for r > 4a collapse onto a universal curve, indicating that for β ≥ 6.0 the scaling
region is effectively reached for the static potential. Moreover, continuum rotational
symmetry is restored: in addition to on-axis separations, many off-axis distances of the
sources have been realised and the corresponding data points are well parameterised by
the Cornell fit for r > 0.6 r0. Prior to comparison between the potential at various β,
the additive self-energy contribution, associated with the static sources, that diverges
in the continuum limit has been removed. This is achieved by the parametrisation-
independent normalisation of the data to V (r0) = 0.
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Lattice QCD agrees with the Cornell potential

The quenched Wilson action SU(3) potential.
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 13Light quarks: π, ρ, N,…

Valence Fock states govern quantum numbers and decays,
even for highly relativistic constituents.
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3 15. Quark Model

Table 15.2: Suggested qq̄ quark-model assignments for some of the ob-
served light mesons. Mesons in bold face are included in the Meson Sum-
mary Table. The wave functions f and f

Õ are given in the text (Eqn. 15.9).
The singlet-octet mixing angles from the linear mass formula (15.12) and
its quadratic version (in which the masses are squared) are also given for
the well established nonets. The classification of the 0++ mesons is ten-
tative: the light scalars a0(980), f0(980), f0(500) and K

ú
0 (700) are often

considered to be four-quark states, and are omitted from the table, see Eqn.
(15.26) below. The isoscalar 0++ mesons f0(1370), f0(1500) (not shown)
and f0(1710) are expected to mix, see the “Note on Non-qq̄ mesons” and
the “Note on Scalar Mesons below 2 GeV” in the Meson Listings for de-
tails. The isoscalar assignments in the 21

S0 (0≠+) nonet are also tentative.
The ÷(1405) (not shown) and ÷(1475) may be manifestations of the same
state, see the “Note on Pseudoscalar and Pseudovector Mesons in the 1400
MeV Region” in the Meson Listings.
† The 1+± and 2≠± isospin 1

2 states mix. In particular, the K1A and K1B

are nearly equal (45¶) mixtures of the K1(1270) and K1(1400) (see [2] and
references therein).
‡ The physical vector mesons may be mixtures of 13

D1 and 23
S1 [3].

n
2s+1

¸J J
P C I = 1 I = 1

2 I = 0 I = 0 ◊quad ◊lin
ud̄, ūd, us̄, ds̄; f

Õ
f [¶] [¶]

1Ô
2(dd̄ ≠ uū) d̄s, ūs

11
S0 0≠+ fi K ÷ ÷Õ(958) ≠11.3 ≠24.5

13
S1 1≠≠ fl(770) Kú(892) „(1020) Ê(782) 39.2 36.5

11
P1 1+≠ b1(1235) K1B

† h1(1415) h1(1170)
13

P0 0++ a0(1450) Kú
0(1430) f0(1710) f0(1370)

13
P1 1++ a1(1260) K1A

† f1(1420) f1(1285)
13

P2 2++ a2(1320) Kú
2(1430) f Õ

2(1525) f2(1270) 29.6 28.0
11

D2 2≠+ fi2(1670) K2(1770)† ÷2(1870) ÷2(1645)
13

D1 1≠≠ fl(1700) Kú(1680)‡ Ê(1650)
13

D2 2≠≠ K2(1820)†

13
D3 3≠≠ fl3(1690) Kú

3(1780) „3(1850) Ê3(1670) 31.8 30.8
13

F4 4++ a4(1970) Kú
4(2045) f4(2300) f4(2050)

13
G5 5≠≠

fl5(2350) K
ú
5 (2380)

21
S0 0≠+ fi(1300) K(1460) ÷(1475) ÷(1295)

23
S1 1≠≠ fl(1450) Kú(1410)‡ „(1680) Ê(1420)

23
P1 1++ a1(1640)

23
P2 2++ a2(1700) K

ú
2 (1980) f2(1950) f2(1640)

These mixing relations are often rewritten to exhibit the uū+dd̄ and ss̄ components which decouple
for the “ideal” mixing angle ◊i, such that tan ◊i = 1/

Ô
2 (or ◊i = 35.3¶). Defining – = ◊ + 54.7¶,

one obtains the physical isoscalar in the flavor basis

f
Õ = 1Ô

2
(uū + dd̄) cos – ≠ ss̄ sin – , (15.9)
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Valence quantum numbers

Valence Fock states govern quantum numbers and decays,
even for highly relativistic constituents.
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 13Light quarks: π, ρ, N,…

3 15. Quark Model

Table 15.2: Suggested qq̄ quark-model assignments for some of the ob-
served light mesons. Mesons in bold face are included in the Meson Sum-
mary Table. The wave functions f and f

Õ are given in the text (Eqn. 15.9).
The singlet-octet mixing angles from the linear mass formula (15.12) and
its quadratic version (in which the masses are squared) are also given for
the well established nonets. The classification of the 0++ mesons is ten-
tative: the light scalars a0(980), f0(980), f0(500) and K

ú
0 (700) are often

considered to be four-quark states, and are omitted from the table, see Eqn.
(15.26) below. The isoscalar 0++ mesons f0(1370), f0(1500) (not shown)
and f0(1710) are expected to mix, see the “Note on Non-qq̄ mesons” and
the “Note on Scalar Mesons below 2 GeV” in the Meson Listings for de-
tails. The isoscalar assignments in the 21

S0 (0≠+) nonet are also tentative.
The ÷(1405) (not shown) and ÷(1475) may be manifestations of the same
state, see the “Note on Pseudoscalar and Pseudovector Mesons in the 1400
MeV Region” in the Meson Listings.
† The 1+± and 2≠± isospin 1

2 states mix. In particular, the K1A and K1B

are nearly equal (45¶) mixtures of the K1(1270) and K1(1400) (see [2] and
references therein).
‡ The physical vector mesons may be mixtures of 13

D1 and 23
S1 [3].

n
2s+1

¸J J
P C I = 1 I = 1

2 I = 0 I = 0 ◊quad ◊lin
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0(1430) f0(1710) f0(1370)

13
P1 1++ a1(1260) K1A

† f1(1420) f1(1285)
13

P2 2++ a2(1320) Kú
2(1430) f Õ

2(1525) f2(1270) 29.6 28.0
11

D2 2≠+ fi2(1670) K2(1770)† ÷2(1870) ÷2(1645)
13

D1 1≠≠ fl(1700) Kú(1680)‡ Ê(1650)
13

D2 2≠≠ K2(1820)†

13
D3 3≠≠ fl3(1690) Kú

3(1780) „3(1850) Ê3(1670) 31.8 30.8
13

F4 4++ a4(1970) Kú
4(2045) f4(2300) f4(2050)

13
G5 5≠≠

fl5(2350) K
ú
5 (2380)

21
S0 0≠+ fi(1300) K(1460) ÷(1475) ÷(1295)

23
S1 1≠≠ fl(1450) Kú(1410)‡ „(1680) Ê(1420)

23
P1 1++ a1(1640)

23
P2 2++ a2(1700) K

ú
2 (1980) f2(1950) f2(1640)

These mixing relations are often rewritten to exhibit the uū+dd̄ and ss̄ components which decouple
for the “ideal” mixing angle ◊i, such that tan ◊i = 1/

Ô
2 (or ◊i = 35.3¶). Defining – = ◊ + 54.7¶,

one obtains the physical isoscalar in the flavor basis

f
Õ = 1Ô

2
(uū + dd̄) cos – ≠ ss̄ sin – , (15.9)

1st June, 2020 8:28am

Valence quantum numbers Current quark Fock states

E.g., pion decay:

Mesons have a sizeable
current qq̅ Fock component

Stan Brodsky

What prevents the strong color field from creating abundant qq̅, g constituents?

Valence Fock states govern quantum numbers and decays,
even for highly relativistic constituents.

Why do resonances have narrow widths:  Γ << M ? ⇒  αs(ΛQCD) is small?
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This requires an instantaneous potential, c.f.: 
<latexit sha1_base64="XFRNY8MeqtTIzPfdcVKaPH9Kjrs="></latexit>

V (r) = �↵

r

… even for relativistic quarks in QCD
PH 2101.06721
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Gauge theories are an exception: 
Although their action is local, the gauge may be fixed non-locally

The lack of ∂₀A0 and ∇⋅A in LQED means that A0 and AL do not propagate

Feynman gauge fixing: LGF= (∂μ Aμ)2 adds the missing terms 
⇒ All gauge fields propagate, explicit Poincaré invariance

∇⋅A(t,x) = 0  (Coulomb gauge)

   A0(t,x) = 0  (Temporal gauge)
Instantaneous gauge interactions for

Theories with a local action generally do not have instantaneous potentials:

Constituent velocities are bounded by the speed of light (causality)
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Conjugate field πα Commutation relations

A0 has no conjugate field, due to the absence of ∂₀A0 in LQED. 

This is not a problem in temporal gauge: A0(t,x) = 0.

Choose temporal gauge.

Bound state calculations generally use Coulomb gauge with Dirac constraints.
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These are generated by the operator of “Gauss’ law”:

In temporal gauge this does not vanish in an operator sense.
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This determines  EL in terms of the charge distribution in the state.r·

Physical states are defined by the constraint:
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is not an operator relation, it is a constraint on 
<latexit sha1_base64="XTZVT34jhCQ1wkscWacmo3CGsnA="></latexit>

|physi



Paul Hoyer HIP 2022

 18

<latexit sha1_base64="fM3PI3orgab4Hc3Ujx8MCaJRPNI="></latexit>

�SQED

�A0(x)
|physi = 0

The classical, instantaneous field EL

is not an operator relation, it is a constraint on 

<latexit sha1_base64="iSPv0Ox1qHhNi/1u88qfqN1UFIs="></latexit>

�SQED

�A0(x)
|0i = 0 implies EL = 0 in the vacuum. No particles are created.

In temporal gauge the electric field EL acts like a classical field.

<latexit sha1_base64="XTZVT34jhCQ1wkscWacmo3CGsnA="></latexit>

|physi



Paul Hoyer HIP 2022

 18

<latexit sha1_base64="fM3PI3orgab4Hc3Ujx8MCaJRPNI="></latexit>

�SQED

�A0(x)
|physi = 0

The classical, instantaneous field EL

is not an operator relation, it is a constraint on 

<latexit sha1_base64="iSPv0Ox1qHhNi/1u88qfqN1UFIs="></latexit>

�SQED

�A0(x)
|0i = 0 implies EL = 0 in the vacuum. No particles are created.

In temporal gauge the electric field EL acts like a classical field.

<latexit sha1_base64="XTZVT34jhCQ1wkscWacmo3CGsnA="></latexit>

|physi

EL can bind e+e– Fock states strongly, without pair creation. 

Temporal gauge allows to understand the weak-strong paradox of hadrons.



Paul Hoyer HIP 2022

 18

<latexit sha1_base64="fM3PI3orgab4Hc3Ujx8MCaJRPNI="></latexit>

�SQED

�A0(x)
|physi = 0

The classical, instantaneous field EL

is not an operator relation, it is a constraint on 

<latexit sha1_base64="iSPv0Ox1qHhNi/1u88qfqN1UFIs="></latexit>

�SQED

�A0(x)
|0i = 0 implies EL = 0 in the vacuum. No particles are created.

In temporal gauge the electric field EL acts like a classical field.

<latexit sha1_base64="XTZVT34jhCQ1wkscWacmo3CGsnA="></latexit>

|physi

EL can bind e+e– Fock states strongly, without pair creation. 

Temporal gauge allows to understand the weak-strong paradox of hadrons.

Contrast: In Coulomb gauge A0 is a quantum field, which creates particles.



Paul Hoyer HIP 2022

 19Fock state expansion for Positronium in A0=0 gauge

The perturbative expansion in α is
chosen to start from the |e+e–〉 Fock state, 
which is bound by its classical field EL :
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Higher order corrections include states
with transverse photons and e+e– pairs,
as determined by HQED |e+e–〉
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Each Fock component of  the bound state 
includes its particular instantaneous EL field.

This Fock expansion is valid in any frame,
and is formally exact at O(α∞).

Higher order corrections include states
with transverse photons and e+e– pairs,
as determined by HQED |e+e–〉
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2

of relativistic motion, P � 2me:

�E(P ) ⌘
p

P 2 + (2me + Eb)2 �
p
P 2 + 4m2

e
=

2meEb

P
+O

�
↵4

�
(2)

The Coulomb energy V (r) = �↵/|r| is independent of P for the uncontracted orthogonal separations, r ·P = 0. This
seems to contradict the P -dependent energy di↵erence (2). An explanation was given in [9] using the Bethe-Salpeter
(B-S) equation [10, 11]. For P > 0 transverse photon exchange contributes at leading O

�
↵2

�
to the binding energy.

This cancels the Coulomb energy (see Eq. (33) of [9]), leaving an interaction that ensures the correct dependence
of the Positronium energy on its momentum, E(P ) =

p
M2 + P 2. The valence Fock state wave function |e+e�i

contracts as expected, whereas |e+e��i behaves di↵erently.

Feynman diagrams arise in an expansion around free states, which lack overlap with bound states. Consequently, no
Feynman diagram for e+e� ! e+e� has a pole at the Positronium energies. Bound state binding may be recovered
by expanding the electron propagator in a photon field Aµ in a geometric series with free propagators,

i

i/@ �m� e /A
=

i

i/@ �m
� i

i/@ �m
ie /A

i

i/@ �m
+ . . . (3)

In the non-relativistic limit Positronium dynamics is equivalent to that of the e� in a fixed A0 field. This allows to
obtain the Schrödinger equation through a sum of Feynman ladder diagrams analogous to (3) (see, e.g., Section III
of [12]). The Positronium poles of e+e� ! e+e� arise through the divergence of the sum of ladder diagrams.

Relativistic bound state dynamics cannot be reduced to scattering in an external field. Higher order corrections to
Positronia were first evaluated [13] using the Bethe-Salpeter equation. It is based on the Dyson-Schwinger (D-S)
identity for a 2 ! 2 Green function GT , whose external propagators are truncated,

GT = K +GT S K (4)

Here S is a two-particle propagator and K a two-particle irreducible kernel. Any Feynman diagram contributes
equally to the two-sides of (4). The D-S equation is thus formally exact when S and K are expanded to all orders in
↵. The B-S equation for bound state wave functions �T is given by the residues of the poles in GT ,

�T = �T S K (5)

Being based on Feynman diagrams the B-S equation is Poincaré covariant, but notoriously di�cult to solve. There
are retardation e↵ects even at lowest order, with free Dirac propagators in S and a single photon exchange kernel K:
The Aµ field at e�(t,x) depends on the distribution of e+(t� t0,x0) at earlier times, due to the propagation time t0

of transverse photons. No analytic solution of the B-S equation is known.

The rhs. of the D-S equation (4) involves a double perturbative expansion in S and K, whereas GT has a unique
expansion in ↵ [14, 15]. This allows to fix S and let the expansion of K be determined by that of GT . The B-S equation
can thus at lowest order in the rest frame be reduced to the Schrödinger equation, and the higher order corrections
systematically determined. More intuitively: There are many equivalent expansions in ↵ when the first approximation
of the wave function already has all powers of ↵. All reorderings must give the same result for physically measurable
quantities such as the binding energies in (1).

The realization that the B-S equation is not unique led to Non-Relativistic QED [16, 17]. NRQED expands in powers
of |p|/me, the velocity of the e± in the rest frame. This reordering of the original B-S expansion is motivated by the
nearly non-relativistic motion of atomic electrons. The expansion is uniquely defined when the Schrödinger equation
is chosen as starting point. The higher order terms in (1) were derived using NRQED.

3. THE INSTANTANEITY OF GAUGE INTERACTIONS

In the Schrödinger approximation Positronium is described by its valence |e+e�i Fock state, which is an eigenstate of
the QED Hamiltonian with the instantaneous Coulomb potential. The tranverse photon interaction terms in HQED

create Fock states such as |e+e��i, which contribute to the binding energy at higher orders in ↵. This suggests [12]
a “Bound Fock expansion”, where the constituents of each Fock state propagate in their instantaneous gauge field.
Transitions between Fock states are given by the transverse photon interactions of HQED, and are suppressed by the
coupling e. With all Fock states and the full Hamiltonian taken into account the method is formally exact and valid
in any frame.

The binding energy in the rest frame (P = 0) is  Eb = – α2 me/4 + O(α4)
At large momenta P the binding is ∝ 1/P : 

There must be more than contraction going on!

The potential energy – α /r
is independent of P for r ⊥ P

Hence the Coulomb potential 
provides too strong binding
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↵
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Transverse photon
vertex ∝ e pe

Positronium in motion: Fock expansion

In the rest frame: pe ≃ α me : transverse photon contribution is O(α4)

For P > 0:  pe ≃ P/2 : transverse photon contribution is leading, O(α2)

The transverse photon exchange cancels the P-independent A0 contribution,
leaving an O(1/P) contribution which agrees with Poincaré invariance.

M. Järvinen, Phys. Rev. D71 (2005) 085006,   PH 2101.06721

Other Fock states do not contribute to the binding energy at O(α2)

QFT gets things right when it is treated correctly
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Application to QCD
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However: 
There is a classical gluon field for 
each color component C of the proton

The blue quark is bound by the                  field of the red and green quarks.

Ea
L(x, C) 6= 0
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An external observer sees no field:
The gluon field generated by a color 
singlet state vanishes.

X

C

Ea
L(x, C) = 0
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The temporal gauge constraint determines ∇⋅ EL,a for each state:

@iE
i
L,a(x) |physi = g

⇥
� fabcA

i
bE

i
c +  †T a (x)

⇤
|physi
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In QED we impose the boundary condition:  EL(x) → 0 for |x| → ∞

In QCD EL,a (x) ≡ 0 for (globally) color singlet Fock states.

The color electric field EL,a (x) ≠  0 for each quark color component
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In QED we impose the boundary condition:  EL(x) → 0 for |x| → ∞

In QCD EL,a (x) ≡ 0 for (globally) color singlet Fock states.

The color electric field EL,a (x) ≠  0 for each quark color component

Include a homogeneous solution, ∇⋅ EL,a (x) = 0 with EL,a (x) ≠ 0.
EL,a (x) binds each quark color component of a hadron.
The field cancels in the sum over quark colors for singlet states.
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The contribution ∝                    is homogeneous:
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The contribution ∝                    is homogeneous:

The homogeneous solution ∝ κ of the gauge constraint is the
only one that gives invariance under translations and rotations
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EL is independent of x, as required by translation invariance:
The gluon field energy density is spatially constant.
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The contribution ∝                    is homogeneous:

The homogeneous solution ∝ κ of the gauge constraint is the
only one that gives invariance under translations and rotations

This solution is excluded by the free field BC of Feynman diagrams.



 26The instantaneous potential from the Hamiltonian
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The field energy ∝ volume of space is irrelevant only if it is universal.
This relates the normalisation κ of all Fock components,
leaving an overall scale Λ as the single parameter.
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This relates the normalisation κ of all Fock components,
leaving an overall scale Λ as the single parameter.
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 27Meson qq ̅Fock state potential

|q(x1)q̄(x2)i ⌘
X

A

 ̄A(x1) 
A(x2) |0i

<latexit sha1_base64="lbd4cESyhPMNRbzkf6zIWydHoAI="></latexit>

globally color singlet



Paul Hoyer HIP 2022

 27Meson qq ̅Fock state potential

|q(x1)q̄(x2)i ⌘
X

A

 ̄A(x1) 
A(x2) |0i

<latexit sha1_base64="lbd4cESyhPMNRbzkf6zIWydHoAI="></latexit>

does not create particlesHV ⌘
1
2

Z
dx

X

a

Ea
L ·Ea

L

<latexit sha1_base64="y/LnBf7mje5m9eVwAk0ubbh1JuI="></latexit>

globally color singlet



Paul Hoyer HIP 2022

 27Meson qq ̅Fock state potential

|q(x1)q̄(x2)i ⌘
X

A

 ̄A(x1) 
A(x2) |0i

<latexit sha1_base64="lbd4cESyhPMNRbzkf6zIWydHoAI="></latexit>

Cornell potentialVqq̄(x1,x2) = ⇤2|x1 � x2|� CF
↵s

|x1 � x2|

<latexit sha1_base64="I300IL8ktnl/KGseWtdyR290vOk="></latexit>

<latexit sha1_base64="bl23Gb02JMATVIAoL23RyjcbToA="></latexit>

HV |qq̄i = Vqq̄ |qq̄i

does not create particlesHV ⌘
1
2

Z
dx

X

a

Ea
L ·Ea

L

<latexit sha1_base64="y/LnBf7mje5m9eVwAk0ubbh1JuI="></latexit>

globally color singlet



Paul Hoyer HIP 2022

 27Meson qq ̅Fock state potential

This potential is valid also for relativistic qq̅ Fock states,
in any frame

|q(x1)q̄(x2)i ⌘
X

A

 ̄A(x1) 
A(x2) |0i

<latexit sha1_base64="lbd4cESyhPMNRbzkf6zIWydHoAI="></latexit>

Cornell potentialVqq̄(x1,x2) = ⇤2|x1 � x2|� CF
↵s

|x1 � x2|

<latexit sha1_base64="I300IL8ktnl/KGseWtdyR290vOk="></latexit>

<latexit sha1_base64="bl23Gb02JMATVIAoL23RyjcbToA="></latexit>

HV |qq̄i = Vqq̄ |qq̄i

does not create particlesHV ⌘
1
2

Z
dx

X

a

Ea
L ·Ea

L

<latexit sha1_base64="y/LnBf7mje5m9eVwAk0ubbh1JuI="></latexit>

globally color singlet
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In the non-relativistic limit (m ≫ Λ) this reduces to the Schrödinger equation.

The quarkonium phenomenology with the Cornell potential.⇒ 
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Expanding the 4 × 4 wave function 
in a basis of 16 Dirac structures Γi(x) �(x) =

X
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Expanding the 4 × 4 wave function 
in a basis of 16 Dirac structures Γi(x) �(x) =

X

i

�i(x)Fi(r)Yj�(x̂)

We may use rotational, parity and charge conjugation invariance to determine
which Γi(x) may occur for a state of given jPC:

10

“trajectories”, identified by the J
PC quantum numbers of their j = 0 member5:

0�+ trajectory [s = 0, ` = j] : �⌘P = ⌘C = (�1)j �5, �
0
�5, �5 ↵ · x, �5 ↵ · x⇥L

0�� trajectory [s = 1, ` = j] : ⌘P = ⌘C = �(�1)j �
0
�5 ↵ · x, �

0
�5 ↵ · x⇥L, ↵ ·L, �

0 ↵ ·L

0++ trajectory [s = 1, ` = j ± 1] : ⌘P = ⌘C = +(�1)j 1, ↵ · x, �
0↵ · x, ↵ · x⇥L, �

0↵ · x⇥L, �
0
�5 ↵ ·L

0+� trajectory [exotic] : ⌘P = �⌘C = (�1)j �
0
, �5 ↵ ·L

(4.4)

The non-relativistic spin s and orbital angular momentum ` are indicated in brackets. Relativistic e↵ects mix the
` = j ± 1 states on the 0++ trajectory, resulting in a pair of coupled radial equations. The j = 0 state on the 0��

trajectory and the entire 0+� trajectory are incompatible with the s, ` assignments and thus exotic in the quark
model. They turn out to be missing also in the relativistic case. The bound state equation (3.8) has no solutions for
states on the 0+� trajectory (�i = �

0 or �5 ↵ ·L) since
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B. Properties of the 0�+ trajectory: ⌘P = (�1)j+1, ⌘C = (�1)j

1. Wave function and radial equation

According to the classification (4.4) we expand the wave function ��+(x) of the 0�+ trajectory as

��+(x) =
h
F1(r) +↵ · xF2(r) +↵ · x⇥LF3(r) +m�

0
F4(r)

i
�5 Yj�(x̂) (4.6)

Using this in the bound state equation (3.8), noting that ir · x ⇥ L = L2 and equating terms with the same Dirac
structure we get the conditions:
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Expressing F2, F3 and F4 in terms of F1 we find the radial equation (denoting F
0
1 ⌘ @rF1)
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in agreement with the corresponding result in Eq. (2.24) of [11].

The relations (4.7) allow to express the wave function (4.6) as
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+ 1
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(4.9)

The radial equation (4.8) is readily found when the first (second) form is used in the first (second) term of the bound
state equation (3.9). Both terms have a spin-orbit interaction which cancels in their sum. The contribution from the
quark term is, taking into account the radial equation,

h 2

M � V
(i↵ ·

!
r+m�

0)� 1
i
��+(x) =

4V 0

r(M � V )3
(2S ·L� im� · x)�5 F1(r)Yj�(x̂) (4.10)

where the spin S = 1
2�5↵. This contribution is cancelled by the antiquark (second) term of (3.9), ensuring that the

bound state is stationary in time.

5 The first three trajectories were named ⇡, A1 and ⇢ in [11].
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The radial equation (4.8) is readily found when the first (second) form is used in the first (second) term of the bound
state equation (3.9). Both terms have a spin-orbit interaction which cancels in their sum. The contribution from the
quark term is, taking into account the radial equation,
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where the spin S = 1
2�5↵. This contribution is cancelled by the antiquark (second) term of (3.9), ensuring that the

bound state is stationary in time.

5 The first three trajectories were named ⇡, A1 and ⇢ in [11].
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There are no solutions for quantum numbers that would be exotic 
in the NR quark model (despite the relativistic dynamics)

⇒ 

The BSE gives the radial equations for the Fi(r)  
(There are two coupled radial equations for the 0++ trajectory)

Separation of radial and angular variables
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  Example: 0–+ trajectory wf’s at O(αs0)

��+(x) =
h 2

M � V
(i↵ ·

!
r+m�0) + 1

i
�5 F1(r)Yj�(x̂)

Radial equation: F 00
1 +

⇣2
r
+

V 0

M � V

⌘
F 0
1 +

h
1
4 (M � V )2 �m2 � j(j + 1)

r2

i
F1 = 0

ηP = (–1)j+1

ηC = (–1)j
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Local normalizability at r = 0 and at V(r) = M (!) determines the discrete M
C.f.: Dirac eq.: Has continuous spectrum for a linear potential
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��+(x) =
h 2
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F1 = 0

ηP = (–1)j+1
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Spectrum similar to
dual models

/V´

Linear Regge
trajectories 

with daughters
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• • • • • • • • • •
• • • • • • • • • •
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j
Mass spectrum: m = 0

Local normalizability at r = 0 and at V(r) = M (!) determines the discrete M
C.f.: Dirac eq.: Has continuous spectrum for a linear potential
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 32Summary

The similarities of hadrons and atoms are unlikely to be “accidental”

Need to consider the principles of QED bound states 

Temporal gauge (A0 = 0) is advantageous for equal-time bound states

Perturbative expansion, starting from “non-perturbative” valence Fock states

The gauge constraint determines the classical, instantaneous EL field 
for each Fock component

A homogeneous solution of the gauge constraint gives confinement in QCD

Many features of hadrons thus obtained look promising & intriguing

PH 2101.06721v2
PH 2109.06257

Special thanks to Matti Järvinen, for valuable advice



Paul Hoyer HIP 2022

 33

Back-up slides



Paul Hoyer HIP 2022

 34

V (0)
qgq (x1,xg,x2) =

⇤2

p
CF

dqgq(x1,xg,x2)
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dqgq(x1,xg,x2) ⌘
q

1
4 (N � 2/N)(x1 � x2)2 +N(xg � 1

2x1 � 1
2x2)2
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V (0)
qgq (x1 = xg,x2) = ⇤2|x1 � x2| = V (0)

qq̄
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When q and g coincide:

V (1)
qgq (x1 = xg,x2) = V (1)

qq̄
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(universal Λ)

The qgq ̅potential

A qq̅ state, with the emission of a transverse gluon:

|q(x1)g(xg)q̄(x2)i ⌘
X
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 ̄A(x1)A
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b(xg)T
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AB B(x2) |0i
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Vgg =

r
N

CF
⇤2 |x1 � x2|�N
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This agrees with the qgq̅ potential where the quarks coincide:

Vgg(x,xg) = Vqgq̄(x,xg,x)
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It is straightforward to work out the instantaneous potential for any Fock state.

The gg potential

|g(x1)g(x2)i ⌘
X

a

Ai
a(x1)A

j
a(x2) |0i
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A “glueball” component:

has the potential
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S. Coleman, 
Annals Phys. 101 (1976) 239

In QED2 the spectrum can be determined both for
weak (e/m << 1) and strong (e/m >> 1) coupling

e/m << 1 e/m >> 1

e+ e–

e+e– e+e–

Bound states of weakly
interacting fermions

Bound states of weakly
interacting bosons

For e/m → ∞  QED2 describes a non-interacting, pointlike boson field.

The hadron spectrum suggests weakly bound valence quarks, 
yet the light quarks are strongly bound (relativistic).Paradox:


