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I. Motivations
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QED: e+e– atoms

Similarity of atomic and hadronic spectra
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Adapted from presentation by J. Ritman (2005)
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Quarkonia are like atoms with confinement
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Non-relativistic bound states

QCD: bb̅, cc̅ quarkonia
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even a pure Coulomb potential, σ = 0, implies a non-vanishing σeff at finite t ! r.
Of course, the symmetry of the Wilson loop under interchange of r and t also implies
that no plateau in V (r, t) can be found, unless t " r. For smeared Wilson loops, one
would still expect a similar 1/t2 approach (with a different coefficient) of σeff towards
the asymptotic limit, while effective masses, V (r, t), will approach V (r) exponentially
fast at any r.

4.7.2 The quenched potential
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Figure 4.2: The quenched Wilson action SU(3) potential, normalised to V (r0) = 0.

In Figure 4.2, we display the quenched potential, obtained at three different β values
in units of r0 ≈ 0.5 fm from the data of Refs. [173, 29]. The lattice spacings, determined
from r0, correspond to a ≈ 0.094 fm, 0.069 fm and 0.051 fm, respectively. The curve
represents the Cornell parametrisation with e = 0.295. At small distances the data
points lie somewhat above the curve, indicating a weakening of the effective coupling
and, therefore, asymptotic freedom. We will discuss this observation later. All data
points for r > 4a collapse onto a universal curve, indicating that for β ≥ 6.0 the scaling
region is effectively reached for the static potential. Moreover, continuum rotational
symmetry is restored: in addition to on-axis separations, many off-axis distances of the
sources have been realised and the corresponding data points are well parameterised by
the Cornell fit for r > 0.6 r0. Prior to comparison between the potential at various β,
the additive self-energy contribution, associated with the static sources, that diverges
in the continuum limit has been removed. This is achieved by the parametrisation-
independent normalisation of the data to V (r0) = 0.

42

Lattice QCD agrees with the Cornell potential

The quenched Wilson action SU(3) potential.

Gunnar S. Bali, Phys.Rept. 343 (2001) 1
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 5Light quarks: π, ρ, N,…

Valence Fock states govern quantum numbers and decays,
even for highly relativistic constituents.
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3 15. Quark Model

Table 15.2: Suggested qq̄ quark-model assignments for some of the ob-
served light mesons. Mesons in bold face are included in the Meson Sum-
mary Table. The wave functions f and f

Õ are given in the text (Eqn. 15.9).
The singlet-octet mixing angles from the linear mass formula (15.12) and
its quadratic version (in which the masses are squared) are also given for
the well established nonets. The classification of the 0++ mesons is ten-
tative: the light scalars a0(980), f0(980), f0(500) and K

ú
0 (700) are often

considered to be four-quark states, and are omitted from the table, see Eqn.
(15.26) below. The isoscalar 0++ mesons f0(1370), f0(1500) (not shown)
and f0(1710) are expected to mix, see the “Note on Non-qq̄ mesons” and
the “Note on Scalar Mesons below 2 GeV” in the Meson Listings for de-
tails. The isoscalar assignments in the 21

S0 (0≠+) nonet are also tentative.
The ÷(1405) (not shown) and ÷(1475) may be manifestations of the same
state, see the “Note on Pseudoscalar and Pseudovector Mesons in the 1400
MeV Region” in the Meson Listings.
† The 1+± and 2≠± isospin 1

2 states mix. In particular, the K1A and K1B

are nearly equal (45¶) mixtures of the K1(1270) and K1(1400) (see [2] and
references therein).
‡ The physical vector mesons may be mixtures of 13

D1 and 23
S1 [3].

n
2s+1

¸J J
P C I = 1 I = 1

2 I = 0 I = 0 ◊quad ◊lin
ud̄, ūd, us̄, ds̄; f

Õ
f [¶] [¶]

1Ô
2(dd̄ ≠ uū) d̄s, ūs

11
S0 0≠+ fi K ÷ ÷Õ(958) ≠11.3 ≠24.5

13
S1 1≠≠ fl(770) Kú(892) „(1020) Ê(782) 39.2 36.5

11
P1 1+≠ b1(1235) K1B

† h1(1415) h1(1170)
13

P0 0++ a0(1450) Kú
0(1430) f0(1710) f0(1370)

13
P1 1++ a1(1260) K1A

† f1(1420) f1(1285)
13

P2 2++ a2(1320) Kú
2(1430) f Õ

2(1525) f2(1270) 29.6 28.0
11

D2 2≠+ fi2(1670) K2(1770)† ÷2(1870) ÷2(1645)
13

D1 1≠≠ fl(1700) Kú(1680)‡ Ê(1650)
13

D2 2≠≠ K2(1820)†

13
D3 3≠≠ fl3(1690) Kú

3(1780) „3(1850) Ê3(1670) 31.8 30.8
13

F4 4++ a4(1970) Kú
4(2045) f4(2300) f4(2050)

13
G5 5≠≠

fl5(2350) K
ú
5 (2380)

21
S0 0≠+ fi(1300) K(1460) ÷(1475) ÷(1295)

23
S1 1≠≠ fl(1450) Kú(1410)‡ „(1680) Ê(1420)

23
P1 1++ a1(1640)

23
P2 2++ a2(1700) K

ú
2 (1980) f2(1950) f2(1640)

These mixing relations are often rewritten to exhibit the uū+dd̄ and ss̄ components which decouple
for the “ideal” mixing angle ◊i, such that tan ◊i = 1/

Ô
2 (or ◊i = 35.3¶). Defining – = ◊ + 54.7¶,

one obtains the physical isoscalar in the flavor basis

f
Õ = 1Ô

2
(uū + dd̄) cos – ≠ ss̄ sin – , (15.9)
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Valence quantum numbers

Valence Fock states govern quantum numbers and decays,
even for highly relativistic constituents.
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ud̄, ūd, us̄, ds̄; f

Õ
f [¶] [¶]

1Ô
2(dd̄ ≠ uū) d̄s, ūs

11
S0 0≠+ fi K ÷ ÷Õ(958) ≠11.3 ≠24.5

13
S1 1≠≠ fl(770) Kú(892) „(1020) Ê(782) 39.2 36.5

11
P1 1+≠ b1(1235) K1B

† h1(1415) h1(1170)
13

P0 0++ a0(1450) Kú
0(1430) f0(1710) f0(1370)

13
P1 1++ a1(1260) K1A

† f1(1420) f1(1285)
13

P2 2++ a2(1320) Kú
2(1430) f Õ

2(1525) f2(1270) 29.6 28.0
11

D2 2≠+ fi2(1670) K2(1770)† ÷2(1870) ÷2(1645)
13

D1 1≠≠ fl(1700) Kú(1680)‡ Ê(1650)
13

D2 2≠≠ K2(1820)†

13
D3 3≠≠ fl3(1690) Kú

3(1780) „3(1850) Ê3(1670) 31.8 30.8
13

F4 4++ a4(1970) Kú
4(2045) f4(2300) f4(2050)

13
G5 5≠≠

fl5(2350) K
ú
5 (2380)

21
S0 0≠+ fi(1300) K(1460) ÷(1475) ÷(1295)

23
S1 1≠≠ fl(1450) Kú(1410)‡ „(1680) Ê(1420)

23
P1 1++ a1(1640)

23
P2 2++ a2(1700) K

ú
2 (1980) f2(1950) f2(1640)

These mixing relations are often rewritten to exhibit the uū+dd̄ and ss̄ components which decouple
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Why do resonances have narrow widths:  Γ << M ?
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ud̄, ūd, us̄, ds̄; f

Õ
f [¶] [¶]

1Ô
2(dd̄ ≠ uū) d̄s, ūs
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11
P1 1+≠ b1(1235) K1B

† h1(1415) h1(1170)
13

P0 0++ a0(1450) Kú
0(1430) f0(1710) f0(1370)

13
P1 1++ a1(1260) K1A

† f1(1420) f1(1285)
13

P2 2++ a2(1320) Kú
2(1430) f Õ

2(1525) f2(1270) 29.6 28.0
11

D2 2≠+ fi2(1670) K2(1770)† ÷2(1870) ÷2(1645)
13

D1 1≠≠ fl(1700) Kú(1680)‡ Ê(1650)
13

D2 2≠≠ K2(1820)†

13
D3 3≠≠ fl3(1690) Kú

3(1780) „3(1850) Ê3(1670) 31.8 30.8
13

F4 4++ a4(1970) Kú
4(2045) f4(2300) f4(2050)

13
G5 5≠≠

fl5(2350) K
ú
5 (2380)

21
S0 0≠+ fi(1300) K(1460) ÷(1475) ÷(1295)

23
S1 1≠≠ fl(1450) Kú(1410)‡ „(1680) Ê(1420)

23
P1 1++ a1(1640)

23
P2 2++ a2(1700) K

ú
2 (1980) f2(1950) f2(1640)

These mixing relations are often rewritten to exhibit the uū+dd̄ and ss̄ components which decouple
for the “ideal” mixing angle ◊i, such that tan ◊i = 1/

Ô
2 (or ◊i = 35.3¶). Defining – = ◊ + 54.7¶,

one obtains the physical isoscalar in the flavor basis

f
Õ = 1Ô

2
(uū + dd̄) cos – ≠ ss̄ sin – , (15.9)

1st June, 2020 8:28am

Valence quantum numbers Current quark Fock states

E.g., pion decay

Mesons have a sizeable
current qq̅ Fock component

Stan Brodsky

What prevents the strong color field from creating abundant qq̅, g constituents?

Valence Fock states govern quantum numbers and decays,
even for highly relativistic constituents.

Why do resonances have narrow widths:  Γ << M ? αs is small (perturbative)
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In QED2 the spectrum can be determined both for
weak (e/m << 1) and strong (e/m >> 1) coupling

e/m << 1 e/m >> 1

e+ e–

e+e– e+e–

Bound states of weakly
interacting fermions

Bound states of weakly
interacting bosons

For e/m → ∞  QED2 describes a non-interacting, pointlike boson field.

The hadron spectrum suggests weakly bound valence quarks, 
yet the light quarks are strongly bound (relativistic).Paradox:
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where the products imply convolutions over four-momenta similar to that in (2.19). This equation is valid provided
the kernel satisfies

K = (1 +GT S)�1
GT = GT �GT S GT + ... (2.22)

Thus the “propagator” S may in fact be chosen freely. The expansion of K in ↵ follows from the corresponding
expansions of S and GT . As a consequence of unitarity the residues of the bound state poles of GT factorize into a
product of wave functions similarly as in (2.17). Since the finite order kernel K in (2.21) cannot have a bound state
pole the Bethe-Salpeter wave function �P

T (with external propagators truncated) must satisfy

�P
T (q) ⌘

Z
d
4
x�P

T (x)eiq·x =

Z
d
4
k

(2⇡)4
�P

T (k)S(k)K(k, q) (2.23)

which is the all-orders equivalent4 of (2.19). With a suitable choice of the propagator S analytic expressions for the
wave functions are obtained when the lowest order kernel is used in the BSE. These solutions facilitate calculations
of higher order corrections to the binding energies [2].

The wide range of possibilities in the choice of propagator in the BSE motivated a search for an optimal approach
based on physical arguments. The perturbative expansion relies on the non-relativistic nature of atoms, v/c ' ↵ ⌧ 1.
This suggested the use of an e↵ective QED Lagrangian (NRQED) [7], which is essentially an expansion of the standard
Lagrangian in inverse powers of me. At the expense of introducing more interactions the NRQED Lagrangian allows
to use non-relativistic dynamics, which is of great help in high order calculations [3]. The contribution of relativistic
momenta (p ⇠ me) in positronium is only of O

�
↵
5
�
⇠ 10�11, making NRQED very e�cient.

The continuous development of theoretical and experimental techniques have allowed precision tests of QED using
bound states. Thus the hyperfine splitting in positronium, i.e., the energy di↵erence �E between orthopositronium
(JPC = 1��) and parapositronium (JPC = 0�+), expressed in terms of �⌫ ⌘ �E/2⇡~, is calculated using NRQED
methods to be [8]

�⌫QED = me↵
4
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Table 1: Summary of systematic errors.

Source Errors in �HFS (ppm)

Material E�ect:

o-Ps pick-o� 3.8

Gas density measurement 1.0

Thermalization of Ps 1.0

Magnetic Field:

Non-uniformity 3.0

O�set and reproducibility 1.0

NMR measurement 1.0

RF System:

RF power 0.7

QL value of RF cavity 0.3

RF frequency 1.0

Analysis:

Choice of energy window 0.6

Quadrature sum 5.4

considered in the previous experiments, fitting without taking

into account the time evolution of �HFS and �pick is performed.

The fitted Ps-HFS value with an assumption that Ps is well ther-

malized results in 203.392 1(16) GHz. Comparing it with Eq.
(15), the non-thermalized o-Ps e�ect is evaluated to be as large

as 10 ± 1 ppm in the timing window we used. This e�ect might
be larger if no timing window is applied, since it depends on the

timing window used for the analysis. In the timing window of

0–50 ns, which we do not use for the analysis, Ps-HFS is dra-

matically changing because Ps is not well thermalized and Ps

velocity is still rapidly changing.

Systematic errors are summarized in Table 1. The largest

contribution is an uncertainty of o-Ps pick-o� rate (�pick(n,�)).
It is estimated by taking the error of the fitting of the o-Ps decay

curve. The uncertainty of the gas density is computed from the

uncertainties of the gas pressure and temperature, resulting in

1.0 ppm uncertainty. The uncertainty of Ps thermalization e�ect

comes from the uncertainties of �m and E0. The second largest
contribution is an uncertainty of the static magnetic field. Dis-

tribution of the static magnetic field is measured by the NMR

magnetometer with the same setup as Ps-HFS measurement for

twice (before and after the measurement). The results of the

two measurements are consistent with each other and the non-

uniformity is weighted by the RF magnetic field strength and

distribution of Ps formation position, which results in 1.5ppm

RMS inhomogeneity. The strength of the static magnetic field

is measured outside of the RF cavity during the run. An o�set

value at this point is measured during the measurement of the

magnetic field distribution, and its uncertainty including repro-

ducibility is 0.5 ppm. The precision of magnetic field measure-

ment is 0.5 ppm, which comes from the polarity-dependence

of the NMR probe. These uncertainties are doubled because

�HFS is approximately proportional to the square of the static

magnetic field strength. The uncertainty of RF power meter re-

sults in 0.7 ppm systematic error. The QL value of the cavity

is measured before and after each run, and the uncertainty is

 (GHz)HFS∆

203.386 203.388 203.39 203.392 203.394 203.396

Old method

a

b

This measurement

Previous experimental
                  average

) QED-1
αln3

αO(

Figure 5: Summary of �HFS measurements from past experiments and this

work. The circles with error bars are the experimental data (a�[4], b�[5]),
the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.
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FIG. 4: Data on positronium hyperfine splitting
compared to theory. Two previous results (a [9],
b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵me)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫EXP =
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫EXP =
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).

4 In (2.19) a factor P 0 � Eq+ � Eq� was extracted from the wave function  (q).

Example: Hyperfine splitting in Positronium

ΔνEXP = 203.394± .002 GHz

PQED for atoms is impressive
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where the products imply convolutions over four-momenta similar to that in (2.19). This equation is valid provided
the kernel satisfies

K = (1 +GT S)�1
GT = GT �GT S GT + ... (2.22)

Thus the “propagator” S may in fact be chosen freely. The expansion of K in ↵ follows from the corresponding
expansions of S and GT . As a consequence of unitarity the residues of the bound state poles of GT factorize into a
product of wave functions similarly as in (2.17). Since the finite order kernel K in (2.21) cannot have a bound state
pole the Bethe-Salpeter wave function �P

T (with external propagators truncated) must satisfy

�P
T (q) ⌘

Z
d
4
x�P

T (x)eiq·x =

Z
d
4
k

(2⇡)4
�P

T (k)S(k)K(k, q) (2.23)

which is the all-orders equivalent4 of (2.19). With a suitable choice of the propagator S analytic expressions for the
wave functions are obtained when the lowest order kernel is used in the BSE. These solutions facilitate calculations
of higher order corrections to the binding energies [2].

The wide range of possibilities in the choice of propagator in the BSE motivated a search for an optimal approach
based on physical arguments. The perturbative expansion relies on the non-relativistic nature of atoms, v/c ' ↵ ⌧ 1.
This suggested the use of an e↵ective QED Lagrangian (NRQED) [7], which is essentially an expansion of the standard
Lagrangian in inverse powers of me. At the expense of introducing more interactions the NRQED Lagrangian allows
to use non-relativistic dynamics, which is of great help in high order calculations [3]. The contribution of relativistic
momenta (p ⇠ me) in positronium is only of O

�
↵
5
�
⇠ 10�11, making NRQED very e�cient.

The continuous development of theoretical and experimental techniques have allowed precision tests of QED using
bound states. Thus the hyperfine splitting in positronium, i.e., the energy di↵erence �E between orthopositronium
(JPC = 1��) and parapositronium (JPC = 0�+), expressed in terms of �⌫ ⌘ �E/2⇡~, is calculated using NRQED
methods to be [8]
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Table 1: Summary of systematic errors.

Source Errors in �HFS (ppm)

Material E�ect:

o-Ps pick-o� 3.8

Gas density measurement 1.0

Thermalization of Ps 1.0

Magnetic Field:

Non-uniformity 3.0

O�set and reproducibility 1.0

NMR measurement 1.0

RF System:

RF power 0.7

QL value of RF cavity 0.3

RF frequency 1.0

Analysis:

Choice of energy window 0.6

Quadrature sum 5.4

considered in the previous experiments, fitting without taking

into account the time evolution of �HFS and �pick is performed.

The fitted Ps-HFS value with an assumption that Ps is well ther-

malized results in 203.392 1(16) GHz. Comparing it with Eq.
(15), the non-thermalized o-Ps e�ect is evaluated to be as large

as 10 ± 1 ppm in the timing window we used. This e�ect might
be larger if no timing window is applied, since it depends on the

timing window used for the analysis. In the timing window of

0–50 ns, which we do not use for the analysis, Ps-HFS is dra-

matically changing because Ps is not well thermalized and Ps

velocity is still rapidly changing.

Systematic errors are summarized in Table 1. The largest

contribution is an uncertainty of o-Ps pick-o� rate (�pick(n,�)).
It is estimated by taking the error of the fitting of the o-Ps decay

curve. The uncertainty of the gas density is computed from the

uncertainties of the gas pressure and temperature, resulting in

1.0 ppm uncertainty. The uncertainty of Ps thermalization e�ect

comes from the uncertainties of �m and E0. The second largest
contribution is an uncertainty of the static magnetic field. Dis-

tribution of the static magnetic field is measured by the NMR

magnetometer with the same setup as Ps-HFS measurement for

twice (before and after the measurement). The results of the

two measurements are consistent with each other and the non-

uniformity is weighted by the RF magnetic field strength and

distribution of Ps formation position, which results in 1.5ppm

RMS inhomogeneity. The strength of the static magnetic field

is measured outside of the RF cavity during the run. An o�set

value at this point is measured during the measurement of the

magnetic field distribution, and its uncertainty including repro-

ducibility is 0.5 ppm. The precision of magnetic field measure-

ment is 0.5 ppm, which comes from the polarity-dependence

of the NMR probe. These uncertainties are doubled because

�HFS is approximately proportional to the square of the static

magnetic field strength. The uncertainty of RF power meter re-

sults in 0.7 ppm systematic error. The QL value of the cavity

is measured before and after each run, and the uncertainty is
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work. The circles with error bars are the experimental data (a�[4], b�[5]),
the hatched band is the average of the previous experiments (a and b), and the

black band is the QED calculation [6, 7, 8].

estimated by the di�erence between them. The uncertainty of
microwave frequency causes 1.0 ppm systematic error. Anal-

ysis with energy window of 511 keV ± 1.5 s.d.(� 26 keV) has
been performed, and the result has changed by 0.6 ppm. This

change is taken into account as a systematic error.

The systematic errors discussed above are regarded as in-

dependent, and the total systematic error is calculated to be

their quadrature sum. When the non-thermalized Ps e�ect is

included, our final result with the systematic errors is

�HFS = 203.394 1±0.001 6(stat.)±0.001 1(sys.) GHz.(16)
A summary plot of �HFS measurements is shown in Fig. 5. Our
result favors the QED calculation within 1.2 s.d., although it

disfavors the previous experimental average by 2.7 s.d.

6. Conclusion

A new precision measurement of Ps-HFS free from possible

common uncertainties from Ps thermalization e�ect was per-
formed to check the Ps-HFS discrepancy. The e�ect of non-

thermalized o-Ps was evaluated to be as large as 10 ± 1 ppm
in a timing window we used. This e�ect might be larger than
10 ppm if no timing window is applied, since it depends on

timing window. Including this e�ect, our new experimental

value results in �HFS = 203.394 1 ± 0.001 6(stat., 8.0 ppm) ±
0.001 1(sys., 5.4 ppm)GHz. It favors theO(�3 ln��1) QED cal-
culation within 1.2 s.d., although it disfavors the previous mea-

surements by 2.7 s.d.
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FIG. 4: Data on positronium hyperfine splitting
compared to theory. Two previous results (a [9],
b [10]) compared to a new measurement [11] and
QED [8] (black band). Figure from [11].

The appearance of ln↵ in (2.24) demonstrates that bound state
perturbation theory indeed di↵ers from the usual expansions of
scattering amplitudes. Such factors arise from apparent infrared
divergences which are regulated by the neutrality of positronium
at the scale of the Bohr radius (↵me)�1.

The combined result of the two most precise measurements
of the hyperfine splitting in positronium [9, 10] is �⌫EXP =
203.38865(67) GHz, which is more than 3� from the QED value
(2.24). Very recently a new measurement [11] gave �⌫EXP =
203.3941 ± .0016 ± .0011 GHz, which is closer to the theoretical
value. The present situation is illustrated in Fig. 4.

Bound state poles in the photon propagator a↵ect also standard
perturbative calculations. The positronium contribution to the
anomalous magnetic moment of the electron was recently evalu-
ated [12]. It was found to be of the same order as state-of-the-art
five-loop calculations – and several times bigger than the weak
corrections.

The successes of QED have inspired the use of analogous methods for the other interactions. In particular, Bethe-
Salpeter and Dyson-Schwinger equations have been extensively applied in QCD (see [13] and references therein).

4 In (2.19) a factor P 0 � Eq+ � Eq� was extracted from the wave function  (q).

Example: Hyperfine splitting in Positronium

ΔνEXP = 203.394± .002 GHz

PQED for atoms is impressive

“Bound state theory is non-perturbative, but it is 
possible to develop expressions in increasing 
orders of α. There is an art  in developing a 
theoretical expression in this manner”

Bodwin, Yennie and Gregorio,
Rev. Mod. Phys.  57 (1985) 723

Yet the principles of PQED for bound states remain obscure:
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Poincaré symmetry:

What is the wave function of Positronium in motion?
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Assume: The similarities of atoms and hadrons are not “accidental”

A strategy for bound states

Consider the principles for atoms in QED

How to get strong binding with a small coupling

How can the confinement scale ΛQCD arise?

Even failure is instructive:

Bound state principles: Art   Theory

Poincaré invariance for atoms

!

Try to apply the QED methods to QCD
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 11Perturbative expansion: Scattering vs. bound states

Scattering amplitudes are
expanded around free states

e⁺e⁻ → e⁺e⁻

Schrödinger wave functions for atoms ΦS(α) are exponential in α

Their power corrections Φ(α)(1 + c₁α + c₂α² …) depend on Φ(α).

The perturbative expansion for wave functions
 is not unique, it depends on the choice of initial state.
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⇒

Bound state poles in e+e– → e+e– arise only through a 
divergence of the perturbative sum

p0

Bohr scale |q| ~ αm:      
propagators ∝ 1/α2

For |q| << αm: classical physics dominates: Atoms are at the borderline
to classical physics

QCD:  V(r) = V´r   Free quarks & gluons are an unlikely start for confinement

Need to derive the Schrödinger equation with proper boundary conditions

e+e– → e+e–

Sum of “ladder diagrams” generates the classical field V (r) = �↵

r
QED:
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 16Fock state expansion for Positronium in A0=0 gauge

The perturbative expansion in α starts
from the |e+e–〉 Fock state, bound by 
its classical field EL :

��e+e�
↵
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e–
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EL

Higher order corrections include states
with transverse photons and e+e– pairs,
as determined by HQED |e+e–〉

��e+e��
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Each Fock component of  the bound state 
includes its particular instantaneous EL field.

This Fock expansion is valid in any frame,
and is formally exact at O(α∞).

Higher order corrections include states
with transverse photons and e+e– pairs,
as determined by HQED |e+e–〉
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 17Positronium in motion: Contraction
2

of relativistic motion, P � 2me:

�E(P ) ⌘
p

P 2 + (2me + Eb)2 �
p
P 2 + 4m2

e
=

2meEb

P
+O

�
↵4

�
(2)

The Coulomb energy V (r) = �↵/|r| is independent of P for the uncontracted orthogonal separations, r ·P = 0. This
seems to contradict the P -dependent energy di↵erence (2). An explanation was given in [9] using the Bethe-Salpeter
(B-S) equation [10, 11]. For P > 0 transverse photon exchange contributes at leading O

�
↵2

�
to the binding energy.

This cancels the Coulomb energy (see Eq. (33) of [9]), leaving an interaction that ensures the correct dependence
of the Positronium energy on its momentum, E(P ) =

p
M2 + P 2. The valence Fock state wave function |e+e�i

contracts as expected, whereas |e+e��i behaves di↵erently.

Feynman diagrams arise in an expansion around free states, which lack overlap with bound states. Consequently, no
Feynman diagram for e+e� ! e+e� has a pole at the Positronium energies. Bound state binding may be recovered
by expanding the electron propagator in a photon field Aµ in a geometric series with free propagators,

i

i/@ �m� e /A
=

i

i/@ �m
� i

i/@ �m
ie /A

i

i/@ �m
+ . . . (3)

In the non-relativistic limit Positronium dynamics is equivalent to that of the e� in a fixed A0 field. This allows to
obtain the Schrödinger equation through a sum of Feynman ladder diagrams analogous to (3) (see, e.g., Section III
of [12]). The Positronium poles of e+e� ! e+e� arise through the divergence of the sum of ladder diagrams.

Relativistic bound state dynamics cannot be reduced to scattering in an external field. Higher order corrections to
Positronia were first evaluated [13] using the Bethe-Salpeter equation. It is based on the Dyson-Schwinger (D-S)
identity for a 2 ! 2 Green function GT , whose external propagators are truncated,

GT = K +GT S K (4)

Here S is a two-particle propagator and K a two-particle irreducible kernel. Any Feynman diagram contributes
equally to the two-sides of (4). The D-S equation is thus formally exact when S and K are expanded to all orders in
↵. The B-S equation for bound state wave functions �T is given by the residues of the poles in GT ,

�T = �T S K (5)

Being based on Feynman diagrams the B-S equation is Poincaré covariant, but notoriously di�cult to solve. There
are retardation e↵ects even at lowest order, with free Dirac propagators in S and a single photon exchange kernel K:
The Aµ field at e�(t,x) depends on the distribution of e+(t� t0,x0) at earlier times, due to the propagation time t0

of transverse photons. No analytic solution of the B-S equation is known.

The rhs. of the D-S equation (4) involves a double perturbative expansion in S and K, whereas GT has a unique
expansion in ↵ [14, 15]. This allows to fix S and let the expansion of K be determined by that of GT . The B-S equation
can thus at lowest order in the rest frame be reduced to the Schrödinger equation, and the higher order corrections
systematically determined. More intuitively: There are many equivalent expansions in ↵ when the first approximation
of the wave function already has all powers of ↵. All reorderings must give the same result for physically measurable
quantities such as the binding energies in (1).

The realization that the B-S equation is not unique led to Non-Relativistic QED [16, 17]. NRQED expands in powers
of |p|/me, the velocity of the e± in the rest frame. This reordering of the original B-S expansion is motivated by the
nearly non-relativistic motion of atomic electrons. The expansion is uniquely defined when the Schrödinger equation
is chosen as starting point. The higher order terms in (1) were derived using NRQED.

3. THE INSTANTANEITY OF GAUGE INTERACTIONS

In the Schrödinger approximation Positronium is described by its valence |e+e�i Fock state, which is an eigenstate of
the QED Hamiltonian with the instantaneous Coulomb potential. The tranverse photon interaction terms in HQED

create Fock states such as |e+e��i, which contribute to the binding energy at higher orders in ↵. This suggests [12]
a “Bound Fock expansion”, where the constituents of each Fock state propagate in their instantaneous gauge field.
Transitions between Fock states are given by the transverse photon interactions of HQED, and are suppressed by the
coupling e. With all Fock states and the full Hamiltonian taken into account the method is formally exact and valid
in any frame.

The binding energy in the rest frame (P = 0) is  Eb = – α2 me/4 + O(α4)
At large momenta P the binding is ∝ 1/P : 
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The potential energy – α /r
is independent of P for r ⊥ P

Hence the Coulomb potential 
provides too strong binding
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In the non-relativistic limit Positronium dynamics is equivalent to that of the e� in a fixed A0 field. This allows to
obtain the Schrödinger equation through a sum of Feynman ladder diagrams analogous to (3) (see, e.g., Section III
of [12]). The Positronium poles of e+e� ! e+e� arise through the divergence of the sum of ladder diagrams.

Relativistic bound state dynamics cannot be reduced to scattering in an external field. Higher order corrections to
Positronia were first evaluated [13] using the Bethe-Salpeter equation. It is based on the Dyson-Schwinger (D-S)
identity for a 2 ! 2 Green function GT , whose external propagators are truncated,

GT = K +GT S K (4)

Here S is a two-particle propagator and K a two-particle irreducible kernel. Any Feynman diagram contributes
equally to the two-sides of (4). The D-S equation is thus formally exact when S and K are expanded to all orders in
↵. The B-S equation for bound state wave functions �T is given by the residues of the poles in GT ,

�T = �T S K (5)

Being based on Feynman diagrams the B-S equation is Poincaré covariant, but notoriously di�cult to solve. There
are retardation e↵ects even at lowest order, with free Dirac propagators in S and a single photon exchange kernel K:
The Aµ field at e�(t,x) depends on the distribution of e+(t� t0,x0) at earlier times, due to the propagation time t0

of transverse photons. No analytic solution of the B-S equation is known.

The rhs. of the D-S equation (4) involves a double perturbative expansion in S and K, whereas GT has a unique
expansion in ↵ [14, 15]. This allows to fix S and let the expansion of K be determined by that of GT . The B-S equation
can thus at lowest order in the rest frame be reduced to the Schrödinger equation, and the higher order corrections
systematically determined. More intuitively: There are many equivalent expansions in ↵ when the first approximation
of the wave function already has all powers of ↵. All reorderings must give the same result for physically measurable
quantities such as the binding energies in (1).

The realization that the B-S equation is not unique led to Non-Relativistic QED [16, 17]. NRQED expands in powers
of |p|/me, the velocity of the e± in the rest frame. This reordering of the original B-S expansion is motivated by the
nearly non-relativistic motion of atomic electrons. The expansion is uniquely defined when the Schrödinger equation
is chosen as starting point. The higher order terms in (1) were derived using NRQED.

3. THE INSTANTANEITY OF GAUGE INTERACTIONS

In the Schrödinger approximation Positronium is described by its valence |e+e�i Fock state, which is an eigenstate of
the QED Hamiltonian with the instantaneous Coulomb potential. The tranverse photon interaction terms in HQED

create Fock states such as |e+e��i, which contribute to the binding energy at higher orders in ↵. This suggests [12]
a “Bound Fock expansion”, where the constituents of each Fock state propagate in their instantaneous gauge field.
Transitions between Fock states are given by the transverse photon interactions of HQED, and are suppressed by the
coupling e. With all Fock states and the full Hamiltonian taken into account the method is formally exact and valid
in any frame.

The binding energy in the rest frame (P = 0) is  Eb = – α2 me/4 + O(α4)
At large momenta P the binding is ∝ 1/P : 

There must be more than contraction going on!

The potential energy – α /r
is independent of P for r ⊥ P

Hence the Coulomb potential 
provides too strong binding
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For P > 0:  pe ≃ P/2 : transverse photon contribution is leading, O(α2)
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Positronium in motion: Fock expansion

In the rest frame: pe ≃ α me : transverse photon contribution is O(α4)

For P > 0:  pe ≃ P/2 : transverse photon contribution is leading, O(α2)

The transverse photon exchange cancels the P-independent A0 contribution,
leaving an O(1/P) contribution which agrees with Poincaré invariance.

M. Järvinen, Phys. Rev. D71 (2005) 085006,   PH 2101.06721

Other Fock states do not contribute to the binding energy at O(α2)
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Positronium in motion: Fock expansion

In the rest frame: pe ≃ α me : transverse photon contribution is O(α4)

For P > 0:  pe ≃ P/2 : transverse photon contribution is leading, O(α2)

The transverse photon exchange cancels the P-independent A0 contribution,
leaving an O(1/P) contribution which agrees with Poincaré invariance.

M. Järvinen, Phys. Rev. D71 (2005) 085006,   PH 2101.06721

Other Fock states do not contribute to the binding energy at O(α2)

QFT gets things right when it is treated correctly
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III. Application to QCD
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In QED we impose the boundary condition:  EL(x) → 0 for |x| → ∞

In QCD EL,a (x) ≡ 0 for (globally) color singlet Fock states.
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 22Meson Fock state potential
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This potential is valid also for relativistic qq̅ Fock states,
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It is straightforward to work out the instantaneous potential for any Fock state.

The gg potential
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gives,  at
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In the non-relativistic limit (m ≫ Λ) this reduces to the Schrödinger equation.
Including the instantaneous gluon exchange potential:

The quarkonium phenomenology with the Cornell potential.⇒ 
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Expanding the 4 × 4 wave function 
in a basis of 16 Dirac structures Γi(x) �(x) =

X
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Separation of radial and angular variables



 27

Expanding the 4 × 4 wave function 
in a basis of 16 Dirac structures Γi(x) �(x) =

X

i

�i(x)Fi(r)Yj�(x̂)

We may use rotational, parity and charge conjugation invariance to determine
which Γi(x) may occur for a state of given jPC:

10

“trajectories”, identified by the J
PC quantum numbers of their j = 0 member5:

0�+ trajectory [s = 0, ` = j] : �⌘P = ⌘C = (�1)j �5, �
0
�5, �5 ↵ · x, �5 ↵ · x⇥L

0�� trajectory [s = 1, ` = j] : ⌘P = ⌘C = �(�1)j �
0
�5 ↵ · x, �

0
�5 ↵ · x⇥L, ↵ ·L, �

0 ↵ ·L

0++ trajectory [s = 1, ` = j ± 1] : ⌘P = ⌘C = +(�1)j 1, ↵ · x, �
0↵ · x, ↵ · x⇥L, �

0↵ · x⇥L, �
0
�5 ↵ ·L

0+� trajectory [exotic] : ⌘P = �⌘C = (�1)j �
0
, �5 ↵ ·L

(4.4)

The non-relativistic spin s and orbital angular momentum ` are indicated in brackets. Relativistic e↵ects mix the
` = j ± 1 states on the 0++ trajectory, resulting in a pair of coupled radial equations. The j = 0 state on the 0��

trajectory and the entire 0+� trajectory are incompatible with the s, ` assignments and thus exotic in the quark
model. They turn out to be missing also in the relativistic case. The bound state equation (3.8) has no solutions for
states on the 0+� trajectory (�i = �

0 or �5 ↵ ·L) since

ir ·
�
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= ir · {↵, �5 ↵ ·L} = m
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�
0
, �

0
⇤
= m
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0
, �5 ↵ ·L

⇤
= 0 (4.5)

B. Properties of the 0�+ trajectory: ⌘P = (�1)j+1, ⌘C = (�1)j

1. Wave function and radial equation

According to the classification (4.4) we expand the wave function ��+(x) of the 0�+ trajectory as

��+(x) =
h
F1(r) +↵ · xF2(r) +↵ · x⇥LF3(r) +m�

0
F4(r)

i
�5 Yj�(x̂) (4.6)

Using this in the bound state equation (3.8), noting that ir · x ⇥ L = L2 and equating terms with the same Dirac
structure we get the conditions:

�5 : i(3 + r@r)F2 + j(j + 1)F3 +m
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F4 = 1
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�5 ↵ · x :
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�5 ↵ · x⇥L :
1

r2
F1 = 1

2 (M � V )F3

�
0
�5 : F1 = 1

2 (M � V )F4 (4.7)

Expressing F2, F3 and F4 in terms of F1 we find the radial equation (denoting F
0
1 ⌘ @rF1)

F
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r
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V
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0
1 +

h
1
4 (M � V )2 �m

2 � j(j + 1)

r2

i
F1 = 0 (4.8)

in agreement with the corresponding result in Eq. (2.24) of [11].

The relations (4.7) allow to express the wave function (4.6) as

��+(x) =
h 2
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!
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�5 F1(r)Yj�(x̂) = F1(r)Yj�(x̂) �5

h
(i↵ ·
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0)
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M � V
+ 1

i
(4.9)

The radial equation (4.8) is readily found when the first (second) form is used in the first (second) term of the bound
state equation (3.9). Both terms have a spin-orbit interaction which cancels in their sum. The contribution from the
quark term is, taking into account the radial equation,

h 2

M � V
(i↵ ·

!
r+m�

0)� 1
i
��+(x) =

4V 0

r(M � V )3
(2S ·L� im� · x)�5 F1(r)Yj�(x̂) (4.10)

where the spin S = 1
2�5↵. This contribution is cancelled by the antiquark (second) term of (3.9), ensuring that the

bound state is stationary in time.

5 The first three trajectories were named ⇡, A1 and ⇢ in [11].
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Separation of radial and angular variables
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2�5↵. This contribution is cancelled by the antiquark (second) term of (3.9), ensuring that the

bound state is stationary in time.

5 The first three trajectories were named ⇡, A1 and ⇢ in [11].
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There are no solutions for quantum numbers that would be exotic 
in the NR quark model (despite the relativistic dynamics)

⇒ 

The BSE gives the radial equations for the Fi(r)  
(There are two coupled radial equations for the 0++ trajectory)

Separation of radial and angular variables
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  Example: 0–+ trajectory wf’s
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1
4 (M � V )2 �m2 � j(j + 1)
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i
F1 = 0

ηP = (–1)j+1

ηC = (–1)j
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Local normalizability at r = 0 and at V(r) = M (!) determines the discrete M
C.f.: Dirac eq.: Has continuous spectrum
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Spectrum similar to
dual models
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Mass spectrum:

m = 0

Local normalizability at r = 0 and at V(r) = M (!) determines the discrete M
C.f.: Dirac eq.: Has continuous spectrum
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 29Summary

The similarities of hadrons and atoms are unlikely to be “accidental”

Need to consider the principles of QED bound states 

Temporal gauge (A0 = 0) is advantageous for equal-time bound states

Perturbative expansion, starting from “non-perturbative” valence Fock states

The gauge constraint determines the classical, instantaneous EL field 
for each Fock component

A homogeneous solution of the gauge constraint gives confinement in QCD

Many features of hadrons thus obtained look promising & intriguing
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