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1 SCALAR FIELDS IN MINKOWSKI SPACE 1

1 Scalar Fields in Minkowski Space

In theoretical physics it has proved fruitful to use the Principle of Least Action to find laws of
nature. In its first applications it was phrased so that nature minimizes (“Least”) some quantity
S (“Action”). However, in some applications one could just as well choose the opposite sign
in definition of S, so that one is “extremizing” (minimizing or maximizing) S. In practice the
law of nature is derived by requiring that a small variation of the physical configuration from
the one nature has chosen (or will choose) will not change S to 15¢ order of the variation, i.e.,
0S = 0. This does not guarantee that S is at its minimum or maximum, we could be at an
inflection point or a saddle point. These could be distinguished by studying the second order
variation of S; but we will not consider the possible role of it here; and we take the meaning of
Least Action just to be that §S = 0 to 15* order. Thus it would be more accurately called the
Principle of Stationary Action.
For a field theory in Minkowski space the action takes the form

t2
S = Ldt:/ﬁd%, where L = /[,d?’x. (1.1)
t1

where L is the Lagrange function and L, the Lagrangian (density), is a scalar function of the
fields and their spacetime derivatives, and we use Cartesian spacetime coordinates. The Principle
of Least Action states that: For fixed initial (¢ = ¢;) and final (¢ = t9) field configurations (see
Fig. 1), the fields evolve so as to extremize (or at least to choose a stationary state of ) the action
S. Thus the principle is related to a boundary value problem: situation at initial and final times
is given and we want to find out how Nature chooses to evolve from the initial to the final state.

We consider a theory of N scalar fields @7, I = 1,..., N. The Lagrangian of the theory is
thus

L= Loty o8, 0t Do) - (1.2)

We can divide the Lagrangian into two parts, a part that depends only on the fields, and a
part that depends also on the derivatives. The first part is called the potential term or the field
potential V(¢1,...,¢n), and the second part is called the kinetic term. The simplest case for
the latter is the canonical kinetic term

20,1001 . (1.3)

We restrict our study to the case with a canonical kinetic term, so that

Lp1 - N, Ot -, Oupn) = —50up10%0r =V (g1, oN) (1.4)
(implied summation over both p and I in 9,70 ¢r; and Jd,p1 etc. on the left really means
A1, - - -, 0301 ete. The negative sign is a convention—it does not affect physics.
// WL, ,x, S ¥

Figure 1: Initial and final field configurations.
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Figure 2: The 3-boundary 0¥ to the integration 4-volume ¥ (one space dimension suppressed). Due to
the Minkowski geometry, the normal vector to timelike surfaces points inward. (For a lightlike surface
the normal vector would be parallel to the surface, since a lightlike vector is normal to itself, being a null
vector.)

Let us now vary the fields

wr — o1+ 5@[ = autp[ — 3u(p1 + 8N(5g0[) (1.5)

around the configuration nature must have chosen (stationary point of the action in the field
configuration space), keeping ¢y (t1,%) and ¢(t2, Z) fixed. The variation of S (to first order in
dpr) is then

oL oL
6S = [ d* [ Sor + 9, (6 ] =0 1.6
/ T 8901 Y1 a(alﬁo[) M( 901) ( )

for all variations dp;. Integrating the second term by parts, this becomes

oL oL oL
58 = [ d*zo [5 ]+/d4 {—a [Ha =0, 1.7
/ 90,00 Nogr ~  [00uen | 1 77 (L7)

The first integral is a 4-volume integral of a divergence, and it can be converted by Gauss
theorem to a 3-surface integral over the boundary of the volume (see Fig. 2)

oL oL
4o [5 } :/ Bon,—25 5o, 1.8
| 0, 50,0 "] = s T @0 0P (18

where n,, is the unit normal to the boundary. The boundary consists of the initial and final
time slices, where dp vanishes by assumption (“for fixed initial and final field configurations”),
but also of spatial boundaries of the volume we are considering. We have to assume that the
variations (; vanish also at these spatial boundaries. We can either say that we move these
boundaries so far away that they are outside our region of interest, or to just include this
condition in the initial formulation of the Principle: “for fixed boundary conditions”. When
we move to curved spacetime (Sec. 3) a distinction between temporal and spatial boundaries
becomes artificial anyway.

Since the variations dp; vanish at 0%, (1.8) gives 0 for the first integral in (1.7) and the
condition 65 = 0 for all variations dp; gives the Euler-Lagrange equations

oL oL
— — 0, |=——| =0, 1.9
dpr " [3(3u901)] (1.9)
where or or
— =V and 7 = 01 (1.10)

dr eltemly
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and we use the short-hand notation

v
‘/1287901'

This gives us the field equations
00" =V = 0.

(1.11)

(1.12)

The Lagrangian (1.4) depends on the spacetime location (or, on coordinates) only through
its dependence on ¢; and J,¢7, not directly. This means that the action S is invariant under
a homogenous translation of the field configuration in space and time. According to Noether’s

theorem, such invariances lead to conserved currents.

Let us derive the resulting conservation law directly. Shift the whole field configuration by
an infinitesimal translation a” = const. This means that at spacetime point P the new values of
the fields ¢, and their gradients 9,¢) are what they used to be at another point P’, such that

/(P = 2" (P) —a”.
Thus

L'(P) = L(P') = L(P)-a"0,L(P) = L(P)+dL(P).
Since the Lagrangian £ depends only on ¢; and 0,,¢7, we can write

oL oL
0L = —dpr+———"-6(0
650[ Pr 8(8“@[) ( HSOI)
oL oL
' | pr v =25 8,0
’ Law 7 9uen) “W}
oL

= [a@w)a”’} !

where we used Eq. (1.9). Thus we have that
oL

oL = —a”3y£ = —a”@u(él’fﬁ) = —a”@u [WOVSOI] .
I

Since this holds for all (infinitesimal) a”, we have the conservation law

oTl =0,

where o
T = 0HL — ———0vpr1,

@) "
is called the energy tensor. It’s contravariant components are
oL
™ = n"L— 0 pr
9(Ouer)

= 0" [=30,010"01 — V(pr)] + 010”1 .

In particular (exercise),

Il
N

g
|

p DR+ (Vo) + Vien)

I I
P = 3> ¢T— > (Ve = Viern).
I I

1(P) = wi(P') = ¢1(P)—a"0,p1(P) = ¢1(P)+dp1(P)
Our(P) = Ouer(P') = 0upr(P) — a”0,0up1(P) = 9upr(P) + 0(9upr(P))

(1.13)

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)
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2 Curved Spacetime

When the spacetime is curved, the metric becomes a dynamical variable, and we need a law of
nature for it also. Consider first the case of empty spacetime, i.e., there are no fields or other
forms of matter or energy. Then the metric is the only variable and the action principle should
be based on some scalar quantity obtained from the metric and its derivatives taking the role of
the Lagrangian density.

2.1 Hilbert Action

The simplest candidate for the spacetime curvature action is the Hilbert action

Sy = /RHd%, (2.1)

where R = g"”R,, is the scalar curvature, R, is the Ricci curvature tensor and g’ is the
inverse metric. Since we are now using an arbitrary coordinate system in a curved spacetime,
the correct normalization of the volume element in the integral requires the \/—g factor, where
g = det [g,,] is the determinant of the metric. Since the time coordinate can be chosen arbitrarily,
the action principle is formulated by specifying some spacetime region ¥ and fixing quantities on
its boundary 9%, instead of initial and final times. The action principle then states that inside
this spacetime region nature chooses the metric so that it corresponds to a stationary point of
the action. When we then vary the metric around this stationary configuration we should find
that §Sg = 0.

For notational convenience we choose to vary the inverse metric g"¥, instead of g,,,. Varying
g — g + 6gM*, we have

Sy = /d4x\/—gg“”6RW—|—/d4x\/—gRW69“”+/d4xR6\/—g. (2.2)

Consider first R,,,. The Riemann and Ricci tensors are given by

Rpu/\y = O\, + e o — (Ao v)

Ry = RY,,. (2.3)

In GR the connection is the Christoffel connection, so 6I'),, can be expressed in terms of dg,,,
but consider first an arbitrary torsion-free (Fﬁu = Fﬁy) connection and variation

If, = T0, +6%, = 6R’,, = 0\(6T%,) + 015 %, + 15 010, — (A v) . (24)

Since oI, is a difference between two connections, it is a tensor field, and we can define its
covariant derivative (in terms of the unvaried connection I'},,)

Va(6I%,) = 0 (o1%,) + 1%, 0Ty, — 5,605, —T5,0I%, (2.5)
and we see that
OR’,\, = VA (0T%,) — (A= v) . (2.6)

This gives the Palatini identity

5R/uz = 6R)\“)\y = v)\((srl)/\u> - VV((SI&/J,) (27)

and the first term in (2.2) is

051 = /d4x\/—gg“”5RW = /d4x\/—gg“l’ [V)\((Sfléﬂ) - V,,(éljﬁﬂ)] . (2.8)
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We now assume that the connection is the Christoffel (Levi-Civita) connection

FZV = %gap (8ugup + aug,up - apg,uzx) s (2.9)

for which we have two important results, metric compatibility (of the connection)

210

and the general relativistic version of the Stokes theorem,

/V“v“\/—gd‘lx = / n, vt/ |y die (2.11)
D) ox

where 0% is the boundary of the spacetime region ¥ and ~ is the determinant of the induced
metric of the boundary.

Using metric compatibility, we can convert the integrand in (2.8) to a total derivative, so
that we can use the Stokes theorem to convert

581 = /d4x\/—7gva (g””éf‘g# - g’”éfﬁu) = /8 Ne (g“”(sfgu — 9“06F§M> Vivldz = 0
I
(2.12)

into a boundary integral, which vanishes, assuming the variation 61"}, vanishes at the boundary.!
For the last term in (2.2) we derived in the GR course that

‘5\/j = *%\/jgguuégm/ .

Altogether the requirement that the variation gives §Sy = 0 for arbitrary dg*” leads to the
condition

(2.13)

1 Sy
V=g g
which is the vacuum Einstein equation.

In case the spacetime contains some forms of matter or energy, we need to add them to the
action:

= Ry —3guwR = Gu = 0, (2.14)

S = S + Smatter - (2.15)

The requirement that 5 = 0 becomes dSg = —0Smatter and (2.14) is replaced by

1 6Smatter

V=g oy

Rw/—%gw,R = Guw = — =8nG1),, . (2.16)

Derivation of Friedmann equations. We review here the derivation of the (flat universe) Fried-
mann equations as practice for the modified Friedmann equations in f(R) gravity (Sec. 2.2). From Part
1 of these lecture notes we have for the flat RW metric g, = aQT)W:

Iy =H g, =0 LY = Mé;

iy =0 T, = Hé; i, =0

Roo = —3H' Ry; =0 Rij = (H' + 2H?)6;; (2.17)
R =3a2H R)=Ry=0  R)=a*(H +2H*)d!

R =6a"2(H +H?),

'This variation is (exercise) 0T, = —3 [gpuvy(ég’”) + 9w Vi (69°Y) = GuagusV?* ((Sg‘w)}. Thus we need to
assume a version of the action principle, where the boundary conditions fix both the metric and its derivatives.
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and for the energy tensor

-,

T = (p+p)uguy +pgu  where u, = a(—1,0). (2.18)
This gives the Einstein equations

Roo — 2900R = 3H? = 81GTy = 8nGpa’
Ri—iguR = —2H —H® = 81GTi = 8nGpa® (2.19)

(the 92 and 33 components of (3.9) give the same as the above 17 component and the off-diagonal com-
ponents give 0 = 0). We shall later refer to the first one and the sum of the two:

3H? = 8rGpa®
2H? —2H' = 8xG(p+ p)a® (2.20)

2.2 f(R) Gravity

Note: I put this section here, since it is a generalization of the previous section. Otherwise it
does not logically belong here, since the next section continues with scalar fields in standard GR
— as does the remaining part of these lecture notes until Sec. 15. We return to modified gravity
in Sec. 16.

A popular class of modified gravity theories is f(R) gravity. In f(R) gravity one replaces
the scalar curvature R in the Hilbert action with some scalar function f(R) of it:

S = /f(R)\/ng“x. (2.21)

Varying " — g*¥ + dgH,

68 = / d*z\/—gF(R)g" SR, + / d*z/=gF(R)R,,09" — 3% / d*z/—gf(R)gudg" , (2.22)

where i (R)
F = 2.2
(R) =" (2.23)
In the Palatini identity (2.7),
SRy = VA(T),) — Vi (T3,) (2.24)
we have
5F3u = _% [gpuvu(égp)\) +gpuvu(59p>\) - guaguﬁvA(égaﬂ)} ) (2'25)

for the Christoffel connection. Using metric compatibility, Vg, = 0, and the Stokes theorem,
with boundary terms vanishing, to move g,,, and V) around, we get (exercise)

58 = / 02/ =509 [V, 0 F(R) + VAV E(R) + F(R) Ry — g 3 f(R)] . (2:26)

Requiring 45 = 0 for all variations dg"” of the (inverse) metric, we obtain the modified Einstein
equation for vacuum,

F(R)Ry, — %guuf(R) = (VuVy —gu0) F(R). (2.27)
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In standard GR, f(R) = R and F(R) =1, so this becomes Ry, — 1g,,R = 0, the (unmodified)
Einstein equation for vacuum. The energy tensor is obtained as before from the matter/field
part of the action, so the full field equation of f(R) gravity is

F(R)Ruw — 39w f(R) = (V,V, — gw0) F(R) + 87GT,, . (2.28)

Since R contains second derivatives of the metric, (2.28) will contain fourth derivatives of the
metric.
The trace of (2.28) is

F(R)R —2f(R) = —30F(R) + 8GT, (2.29)

where the trace of the energy-momentum tensor is T = ¢g"*T},, = —p + 3p.

In GR, the Ricci tensor vanishes in vacuum (defined here as T, = 0). If f(R) = aR?, then
F(R)R — 2f(R) = 0 and there exists a vacuum solution R, = Ag,,, where A = const. Now
also R = 4A and F(R) are constants, so that V,V,F = 0 and OF = 0, and (2.28) is satisfied.
We know from GR that this is the de Sitter space. This theory is very different from GR, so it
is not a viable modified gravity theory as such. However, if instead f(R) = R+ aR?, this theory
becomes GR in the limit of small curvature aR? < R, but in the limit of large curvature, which
we expect to encounter in the very early universe, the aR? part will dominate, and the theory
has a solution that approaches de Sitter in the early universe (R? inflation).

(This is f(R) gravity of the metric formalism. There is another variant of f(R) gravity, the
Palatini formalism, see Sec. 18.)

Tools. Basic tools for operating on, e.g., the action variation integral 45 are metric compatibility
Vaguw =0, (2.30)

which means that the metric commutes with covariant derivative, so that one can move g,, and g"” in
and out of Vj, e.g,
9w VA (977 Asp) = 99"’ VaAsy, = ViaA,,, (2.31)

and the Stokes theorem (2.11) together with the Leibniz rule for the covariant derivative, V, (A%’ B, 5.) =
V,.(A*?)B.sc + APV, (B.sc), which can be used for partial integration, e.g.,

/2 AbpVuBY=gd'z = /az nu Al B/ dPe — /E BV, ApsV=gd'x, (2.32)

where the boundary integral will vanish if it contains a variation that we assume to vanish at the boundary.

Flat FRW Universe in f(R) gravity. Following the example in Sec. 3 we now want to derive
the modified Friedmann equations we get when (2.28) is applied to g,, = aQUW. We can still use (2.17)
and (2.18). To keep the notation compact, we write just f and F for f(R) and F(R). Since f and F
are scalars, V,F = 0,F, so we have VoF = F' and V,F = 0 (FRW is homogeneous). For the second
covariant derivatives we get (exercise)

VoVoF = 80(90F — F8080F = F" _HF'
viij = 8i8jF — F?jaOF = —’H(SZ-jF'
OF = ¢"VoVoF +¢9V,V,F = —a *(F" + 2HF) (2.33)

Thus the gp and 11 components of (2.28) become (exercise)

—3H'F + 3a°f + 3HF' = 8rGpa’
(W' +2H*)F — 3a®f —HF' — F" = 8rGpa®. (2.34)
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It is easier to compare these to (2.20) when we use $a?R = 3H' + 3H? to replace —3H'F = —3a*FR +

3H?F, so the first equation and the sum of the two become

3FH?* = 8nGpa*+ La®(FR— f) — 3HF'
(2H? —2H)F = 8rG(p+p)a® —2HF + F". (2.35)

These are the modified Friedmann equations for f(R) gravity. It is easy to see that for f =R = F =1
these become (2.20).
In terms of cosmic time ¢ (instead of conformal time ),

R = 6H +12H? (2.36)
and (2.35a) becomes (exercise)
3FH? = 87Gp+ L(FR— f) —3HF . (2.37)
The energy continuity equation is the same as in GR:

o= —3H(p+p) or p = —-3H(p+p). (2.38)

Cosmological constant. A trivial example of f(R) gravity is just adding a constant:
f(R) = R—2A = F(R)=1. (2.39)
The field equation (2.28) becomes
Ry — 39uwR+ Mg = 87GT,, (2.40)
and the modified Friedmann equation (2.37) becomes

3H? = 87Gp+A. (2.41)

Starobinsky gravity. The simplest nontrivial f(R) gravity is the one with [1]
f(R) = R+aR* = F(R) = 1+2aR, (2.42)

where 1
a = — 2.43
6M2 ( )
is a constant (and M is another constant, with dimension of mass). This can be motivated by quantum
corrections to gravity (with M presumably of similar order of magnitude as the Planck mass). Equation

(2.37) becomes (exercise)
87G

(2HH e 6H2H) = 7, (2.44)

1
— 3

H2
+M

Written for the scale factor a(t) this becomes

N\ 2 L\ 2 N2 o\ 4
a 1 ad a a\" a a 8rG
) =25 = (2) +2(2) 2-3(2%) | = =2 2.45
() e [ () 2 () 2 () ] - 5 2
(with p = 0 this becomes Eq. (4) in [1], when one sets K = ko = 0 in it).
Starobinsky gravity accepts inflationary solutions (Starobinsky inflation, or R? inflation), where H

is changing (decreasing) slowly and the dynamics is dominated by spacetime curvature (p is negligible
compared to the LHS of (2.44)). Approximating p = 0, (2.44) becomes

. . 2
g | . H (H
2 _ _ —
H? = S |6H +2 ( ) . (2.46)
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Try for a solution ([2], p. 257)
H(t) = tM?(t; — t), (2.47)

where t < t; (both positive). Substituting in (2.46) gives
M?*(t, —t)? =1+ M?(t; — )%, (2.48)
so (2.47) is not an exact solution, but is an approximate solution if
ty —t>1/M, (2.49)

or t1 > 1/M (as t < t1). The scale factor corresponding to (2.47) is

a(t) o exp [1\1422(%1 - t)t] . (2.50)

As t grows to become no longer < ¢, the approximation (2.47) becomes worse and inflation ends.
We shall return to Starobinsky inflation in Sec. 19.1.

A large R means high curvature, so forms of f(R) that deviate from R significantly for
large values of R, like (2.42), modify gravity at high-curvature conditions; in cosmology this
corresponds to the early universe. (Note that R does not contain all aspects of spacetime
curvature, since in GR R = 0 in vacuum, like we may have near a black hole.) If we want to
explain the acceleration of the late-time universe with f(R) gravity instead of dark energy, we
need a form of f(R) that deviates from R at small values of R. The first thing that comes to

mind is then
«

Rn
However, these theories violate local constraints on gravity that we have from experiments in
the solar system. The Euclid Theory Working Group (Amendola et al. [3]) lists four types of
viable f(R) models? (i.e., models that can at the same time satisfy current experimental limits
and provide late-time acceleration without dark energy):

f(R) = R~ (n>0). (2.51)

R\P
f(R) = R-—puR. (R> (0O<p<1, u,R.>0) (Amendola et al.[4]) (2.52)
(R/R.)™

H = e

(n, g, Re > 0) (Hu and Sawicki[5]) (2.53)

f(R) = R-—pR.

1-— <1 + g;) _”] (n, pu, Re > 0) (Starobinsky[6])  (2.54)

f(R) = R—pRc.tanh(R/R.) (i, Re > 0) (Tsujikawal7]) (2.55)

As one sees from the above example the field equations in f(R) gravity become high (fourth)
order differential equations. (Equation (2.45) is just third order, but the second modified Fried-
mann equation is fourth order.) These are quite cumbersome to work with.

To make the equations easier to work with, one can introduce a conformal transformation

g = Wi, where w? = F(R). (2.56)

The conformal metric g,,, will then satisfy the usual Einstein equation but with the scalar field
w appearing in the energy tensor. I will return to this in Sections 15 and 16. For now, this is an
additional motivation for the study of cosmological perturbation theory with scalar fields that
will follow.

2These may not look like plausible models to you. Some reviewer (I wish I could locate the reference) said
about dark energy vs. modified gravity that “the more you study one the more convinced you become that the
other is the way to go”. Anyway, the way to proceed in cosmology is to make more accurate observations to
improve the constraints on modified gravity, and these models serve as tools for this work.
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3 Scalar Fields in Curved Spacetime

In curved spacetime the Lagrangian (1.4) is replaced by

L, = —59"Vuo1Voer = Vet ..., on) = —50,010%01 —V(p1,...,0N). (3.1)
and the action (1.1) by
Sy, = / Lo\/—gd'z, (3.2)
where
g =det [gu] . (3.3)

In Eq. (3.1), V@1 = Ou¢r, since @r are scalar fields, but for the derivation of the Euler-Lagrange
equation, where one needs to use the Stokes theorem (2.11), it is more clear to write it as the
covariant derivative.
We get the general relativistic theory with scalar field sources minimally coupled to gravity
by varying the action
1

S = T6rC

1
Sy +S, = M/R\/—gdéla:—{—/ﬁw/—gd‘lm, (3.4)

where L, is the Lagrangian (3.1). By varying with respect to the scalar fields, we get the
Euler-Lagrange equation

oL, [ oL, ]
— -V, |==——| =0, 3.5
001 " [90%u00) 39
where o or
— = _V and ——t— = V. 3.6
dor I (V1) Y1 (3.6)
This gives us the field equations
Dior — Vi =0, (3.7)
where
1
Oer = V,VFir = ¢"'V,V,p; = —_g@u (V—=g0*¢r) . (3.8)

By varying with respect to the inverse metric we get the Einstein equations

Ry — YguwR = 87GT,, (3.9)
where L s,
Tw = —2 =50 (3.10)
From (3.1)
g;“i = —3VupiVopr = —50.010,¢1 (3.11)

so (using also Eq. 2.13)

08, = /6£¢\/—gd4x+/£¢5\/—gd4m = /d4x\/—g (—%@L(p]&,gm— %[,@gw/) g, (3.12)

so that
1 6S
e T

= auSOI&/SDI - %g,uzxapSolapSDI - guVV(QDI)7 (3'13)
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or

Ty = Merdupr — 5040pp10°01 — 0LV (1), (3.14)

which is the general relativistic version of (1.19), i.e., 1), replaced by g, .
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4 Background Universe

Let us now apply the equations from Sec. 3 to our flat FRW background universe, with the
metric
ds®> = a*(n)(—dn?® +dz* + dy* +dz*) = —g=a". (4.1)

In the background universe the scalar fields are homogeneous,

er = ¢i1(n) . (4.2)

The background field equations are (exercise)

oV
P+ 2HP; = —a?= (4.3)

and the background energy tensor is (exercise)

T(? = 722 @17"'7@]\7) = —p

From this we have that

p+p = a ) (§)) (4.5)
I
G- = 2V (4.6)
and the Friedmann equations are
87G
H? = 7; pa’ %Z )2+ a®V
T
drG 81
[ _ 1\2 2
H = —T(P+3p) = 3 ;(‘Pl) —a’V (4.7)
Different combinations of the Friedmann equations give
—2H' —H* = 8rGpa® = 8G |3 (#))* —d’V (4.8)
I
~H' +H = 4rG(p+p)a® = 4G (§))° (4.9)
H +2H? = 47G(p—p)a® = 8nGd’V . (4.10)

In terms of ordinary cosmic time ¢, (4.3) and (4.7) become

¢r+3Hp = Vi
81rG 8rG .
H? = A > (@) +V
I

H = —4nG(p+p) = —4nG Y _ 7. (4.11)
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5 Perturbed Universe

The metric of the perturbed universe is

G = Gu + 6g;u/ = a2(77;w + h;w)
o[ -1-24 -B
I -3 (1—2D)6;; + 2Ey;
| -14+2A -B;
7 2 2 7
g [ _B; (1+2D)s;; — 2Ey; ] ' (5-1)

From this, the metric determinant is (all products except the diagonal one are at least second
order small)

%

—a®(1+24)(1 — 2D + 2E11)(1 — 2D + 2F9)(1 — 2D + 2F33)
~ —a®[1+2A—6D +2(Fy; + Ex + F33)] = —a®(1+24-6D), (5.2)

9

since Ej; is traceless. From this,
V=g = a*(1+A-3D). (5.3)

In this perturbed metric, the field equations (3.7) become (exercise) 3

ov
o+ 21y — Vi — (A +3D' — By;) @) = —a®(1+ 2A)a¢ (5.4)
I
Divide now the fields into a background and a perturbation part,
er = @1(n) +dpr(n, 7). (5.5)
The potential becomes
_ _ _ _ oV
Vigr,....on) = V(@14 0¢1,...,0n +0py) = V(B1,...,0n8) + 8715901, (5.6)
and its derivatives become
ov 1%
Vi = — = — 0Py, vy @ 1)
I D1 D01 (P1+ 801, ., PN +0pN)
ov 0%V
= —(p ) ) + 5
dp (1 @n) ZJ: Do 7
= Vi+ Z Ve, (5.7)

Dividing Eq. (5.4) into a background and a perturbation part (exercise), we get Eq. (4.3)
and the field perturbation equation

5@+ 2HQ) — V200, + a*Visdp, = —2a*ViA + (A +3D' — B;;), (5.8)

where we have now _quit putting overbars on the background quantities (here V7, V7, and /).
Here —B;; = =V - B = V2B (note the signs!), so the vector part of B does not contribute. For

3In Sec. 3 we had the covariant derivative V » and other curved spacetime machinery. Here we unravel all that
into ordinary functions of coordinates and ordinary partial derivatives, so that, e.g., V? = >, 0:0;. We usually
don’t write the Y since summation over repeated indices, e.g., ¢ or I, is implied.
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symmetry reasons, the scalar fields couple only to scalar metric perturbations, and therefore we
shall just discuss those from here on.

Inserting (5.5) into (3.14) we get the background part of the energy tensor (4.4) and its
perturbation (exercise)

0Ty = =Y {a? g — (&1)?A] + Vider} = —6p
I
0T) = —a Y @h0i(0r)
I
0Ty = +a 2y [£10i(d¢r) — (¢7)*Bi]
I
0T] = &y {a ?[p10¢] — (#))*A] = Vide,} = &iop. (5.9)
I
We see that scalar fields have no anisotropic stress, and therefore the two Bardeen potentials are
equal, ® = U. (Note also that the shift vector B; appears in (5T8, whereas in the fluid description
it appeared in 5Tio. This is because we now base the T} perturbation on the gradient 9,¢y,
which is a covariant vector; whereas in the fluid description we used the contravariant vector
ut.)

We can now write the Einstein equations. (Exercise: Take dG% from Appendix A of part
1 of these notes, assuming scalar perturbations.)

$a®0G) = 3H(HA+D')— V() —HB)
= —4nG Y _{[¢10¢] — (¢])?A] + a*Vider} (5.10)
I

—1a%5GY = (@Z/—I—HA)’@. = 477GZQ0’10¢(5901) (5.11)
I

X2

+3a%0Gy = [+ HA+ (-H +H*)B], = 47G ) [£10:i(6¢;) + (¢})*B,]  (5.12)
I
$a26G. = [(2H +HHA+HA +¢" + 2HY + LVPD| §i — D
= 4rG8 Y { [0t — (91)°A] — a®Vidp,} (5.13)
I
where v = D + %VQE and
D=A-¢+2H(B-E)+(B-E) =0 (5.14)

since the rhs of Eq. (5.13) has no off-diagonal part.* Both sides of Eqs. (5.11,5.12) are gradients,
and from Eqs. (5.11,5.12,5.13) we get

W AHHA = 4G @i (5.15)
I

W+ HA+ (-H +H)B = 4nG Y [¢hde; + (¢])’B] (5.16)
I

QM +H)HA+HA + " + 2Hy AnG Y " { [0t — (97)°A] — Vi) . (5.17)
I

4We use similar arguments as when we derived the Einstein equations for perturbations with fluid sources in
Part 1. The nondiagonal part of D ;; does not vanish, unless D = 0. In Fourier space D ;; becomes —k;k; Dy and
for each Fourier mode we can orient the coordinate system so that at least two of the k; are nonzero.
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The difference between Eqs. (5.16) and (5.15) is just the background equation (4.9), so they are
not independent perturbation equations.
Since the p; are scalar fields, they gauge transform as

Sp; = Sy — @l (5.18)

6 Spatially Flat Gauge

There are different strategies for solving the scalar field perturbation equations. One strategy
is to use the Einstein equations to eliminate the metric perturbations from Eq. (5.8), to get a
differential equation just for dp;.
To accomplish this, we go to the spatially flat gauge, denoted by the sub/superscript @ and
defined by
g = 0. (6.1)

Thus Dg = —%VQEQ. Since the metric perturbation 1 transforms as

b= ¢v+HEE. (6.2)
we get to the spatially flat gauge by the gauge transformation

& = Ny, (6.3)

The field perturbation in the spatially flat gauge is usually denoted by ) and called the
Sasaki or Mukhanov variable:

=/
Qr = 0o = dpr+ 570 (6.4)

(We could also say that the Sasaki-Mukhanov variable is the gauge-invariant quantity defined
by the rhs of (6.4).) In the spatially flat gauge the field equations read

Qf +2MHQT — V?Qr +a’Vi Qs = —2a°ViAg + 7 (A + 3Dy + VBg)
= —2a’ViAq + p1 Ay — @IV (EG — Bg).  (6.5)

The second Einstein equation (5.15) is now

HAg = 4G _¢1Qr = Ag = 4nGH'Y Qs (6.6)
I I

which allows us to eliminate Ag from Eq. (6.5) in favor of field perturbations Q7.
The remaining metric perturbations are the combination VQ(Eé2 — Bg). We first note that
the Bardeen potentials are now

= U = y—HB-FE) = H(E, - Bg), (6.7)
so that the last term in Eq. (6.5) is
—¢IVi(Eg — Bg) = —H ¢V, (6.8)

where
Ve = 4nGa’6p© (6.9)

from the Einstein constraint equation. The remaining metric perturbations have now been
replaced by an energy density perturbation, but in a different gauge, the comoving gauge!
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Thus we now need express the comoving gauge density perturbation 6pC in terms of spatially
flat gauge quantities.

The comoving gauge was defined earlier by the requirement v = B¢ = 0. The concept of
“velocity” is perhaps not appropriate for scalar fields, although we could formally define it as

§T?
vV = - 5 (610)
p+tp
so we define comoving gauge by
TP = 0 and B=0. (6.11)
From this follows that
> _@dioef) = 0 (6.12)
I
and for the single-field case
5% =0 (6.13)

(at least when ¢’ # 0). Since 6T and B transform as

= 0T — (Ty — %Tlf)go,i = 6T + (p +P)‘50,z‘
= B+¢&+¢°, (6.14)

S
UUl @Ho

we get to comoving gauge by

o — T _ Gt

P > (¢eh)?
)
T % (6.15)
and
¢ = —B-¢°. (6.16)

For the comoving gauge density perturbation we get (exercise)

5p° = dp—p'¢°
= o> [@i(69] — 91 A) — (P — Hel)de,]
I

= o’ [90’1(5<P’1 — 1 A) + (3H<p’z + azg;) 5901]
I
= V2 = 4nG Y [0 — o1 A) — (¢ — Hel)dp;] | (6.17)
I
where d¢; and A are in arbitrary gauge. In particular, in the spatially flat gauge
V2o = 4xG Y [¢)(Q] — ¥ Aq) — (9] — He)Q1] - (6.18)
I

We can now use Eq. (6.6) (and the background Eq. 4.9) to eliminate Ag from Eq. (6.18) (ex-
ercise),

H/ /!
V20 = 4nGa’6p° = 47rGZ o (Q/I + WQ[ - :Z,IQ1> (6.19)
T I
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and to write Eq. (6.5) as a differential equation involving just the field perturbations @ (ex-

ercise):

871G [ a? !
CLZVIJ T2 (HSO/ISD&) ] Qs = 0.

Qf +2HQ, —V2Qr + )
J

(6.20)

We see that the evolution of the different scalar field perturbations )7 are coupled by the
second derivatives of the potential V7; and the background evolution (a27-l_1<p’lgof])/.5 In terms

of ordinary cosmic time ¢, Eq. (6.20) becomes (exercise)

.. ) 1_, 87G d (a3 . | B
Qr+3HQr — EV QI+; [VIJ B a (HSDNPJH Qs = 0.

7 Single Field

7.1 Background
For the case of a single field, Eq. (4.4) becomes

p = %a_Q(SOI)Q_i_V and p = %G_Q(SOI)Q—V,
so that
pt+p = a*(¢)? p—p = 2V v —

and the Friedmann equations are

8rG 5 ArG

HQ = Tpa = T [(@/)2 + 2&2V]
e 81
H = —T(p—i- 3p)a® = ——3 [(¢))? = a®V] .

The background field equation is
" +2H +a*V, = 0,

where V, = dV/dp. Derivating (7.1) and using (7.5), we have

p= —3Ha%(¢)? and P = —3Ha ()2 - 20V,
and / / 2
2 = P 3Hp +2aV¢'
S ,OI 37_[(10/

(6.21)

(7.7)

®The background evolution part (the second term inside the square brackets) came from the metric perturba-
tions. In Cosmology II we ignored the metric perturbations in this context, saying that in a suitable gauge (e.g.,
the spatially flat gauge) their effect is negligible during inflation. We will see later (Secs. 7.5 and 9.3) that this
contribution is of 1°* order in slow-roll parameters and (in Sec. 7.7) that, for single-field inflation, to calculate the
primordial power spectrum to 15 order in slow-roll parameters it is enough to use the field perturbation equation

to 0" order in slow-roll parameters.
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7.2 Field perturbation equation

For a single scalar field, we have just one degree of freedom (for each Fourier mode E) For
that degree of freedom, we can take the metric perturbation ®, or the field perturbation in the
spatially flat gauge (). For both approaches we get a second order differential equation, in the
latter case
" / 2 2 8rG a2 N2 /
Qp +2HQp + k Qi +a" Voo Q= 2 [H(‘P) ] Q- (7.8)
If we know the background solution, we can solve the evolution of the field perturbations starting
from initial values Q;: and Q/E specified at some initial time 1 = 7. The field perturbations
then determine all other perturbation quantities.
However, just like in the fluid case, it is useful to introduce the comoving curvature pertur-
bation R. It has a simpler behavior at superhorizon scales, which helps us understand what is
going on.

7.3 Comoving curvature perturbation

The comoving curvature perturbation is defined

R = ¢ = —p—HE, (7.9)
where now, from Eq. (6.15)
5
& = ?‘f, (7.10)
so that we have y 2
Derivating this gives
H Hl SO//
R = -——=(Q++-Q-=Q). 7.12
2o+ he-2a) (7.12)
Comparing to Eq. (6.19) we can write this as
Ha? H
R = - €= ———=5° 7.13
P T T (1
H 2 2 P o
= —=V® = ————V-0. 7.14
4G (p')? SHp+p (7.14)
In Fourier space
g = 20 (E)g (7.15)
E T 3p+p\H ’ '

showing that R; = const. at superhorizon (k < H) scales. During inflation p + p < p; in
Sec. 7.4 we show that 1 +w = (p + p)/p is first order in slow-roll parameters. However, for
cosmologically relevant scales k/#H will typically shrink to something like e =", which is much
smaller.

We can compare Eq. (7.13) to the equation from the first part of the course,

STy L S SEC I VoV L (7.16)

(since now IT = 0).
In the single-field case 6p¢ = 6p©, since dp — dp = 2V, 0¢ and 6p% = 0. Comoving time
slices are the p = const hypersurfaces.
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Total entropy perturbation (we do not use this for anything in these lectures). We have defined
the total entropy perturbation

S = H(‘S{Q—éf) (7.17)
P
= o = &op-3p+p)S], (7.18)

where ¢ = p//p’. In the single-field case S is proportional to dp®, and therefore it is negligible at
superhorizon scales (since §p¢ is), compared to quantities like R and .
In the single-field case

2 -1 6p¢ 2a*V,, 9. O a?V,

S = - 5o° = 29 7.19
32 p+p  3(9)2(3HY +2a2V,)" P 6r Gl 2 (3Hy + 222V, (7.19)
so that )
2 p 2a2V, k
L= = A 7.20
k 9p+p3He' + 202V, (H) k (7.20)

7.4 Slow-Roll Inflation

This subsection is completely about the background solution. We use ordinary cosmic time t,
instead of the conformal time 7, and write

av
V' = @ (7.21)
The exact background equations are
- . / 2 87G 1 .9 1.2
O+3Hp+V =0 and H® = T(gcp +V) = 32 (30°+V), (7.22)
where 1
M = NirTe (7.23)
is the reduced Planck mass.
In the slow-roll approximation we assume that
P <V and |@| < |3H¢|, (7.24)
and replace Eq. (7.22) by the slow-roll equations
!
SHO+V' =0 = VI =—3Hp = ¢=——nu
$+ ¥ ¥ 3H
1 v
H? = ap’ & V= 3M*H? = 3H?= STER (7.25)
and from these
V/
H 'y = —M?>— . (7.26)

Vv

To be consistent, we must now completely forget Eqs. (7.22), and use just Eqs. (7.25) in their
place.

The important thing about the slow-roll approximation is that everything now depends on
¢, through V(p) and its derivatives; we can not specify ¢ and ¢ separately. Derivating the
slow-roll equations, we get (exercise)

(V)2 .
d —
6V an 14 3V 6 V2

%2‘///‘// B %2(‘//)3

H = -

(7.27)
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We define the slow-roll parameters

M2 [V 2 v
655V52<V> nEnvEM27 E=¢& =M

4 V///v/
V2o

(7.28)

(We do not usually write the subscript V.%) Using the slow-roll equations we obtain the following
results (exercise)

H?H = —¢
(H'¢)® = 2M%
H?¢ = H 'g(e—n)
H ¢ = —2en+4¢?
H'Y = 2mn—¢ (7.31)
and
p = (1—1—%5)‘/
p (-1+ 1)V
w = Bm—l—i—%a = l4+w =~ 2
p
2 = Py _2..2 (7.32)
Cs = p ~ 3€ 377' )

During inflation, the slow-roll parameters € and n are typically small, and & even smaller:
typically ¢ is ”second-order small” compared to £ and . When we say that we calculate to a
given order in slow-roll parameters, we refer to € and 7 as being first order, and ¢ as second order.
We see that the time variation of € and 7 is also second-order small in slow-roll parameters.

7.5 Evolution through Horizon Exit
7.5.1 Preliminaries

We want to calculate how field perturbations evolve in slow-roll inflation, starting from when
the perturbations are well inside the horizon, and ending when they are well outside the horizon.
The field perturbation equation is

e Ny k\? 87G d [(a® | _
H QQE+3H 1QE+<@H> Qp = [613H2dt <902> - H QV”] Q- (7.33)

H
In the slow-roll approximation the right hand side is (exercise)

(65 — 3n + 6% — den) Qg (7.34)

5The subscript V is to emphasize that these are the potential slow-roll parameters, defined through V' (), to
distinguish them from the Hamilton-Jacobi slow-roll parameters, defined as

e = 2M? {Z ((;0))} and  ng = 2M> Z l((:’)) , (7.29)

where " denotes derivation with respect to . One can show that

dinH H d din H'
— =——= an =—

dina _ H? "= dna

and we will actually use ex in Sec. 7.7.2. These two kinds of slow-roll parameters are equal to first order in each
other but differ in second order. The subscript V' also serves to distinguish 7y from the conformal time 7, so we
use it when there may be a danger of confusion. If there is no subscript we mean ey, nv, and &y.

(7.30)

EH =
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Here the —37 came from the V" term, and the 6¢ 4+ 6¢2 — 4en from the first term, which came
from the rhs of Eq. (6.5), i.e., the metric perturbation part. Thus we see that in the spatially
flat gauge, metric perturbations affect the field perturbation equation at the first-order level in
slow-roll parameters. If we calculated just to 0" order in slow-roll parameters, we could ignore
the metric perturbations in this gauge.

We calculate to first order in slow-roll parameters, so that the field perturbation equation is

2
H2Q;+3H 'Qp + <a];> Qp = [6c—3nQg, (7.35)

or, in conformal time

Q" +2HQ +kQ = H*(6c —3nv) Q, (7.36)

where we can take € and ny to be constant (since their time variation is of second order in
slow-roll parameters). We use the subscript V' in the slow-roll parameter 7y so as not to confuse
it with the conformal time 7. Defining

u = a@, (7.37)

Eq. (7.36) becomes
u” + <k2 — a> u = H*(6e — 3ny)u. (7.38)

7.5.2 Background

First we need to solve the background problem, i.e., how do a and H evolve. From

al

we find (exercise)
a” 2 H’ H H

Using the slow-roll relations (7.31) we have thus that

and
al/ 9
v H (2 —¢). (7.42)
Integrating (7.41), we get
dH -1 1da
— = (1—¢)dn = = —— = ——. 7.43
Integrating again,
d 1 d 1
2= D% e = — In|n| + const. = aoc(—n)_lls. (7.44)
a l—¢en 1—¢

Note that here 7 is negative; as time goes on 7 — 0 and a — oo (if slow-roll inflation continued
forever).
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7.5.3 Hankel and Bessel functions

The Hankel functions

HW(z) = J,(z) +iN,(z) and  H®(z)=J,(z) —iN,(z), (7.45)

v

where the J, and N, are Bessel and Neumann functions, are solutions of the Bessel equation

a:Qd—z (x) + x%Z(m) + [2* —v*] Z(z) = 0. (7.46)

: 1ix
HY(z) ~ iel [m_(”+2) 2] for x — 00 (7.47)
T
— 1\ v ‘x 3
HV(z) ~ _iu 2y _ 1/26—152”*2“?:{” for x—0. (7.48)
T x T I'(3)

The latter form will be useful for us, since we’ll have v close to %
The solutions of

d? d
2 2.2 2
2 (z) —|—$de($) + [K°2* =] Z(z) = 0 (7.49)
are
HY(kz)  and  HP(kx) (7.50)

and for negative x, the solutions are

HV(—kz) and  HP(—ka). (7.51)

7.5.4 The perturbation equation
Using (7.42), Eq. (7.38) becomes

u’ + [k* —H*(2+ 5 — 3nv)]u = 0, (7.52)

and using
1 14 2¢
1—e2n2 = o

we get, to 15 order in slow-roll parameters,

H? =

(7.53)

1
u” + [kz — ?(2 +9e — 377v)] u = 0. (7.54)
This equation is closely related to the Bessel equation. To see this, write it as

1
u” + [kQ - ?(1/2 — }l)} u = 0. (7.55)

=249 -3ny = v=3/l+de—2npymi+3—nv. (7.56)

Define now a new function s so that

where

w=(—n)"?s. (7.57)
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Eq. (7.55) becomes (exercise)
n*s" 4+ ns' + [k2172 — 1/2} s=0, (7.58)

which we recognize as the Bessel equation (7.49). The solutions are thus

st) = (=m)VPuln) = (=n)"2aQp(n) = CpHM (<kn) + CopHP (<kn),  (7.59)

or
Qp = C'Eaflx/—nHy(—kn) . (7.60)
Early times correspond to x = —kn — oo and late times to x = —kn — 0. Thus we have for

early times

2 1
Qr = C,;\/;a\/ge ki (7.61)

= Cpa 1F\/>2'/ 321 ) —kn)™ (7.62)

where we dropped the constant phase factors exp[—i(v+1/2)7/2] (early) and exp(—in/2) (late),
since they do not matter in what follows. (One phase factor can be included in the constant Cy,
but since this constant is supposed to be the same in both limits, there is in reality an extra
phase difference exp[i(v — 1/2)7/2] between the late and early times, which we did not bother
to write in. At early times the phase is rotating rapidly, anyway.) From (7.56),

and at late times

v=3+3—n. (7.63)
From (7.44),
a—l x (_n)l/(l—a) ~ (_77)1+£ = a—l /7_77 x (_n)3/2+a (7.64)
so we have at late times
Qp o (=) = (o (7.65)

i.e., Q becomes almost constant; that is, it becomes constant to 0*" order in slow-roll parame-
ters.
7.6 Generation of Scalar Perturbations

Subhorizon scales during inflation are microscopic’ and therefore quantum effects are important.
Thus we should study the behavior of scalar fields using quantum field theory. Consider first
the quantum field theory of a scalar field in Minkowski space.

7.6.1 Vacuum fluctuations in Minkowski space

The field equation for a massive free (i.e. V(p) = 3m?¢?) real scalar field in Minkowski space is
¢ —Vip+mip=0, (7.66)

or
¢z + Erpp =0, (7.67)

"We later give an upper limit to the inflation energy scale, i.e., V at the time cosmological scales exited the
horizon, V1/* < 6.8 x 10'® GeV. From H? = V/3M? we have H < 1.0 x 10'* GeV or for the Hubble length
H7'>1.9x%x1073 m. This is a lower limit to the horizon size, but it is not expected to be very many orders of
magnitude larger.
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where E? = k? + m?, for Fourier components. We recognize (7.67) as the equation for a har-
monic oscillator. Thus each Fourier component of the field behaves as an independent harmonic
oscillator. For convenience, we consider the system enclosed in a finite cubic box with volume
V = L? (not to be confused with the field potential), allowing us to do Fourier sums over a
discrete set of wave numbers (momenta) k, instead of Fourier integrals.

In the quantum mechanical treatment of the harmonic oscillator one introduces the creation
and annihilation operators, which raise and lower the energy state of the system. We can do
the same here.

Now we have a different pair of creation and annihilation operators &;%, aj for each Fourier

mode k. We denote the ground state of the system by |0), and call it the vacuum. Particles are
quanta of the oscillations of the field. The vacuum is a state with no particles. Operating on
the vacuum with the creation operator di, we add one quantum with momentum k and energy
E} to the system, i.e., we create one particle. We denote this state with one particle, whose

momentum is & by |1 i)- Thus
atjo) =[1z). (7.68)

This particle has a well-defined momentum E, and therefore it is completely unlocalized (Heisen-
berg’s uncertainty principle). The annihilation operator acting on the vacuum gives zero, i.e.,
not the vacuum state but the zero element of Hilbert space (the space of all quantum states),

6z]0) = 0. (7.69)

We denote the Hermitian conjugate of the vacuum state by (0|. Thus

(Olaz =1z and  (0lal =0. (7.70)
The commutation relations of the creation and annihilation operators are
[l al.] =g, ap] =0, lag.al,) = o (7.71)

When going from classical physics to quantum physics, classical observables are replaced by
operators. One can then calculate expectation values for these observables using the operators.
Here the classical observable

o(t,3) = pp(t)et? (7.72)

is replaced by the field operator

p(t,7) = pp(t)e™ ™ (7.73)
where®
Pr(t) = wi(t)ag + wi(t)al (7.74)
and 1
wy(t) = VY2 e Bt (7.75)

V2E}

is the mode function, a normalized solution of the field equation (7.67). We are using the Heisen-
berg picture, i.e. we have time-dependent operators; the quantum states are time-independent.

Classically the ground state would be one where ¢ = const = 0, but we know from the
quantum mechanics of a harmonic oscillator, that there are oscillations even in the ground

8We skip the detailed derivation of the field operator, which belongs to a course of quantum field theory.
See e.g. Peskin & Schroeder, section 2.3 (note different normalizations of operators and states, related to doing
Fourier integrals rather than sums and convenience in relation to Lorentz invariance). Our discussion here is
rather incomplete, since we do not derive the normalization of the mode function, which is actually the most
important part of the result (7.79).
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state. Likewise, there are fluctuations of the scalar field, vacuum fluctuations, even in the
vacuum state.

We shall now calculate the power spectrum of these vacuum fluctuations. The power spectrum
is defined as the expectation value

k3
Po(k) = Vo5 {erl”) (7.76)

and it gives the variance of p(¥) as

or [ dk
wlar) = [ EPen). (777

For the vacuum state |0) the expectation value of |pz|? is

<0|¢);;¢)g|0> =
aj;|o> + wi(0laga_g|0) + (wp)*(0la’ aljo) + [wil*(0la’ .a_gl0)
i) = lwl (7.78)

since all but the first term give 0, and our states are normalized so that (1;|1,) = 0z, From
Eq. (7.75) we have that |wy|?> = 1/(2V E}). Our main result is that

k3
Po(k) = Vf|wk\2 (7.79)

for vacuum fluctuations, which we shall now apply to inflation, where the mode functions wy(t)
are different.

7.6.2 Vacuum fluctuations during inflation

During inflation the field equation (for inflaton perturbations) is, Eq. (7.33). There are oscilla-
tions only in the perturbation @; the background ¢ is homogeneous and evolving slowly in time.
For the particle point of view, the background solution represents the vacuum,? i.e., particles
are quanta of oscillations around that value.

We found that the two independent solutions for Q;(n) are

wi(n) = Cpa™'y/=nH (~kn) (7.80)

and its complex conjugate wj (), where the time dependence is in a = a(n) o (=)~ 1/ (=ev),
When the scale k is well inside the horizon, k > H ~ 1/(—n),

2 1
wy(n) ~ CE\/;m/Ee kn (7.81)

oscillates rapidly compared to the Hubble time. If we consider distance and time scales much
smaller than the Hubble scale, we can ignore the expansion of the universe, and write n = t/a.
Things should then behave like in Minkowski space and we can equate the above solution with
the Minkowski mode function,

2 1 1 ;
Cﬂ\/i o ikt/a L)3/2 __— ikt 7.82
v C I, (752

9This is not the vacuum state in the sense of being the ground state of the system. The true ground state has
¢ at the minimum of the potential. However there are no particles related to the background evolution ¢(t).
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(we write a®V = (aL)? for the reference volume, so that V represents the comoving volume).
From this we identify Ej = k/a (there is no mass here since were are in the large k limit) and

_ T
C, =1L 3/2\/1, (7.83)

so that the correctly normalized mode function during inflation is

wiln) = L_3/2\/ja_1\/—77Hu(—k77), (7.84)

which we can now apply at all times during slow-roll inflation.
The field operator for the scalar field perturbations during inflation is

Qr(n) = wi(n)ag +wi(m)a' ., (7.85)
and the power spectrum of the scalar field fluctuations is
i3
Po(k) = L32—7T2|wk|2 : (7.86)
Well before horizon Aexit, k > H, observed during timescales much less than the Hubble
time, the field operator Q;(n) becomes the Minkowski space field operator and we have standard

vacuum fluctuations in ¢.
Well after horizon exit, the mode function becomes almost constant in time,

1 v)l
whln) = LR S ) o (), (7.87)

(use a o (—n) and v = 3 + 3¢ —ny) the fluctuations “freeze”. They are now at large scales,
and can be treated classically. The power spectrum of ) fluctuations becomes

—1—¢

223 | D(v)

Palhh) = ny [r@)
265—277V
CRE

] (—an) "> (—kn)*~? (7.88)

L2 +3—ny) 2 _ Y —6e
2 /@) ] (—an)~2(—kn)* =%

We see that the scale dependence of the power spectrum is

Po o k70 = k" = ng = 2y —6e. (7.89)

Even at late times, this power spectrum has a weak time dependence oc (—7)?"V~4¢ and
more importantly, our approximation that the slow-roll parameters stay constant will only hold
for a number of e-foldings < 1/(slow-roll params). Thus we want to switch to other variables

after horizon exit.

7.7 The Primordial Power Spectrum

We learned in Sec. 7.3 that the comoving curvature perturbation stays constant at superhorizon
scales, and that

r = g, (7.90)
®Y
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from which follows )
H
Prirk) = (5 ) Potnb). (1)
Thus we have at late times (when k < H)
2
22=3 | (1) H \?

Pr(n, k) = ) (—kn)3 7.92
Rk = 25 [F(g) (corz) () (7.92)

The scale dependence is k372" and the time dependence is given by

(H)2 (). (7.93)

a

Exercise: Show that this is indeed constant in time in the slow-roll approximation (calculate
to 15 order in slow-roll parameters).

Since the factor (7.93) stays constant, we can choose to evaluate it for each k at the time
when the scale k exits the horizon, when k = aH, although Eq. (7.92) does not give the power
spectrum yet at that time (it still has the full Hankel function then, not the late time limit),
only later.

From (7.43),
-1
H=aH = ——— 7.94
= (7:94)
we have
1 k
and —kp = —— (7.95)

= i o
so that (7.92) becomes

riun - [ (@G e
’ I'(3) 2 @ aH ’ '

2

which we now evaluate for each k at the time of its horizon exit, kK = aH = H to arrive at the

final result
2
_ o3 [ T(¥) \2v—1 E 2 E 2
e = [ (B a-o () ()] | o

This is the primordial perturbation spectrum. Expression (7.97) has now explicitly no time
dependence, since by definition, it is to be evaluated for each scale at the time of horizon exit
(k = aH). Independent of the slow-roll approximation, P (k) stays constant in time for as long
as the scales k in question are well outside the horizon. (Note that it does not hold yet at the
time of horizon exit of the given scale.)

We can now assume that Eq. (7.97) has been derived separately at each different k, so that
for each k the slow-roll parameters were approximated to be constant at that value they had
when k = aH. Thus Eq. (7.97) is valid for all scales for which the slow-roll approximation was
valid around horizon exit, even though the slow-roll parameters may have changed significantly
while this whole range of scales exited.

To 15 order in slow-roll parameters (see Sec. 7.7.1), Eq. (7.97) has the same scale dependence

as (7.88), T
n'Pr

dlnk

but we can now actually calculate the scale dependence to 2™ order in slow-roll parameters (see
Sec. 7.7.2).

ng = = 3—2v = 21— 6¢, (7.98)
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7.7.1 Spectral index to first order in slow roll

In Cosmology II we did the preceding calculation for the evolution of perturbations through the
horizon to O** order in slow-roll, i.e., setting v = % in Eq. (7.55), and got the result

- ()], -t e

To calculate the spectral index®
dInPgr

s = —ps (7.100)
we first note that )
dlnk dln(aH) & H
dt dt ot eH, (7.101)
where we used H = —H? (in the slow-roll approximation) in the last step. Thus
d 1 1d 1 ¢ d M? V' d
= ——=— = e _ 2 (7.102)
dlnk 1—eHdt 1—eHdyp 1—eVdp
1d V' d
N o = —M2P—— . 7.103
Hdt V dp ( )
and
dnPr 1 dPr _ € d Vy _ 1 dv 1 de (7.104)
dlnk  Prdlnk  Vdlmk\e/)  Vdlnk edlnk ’
Vidv o1
~ 2 -1. _ _
~ —-M Vidp € = —2e—(—2n+4e) = —6e+2n.  (7.105)

7.7.2 Spectral index to second order in slow roll

If the 0" order power spectrum was enough to calculate its spectral index to 1% order, then
the 15t order spectrum (7.97) should be enough to calculate the spectral index to 2°¢ order in
slow-roll parameters.'! From (7.97),

2
dInPg d o3 [ T(v) o1 d H\? (H\?
- In |2 1 m| () (2Y . (1
dink  dnk " (r(g) =™ e\ ) (5 (7.106)

In the first term we must account for the change of v and € as different scales k exit. In the
calculation we need to derivate the I' function. The digamma function is defined

_ dInT(z)
vl =
and we will need the numerical value w(%) = w(%) +2 = —y —2In2 + 2, where v =
0.577215664 901 ... is the Euler-Mascheroni constant. Calculation gives (exercise)
d rev)\
S |23 () (-9~ (2—1n2— ) (—16en + 242 + 2¢) + den — 8&”
T <F(g)> (1—¢) (2 —1n2 — ) (—16en + 24e* + 2¢) + 4en — 8¢~

(7.107)

1071 the literature, especially when discussing observational results, it is common to define the spectral index
of scalar perturbations as ns = 1 + dInP/dInk, for historical reasons. So take care when comparing different
sources.

1This is because the spectral index is a derivative with respect to scale and because of the connection with
horizon exit this is essentially a derivative with respect to time, and as we saw in Eq. (7.31) during slow roll these
derivatives are typically one order higher in slow-roll parameters.
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where 2 — In2 — v = 0.729637.

For the second term, the calculation of Sec. 7.7.1 is not enough, since we want to calculate
it now to second order in slow-roll parameters. In particular, we need a higher order result for
H~'¢, since although Eq. (7.31d) that we used was 2"¢ order, it was used as (1/¢)H !¢, which
is 15 order.

How do we calculate to higher order in slow-roll? The slow-roll equations of Sec. 7.4, which
we may call first-order slow-roll equations are not enough. Go back to the exact background
equations (7.22),

G+3Hp+V' =0 and H? =

1.2
sz 29 V) (7.108)
To get the first-order slow-roll equations, we dropped the terms ¢ and %gbz. To get second-order
slow-roll equations, we do not drop these terms, but we replace them by their first-order slow-roll
approximations from Eq. (7.31),

$ ~ Hp(e—n) and 3¢~ M?H% (7.109)
to arrive at the 2" order slow-roll equations
Vl
3+e—-n)Hp+V' =0 = Hp = —0——— 7.110
(3+c—mHp+ b= g7 (7.110)
H = (M’H?:+V) = H* = S
3M? (3—e)M?2’
from which we can derive various second-order slow-roll results (exercise):
_ H 4.2 2
EH:_ﬁ R oe—3e" +3En
3—¢)?
H1p)? = 2M2(75 ~ 2M? 1—754— ~ 2M%e
( 90) (3 Te— 77)2 ( 377) H
H ' ~ 4¢? 2577— 83 4+ 577 7]2
H 'y = (1—55—1—377)[—[ 6+*6H il
€ (45 —2n — 43052 + 36 en —2n% — %5) (7.111)
We can now attack the second term in Eq. (7.106):
2 2 2 H
G R R I A7) _ 2 a1 den (7.112)
dink 27 %) dlnk Hdlnk epgdlnk
Here _ )
dlnk dln(aH) a H H
= = —4+—=— =H|1+=| = H(1- 7.113
dt dt o H < +H2> (e (7:113)

so that (7.112) becomes (exercise)

28H 1
1—6H €H(1—€H)

H 'y =~ (—2c+2 6 —*677) (4e — 2n — 4e% + 1 577 17 —%g)
= G+ 2+ e —6en+ 7 + 3€. (7.114)
Adding (7.107)4(7.114) we finally get

ne = —6c+2n— e —2en+ Zn* + 264 (2 - In2 — 7)(24e® — 16en + 2¢).. (7.115)
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According to the Planck 2018 results (assuming adiabatic scalar perturbations and negligible tensor
perturbations), the observed value for the spectral index is [13]

ns+1 = 0.965+0.004 = ng; = —0.035+=0.004. (7.116)

We expect this to be dominated by the first-order contribution, and the order of magnitude of the second-
order contribution would be expected to be the square of the first-order contribution, i.e., O(1073). The
exact numbers and the relations between the slow-roll parameters depend on the inflation model. For
example, if we suppose for simplicity that n = ¢ = 0, so that ny, = —6c — &% + (2 — In2 — 7)24e? =
—6¢e + 14.178¢2, the value n, = —0.035 would correspond to £ = 0.005916, so that the 15* and 2" order
terms would be ny = —0.035496 + 0.000496. In this case the second order contribution is clearly beyond
the reach of Planck. On the other hand, in some inflation models there may be significant cancellation
between the first order contributions —6e and +2n, so that the slow-roll parameters would be larger and
the second-order contribution could be more significant.

8 Curvature Perturbation

In the case of N scalar fields, the curvature perturbation is

R = —¢° = —p—HE, (8.1)
where, from Eq. (6.15)
o 2eder  Fldp
D 5 AL (52)
so that we have
> @10pr > Q1 H )
> ()2 > () TR
H H L, =

The derivation of the time evolution R’ is not as simple as in the single-field case ... '2

9 Slow-Roll Inflation

The exact background equations for many-field inflation, (4.11), are

Gr+3Hor = =Vp
81G IrG )
m o= 89, O Sy
Ji

We assume that |@¢7| < [3H¢r| and Y ;(¢1)* < V; and make the slow-roll approximation,
where (4.11) are replaced with the slow-roll equations

1%
3Hp +Vi=0 = Vi=-3Hp, = ¢1:—3—é (9.1)
for all fields ¢y, and
H = - v o vosMH? = 3HP= - (9.2)
3M? M2 '

12We give it, Eq. (10.49), for the case N = 2 in Sec. 10.5.
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From these v
H'¢r = Hole) = —MP7, (93)
or, written in vector form
. M?
H'¢ = H'F = -5V (9.4)

That is, in the slow-roll solution, the background field evolves down along the gradient of the
potential.
Derivating the slow-roll equations, we get (exercise)

. S VA VvV .-VV
H = _ - _ " 9.5
6V 6V (9:5)
and ) 2y 52
M VigVy M
Gr = 7M_7L2J’ (9.6)
3 V 6 %
in vector form,
M?VVV -VV  M?(VV)?
= - = — vV. 9.7
3 V 6 V2 (9.7)
In (9.6), the second term is parallel to gf)', but the first term may not be.
9.1 Slow-Roll Parameters
We define the slow-roll parameters
M2 ViV o Vig
= — = M*— .
€1J 5 V2 Ny % (9.8)
and 2 (g2
M- (VV
e =tr [5[J] = 2511 = 7 V2 . (99)
Note that the matrices €757 and 77y are symmetric.
Using the slow-roll equations we obtain the following results (exercise)
H?H = —¢ (9.10)
and
(H71¢1)2 = 2M?%eq; (no sum)
H?gp = eH 'or—Y msH "¢,
J
H™'¢ry; = deery— Y (e1xnik + Mikeik)
K
H_lé = 462 —226[}(771[( (9.11)
IK

(compare to (7.31)).

During inflation, the slow-roll parameters £;; and ny; are typically small and their time
variation is second-order small (in slow-roll parameters). We shall define the £ parameters only
after we have performed a rotation in field space into adiabatic and entropy field perturbations,
end therefore we do not give 7 equations before (10.68).
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9.2 Background Expansion Law

Because the equation (9.10) is the same as in single-field inflation, we obtain the same (see
(7.41)—(7.44)) expansion law (but note that now ¢ is from (9.9)).

H -1 ~1/(-2)

and
a/l
— = H2(2—¢). (9.13)
(These are valid for as long as e can be approximated as constant.)
9.3 Evolution of Perturbations
From Eq. (6.20), the perturbation equation is
—2 1 —1, 2% -2 8rG a2/// 2
H Q[+2H Q[+ ﬂ QI = H Z 7 ﬂ@ﬂp‘] —Qa V[J QJ, (914)
J

or

126, + 3010, + (£ @ = g2y [5G d (@ N
I+ QI+ aH QI o Z CL3 dt HQDIQOJ VIJ QJ~ (915)
J

Using the slow-roll equations, the rhs is (exercise)

[651J — By +6egrs — Y (2erxmiK + QWIKEJK)] Qs =~ (6e17—3n1s) Qy (9.16)
K

(compare to (7.34); we again calculate to 15 order in slow-roll parameters).
Defining

ury = CLQ[ N (917)
Eq. (9.14) becomes (compare to (7.38))
"
" k2 o a’i — 2 - . 1
ur + < o uy H zJ:(Gaﬁj 377[J)UJ (9 8)

Using (9.13), this becomes

u/]/+k2uI = 7‘[2(2—5)UI+H2Z(6€]]—377[J)UJ = H? [(2—8)(51]+(GE[J_BTZIJ)]UJ.

J
(9.19)
Using
1 I+ 2e
H2 = ~ (9.20)
(1 —¢)*(=n)? Uk
our slow-roll perturbation evolution equation becomes (compare to (7.54))
” 5 2 3 3

ur+ | k —? uy = ?(55[J+25[J—77[J)UJ = ?M[J’UJJ. (9.21)

We work in the approximation where the slow-roll parameters, i.e., the matrix My, are
assumed constant, which will be valid only for a limited time; our aim is to calculate what
happens around horizon exit.
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The off-diagonal components of the matrix My couple the evolution of the different field
perturbations u;. However, we can perform a rotation in field space to diagonalize M, since it
is real and symmetric, to arrive at independently evolving field perturbations v ;. Let us call the
rotation matrix Uy, so that

ur = Y Upvy  and  UTMU = diag(M,...,\n) , (9.22)

where the \; are the eigenvalues of the matrix M. They are 15 order in slow-roll parameters.
Since U is a rotation matrix,

U'U =1 or > UnUk =0k (9.23)
I

Eq. (9.21) becomes

2 3
U//+<k2_>’l)] = —A\Jjug
J 72 72
1
= ]+ [/&—2(1/?,—}1)] vy = 0, (9.24)

vy = (/543N & S+, (9.25)

This is the same equation as (7.55), so we have already solved it. The mode functions are

3

where

win) = L3/2\/Za1\/—77ﬂw(—kn)

_ _appl(vy)1 1 1
— LT32uu32 D ()TN 9.26
Our approximation that slow-roll parameters stay constant will only hold for a number of
e-foldings < 1/(slow-roll parameters). Thus we want to switch to other variables after horizon
exit. One of these will be the comoving curvature perturbation R. From (8.3), (9.12), and (9.4),
H = 1 ~ 1 ~
R = 4G5 Q ~ — HIG - Q =~ —VV-Q. 9.27
T —2? @ 2M?%e 7l 2eV @ (9.27)
Thus R is given by the perturbation component that is in the direction of the background field
evolution @', which is, in the slow-roll approximation, in the direction of the potential gradient.
This is, in general, not in the direction of any of the eigenvectors of the matrix M, so we need
to perform another rotation in field space.
We rotate from the original field space coordinate basis, where

Q1
) Qs
Q = : (9.28)
QN
to a new basis for the field perturbations, so that
QJ Ql
. Qsl QQ
Q = : = = : (9.29)

Qs(N-1) QN
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where
g’

5]
is the component in direction of the background field evolution. The rotation matrix S will,
in general, be a function of time, since ¢’ may change direction along the background trajec-
tory (the background trajectory in field space may be curved.) We call @, the adiabatic field
perturbation, and the N — 1 orthogonal perturbations Q45 entropy field perturbations.

Since the rotation matrix is not constant over the field space, we do not rotate the values of

the background fields, but we rotate their time derivatives, defining ¢ and $; by

&y

Q, = (9.30)

o o1

51 D2
= st . . (9.31)

SN-1 PN

That is, the rotation S is not a global rotation of coordinates of the field space, but a local
rotation of the vector basis for the field perturbation and time derivative vectors. Note that
$1 = 0 by definition (that was the purpose of the rotation). See Sec. 10 for how ¢ and s can be
defined as coordinates in the field space.
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i

Figure 3: Left: Background trajectory in two-field inflation. Note: In the text we call the two fields
and 9, but in these figures they are denoted ¢ and x. Right: The o, s coordinate system. (These two
graphs correspond to opposite directions of the trajectory.)

10 Two Fields

10.1 Adiabatic and Entropy Field Coordinates

Consider now the case of two fields, ¢ = (41, 2). The direction of the background solution is
given by @. Its direction angle 6 is given by
tanf = 22 . (10.1)

¥1

We now define o, called the adiabatic field coordinate, as the integrated path length along the
trajectory (= background solution) from some arbitrary starting point (only changes in o matter),
and s, called the entropy field coordinate, as the orthogonal distance from the trajectory. See
Fig. 3. Thus for the background solution

s=5=5§=0 (10.2)

by definition.

This defines a coordinate system o,s in field space, specific to a particular background
solution. If the trajectory is curved, this is a curved coordinate system, and is valid only in
the vicinity of the trajectory, since further out the s coordinate lines cross. We shall use this
coordinate system on the trajectory only, and do not introduce the full machinery of curved
coordinate systems; but it is important to keep this in mind to avoid mistakes.

Consider now the background solution ¢1 = @1(t), p2 = @2(t) in terms of the new variables
o, s, 8. The new coordinates o, s are given by a rotation by 6 from the old coordinates ¢1, @2,

so that
<('.’>:<C°.89 Sine)(?bl):ST(‘?l), (10.3)
$ —sinf cos6 P H2
where ) "
s=( o ot ) (10.9
Thus

o= p1c080 + posind. (10.5)

The inverse rotation is

(2)=s(2) = (50 () 0y
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Figure 4: Left: ¢. Right: The 1,02 (¢,x) basis and the o,s basis.

Since § = 0, we have

pr=2ccosf and ¢ =0dsinf = 52=@i4 3 (10.7)
and (same as (10.1))
p1sinf = Py cosb. (10.8)
The second derivatives are
p1 =6 cosb — 50 sin 0 and Pg = Fsinf + 76 cos b . (10.9)

The potential V (1, ¢2) exists everywhere in the (o1, p2) field space. We can express its
gradient either in the (1,9 basis or in the o,s basis (see Fig. 4.) We have

Vo _ o (VA B cosf sinf 1%

< Vs ) =7 < Va ) B ( —sinf cosf ) < Va ) (10.10)
Vi _ Vo _ [ cosf —sinf 78

( Va ) B S( Vs ) B ( sind cos@ ) < g > - (10.11)

The time derivative of V' along the trajectory is

and

V =Vig1 + Vaga = V6. (10.12)

We can similarly rotate the second derivatives V7 ;:

Vip]=ST[Vis]S  or  Vip=SKSE Vi (10.13)
or
Voo Vs _ cosf) sinf Vit Vig cosf) —sinf (10.14)
Ves Vs B —ginf cosé Vis Voo sinf  cosf ’
giving
Voo = cos?0Viy + 2cossinOVig + sin? 0Vas (10.15)
Vs = sin?0Vy — 2cos0sin 0Vig + cos® 0Vasy
Vo = —sinfcosfVig + (cos2 0 — sin? 0)Vig + cosOsin Vs, .
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We take these equations as the definitions of V., Vis, and V,s. Since they were obtained
by rotation, this means that they are not partial derivatives, but instead they are covariant
derivatives in the o,s coordinates.

Likewise, third derivatives are rotated by

Vg = S%/S%/SZ\;(/VLMN , (10.16)

giving (exercise)

Vooo = cos®OViiy + 3cos® OsinfOVi1o + 3 cosfsin® OViay + sin® Va0

Voos = —cos?0sin@Vii; + (cos®§ — 2cosOsin? 6)Viys + (2cos? fsin f — sin® ) Vi + sin® 0 cos HVaoy
Vyss = cosB@sin®OViyy + (—2cos? Osinf + sin® 0) V19 + (cos®  — 2sin? 0 cos 6) Vigg + sin 6 cos? Va0
Viss = —sin®0Vi11 + 3sin? 0 cos OVi12 — 3sin 0 cos® Vigs + cos® OVago (10.17)

Derivating Eq. (10.5) again,

G = @rcosl — p10sinf + Gosin + pafcosd = Gy cosl + Gosind, (10.18)

where we used Eq. (10.8).

10.2 Exact Background Solution
Multiplying the ¢ background field equations

$1+3Hp +Vi = 0 (10.19)
Go+3Hpa+Vo = 0, (10.20)

with cos@ and sin# and using (10.9) and (10.18) we get the background field equation for the
adiabatic field coordinate:
G+3H6+V,=0. (10.21)

Multiplying with —sin € and cos  we get (exercise)

VS:—Qd or 19.:—&.
o

(10.22)
The corresponding equation for the background entropy field coordinate was trivial, § = 0.
Instead, the role of the other dynamical quantity for the background is taken by 6. Derivating
Eq. (10.22a) we get the 6 equation. Here one has to be careful with using the o,s basis, since it
is changing along the trajectory. Thus VS % Vss§ 4+ Vos6 = Vyso. To avoid working in a curved
coordinate system, one can go back to the original Cartesian ¢1,p9 basis for the calculation:
write Vs = —Vpsin @ + V5 cos 6, derivate this, and pick the o, s quantities from the result. This
gives (exercise)

"/s = Vasd - évo— (1023)
and we can now derivate (10.22) using (10.23) and (10.21) to get (exercise)

6 —3HO+ Vs — 2&0’ =0. (10.24)
g

If the background trajectory is straight (6 = 0), then V; = Vs = 0 along the trajectory.
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Figure 5: The field perturbation §& divided into the do and §s components.

10.3 Perturbations

(Note that in Secs. 10.3-10.5 we work with the exact background equations, not the slow-roll
equations. )

The field perturbations are rotated likewise into the adiabatic field perturbation do and the
entropy field perturbation s (see Fig. 5). Thus

4 _ or [ 01 _ cosf sind 5oy
( 0s > = (5@2 > N ( —sinf cosf ) ( 5pq (10.25)

ooy . cosf) —sind oo
( 0Py > B < sind cosf ) ( ds ) : (10.26)

The perturbation in the potential is

and

0V = Vidp, + Vadpy = Vydo + Vids. (10.27)

Since the rotation angle 6 changes with time, we do not get the time derivatives do, b0, ds,
and s by rotating dp; and d¢;. Instead, we must derivate (10.25), giving

b0 = cosf(8py + 08py) + sinf(Jpy — 00;)

os = —sinf(0g; + 05py) + cos O(5py — 05p,)

b0 = cos0dp, — 20sinO5p, — (0 sin 0 + 62 cos 0) 0y
+ sin 08y + 20 cos 05, + (0 cos ) — 0% sin 0) dipy

os = —sinfdp, — 20 cos o, — (9 cos § — 62 sin (9) 0y

+ cos B8y — 20sin 05y — (0 sin @ + 62 cos 0) dpy - (10.28)
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Or, derivating (10.26) one gets 6p;,0¢1,009,0¢, in terms of éo, do, ds, and ds,
bp, = cosB(do —05s) —sinf(ds + Hd0)
dpy = sinf(do — 03s) + cosf(ds + 050)
Sp, = cosfbo —20sinhéo — (9 sin 0 + 62 cos 9) oo
—sinfds — 20 cos 05s — (9 cos § — 62 sin 0) 0s
dpy = sinfdo + 20 cosfio + (9 cosf — 6% sin 9) oo
+cos s — 20 sin B0s — (ésinﬁ + 62 cos 9) 0s. (10.29)

Actually, it is not necessary to derivate (10.26); one gets (10.29) simply by changing the sign of
6 in (10.28), since these correspond to opposite rotations. One can write (10.29) as

5o, _ cosf) —sinf 6o — 06s

5y o sinf cos# 0s + 600

0, _ cosf) —sinf b0 — 0260 — 2005 — 655 (10.30)

5y B sinf  cosf ds — 0205 + 2060 + 060 )’ '
from which one can identify the ¢ and s components of 520 and 5:0.

Multiplying by the background ¢; and @2 we get
G100 + padpy = (60 —00s) = G0 + Vids. (10.31)

The perturbation in the potential is

OV = Vidp, + Vadpy = Vydo + Vids. (10.32)

The field perturbation equation (5.8) written in vector form and using ordinary time is
A S 1 - - . . 1
Sp +3Hbp — —Visp+ VyV,V 60 = =2V ,VA+ G(A+3D +-V:B), (10.33)
a a

where V, denotes gradient in coordinate space and V,, gradient in field space (components of
V,V, V are Viy). Picking the o and s components of this vector equation (use 10.30) and using
background relations, one finds (exercise) the field equations for the adiabatic and entropy field
perturbations

5o + 3Ho + (—EW + Voo — 92> o = —2V,A+¢ (A +3D+ 1V2B> 12l (d65) - 2775
a a dt 1
§s + 3HSs + (—;VQ 4 Vg — 9’2> 5s = —2f [(3(5}7 —GA) - &50} . (10.34)
ag

We note that, if the background trajectory is straight (0 = 0), the adiabatic and entropy
perturbations decouple and the do equation is then exactly the earlier single-field equation. So
is the ds equation, except that, since § = 0 and V; = —06 = 0 (we must lie at the bottom
of the potential in the s direction for there to be know sideways force, which would curve the
trajectory), the rhs, which contains the effect of the metric perturbations, disappears. We also
get, when 6 = 0, that only do contributes to dp, Oop, 6q, and thus to Einstein equations and the
metric perturbations. And, as we just saw, ds does not then care about the metric perturbations.
Thus, indeed, do and ds are then completely decoupled; and o, do behave exactly as the single-
field case (to 1% order in perturbation theory).
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What are the new features brought by a curved trajectory? On the lhs we note “angular
momentum” terms —02d0 and —#28s. The rhs now couple ds and do to each other, so that
as the trajectory curves, an adiabatic field perturbation can be converted (partially) into an
entropy field perturbation and vice versa. The rhs of the Js equation is proportional to the
single-field total entropy perturbation, which is proportional to 6p€ (see (7.19) and (10.41)).

10.4 Field Equations for the Adiabatic and Entropy Field Perturbations in
the Spatially Flat Gauge

Redo now Sec. 6 to eliminate the metric perturbations from the field perturbation equations.
The energy density, pressure, and “momentum” (define here g, which appears in 7))
perturbations are

5p = ¢10p, + ¢adpy — (P2 + ¢DA+ 6V = (60 — 06s) — 62A+ 6V
op = 1091 + Padpy — (97 + A~V = (50 — 05s) — A — 5V
0g = 109 + P20py = dio . (10.35)

The last equation we see directly using vector notation, éq = gé’ . 5_4:0 = ¢do. This does not work

the same for - 5_<'p, since do and ds are not the (o, s)-base components of 5:0, due to 0 # 0.
We can now write the Einstein equations for the perturbations. We shall need the second
Einstein equation

Y+ HA = 4nGadq = 4nGodo . (10.36)

We are so far working in general (arbitrary) gauge. The first Einstein equation we shall not
need in general gauge, but later we shall use its gauge-invariant form

V20 = 47Ga®6p° (10.37)

where we already used ¥ = ®, which holds for scalar field sources.

We can give the gauge transformations either in terms of the ordinary time coordinate,
t=1t+ 58&)7 or the conformal time coordinate, 7 = n + 587). These coordinate shifts are related
by {?t) = af?n). Below my £° is 58&)'

The comoving density perturbation is

6p¢ = 6p— p€, (10.38)
where . ) )
¢ = WS:Z% i gg&p? - U(.f; = %U (10.39)
and p
p= 2GR+ +V) = b1+ ¢efa+V = 56+ V40, (10.40)
so that
op¢ = 666 — 560 — 62 A +2V.0s. (10.41)
Scalar fields gauge transform as
58}’1 = dp — Sblfo
Spy = Oy — (o€, (10.42)

from which we get

b0 = do—c€°
bs = 0s— 30 = §s, (10.43)
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i.e., 0s is gauge invariant.
In the spatially flat gauge the do evolution equation becomes (exercise) (Hint: Equations
H = —41Gé2, V, = —6 — 3H¢, and V, = —05 may be useful.)

o

: : 1, o 8tGd [(d® d . V, HY .
(10.44)
The 0s equation can be written as (exercise)

s+ 3Hds + (—;W + Vis + 392> §s = —gifv%p, (10.45)

which is fully gauge invariant. The source term on its right-hand side is small for superhorizon
scales. The effective mass p5 of the entropy field is given by u? = Vis + 362,
From (10.37) etc.,

V20 = 4rGa? : (10.46)

: H
goog + <—5 + Hd) dog +2Vyos

so that in the spatially flat gauge (10.45) can be written (check this!)
. . 1_, o B d . V., HY .
d0s+3Hds+ <—a2V + Vis — 0 ) ds = —th(%aQH-Q ( 5 + H) 060q+2Vys00¢g . (10.47)

From hereon we work in the spatially flat gauge and drop the gauge label Q.

We see that for a straight trajectory 6 = 0, the do equation is just the equation for the
single-field case (7.33), but for a curved trajectory, the entropy perturbation ds acts as a source
term. The rhs in (10.45) is small for superhorizon scales. This means that if there is no initial ds
at superhorizon scales, no (significant) ds is generated while the scales are superhorizon. Thus
adiabatic perturbations remain adiabatic at superhorizon scales.

10.5 Curvature and Entropy Perturbations

The comoving curvature perturbation is, from (8.3),

_ 0oLt gelpy o (10.48)

R = .
@1 + 3 &

We obtain for it (exercise) an evolution equation

: H1 0
R = ——V?®—2H_4s. (10.49)
Ha o

Thus R stays constant at superhorizon scales, if there are no entropy field perturbations, but
ds acts as a source term.

We define an analogous entropy perturbation
1
s = g2, (10.50)
G

Thus, for superhorizon scales, . .
R = =208 (k< H). (10.51)
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10.6 Slow-Roll Approximation

From Sec. 9 we have that

v
H? = e (10.52)
and v
H 'y, = —M2VI, (10.53)
Rotating gives
= —Mz% (10.54)
—1. _ QE .
H's = M3 =0 (10.55)
SO
V,=0. (10.56)

on the slow-roll trajectory. This is just the statement that the trajectory is always in the
direction of VV so that there is no sideways component to VV. (One might now conclude,
from Eq. (10.22), that 6 = 0, but this would be a mistake—we must now use consistently the
slow-roll equations, and not mix them with the exact equations. See below for the slow-roll
equation for 9)

This means that
M? (VV)2 B M? Vf

= = — =—_9 10.57
E=¢€11 t€22 5 V2 5 V2 ( )
and we do not need to define ¢,4, €55 Or a separate £,,. Instead we have the relations
e11 = ecos’f
€99 = € sin® 0
€12 = ecosfsinf. (10.58)
But we do define
V. V. V.
Noo = M2% Nes = M? ‘;S Nes = M2$ (10.59)
that we obtain from 7;; by the same rotation as in (10.15):
Neoe = cosZ0ni1 + 2cosOsinbng + sin? 0o (10.60)
Nes = sin®Oni; — 2cos O sinfnig + cos? O
Nes = —sinfcosfny + (cos? @ — sin?0)n1o + cos O sin Oy ,
from which we see that (trace of the n matrix)
Noo + Nss = N1 + N22 . (1061)
We get the opposite rotation by just changing the sign of 6:
mi = cos 0nye — 2cos0sin 01y, + sin? Ons (10.62)
Naa = sin® 01y + 2 cos 0 sin 01y + cos® Ons
M2 = +sinfcosbn,, + (Cos2 0 — sin? 0)Ngs — cos O sin O .
No we can also define
V,V, V.V, V,V, V, V.
50'0'0 = M4 UV(;OU 50’0’5 = M4 UV;'US éass = M4 UV¢2788 fsss = M4 UV;SS . (1063)
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Figure 6: The slow-roll trajectory (blue) and the exact solution (red). The black curves are contours of
V(F). The slow-roll trajectory follows the steepest gradient and is thus orthogonal to the contours. The
exact solution requires a sideways push from the potential to force it to bend and therefore “overshoots”.

From Eq. (9.11),
H ' = 4% - 2¢(cos 921711 + 2 cos @ sin 0112 + sin 027122) = 4¢% — 2eNy0 - (10.64)
Also from Eq. (9.11),

H%g1 = eH 'or—nuH o1 —maH o
H™@y = eH "gg—maH "¢1 —moaH s (10.65)
Derivating & = (1 cos 8 + (9 sin 0, the 6 part cancels, and we get (exercise)
H™2%6 = H '6(c — ngo) (10.66)
(compare to Eq. 7.31c), and derivating § = —¢@1sinf + pocosf) = 0, we get (exercise) the
promised slow-roll equation for 6:
H™'0 = —npy x =V, (10.67)

Note that V; = 0 does not imply Vs = 0, since we are working in a curved coordinate system,
and in V.4 we have covariant derivatives.

It is instructive to contrast the exact equation (10.22) to the slow-roll equation (10.67): In
making the slow-roll approximation we eliminate dynamics from the problem by dropping the
acceleration terms ¢y from the field equation. Then the question of the background solution
becomes one of V(¢1,p2) topography: the trajectories are the paths of steepest descent, so
that there is no sideways component Vy to the gradient, and the curvature of the trajectory is
determined by the potential: Vs measures how the potential will tilt sideways if you continue
straight in the current o direction. In the exact solution, on the other hand, the field cannot
follow the path of steepest descent when that curves, since the “centrifugal effect” pushes it out
to where a sideways component V; of the gradient provides the force needed to make the field
turn.

We can now calculate the time derivatives of the other first-order slow-roll parameters (ex-
ercise) :

H_lﬁffg = 2eNy0 — 27735 - goaa
H_lﬁﬂs = 257705 + Nos (7700 - 7753) - ‘Scros
H_lﬁss = 2enss + 27735 —&oss - (10.68)
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10.7 Evolution through Horizon Exit

However, do and ds do not correspond to the independently through the horizon evolving field
components discussed in Sec. 9.3. These are obtained by a rotation with a different angle ©.
For the independent perturbations v; and vy we obtained

a=U¥, T=U"q, (10.69)
where 5
- () (:2)
and o 6
=56 o) (1071

is the rotation matrix that diagonalizes

€+ 2e11 — N1 2e12 — M12 )
M= , 10.72
< 2612 — M2 €+ 2€22 — M2 ( )

i.e.,

T (M0
U MU—< N (10.73)

We can solve © from the condition that UT MU is diagonal, i.e.,
(UTMU) 13 = (2692 — 2611 + 11 — 1122) sin © cos © + (2615 — m12)(cos? © —sin? @) = 0,

(exercise) where

sin © cos © = 3 sin 20 and cos? © — sin? © = cos 20 (10.74)
so that )
tan20 = 2 c12 7 2 } (10.75)
2(e11 — €22) — (M1 — M22)

The A1, Ao are the eigenvalues of matrix M which we solve from
det(M — AI) =0 (10.76)

whose solutions are (exercise)

A= 1 {4&7 — (1 +1m22) £ \/[2(811 —92) — (11 — 122)]* + 4(212 — 7712)2} : (10.77)

(Hint: Note that since € = 11 + €99, all three are not independent quantities, and you can, e.g.,
replace €11 and 99 by %(8 + z) and %(5 — x) where z = (e11 — £22).)

This does not say which one is A\; and which one is Ay, but neither does Eq. (10.75) specify
© except up to a term 7/2, i.e, we can add 7/2 to ©, which interchanges A\; and As.

We can use the results of Sec. (10.6) to rewrite the results (10.75) and (10.77) in terms of
the rotated slow-roll parameters (exercise):

A % [46 — (Moo + Mss) £/ w? + 47](2,5} (10.78)
M+ = 4de— (Moo + Nss)

AM— Ay = w? + 47738 . (10.79)
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and
w sin 20 — 29,5 cos 20

tan20 = 10.
an 20 w €08 20 + 21,5 sin 20’ (10.80)
where we have defined the short-hand notation
w =2 — (Moo — Nss) - (10.81)

From Eq. (10.80) we see, that tan20 = tan 260, if n,s = 0, i.e., Vys = 0 and we have a straight
trajectory (we work here with the slow-roll solution). Thus, in this case, the independent field
perturbations are the adiabatic and entropy field perturbations, but otherwise they are not.

Combining the two rotations (10.25) and (10.69) we can rotate the independently produced
perturbations into the adiabatic and entropy field perturbations

ado \ o1 vi \ _ [ cos(©@—60) —sin(© —40) U1
( ads ) =9 U( ) > N ( sin(@ — )  cos(© —0) ve ) (10.82)
(For 2-dimensional rotations, there is no need to perform matrix multiplication, one can just

add or subtract rotation angles.)
Using (10.80) we easily find (exercise) that

tan2(0© — ) —ollos
w
w
COS 2(@ — 9) = m
-2 o]
sin2(0 — ) = ——ls (10.83)

We can now obtain the generated perturbation spectra for do and ds, from those of v1 and
vy derived in Sec. 9.3:

T(E+X)) 1
vy = awy — L3222 TN C ()TN
J J F(%) \/ﬂ( n)
EEDY) 2
2y _ —162)\; 2 J L —2-2)\;
(vivg) = 0, (10.84)

where V = L3. For the power spectra we need these in the form

k3 1

2
L L3+ A))
212 g2

1
(’UJ’2> = QQ%J

(’;)2 (—kn) 2720 (10.85)

For each scale k we evaluate these at horizon exit, where k = H = aH and —kn = 1/(1 — ¢)
(from Eq. 9.12). So we have

2

o1, HN\? o0, [TE+ M) >
v~ — R 92Ay (22 0 7YY 1— +2X;
Vo glul) = (5) 2 0o
H 2
~ <2> (1+2C\; —2¢), (10.86)
m

where C' =2 —In2 — v &~ 0.729 637 (see Sec. 7.7.2), and H, signifies that H is to be evaluated
at horizon exit (as are € and Ay also). (We used 222 ~ 1+2AIn2, T'(2 + \)/T'(3) &~ 1+ 2\¢(3),
and (1 —¢)*t?* =1 —2¢)
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Using (10.82) we have

a®(|6o|?) = ([cos(© — B)vy — sin(© — B)vy][cos(© — B)vy — sin(© — O)vy]*)
cos?(O — 9)<|Ul\2> + sin?(© — 9)<|Ug\2>

= 5 ({[1]*) + (Joal?) + 5 cos2(0 = 0) ((|or]?) — (|val?)) (10.87)

a?(00ds*) = ([cos(© — B)v; — sin(© — B)wy][sin(© — B)vy + cos(© — §)vy]*)
= %st(@ 0) (<|v1]2> — <|1)2|2>) (10.88)
a®(16s”) = 5 (([o1*) + (J2*)) = 3 cos2(0 = 0) ((|v1[*) = (lv2]*)) - (10.89)

(We see that interchanging v and v interchanges the results for (|§o|?) and (|0s|?) and changes
the sign of (00ds*), as does adding 7/2 to ©; so I suppose we should pay attention to how our
choice of A\; and A2 is related to our choice of © (we make a choice in Eq. 10.83).)

Finally we get for the generated adiabatic and entropy field perturbation power spectra and
their correlation the results (exercise):

— k3 2 H* 2
Pa*(k) = V277r2 <|60’E| > = % [1 + (—2 + 6C)5 — 20770—0-]
k3 i} H\?
Cas*(k) = V277I_2<50‘E55E> = _20770'8 (27‘(‘)
3 ) H.\?
Pu(k) = Vo (los?) = <27T> [1—2(1 = C)e — 2Cns4] - (10.90)

10.8 Evolution Outside the Horizon

Using Egs. (10.48) and (10.50), we immediately get from (10.90) the perturbation spectra for R
and S, as they are generated at horizon exit,

Prau(k) = (i)Qm*(k) - <2f§*>2[1+(—2+6(Z’)5—2an] (10.91)
Crsulk) = —(I(Q‘)chs*w) - +gcnas<2f§*)2 (1092)

Pss(k)

2
277-0'-*> [1 - 2(1 - 0)5 - 207755] . (10.93)

Il
N
x|
S~
[N}
N
*
oy
=)
S~—
|
7N
A

However, unlike the 1-field case, where Pg (k) stayed constant in time for as long as k < H, now
the perturbation spectra may evolve outside the horizon. In first-order perturbation theory, the
Fourier components of perturbations at some later time ¢ are proportional to the earlier values

at t,: < 7;’“((;)) > _ Dt ( 7;5 ) (10.94)

E
(We write T}, not T%, since the relevant physics is assumed rotationally invariant.)
For superhorizon scales, the scale dependence of the evolution vanishes, so that T (t,t.) =
T(t,t.). However, Eq. (10.94) remains scale dependent, since ¢, depends on k. Thus

( Ri(1) ) _ ( Trr(t,tx) Trs(tt) ) ( Rp. ) _ < Trr(t, )R, + Trs(t, t«) Sy, >
Sz(t) Tsr(t,te) Tss(t,ts) TSR(t,t*)RE* + Tgs(t,t*)SE* '
(10.95)
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We know two things that apply to superhorizon perturbations in general: 1) adiabatic per-
turbations remain adiabatic = Tsg =0; 2) for adiabatic perturbations, R is constant in
time = Trg =1. Thus Eq. (10.95) becomes

(50 ) = (o T ) (B ) = (Pt ) o

and we can also write that, in general,
H 'R =at)S and  H'S=p(t)S, (10.97)

defining two functions «(t) and S(t) related to the transfer functions Trg and Tsg. We can find
the relation by integrating (10.97). First, write (10.97b) as

dinS(t') = d;(%) = BYH{H)d!' = mS(t)—InS(t,) = tjﬁ(t’)H(t’)dt’
S Tes(ht) = 5(2?) - eXp{ t*tﬁ(t’)H(t’)dt’}. (10.98)
Then
R(t) = R(t:)+ ttkdt = R(t*)—|—/tta(t’)H(t’)S(t’)dt’
= R(t.) +/tta(t’)H(t’)Tgs(t’,t*)S(t*)dt’
= Trs(t,ts) = /tta(t’)H(t’)Tgs(t/,t*)dt’. (10.99)

The only quantities that depend on k or k in Egs. (10.98,10.99) are R = Ry S = Sg, and
te = tu(k).

In the above, «, 3, Tss, and Trg, depend on the inflation model, and Tsg(t,tx), Trs(t, ts)
may be complicated to calculate. To find the spectral indices, we need the derivatives of Tsg
and Trg wrt k, which we get from

‘9T~°§t(tvt*) = Bt H(t)Tss(t t,) 0100,
t /
aTRgt(tvt*) —a(t) H(t)Tss(t, 1) + / a<t'>H(t’)‘WCzt'
* t* .

C —a(t)H(L) — Bt H(L) /t () H (¢ Tss(t £.)dF
() H(L) — BV H(E) Trs(t 1) (10.101)

Thus we need «a(t,) and () at the time t, of horizon exit during inflation, which are more
easily accessible in terms of the slow-roll parameters at that time.

The primordial spectra Pr(k), Crs(k), Ps(k) are defined at some time ¢ after inflation,
during the radiation-dominated era, when all cosmological scales are still well outside the horizon:

k,3
Pr(k) = V272<|R’3|2> = Pralk) + 2Trs(t, t)Crsx (k) + Trs(t, t«)*Pss(k)10.102)

k3
272

k‘3
Vo (I5iP) = Tss(t, ) Pou(h). (10.104)

Crs(k) = V <RES£’> = Tss(t, tx)Crs«(k) + Trs(t,tx)Tss(t,t«)Psi(k)  (10.103)

Ps(k)
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Since these refer to a time after inflation, when the inflation fields have been replaced by matter
and radiation, Egs. (10.48) and (10.50) no longer apply. Nevertheless, we still have a comoving
curvature perturbation R and quantities called entropy perturbations, that describe the devia-
tion from adiabaticity. Since in this section we assume that two-field slow-roll inflation is the
origin of all perturbations, there are just two degrees of freedom for each Fourier mode, leaving
only one degree of freedom for the deviation from adiabaticity. (For example, the field o may
decay into CDM particles and field ¢; into standard model particles, in which case entropy field
perturbations may give rise to a CDM isocurvature mode.) Thus all entropy perturbations can
be given in terms of one quantity S; per Fourier mode, although we may have a choice in what
entropy quantity to choose as this Sp. This choice then affects Tss(t,t.), but does not affect
the discussion in the following section.

10.9 Primordial Spectral Indices to First Order

To calculate spectral indices to first order in slow-roll parameters, it is enough to start from the
generated spectra calculated to zeroth order. Thus, instead of Eq. (10.93), it is enough to use

H2 \*
Pralk) = (27“’;) = PO(k) (10.105)
Crss(k) = 0 (10.106)
H2\*
Psi(k) = <2ﬂ;> = POk). (10.107)
Egs. (10.102,10.103,10.104) become now
Pr(k) = PO(k)+T2PO (k) (10.108)
Crs(k) = TrsTssP\ (k) (10.109)
Ps(k) = TP (k). (10.110)

To calculate spectral indices, we need a(t,) and 3(¢.). From Eq. (10.51), R = —20S. In the
slow-roll approximation, from Eq. (10.67) 6 = —H7n,s. So we have

R = 2Hn,sS = a(ty) = 2n,s. (10.111)

To get a slow-roll superhorizon value for §(t,), we start from Eq. (10.45). In the superhorizon
limit, we can drop the V? terms, giving

§s + 3Hss + (Vss + 39'2) §s = 0. (10.112)

In the slow-roll approximation we drop the second time derivative, so we have (writing Vs and
6 in terms of the slow-roll parameters),

3H6s + 3H? (nss +12s) 65 = 0. (10.113)
Dropping the 2" order term, this becomes
H™'6s +ns0s = 0, (10.114)

(This—slow-roll approximation of perturbation equations at superhorizon scales—should be
done in a more systematic manner—perhaps I'll improve this part later. An essential point
is that at superhorizon scales, the different parts of the universe are disconnected, and the
inhomogeneity of the perturbation plays no role in local evolution. Therefore @ + § evolves
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like the background, just along a different slow-roll trajectory. I have now added a discussion of
this in Sec. 12.3.)
For S = (H/6)ds this becomes (exercise) the equation

H'S = (=26 415 —105s)S = Bty) = —2e 4 oo — Nss - (10.115)

We are now ready to calculate the spectral indices. From (10.108),

4

H
Pr(k) = Pre(k) + Trs(t, t.)*Ps.(k) = W(MFT%S), (10.116)

where for each scale k, H and ¢ are evaluated at t,, when k = aH; and Trs = Trs(t,t«). From
(10.52,10.55),

H* 9 r—] -\—9 Vo V2 \%4
The spectral index ng is given by
dInPr (k) dlnV  dlne dln (1 —I—T%S)

= = — . 10.11

"R dlnk dnk dink | dnk (10.118)
The dIn k can be converted to a time derivative by
dink  dln(aH) a H H

= = —+— =H[|14+-—= ]| = 1-¢)H 10.11

dt dt o T H ( +H2> (1-¢) (10.119)

(where we used Eq. (9.10) in the last step). Now, using (10.55) and (10.57),

dlnV 11 11 —M? (V,\? —2
dowbV_ 1 1 1 b . Yo} o ~ 2. (10.120
dnk ~ VOi-o9H ~VO-9H"" T 1-¢ <V> e e | )
Using Eq. (10.64),
dlne 1 € 4e — 250
_ SR e LA 10.121
dink  (1—e)He 1—¢ = (10.121)

These two contributions add up to the single-field result (7.105).
The new part comes from

din (1+Tpg) L yad

2T, oT’
N o H T o (14 Thg) = o g1 Re
dInk 1+ Txg dt 1+T5g Ot
= =% [—a(ty) - Bt)T
1+T7%S[ a(ty) — B(t)Trs]
Trs Tks
= X (4 — RS (4 —2 Mss) - 10.122
1_‘_T7225( Nos) + 1+T72€S( € Noo + 20ss) ( )

We have no a priori constraint on Trg. It depends on the inflation model, including the reheating
process. The combinations Trs/(1 + T3¢) and T3 ¢/(1 + T3) above, on the other hand, have
a limited range—the latter must be between 0 and 1. Its square root must then be between —1
and 1 and it has become customary to define it in terms of an angle A, so that

Trs

\/1+ T

cosA = (10.123)
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(The angle A is thus related to what part of the primordial R was generated at horizon exit
and what part outside horizon: A = 7/2 means all at exit, none of it outside; A = 0 or 7 means
none of it at exit, all outside.) From this we get

1

el = cos? A, T sin? A, ——— = sinA (10.124)
RS RS 1+ T72zs
(choosing 0 < A <), and
1 1
—— = tan’A,  —— = tanA. (10.125)
TRs Trs
This allows us to write Eq. (10.122) as
dln (14 T2
(dlk:RS) A —4n,scos Asin A + (4 — 20,5 + 215) cos® A (10.126)
n
and altogether we have the final result
nr = —(6 —4cos® A)e + 21,5 sin® A — 41,5 cos Asin A + 214, cos® A (10.127)

(The sign differences when compared to [14] are due to a different sign convention for R, which
changes the sign of T’rs and cos A, but not sin A, which is always nonnegative .)
In a similar way we obtain (exercise):

ng = —2e+ 2nss (10.128)
and d1nCrs (k)
n
ne = TEZ = —2 — 2n,stan A + 20, . (10.129)
Derivating these first-order results for the spectral indices we obtain their running
dn
= 10.1
1= dnk (10.130)

to 2" order in slow-roll parameters (exercise) :

dng

s = dlnk ~ Hilhs - _2H71€. + 2H71ﬁss = _882 + 48(7700 + 7755) + 47735 + 2§Jss
dne 1.
= ~H = ...
e dink ne
= —8%+ 4e(Noo + Nss) + 47]35(1 — tan? A) — Angs(Moo — Nss) tan A + 28,55 tan A — 28,45
dnp L
@R = o ~H Y = ... (10.131)

= 8(—3+4cos® A —2cost A)e?
+4(4 -7 cos? A + 4 cos? A)eNye — 32 sin® A cos Aenys + 4(5 cos? A — 4 cos? A)eNyo
+4sin? A cos® A(n2, +n2) + 4(1 — 4sin® A cos® A)n2,
+8(sin A cos A — 25in A c0s® A)ngs (Moo — Nss) — 85in? A cos? Anyonss

—25in% Alypo + 4sin A cos Alygs — 2c08° Algss -

Since the running of the spectral indices is 2™ order in slow-roll parameters, it is usually

a good approximation to approximate the power spectra with a power law, i.e., with constant
spectral indices. An exception to this is ne in the case where T g is very small, i.e., tan A is very
large, since g¢ contains terms with a prefactor tan A or tan? A. These terms can thus be large
even though the slow-roll parameters in them are small. The spectral index n¢ itself contains
the term —2n,,tan A, which can make n¢ large. Thus the correlation Crg(k) is not necessarily
well approximated by a power law. However, this happens only when the correlation is small,
since the O order correlation is proportional to Trg.
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10.10 Alternative Parameterization

When comparing the theoretical predictions to observations, the primordial power spectra must
be represented in terms of a relatively small number of parameters. For a given inflation model,
the model itself may provide these parameters. In our general approach we may assume that the
primordial spectra can be approximated by power laws, so that for each spectrum we can take its
constant spectral index and its amplitude at some reference “pivot” scale k, as the parameters
to be fitted to the data. We could thus parameterize the three spectra, Pr(k), Crs(k), Ps(k)
with two amplitudes, A and B, a correlation parameter C, and three spectral indices ng, nc,

and ng, i.e.,
E\"®
Pr(k) = A? ()
kp

Crs(k) = CAB <:p>ne
Ps(k) = B? (:p)ns (10.132)

However, if we let these 6 parameters vary independently, some parameter combinations lead to
an inconsistent description of the perturbations, since in reality Crs(k)? must always be smaller
than Pr(k)Ps(k), and this parameterization does not guarantee that. Restricting —1 < C <1
is not enough, since if the three spectral indices are different, Crs(k) may still become too large
in relation to Pr (k) and Pgs(k) at some small or large value of k. While there are ways to control
this in fitting to the data (the data always covers only a limited range in k), it may be more
convenient to parameterize the spectra differently.
We divide the primordial curvature perturbation power spectrum in two parts,

Pr(k) = Par(k) + Pas(k) (10.133)
where
Par(k) = Pra(k) (10.134)
is the part generated by the adiabatic field perturbations do alone, and
Pus(k) = 2Trs(t,t.)Crsx(k) + Trs(t, t.)* Py (k) (10.135)

is the rest, i.e., the part generated by the entropy field perturbation and its original correlation
with the adiabatic field perturbation (this latter part vanishes to lowest order).
To lowest order we have then

Pur(k) = PO(k) (10.136)
Pas(k) = T2PO (k) (10.137)
Ps(k) = T2PY (k) (10.138)
and the correlation spectrum is now
Crs(k) = TrsTssPL (k) = /Pas(k)Ps(k), (10.139)
so that
ne = 3(nas +ns). (10.140)

To the lowest order the spectral indices are (exercise)

Ngr = —064 2044
Ngs = —2€—4dngstan A + 21, (10.141)
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and their running is

Qar = —2462 + 165770—0 _ 4"728 _ 250_0_0_ (10142)
Qas = 82 + 4e(Moo + Nss) + 47735(1 — 2tan® A) = 81os(Noo — Nss) tan A + 4o tan A — 25

(n¢, ng, gc, and gg are as before).
We now approximate the three power spectra with power laws,

k Nar k Nas
Pur(k) ~ A2 () and  Pus(k) ~ A2 () : (10.143)
kp kp
and
E\"
Ps(k) ~ B2 () . (10.144)
kp
The covariance is then given by
nags+ng
k 2
Crs(k) ~ AsB (k) . (10.145)
P

Here A2 = P, (ky), A2 = P,s(ky), and B? = Pg(k,). Here A, and B are positive, but we let
the sign of A; represent the sign of the correlation. We have thus 6 independent parameters to
describe the primordial perturbations:

Ay, As, B, ngr, Ngs, ns . (10.146)

We further define a total amplitude

A = A2+ A2+ B* = Pr(ko) + Ps(ko), (10.147)
and relative amplitudes
B? Ps(kp)
g, = 2 _ P 10.148
A 7 Prlky) + Pslhy) (10-148)
A2 Pas (k) T2
= sign(A,B)—"5 _ = si as\Fp) (T Tac) RS
v sign(A;B) A Az Slgn(CRS)PR(k:p) sign(TrsTss) I,
= sign(cos A)cos? A, (10.149)
so that
A7 = A7+ A2) = (1 - Biso)A®
A7 = (= PDA7+A2) = (1- ) - Biso)A?
B = BioA’. (10.150)

Now the 6 independent parameters are
A’ BiSO7 77 nar-; nas I nS7 (10151)

where 0 < B0 < 1 and —1 < v < 1. In the literature, ng is often called nis,, as Pg represents
the isocurvature mode of the perturbations.
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Figure 7: The contribution to the CMB angular power spectrum of the adiabatic mode and CDM
(CDI) and neutrino (NDI) entropy perturbations, in the case of scale-invariant (n = 0) perturbations.
(NVI is the neutrino velocity isocurvature mode, which we do not expect from inflation.) If the modes
are correlated, there is an additional contribution that is intermediate between the two modes in shape
and can be either positive or negative depending on the sign of the correlation. The same primordial
amplitude has been assumed for each mode. From [15].

10.11 Observational Constraints

The tightest constraints on primordial entropy perturbations come from the observations of the
cosmic microwave background (CMB) by the Planck satellite. These observations were made
in 2009-13 and the final results were published in 2018. The effect on the CMB depends on
whether the entropy field perturbations have been converted into CDM/baryon or neutrino
entropy perturbations. (The effect of CDM and baryon entropy perturbations is essentially the
same, so they cannot be distinguished by CMB observations.) Fig. 7 shows the contribution
to the CMB by the adiabatic mode (no primordial entropy perturbation) and the different
possibilities for the isocurvature mode (no primordial curvature perturbation, just an entropy
perturbation) in the case of scale-invariant primordial perturbations.

Observations agree well with a pure adiabatic mode. A pure isocurvature mode is not
allowed, so the data gives upper limits to the relative contribution of the isocurvature mode,
which we define as

Ps(k)
isolk) = ———F——F———.
Peel) = ) + Psh)
If Pr(k) and Ps(k) have different spectral indices, then [is, is scale-dependent, and we get

different constraints for it at different scales. Assuming that the running of the spectral indices
is negligible in the observational range Planck gives the upper (95% confidence) limits [16]

(10.152)

Biso < 0.025 at k= 0.002Mpc~!
Biso < 0.26 at k= 0.05Mpc~?
Biso < 0.47 at k=0.1Mpc™? (10.153)

in the case of a CDM or baryon isocurvature mode. Why the limit is much tighter for large
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Figure 8: The likelihood distributions of the CDM isocurvature parameters [is,(0.002 Mpc_l) and
Biso(0.1Mpc™1)), cos A, ng, and ne from final (2018) Planck data. From [16]. The dotted curves
are the 2015 results. The red and blue curves are essentially with and without using the data on CMB
polarization. (The 2015 results did not use polarization data.) Since we do not have a detection of the
isocurvature mode, we do not have any constraints on its spectral index. The curve for 1 + ng = nzz is
just an artifact resulting from priors used for the likelihood estimation reflecting the fact that isocurvature
contributions with 1+ ng & 1.8 can be fit to the data with a larger primordial amplitude than redder or
bluer spectra.

scales (low k) is clear from Fig. 7. A given relative amplitude of the isocurvature mode has
a much larger relative effect on the CMB at large scales. This also means that it is easier
to accommodate an isocurvature mode with a high (blue) spectral index. In Fig. 8 we give
the likelihood distributions of the isocurvature parameters Siso (at ki = 0.002 Mpc_1 and
Enigh = 0.1 Mpc™1), cos A, ng, and ne from final Planck data.

These limits on the isocurvature contributions are relatively weak considering the high preci-
sion of Planck data. This is due to the large number of isocurvature parameters. One gets tighter
limits [16] for specific inflation models or by making some assumptions about the isocurvature
parameters. For example, assuming the isocurvature mode is uncorrelated with the adiabatic
mode and close to scale invariant, ng ~ 0, (an “axion”) model), the upper limit is Siso < 0.04.
Assuming the isocurvature mode is fully correlated or anticorrelated with the adiabatic mode,
with the same spectral index (“curvaton” models), the upper limit is very tight, Siso < 0.001.
This is because the correlation has a much bigger effect on the CMB than the direct contribution
of the isocurvature mode.
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11 Primordial Tensor Perturbations

For tensor perturbations, the metric is

—1

1+hy h
G = a217,w+5ggl, = a2(nw,+h,w) = =q? Iy + 1X—h+ . (11.1)

1

There are thus two modes of tensor perturbations, Ay and hy. From the Hilbert action we find
(not obvious, this part should be done here) that

M
= —h
Yy x ohak

appear in the action in the same way as a free massless scalar field. Therefore they acquire the
same spectrum!® during inflation as perturbations in the scalar fields,

Pu) = Vi (i) = (2 )2 (113

2m k=aH

(11.2)

to lowest order.'* Tensor perturbations do not evolve outside the horizon, so this gives the
primordial tensor perturbation spectrum. It is commonly defined as

3 . - 3 o .
Pr(k) = Voog (hu W E) = Vg (2l BIP + 2lh(R)P)
2
_ %%(k) - % <§T)k:a1{' (11.4)

The two perturbation modes are independent, so

oo 272 1
<ha(k)hb(k:)> = Sdudgp Prk) where ab=,x (11.5)

Using the slow-roll equations H? = V/3M? etc., we have
2

= ——V 11.6
Pr 3204 (11.6)

dInPr dlnV
nr dink dlnk 2 (11.7)

= = -2 = — 4eNge - 11.
a dink dlnk Be”+den (11.8)
The tensor-to-scalar ratio is defined®

Pr
= —. 11.9
= o (11.9)

We define D

T
. = . 11.10
" 7)72* ( )

13This generation of primordial tensor perturbations from quantum fluctuations assumes quantum gravity at
the perturbation level (quantized linear gravity, which is relatively straightforward to formulate compared to full
quantum gravity). The quanta of these perturbations are called gravitons.

"“This is calculated to higher (first) order in slow-roll parameters in [22].

5There are also other definitions of r in the literature. In the older literature it is sometimes defined in terms
of its contribution to the CMB quadrupole, r = C7 /CT, which makes its relation to primordial power spectra
depend on the background cosmological parameters.
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If Pr does not evolve outside the horizon, which is the case in single-field inflation, r = r,. But
in many-field inflation, Pgr evolves outside the horizon, although Pr does not, and therefore
r # rs. Since

4 2
_ p) _ H _ i vV _ 1 K 11.11
PR * Ar262  Am23MZMAV2 T 24x2MA e (11.11)
we have A2 14
8
From (10.108),
(0) (0)
P
Pr = 1+T2)P" = = = T+ 11.13
R ( + RS) SiIlQA 1_|’Y| ( )
so that
r = resin? A = 16esin? A = 16e(1 — |v]). (11.14)

Since tensor perturbations add new observables (r, np, ¢r) without adding new slow-roll
parameters, we obtain consistency relations
1 T

npo= —ory = e 11.15
3 ST (11.15)

qgr = nr(nr —ner) (11.16)

that can be used to test inflation without having to assume a particular inflation model.
Primordial tensor perturbations have not been observed so far. The current (2015) upper
limit is from combined BICEP2/Keck/Planck data [18],

r < 0.07 (11.17)
(95 % confidence level). Assuming single-field inflation, this gives an upper limit
€ < 0.0044 (11.18)
and, from the consistency relation, a lower limit
ny > —0.009 (11.19)

The smaller r is, the less accurately it will be possible to measure np (once we have first detected
tensor perturbations). While it is estimated that with a dedicated polarization-optimized CMB
space mission, we might be able to detect tensor perturbations if » > 0.0001, with the current
limits it is already questionable whether it is possible to ever detect the deviation of np from
zero (assuming it satisfies the consistency relation). Thus the hope of verifying the consistency
relation observationally, and thus providing quantitative evidence for inflation, is waning. How-
ever, if np deviates from scale invariance (np = 0) by much more than the consistency relation
implies, we could still detect that with r < 0.07, and thus falsify this prediction of inflation.
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12 Noninteracting Fields

We now consider the simpler case of N fields, where the fields do not interact with each other,
except gravitationally, i.e., the potential is of the form

N
V(.. on) = Y Viler), (12.1)
=1

which motivates this change from our previous notation: the subscript I now denotes that
term in the potential which depends on field ¢, and thus does not denote a derivative.' From
(12.1) follows that

0%V
—F =0 for I1#J, (12.2)
Dp10p,
i.e., the matrix of second derivatives is diagonal and we can denote the potential derivatives by
ov  dV 0V d*V,
1= =1 s == (12.3)
dpr  dor 1 doy
We can write the background energy density and pressure as
p = > pr, where pr = §47+ V)
p = Y pr, where p; = 37—V, (12.4)
The background equations are
81G 1
2 _ _ 1.2
H” = 3 p = 3MQZ(2901+V1) (12.5)
¢r+3Hor+Vy; = 0 (12.6)

In general, the ¢; will evolve at different rates, so that the background trajectory is curved. To
preserve the advantage of field separation we shall mostly calculate in the original basis, i.e., not
rotate into adiabatic and entropy field coordinates.

In the slow-roll approximation the background equations become

Vv
3M?2

H? =

L 1% H M?
H'or = —M*SL o5 =~ > (V)P = e (12.7)

We define slow-roll parameters for each field:

M2 (V] 2 VT
= — | = = M*—. 12.8
€1 5 <V> nr v (12.8)

The €75 and 17y that we defined earlier for the more general case are now

€17 = VeEres Ny = N1y . (12.9)

16Sections 12 and 13 were initially written as a single section, and the clean-up after the separation is maybe
still incomplete. Originally I had some of the calculations of this section done only for the specific double inflation
model of Sec. 13; whereas now I just apply the more general results to it. It is not clear to me which would be
pedagogically better: to calculate first in the specific model and then redo it in the more general model, or the
current structure where the calculation is done directly in the more general case and the results then applied to
the specific model.
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The slow-roll conditions may fail for different fields at different times. How does slow-roll
fail? It fails when we can no longer drop the ¢? and @y terms in Egs. (12.5) and (12.6). In the
slow-roll approximation these terms are

%4@ = %6[‘/ and pr=(E—n)Hpr, (12.10)

where V' =Y V; and € = ) e;. Thus the slow-roll approximation remains valid for (12.5) while
¢ is small and for (12.6) while € and 7y are small. Since ¢ = ) e it can only remain small when
all of the e; are small. Thus the way for the slow-roll condition to fail for just one of the fields
@y is that ny becomes large, while all the other slow-roll parameters remain small. When that
happens, ¢ begins to move rapidly towards the minimum of Vj;, where V; = 0, and the energy
density pj begins to fall rapidly, while the energy density associated with the other fields keeps
changing slowly. Thus the effect of o; on the metric and hence on the other fields becomes soon
negligible, and we can continue the discussion of the slow-roll solution with the remaining N — 1
fields—and so on.

12.1 Perturbations

Following Polarski & Starobinsky [20] and Langlois [21] we work in the longitudinal (New-
tonian) gauge. We shall need the second Einstein equation (5.15) and the field perturbation
equations (5.8). In the Newtonian gauge (A = D = ®) they become

O+ H® = 47G ) ¢ropr (12.11)
1

.. . k2 .
5p7 +3Hbpp + 500N + VISl = —2Vi® + g, (12.12)
a
We shall also be interested in the comoving density perturbation (Eq. 6.17)
op¢ = Z (5p? ) where
I

. o N . .
0pf = @ropr +Viser +3Hproe) —¢id. (12.13)

We define also the total and component comoving relative density perturbations

C C
R (12.14)
p p1

During inflation, p; = %gp% + V; is dominated by the potential term, and p; + p; = $? < py. It
is useful to define the quantities

6p¢ 5p¢ d (6o
Ar = +f =1 = o L) -9, (12.15)
1 T DI LT 2

which are much larger than the 6pIC. The last equality follows from

o1

- N . . o N . .
d <590§V> Lo o Oer  @ideY o Grdpr +Vider +3Hp0] — G1®_ dpf
dt ¢r 7 7 pI+ pr
Note that S7; = Ar — Ay is the relative entropy perturbation between components I and J, as
defined in part 1 of this course.



12 NONINTERACTING FIELDS 59

12.2 Adiabatic Superhorizon Solution

We know from part I of this course (since the 28.11.2015 version) that, for perfect fluid, the
general adiabatic superhorizon solution for the Bardeen potential is

H [t H t H
(I)E(t) = AIZ (1_(1/0 adt)+BEa = (AE/O adt—BE> <_a>+AE (12.16)

: ! ~H + H?
O(t) = Az dt— By || ———— | — A:H 12.17
d0 = (g [ aa-5;) ( : ) o (12.17)
where Ap gives the growing mode and By the decaying mode. Note that
d (1 H d (H H— H?
~(Z) = == d — (=) = =— 12.1
dt <a) a o dt < a > a (12.18)

These occur repeatedly in this subsection.
The background field equation is

¢r+3Hpr+Vy = 0. (12.19)
For superhorizon scales the field perturbation equation is then
Spi +3Hbp, + V'6pY = —2Vi® + 449 (12.20)

t H H— H?
= <AE/O adt—BE> <2av,’—4a¢l> —2A; (V{ +2H¢y) .

The solution is (exercise)

1 t
N p
Spf = - <AE/O adt — BE) o1 - (12.21)

Note that in the N-dimensional field space the field perturbation is in the direction of the
background trajectory, so this indeed represents an adiabatic field perturbation.

Derivating
s 1 ¢
Lo S A,;/ adt — By (12.22)
Pr a 0
and comparing to Eq. 12.15 we find
d (5¢7 c
dt ( b1 I PI (12.23)

This may look problematic, but remember that we are at the superhorizon limit, and

2 [k\?
0 = -5 —) @ 12.24
p 3P <H) , ( )

so we are just ignoring 5p? in the superhorizon approximation for the adiabatic case. If we need
to know the total §p¢ we can always recover it from .

The key point is that for entropy perturbations (to be discussed later) the individual A; and
5p? are much larger that the total A and 6p%, i.e., “nonzero” in the superhorizon limit.

For the comoving curvature perturbation we get (exercise) (easy)

H /.
R; = —<I>E+E<<I>E+H<I>E) — ... = —A; = const, (12.25)
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Thus R is associated with the growing mode and the decaying mode has R = 0. We can now
rewrite the growing mode solution for ® as

1) = —R; (1— f/ot adt> | (12.26)

We do not have corresponding “exact” (i.e., no slow-roll approximation, just the superhorizon
approximation) results for entropy perturbations. Thus we go to the slow-roll approximation in
the next section.

12.3 Slow-Roll Approximation of the Field Perturbation Equations at Su-
perhorizon Scales

In the superhorizon approximation each region of space evolves essentially independently and
like a solution for the background universe. The field perturbation equation in the superhorizon
approximation is

H250Y + 3H 50, + H2V/ (100N = —2H2V/(p1)® +4H g H1$.  (12.27)

We temporarily reinstall the overbar to the background field ¢; to separate it from the total
field o5 = @1 + 5@? . The background field equation is

H™ 2@ +3H "¢+ H*Vi(@r) = 0, (12.28)
so that the equation for the total field is
H2¢+3H o1 + H2V{(pr) = —2H V(@)@ +4H '¢;H ', (12.29)

If we ignore the metric perturbations on the rhs, the equation for the total field is the same as
for the background field. Then it will have the same slow-roll trajectories as the background
field. It will just choose a slightly different one. The additional effect of the metric perturbations
appears as a slightly different expansion rate and a deviation of the coordinate time from the
“local time” .17

We know that in inflation, the slow-roll solutions are attractors. The perturbation equations
are second order equations and there will be a growing mode and a decaying mode for each degree
of freedom. The decaying of the decaying mode represents the settling of the total field into
the attractor solution. Thus the growing modes correspond to the slow-roll solutions. We can

then make the slow-roll approximation and drop the H 2@ term from the total field equation

. . . ~ N
at the same time as from the background field equation, meaning that H 26y, drops from the
perturbation equation. In the slow-roll approximation the rhs of the perturbation equation is

—2H V(1) + AH o H S~ —2H 2V (1) (@ +2H 1) (12.30)

Since perturbations evolve slowly in the slow-roll solution, H1® <« & and we drop it.
Thus the slow-roll superhorizon field perturbation equation is

SHopy + VIsoN = —2V]®. (12.31)
and the Einstein equation (12.11) becomes
1 —1 . N 1 ¢ N
> — QMQZH ool = —WZV[&;)I : (12.32)

17Should try to formulate this more precisely, to make a more accurate statement about the slow-roll trajectories
in the perturbed universe—are they exactly the same as in the background universe? The rhs is proportional to
the potential gradient at the background trajectory. The full field is slightly displaced from it, but the difference
is a second order perturbation in this term; so we can replace it with the potential gradient at the trajectory of
the full field, so this term just pushes the total field slightly faster or slower along the slow-roll trajectory.
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12.3.1 Two Fields

To simplify the discussion, we now consider the case of N = 2 fields. The Einstein equation
(12.11) is now

— sarogy (P10l + eade) =~ (VISR + Viaeh) (12.33)

The general solution to Egs. (12.31) and (12.33) is (exercise)

H 1, Vi(V3)? = Va(1y)?

SV HV-

9% _ le—203 2 (12.35)
Y1

S HYV,

2 - 01 + 204 1,

P2 V

where C4 (k) and C3(k) are constants fixed by the initial conditions. (My strategy for showing
that this is a solution would be to do the C; and C3 parts separately, and for the more com-
plicated Cs part use the slow-roll equations to write everything in terms of the potentials and
their derivatives.) Constants Cy and Cjy are reserved for the decaying modes which are killed in
the slow-roll approximation.

We see that the Cy part corresponds to the adiabatic solution, since for it we have

55 = %@. (12.36)

The slow-roll approximation of the superhorizon adiabatic solution (Sec. 12.2) matches this
solution (exercise) so that C (k) = A

The new, C3, mode is the isocurvature mode. For it we get (exercise)

N
A = d(%)_q)zc(‘/g)
dt

%
o d 5909[ o (V1)
Ay = dt() o = gC v
_ 1 (V)P 2V
512 = Al—AQ = 503 % 503M2€
. CsM?
Y = Mgt = 2 (V)AW)?
9V
, C3M?
5pS = Moyl = 93‘/2 (V)2 (V3)? = —6pf
op¢ = 0p¢ +6p5 = 0. (12.37)

Thus in the isocurvature mode we have the opposite comoving density perturbations in the
two components so that the total comoving density perturbation vanishes (in the superhorizon
limit).

Inverting the equation pair (12.35) we can express the constants as

spf S 1 spp S
C, = Vi e V;
1 v ( 1— 51 + 2 Ve 1 V1/ 2 VQ’

1 (00 5N 3 (0N 5ok
O = (22 %) _ 2 (0% 0% ) (12.38)
2H \ ¢2 1 2\ V Vs
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(Note that C;7 and C5 have different dimensions.) We can solve the constants C7 and C5 from
(12.38) at any time they are valid, i.e., in the superhorizon slow-roll regime. The application is
that as the perturbations are generated during horizon exit, we get the generated perturbations
dp; and d¢,, from which we solve C; and C3, and then equations (12.35) tell us how the
perturbations evolve until the slow-roll approximation fails.

12.3.2 Generation

In Sec. 10.7 we calculated the generated spectra for the adiabatic and entropy field perturbations
in the spatially flat gauge. To first order in slow-roll parameters they were different and corre-
lated, but to zeroth order they were equal and uncorrelated. We learned that the zeroth order
spectra are enough for the lowest order results (e.g., spectral indices to first order, and their
running to second order). This allows us to apply the results directly to the present discussion,
where we use Newtonian gauge and unrotated field coordinates.

From Eq. (6.4) the field perturbations in the two gauges are related by

8¢ = oY + H @, (12.39)

Since the change in (fp is parallel to the background trajectory, in the rotated field coordinates
the gauge transformation changes only do,

609 = soN + H 160, (12.40)

whereas ds is gauge invariant. In terms of 669 and &s the constants C; and Cs are

SN i Va 0s
Cl = HU+<—Vtan9+VCot9>HU
1 (1 o) ds 1 ds 1 1 ds
_ P12\ 08 _ P - - % (124
Cs oH <¢>2 * ¢1> 5 = oottt = o sgsme e 24

The zeroth order spectra for 669 and §s are, from Eq. (10.90),

_ v E s H.\*

k3 Qc x
Co—s*(k’) = VT7{'2<60—E 5SE> =0

(Josgl?) = (fﬂ) | (12.42)

k3
272

)
*
—
=y
N—r
Il

)%

where V is the reference volume for the Fourier expansion. Since the spectra are equal and
uncorrelated, they apply also to field components in an arbitrarily rotated basis, and in particular
to the original 5(;3? and 5(;3;2.

We apply Eq. (12.39) to the perturbation spectra after they were generated, when the su-
perhorizon slow-roll approximation is valid. Thus

v M?
spY = def+ MP® = oy — 21 (Viser +Vaoeh') = bt —enndpl — eradpd

5(p§v = ... = (5(,052—812(5@]1\[—8225()097
ooV = .. = 609 — iV, (12.43)
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Thus 5@? and 59011\[ differ in first slow-roll order and their spectra to zeroth order are the same:

3 ) H,\?

Pi(k) = Vﬁ<|&p1g\ > = (27T>
]{33

N 2 H.\’

Another way to write this result is

H,

(5(,01];'(*) = 2]€361E’ (1245)
where the e, are normalized uncorrelated Gaussian random variables, i.e.,
. 1
(ejpep) = 951,1 (12.46)

(and their probability distribution has Gaussian shape).
Thus this quantum process generates the values of the constants C; (k) and C3(k) according

to
S He (Vi) V()
Cl(k) - MQ\/ﬁ <V1’(*) 1k+ ‘/2/(*) 2k>
- . 3Hk EIE B EZE
k) = 2@(%’(*) v2'<*>)’ (1247)

where Hy, is the Hubble parameter at horizon exit of scale k.

12.3.3 Adiabatic Mode

The adiabatic mode, the one corresponding to the constant C, can be trivially carried from the
perturbation generation during inflation through reheating to the primordial epoch, since for it
the comoving curvature perturbation stays constant,

Rj(rad,adi) = Rp(x,adi) = —Cy (k). (12.48)

12.3.4 Isocurvature Mode through Reheating

The case of the isocurvature mode is more involved and depends on the details of reheating. It
is quite possible that entropy perturbations are erased in reheating. For entropy perturbations
to survive reheating and produce a primordial isocurvature mode, they must either be protected
by some conserved quantity, or a field must remain decoupled from radiation (or the fields that
decay into radiation) so it does not reach thermal equilibrium with it.

Here we assume that the ¢ field decays into radiation in reheating, whereas the ¢o field
becomes the CDM, remaining decoupled (not interacting with ¢; or the radiation, except grav-
itationally) at all times.

Inflation ends when slow-roll conditions fail. With two fields, they are not likely to fail for
both at the same time. We have different cases depending on for which field they end first and
which field dominates the energy density at that time.
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How does slow roll fail? The exact background equations are

1 i i
H? = e (381 + 595 + Vi + Vo) (12.49)
$1+3Hp + V] = 0 (12.50)
$o+3Hp +Vy = 0. (12.51)

The slow-roll approximation is that we drop the %cp% and ¢y terms from these equations. In the
slow-roll approximation these terms are

%cp% = %e’:‘IV and $r=(€—n)Hér, (12.52)
where V =V} + V5 and € = €1 + 2. Thus the slow-roll approximation remains valid for (12.49)
while € is small, for (12.50) while £ and 7; are small, and for (12.51) while ¢ and 7y are small.

We consider now the case, where slow-roll fails first for o, i.e., we can no longer drop o
from (12.51), while ¢1 dominates the energy density. Thus

Vo < pp < V1 =V = p. (12.53)

The field ¢ is then “close to the minimum” of V5 (meaning that is closer to it than it was before).
To proceed we need to know the shape of Vo in the region around the minimum that we have now
reached. We make the simplest assumption: V5 can be approximated by the lowest-order term

Vo ~ tm?ep3 (12.54)
in this region. (We assume no vacuum energy, so there is no constant term—or even if there is,
we may consider it as part of V. We choose the origin of the field coordinates at the potential
minimum = no first-order term.) Using the approximations (12.53) and (12.54) we have for the
slow-roll parameters

V/ 2 2V Vl/ 2
e = sM? <V1> ey ~ M2 2 m o= ML g =2l (12.55)

Slow roll fails when one of these parameters is no longer < 1. We see that g9 = (V2/V)n2 < 2,
S0 12 becomes large first, while all the other slow-roll parameters remain small. Thus we can
keep using the slow-roll approximation for (12.49) and (12.50) but must start using the exact
equation (12.51). We will assume that we can start using the approximations (12.53) and (12.54)
already a bit earlier than we have to drop the slow-roll approximation for (12.51).

The full equations for 9 are now (we are still at superhorizon scales)

Go + 3Hpo +m%py = 0
3oy + BHOpy +m0py = —2mPpa® + A (12.56)

We quote (slightly paraphrased) from Polarski & Starobinsky [20]: “If p2 < p, then irrespective
of whether ¢ is in the slow-roll regime or not, the rhs with the metric perturbations may be
ignored for the isocurvature modes”'® Dropping the rhs, we see that the equations for ¢y and
d¢q are the same. This is specific to a quadratic potential, for which Vi = V', and is key to
the following discussion.

8This is obvious, since if only one field has a significant contribution to the energy density, the metric pertur-
bations should depend only on the dominant field, and thus be the same as in the adiabatic solution with the
same perturbation in the dominant field. However, I was not able to show this with the equations at hand.
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Thus these equations have the same solutions. They are 2"d order equations, so there are

two independent solutions, but the slow-roll epoch has already killed the decaying solutions. In
the slow-roll regime

o V;
992 903H-L ~ 205H (12.57)
2 14
(as Vo <« V1 = V4 &= V), so that
5o ~ 203H@y = —2C3m°ps. (12.58)

Thus, during the slow-roll regime, 690§V has picked the same solution as @9 (in the sense that
dpy x p2) and this relation

Sp) = —ZC3mpy (12.59)

will hold even after slow roll fails for s.
After slow roll fails for ¢, it begins to oscillate at the bottom of its potential. The slow-roll
equation

2 _
H? = 3[ 5 (12.60)

remains valid for as long as € remains small. Thus
m2
mo=MT = mt=3npH? (12.61)

After slow roll fails for ¢s, 179 becomes larger than 1 and H smaller than m. Since m stays
constant, while H shrinks (albeit slowly for as long as ¢ is in the slow-roll regime), after a
while H < m and the 3H s term becomes subdominant in Eq. (12.56) and the Hubble time
becomes longer than the oscillation period.

For time scales shorter than the Hubble time we can ignore the 3H @2 term, so that we have

@o +mipy = 0 (12.62)
whose solutions are sinusoidal

w2 ~ FEsinm(t—tp)
Y2 ~ Emgcosm(t—t1)
Gy ~ —Em3sinm(t —ty) (12.63)

while all the time 5g0§v = %C’nggoQ. In this oscillation the background density
py = L(pF+m?p3) ~ Im2E? (12.64)

alternates between the kinetic and potential parts.
Over longer time scales the 3H s term damps the amplitude of these oscillations. What
happens to p2? We now use the full equation (12.56a):

p2+3Hpy = (P2 + m2tp2) + %H(g@% + m2<p%)
= a(—3Heo) + SH(p5 +mPp3) = SH(m’p5 — ¢%) (12.65)

which oscillates, but averaged over oscillations is zero, so that the long-time behaviour is
po+3Hpy = 0 = pyoxa?, (12.66)

so the energy density of @9 behaves like matter.
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At some point it will become appropriate to switch from the field picture to the particle
picture. The quanta of the y field are the CDM particles in our model. Once the ¢; field has
done its thing (reheating) and we have landed in the radiation-dominated universe, where the
CDM is the matter contribution (we ignore other matter components), it is time to evaluate the
entropy perturbation

S = 6, —36, = 60 —35¢ ~ 6C. (12.67)

m 4

To justify the approximation, note that in the isocurvature mode during the superhorizon epoch
6p¢ = 6pC 4+ 6p¢ = 0, so that §pC = —6p¢. Therefore

5p¢ 5p¢
69| = ‘pm’ > ‘p’“ = |6¢] (12.68)
m Pr
as pr > ppy during the primordial epoch.
We have identified 6pS, with §p§. From Eq. (12.13)
. o N . .
0p5 = pabpy + Vadiph + 3Hpadph — ¢ . (12.69)

We have argued that at this stage we can drop the metric perturbation term with @ for the
isocurvature mode, and that by now 3Hps < Vy = m?ps, so that, using Eq. (12.59),

- N
5 C hod 20056 N 2 2,2
§ = 00 ~ N2 P20 TP a2 P2 TP (12.70)
P2 Py + mop; Py + M7y
and we have our final result
Sz(rad) = —3m*Cs(k) (12.71)
To get the transfer function Tsg(k), we compare this to
Sx
S(x) = H,.- (12.72)
O«

Since, from Eq. (12.41),

- ; o\ 087 /(% /(%
Cy(k) = 22(;;+§i>; - (Vl( A )>SE(*), (12.73)

20 \V3(x)  V{(%)
we have
_ Splrad) 2/ m\*[V{(x) Vi) 2(/m)’ 1
o) = 250y = 5 () [ o) © 5 () s 0279

To calculate Trs(k) we take note that when the perturbations are generated, there are two
contributions to R:

S0 (x)

Ok

where the first contribution, from the adiabatic mode, stays constant and the second contribu-
tion, from the isocurvature mode, decays away as we come to the primordial epoch:

Rp(rtad) = Ry(x,adi) = —Cy(k)

Sol (x * * sy (%
= —H, f_fk( ) + (‘V/l((*)) tan ), — “//é((*))cot 9k> H, (’;i ). (12.76)
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¥

Figure 9: Double inflation field space with cartesian and polar coordinates.

Thus, in the language of Sec. 10,

Ri(rad) = Rp(*) + TrsSip(*) = Ry(+,adi) (12.77)
so that
Tnssg(*) = —RE(*,iSO) . (12.78)
We calculate to lowest slow-roll order, so we can approximate
Sol¥ (%) Sl (%)
Ry(x) = —H,—E-—"(1 ~ —H,—* 12.79
(o) = —H—E (1) ~ —m—L (12.79)
Thus we see that the isocurvature mode contribution to the generated R (*) is
, . Vi(*) Va(%)
Ri(*,is0) = Rp(¥) — Rp(*,adi) = (— 7o tan 6y + Vi) cot Oy | Si(*), (12.80)
and " "
Trs(k) = 1) pan g, — Y20 o O . (12.81)

Vi) T V()

To recap, the key feature, or assumption, in the above model was that there were two con-
tributions to the energy density that interact only via gravity, and that the second contribution
(p2 which decayed into CDM) became negligible compared to the first one during inflation
and remained negligible all the way to the primordial epoch, becoming important again only
as we approach matter domination. This meant that the second contribution had no effect on
spacetime curvature (on ® or R) from the end of inflation to the primordial epoch.

13 Double Inflation

After the earlier more general discussion of two-field inflation, it is good to look at a specific
example.
In this section we consider the simplest nontrivial two-field inflation model,

Vie,x) = smie” + 3mix’ (13.1)

where my, < my. (The “trivial” case m, = m, has straight background trajectories.) If
my, <K my, this model leads to “double inflation”, i.e., there are two periods of inflation: the
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% o

Figure 10: Left: Slow-roll trajectories. Right: Slow roll fails for .

first one driven by x, the second by . (This is just one example of double inflation. Double
inflation models were first discussed in [19].) This is a case of noninteracting fields, so we base
our discussion on Sec. 12.

Historical note. Silk and Turner [19] introduced the idea of “double inflation” in 1987 to solve
the apparent problem that the standard CDM model of that time predicted less power at large scales
than observed, when the power spectrum was normalized to observations at small scales. There idea was
that there were two periods of inflation, the first one responsible for generating structure at large scales
and the second one at small scales. This original motivation for double inflation disappeared with the
discovery of the acceleration of the expansion of the universe at late times, since this inhibits the growth
of structure at large scales.

‘We have thus

Vg', = mi«p, Vé = mix, VJ,’ = mfo, V)é' = mi (13.2)
We define m
=—2>1. (13.3)
M

Without loss of generality we assume that initially both ¢, x > 0. We also define polar coordi-
nates r, « in field space:

1/s02_|_X2

: (13.4)

ﬁ
I

tana = X
®
so that

@ =Trcosa and X =rsina. (13.5)

Note that o # 6 = x/¢. See Fig. 9.
We shall mostly calculate in this original @ = (¢, x) -basis, i.e., not rotating into (o, s). The
background equations are

8rG e

H? = 5 P = 3 (O* + X%+ mg,ch + mixQ) (13.6)
$+3Hp+mop = 0 (13.7)
X+ 3Hx + mix =0
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13.1 Background Equations in Slow-Roll Approximation

We assume that initially both fields are in the slow roll regime. In the slow-roll approximation
the background equations are

1 1

m?2 m2
BHp+mpp = 0 = ¢ = —omp = H g = -MTFp  (139)
. . m?2 ) m2
SEmx = 0= X = g = BN =AM

Since 4,5 ox —VV, we can immediately draw the family of slow-roll trajectories: they are ev-
erywhere orthogonal to the V (¢, x) contours (see Fig. 10). In reality, y may come out of the
slow-roll regime when it becomes small, and begin to oscillate, while the slow-roll approximation
remains valid for ¢ (we’ll discuss this later).

N of e-foldings for the single-field case. Before giving the two-field slow-roll solution, recall the
one-field case V =V (p) = im?p*:

a\’ m? da 1 m %) M
H2 = (a> = 6M2 (,OZ = ; = %H(pdt and E = \/6E = const (1310)
2 2 2
@:—%% =— ng = = ng(tend—t) (13.11)
1
dlna = %%wdt = f%mz(t — tena)dt , (13.12)

and we get for N, the remaining number of e-foldings of inflation,

e _ Lm2(t — tena)? (13.13)

N=—-In 8

Gend

and, using NV as a “time coordinate”,
©=2MVN . (13.14)

Here teng denotes the time when ¢ = 0, assuming the slow-roll solution holds until then. In reality, the
slow-roll regime, and inflation, ends a little earlier.

The solution of the background slow-roll equations in terms of 7(N) and «(N) — or rather
N(«) are (exercise)

r = 2MVN

sin )2/ (R*=1) _
N Ny = Mol tand o) tan ). (13.15)

We see that the solution for r(N) is exactly that of single-field inflation. The constant Ny
corresponds roughly to the value of N when V,, = V,, see below. The field “velocity angle” 6
and “position angle” « are related by
. 2
m
tanf = X = TXX = R*tana. (13.16)
$  mie
For all slow-roll trajectories (except the trivial ¢ = 0 and x = 0 trajectories), there is an early
Xx-dominated part, V), > V,, and a late p-dominated part, V,, > V). The transition, V, = V
occurs when

2 2 2.2 _x _my 1
moe” =myx° = tana===—"F=—= = tanf=R (13.17)
s X ¢ my, R
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Figure 11: The transition point V,, =V, for R = 4.

(see Fig. 11.) Thus we have that x/¢ = ¢/x = 1/R at this instant. From Eq. (13.15) we get

then .
14 55 N, 2 1
B o p? = % ImR-In <1+). (13.18)

N = N,
" N  R-1 R2

For R>> 1, In(Ng/N) ~ (2lnR—-1)/R? <1 = Ny~ N.

Note that tana = x/¢ — 0 as N — 0.

Our model has three parameters: mg and m,, specifying the potential, and N, specifying
the trajectory we are on. For the following discussion we want these parameters to have such
values that things happen in the following order:

1. The universe becomes ¢-dominated, V,, > V), while both fields are still in the slow-roll
regime.

2. Some time later, x comes out of the slow-roll regime, while the slow-roll approximation
still remains valid for (.

The slow-roll parameters are

2 4 2 2
R . "
- 2 .52 2+2)2
2 \V (mge* +mix?) ©/) 1 1oRe <%) + R4 (%)
M2 V/ 2 2
ORI
v m2 M 2 1
e = MR = M = 2<) Y
1% mZp? +mix ¢/ 141 R2 (%)
V/I
N = M27X = R*p,. (13.19)

Slow roll is valid for both fields, when e, &y, |1,|, [7y| < 1. The slow-roll equation V = 3M?H?
remains valid as long as slow roll is valid for the dominant field.
When V, = V,, we have x/¢ = 1/R, so that

1/ M\?2 1 /RM\?
v T 9\p S

SO
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For slow roll to be valid, the largest of these, n,, has tobe <1 = ¢ > RM. For R > 1,
we have r = \/g02 +x2%= <p\/1 +1/R? =~ ¢ and N = Ny then, so that we have the condition

prT~2M\/Nyg>RM = Ny>1iR? (13.20)
for slow roll to be valid when V,, = V.. Since x is then falling more rapidly, x/x = R2gb /e,

v, VIx m2xx 1
xoo X X g R2s (13.21)
V, Vie mgpp R

the universe then becomes ¢-dominated, V,, > V, and x/¢ < 1/R.
Once V, > V,, we have x/¢ < 1/R, and we can approximate

M 2 M 2 . Y 2 M 2 ) M 2 )
Ep RNy A2 <> , &y R2 (> R <> L2 <> R, n, =2 <> R”. (13.22
v @ X @ @ @ X @ (13.22)

Of these, 7, is the largest = slow roll fails first for the x field. This happens when ¢ ~
V2RM. Thus our requirement 2 (y comes out of the slow-roll regime first) follows from our
requirement 1 (slow roll valid when universe becomes p-dominated). Both are satisfied when
the parameters of the model satisfy

No > iR, (13.23)

(To clarify this condition, should look at it graphically: draw the line that corresponds to
V, = V,, and the ¢ = RM vertical. This Ny form is useful since it gives information about
which regime the cosmologically relevant scales come from. If R is too large, we are led to
models where only the second inflation is cosmologically relevant.)

13.2 Perturbations

From Egs. (12.34) and (12.35) we have the general slow-roll solution for the perturbations:

ot 9 2 _ 2) m2m2 1202
v - —o il (s = mg) mymaxCe (13.24)
37T (ma 4 mie?)’
s 1
¥_oo- oo —203H2X—X2 (13.25)
%) H m2 YX©+m <p
N 1 2?
- = (C1=+2C H“%
X g T 2X2 +m2p?’
where . 4 4 o
H m +m
—— ~ & = 2M° fpz 2X><2 5 (13.26)
H (mZe? +mix?)
and the coefficients are, from Eq. (12.47),
. H,,
Ci(k) = YN (e + Xkeap)
7 3Hj, < “1k ok )
O3(k) = - , 13.27
W)= mZor  m2yp (13.27)

where (g, xx) is the background field value when scale k exited the horizon.
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At late times, when V,, > V,, the contribution of the isocurvature part (C3) to ® shrinks
as (x/¢)? (as long as the slow-roll approximation is valid) and eventually becomes negligible!?.
Likewise, its contribution to R becomes negligible.

We assume that the y field decays into CDM whereas the ¢ field decays into standard model
particles, which behave like radiation during the primordial epoch. When the universe eventually
becomes matter dominated the CDM isocurvature mode begins again to contribute to ® and R.
Thus the mode we are calling the isocurvature mode gets its name from not contributing to R
during the primordial epoch, although it did contribute to it earlier, during inflation, and again
contributes to it later, when the universe becomes matter dominated.

For the transfer functions we get, using the results of Sec. 12,

Vi(*) Va(*) (R? — 1) tan ay,
Trs(k) = tan 6 — t0, = 13.2
rs (k) V(%) . V(%) oLk 1+ R? tan ay (13.28)
2 (my\? 1 1+ R*tan? oy,
Tes(k) = —= =X tO0 +tanfy) = — .
ss(k) 3 <Hk) (cot Oy + tan O N}, cos oy, sinag, 1 + R? tan? oy

The values aj and Ny are related by Eq. (13.15b). Using this relation we could obtain the
k-dependence of the transfer functions
di'(k)  dT'(k) _ dT(k) 7dT(k)

= ~ = . 13.2
dlnk dIn(arHy) dlnag dNy, (13.29)

14 Curvaton

The curvaton scenario is a two-field model, where one field, the inflaton ¢, is responsible for
inflation, whereas another field, the curvaton Yy, is responsible for the primordial perturbations.
We follow here Lyth et al.[23].20

We assume that during inflation the energy density in the inflaton field dominates, and that
the perturbations in the inflaton field are so small that we can make an approximation where we
ignore them. We assume that the perturbations in the curvaton field are larger, but because the
energy density in the curvaton is subdominant during inflation, we can make an approximation
where we also ignore the effect of the curvaton perturbations on the spacetime curvature during
inflation. Thus we can approximate that the spacetime is unperturbed during inflation.

We assume the curvaton field is practically free during inflation, with m? < H?, i.e. Vx| <
H? (ny, < 1). Therefore, during inflation, Gaussian perturbations in the curvaton field are
generated at horizon exit, with spectral index

ny = —264 2y - (14.1)

During inflation (and as long as we can ignore perturbations in spacetime curvature), the
field equations for the curvaton background and perturbation are

X+3Hx+Vy, = 0 (14.2)
Ox +3HSX + Vi dx = 0. (14.3)

9The slow-roll approximation for x does not necessarily stay valid long enough for the C3 contribution to
become negligible, but we expect the C3 contribution to ® to shrink even faster after slow roll ends for x. The
time evolution of the C1 part is not so easy to characterize as it is « € = €, + €, where €, grows with time, but
what about £,? Even if the ¢, part is shrinking, it does not shrink as fast as (/¢)?, since it is o (x/¢)?e, with
€, growing.

29Tn the literature, the curvaton field is commonly denoted by o. To avoid confusion with Sec. 10, we denote it
by x.
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Thus, if either V' is quadratic (= Vi = my, Vi, = m), or sufficiently flat (V}, Vy, ~ 0), the
ratio dx/x stays constant. Otherwise it will evolve, until the field enters a region of V' where it is
sufficiently quadratic. Denote by ¢ the factor by which the ratio changed in this evolution. This
does not change the spectrum of the inflaton (as long as linear perturbation theory is valid).

During inflation, the curvaton rolls slowly down its potential. Once H falls below the cur-
vaton mass m, the curvaton begins to oscillate. We assume this happens after inflation and
reheating (of the inflaton), i.e., the energy of the inflaton field has been converted into radia-
tion, whose energy density we denote p,.. Assuming the oscillation stays within a region of the
potential where it is sufficiently quadratic, the ratio

remains constant (in time) in this oscillation (it is of course inhomogeneous, being a perturba-
tion).

The energy density of an oscillating field is determined by the oscillation amplitude, Xamp =
Xamp T 5Xamp:

pX = %mZXZmp = %mQ (y(imp‘i'Q)_(ampéXamp_‘_(SXZmp) (145)

Px = 5M* Xamp (14.6)

Spy = %m2 (2>_<amp5Xamp+5XZmp) (14.7)
) X am Sxamp >

5X5p><:2xap+(xap). (14.8)
Px Xamp Xamp

The perturbations dx are Gaussian, but the second term in the equation for ¢, is a square
of a Gaussian, which is non-Gaussian. Since the perturbations §, have to be small (they are
constrained by the observed magnitude of primordial perturbations), the ratio dXamp/Xamp has
to be small, and therefore the second term has to be small compared to the first, so that we can

approximate
1) )
5, ~ 2°XemP o 9g <X> . (14.9)
Xamp X *

Dropping the second term is consistent with sticking with first-order perturbation theory. One
might think that keeping the second term would require us to use second-order perturbation
theory throughout. However, it may be that 0 Xamp/Xamp is much larger than other perturbation
quantities, so that it may make sense to keep the second term here, but still use only first-order
perturbation theory for metric perturbations. We return to this later when we discuss non-
Gaussianity.

We assume the curvaton oscillations last a long time. In the beginning of this oscillation
epoch, p, < p,, but during the oscillation epoch

py xa”> whereas prox a?t, (14.10)

so that the importance of the curvaton grows. The relevant part of this is, that the curvaton
perturbations become important—the curvaton background energy density may either become
dominant or remain subdominant. At some point the assumption of unperturbed spacetime
thus breaks down.

The follow the evolution during the curvaton oscillation epoch, it is useful to define the

perturbation quantities
opi i
G = —p-HL = —y+

_— 14.11
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i.e., (; is the curvature perturbation of the slice where the component energy density p; is
uniform. These are gauge-invariant quantities, so they can be evaluated in any gauge. (Note
that until this point we used a gauge where the spacetime was unperturbed, i.e., ©» = 0 in this
gauge and the (; are proportional to d;.)

We already know that the “total” ( is conserved at superhorizon scales for adiabatic pertur-
bations. The same is true for these “component” (;, if the component is “internally adiabatic”,
ie.,

i _ B

Opi P
which is guaranteed when p; is uniquely determined by p;, and there is no energy transfer between
fluid components. (Should show this somewhere.) This is a much more powerful result, since
the internal adiabaticity condition is satisfied much more generally than the total adiabaticity
condition.

In the curvaton model we assume that during the curvaton oscillation epoch the cosmic fluid
consists of two components

(14.12)

p=pr+py, with wr =35 and wy, =0 (14.13)

that satisfy the above conditions, so that

)
G = —Y+ ZT and¢, = —¢+ e (14.14)
stay constant, but the total curvature perturbation
C = (1 _fx)Cr+fxCx7 (14'15)
where n 3
fo = X Px (14.16)
p+p 4pr + 3py
is the curvaton fraction of inertia density, evolves as the curvaton fraction grows,
¢ = fHl&—6)- (14.17)

In the curvaton model we assume that ;. = 0 is negligible, and that initially also the curvaton
fraction is negligible, so that in the beginning of the curvaton oscillation period ¢ = 0, but later
it is ¢ = f,(y- The constant ¢, can be evaluated at the beginning of the oscillation period, using
then the gauge where the spacetime was then unperturbed:

1 2q (dx
- - 22 . 14.1

The curvaton oscillation period ends when the curvaton decays. We assume that the curvaton
decay products are eventually thermalized (with the possible exception of CDM), both among
themselves and the pre-existing radiation from inflation reheating. (If f, ~ 1 when the curvaton
decays, we don’t have to care about the pre-existing radiation.) This is a second (curvaton)
reheating. After curvaton decay there is no more a separate (.

In the approximation of sudden decay, there is no time for anything to happen to the cur-
vature perturbation ¢ between the end of the curvaton oscillation period and the end of the
curvaton reheating, so that we end up with

)
C = fdech = ;fdecq <>z<> . (14.19)
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More generally, we define r so that ( after curvaton reheating is given by

¢ = 1¢y, (14.20)

where ¢, is from Eq. (14.18), so that

5
¢ =1l = %rq (;) : (14.21)

That is, in the sudden decay approximation, r = fqec. Also otherwise it is (this is presumably
backed by numerical simulations) expected to be of the order of p,/p at the time of curvaton
decay.

In the curvaton model we assume standard evolution after curvaton reheating, so that ( is
now the primordial curvature perturbation.

An important feature of the curvaton scenario is that it may produce significant non-
Gaussianity. A simple kind of non-Gaussianity of primordial perturbations is one where the
perturbation is related to a Gaussian perturbation via a simple transformation:

(%) = Da(T) - fnrPa(@)?, (14.22)

where fyr is called the (local) non-linearity parameter.?!

Its value gives the level of non-
Gaussianity. It is customary to define it in terms of the primordial Bardeen potential ®. In
principle it could have been defined using some other perturbation quantity as well—then it
would differ by a numerical factor, and possibly have different sign from this standard definition.
Here @ is the true Bardeen potential, and ®¢ is a quantity with a Gaussian distribution related
to ® in the above way. Since the values of ® are of the order of 1075 to 10™*, an fyr, of the
order 1 has a very small effect, unobservable with current methods. A non-Gaussianity of a
similar magnitude than the primordial perturbation itself requires fyr, of the order 10*. The
limit from Planck data?? is [17]

fvr = —09+51  68% CL. (14.23)

In the case of adiabatic perturbations, during the matter-dominated epoch we have at su-
perhorizon scales

v - —gg (14.24)
so Eq. (14.22) becomes
3
¢ =G+ ngLC(Q;- (14.25)

2INote that in the literature there is a lot of confusion about the sign of fnr.
22 An earlier limit from WMAP 7-year data [10] was —10 < fyz < 74 (95% CL).
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15 Conformal Metric

Often one can simplify the solution of a problem by transforming the problem into different
variables.
Given a spacetime with a metric g,,,, we may define another metric g,

G = Wi (15.1)

where w is a function of spacetime position (a scalar field). The factor w? is called the con-
formal factor and g,, the conformally transformed metric, or, for short, the conformal metric.
The transformation (15.1) is called a Weyl transformation. It may also be called a conformal
transformation, but that is a much more general concept; there are many kinds of conformal
transformations, in different contexts. It is important not to confuse a Weyl transformation with
a coordinate transformation, where we change the coordinate system so that the components of
the metric tensor change, but the metric is still the same tensor. A Weyl transformation is not
a spacetime coordinate transformation; g and g are really two different tensor fields.
From (15.1) we trivially get

P = w0, g = 0w, g = W (15.2)
and for the determinant of the metric
g=uwg, g=wj. (15.3)

Note that

8 8

Guv - (15.4)

We can define connection coefficients and curvature tensors corresponding to the conformal
metric. The (Levi-Civita) connection coefficients (in coordinate basis) are defined

g G = g”

FZV = %ggp (8ugup + aygup - 8pg,uz/) . (15.5)
Thus (exercise)
qu = %gap (OuGvp + Ovdup — OpGu) = ..
- 1
= I, + " (670w + 00w — 97 GuOpw) . (15.6)

The connection defines a covariant derivative. For a scalar field f we have (exercise)

VuVof = 0u0uf —T0,05f
1 (0% (07 o
= VuVf-= (5,;55 + 068 — g ﬁg“,,) VowVsf
. 1 oh - -
ViVl = ViVuf + = (6567 + 570 = 5°% G ) VoV f
af gV, Vo f = WOf — 205" V,wV, f (15.7)
(where Vow = Vaow = Opw).

For the Riemann curvature tensor

Ry, = 0,00, — 0,0, + TN ), =TTy, (15.8)
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we get (exercise)

Ry = 000, — 0,00, + 10,10, —T0\ 10, = ...
1
= Rpo',uu - a (5,55365 - 555355 - g(f,u(sggpﬁ + gauéggp6> Vavﬂw (159)

u“vYo viuYo

1
+= (25/)5“55 — 26865208 — 290,029 + 205,297 + 9us009™" — gwaggaﬁ) VowVsw .

Contracting this we get the Ricci tensor (exercise)

- 1 1
Ry, = R, = RUV—; (26?55 + ga,,gaﬁ) VaV5w+ﬁ (45?(55 — ggl,go‘ﬁ) VawVaw (15.10)

and the Ricci scalar (scalar curvature)

R = §°"R,, = w_zR—%Dw, (15.11)
w

where [ = gaﬁvan.

Tools. The calculation of ]:ZPUW can be shortened by taking advantage of its antisymmetry. For
example, one can write R ~ o
Rpaw/ = 6HF1€U + FZ)\Fi\U - (/’L A V) (1512)
and calculate just this first half, dropping all terms that are symmetric in (u <> v). Using this notation,
one could shorten (15.9) by half. However, for the contraction (15.10) one has to start from the full (15.9),
since the (u <> v) part contracts differently. Note also that o =4 (In general, this gives the dimension
d of spacetime. There exist generalizations of the above results for arbitrary spacetime dimensions, but
we stick here with d = 4, since theories with extra dimensions will not be studied in this course.)

In the following sections we will need the inverse transformations, i.e., to express the quanti-
ties associated with the original metric in terms of the conformal quantities. One way to derive
them would be to replace w — 1/w in the above results, and then do the derivatives of 1/w.
However, there is a simpler way: We can just move the “extra parts” in the above equations to
the LHS and apply (15.7) to f = w:

@”@Vw = 00w — f‘ﬁyﬁgw
1 (03 (0% (e
= V,Vyw— - (6u65 + 55(5,/ —g Bg,w> VawV gw

V.Vw = V,Vw+ (5355 + 6060 — g“ﬁgﬂy) VawVsw (15.13)

L
w

We get (exercise)

> 1 a ~ o VAV L ~a v
Rpa/w - Rpa;w + [w (55511 55 - gau(sy gpﬂ> vozvﬁw + Egau(szeg Bvozwvﬁw - (:U’ A ’/)

~ 1 L "~ 3 . ~ ~
Ry, = Ry + ” (25?(55 + gm,gaﬂ> VaVaw — nggaﬂvawvgw
R = WR+6wji*V,Vsw —12§°V,wVsw (15.14)

and for the Einstein tensor
1 A 1 asB AR s 3. gy ¢
G = B = §Rgu = G+ — (25M5V — 27 ) VoV + 5 d* VawVew . (15.15)

By a suitable choice of w we may convert equations (of a gravity theory) for g,, into easier
equations for g,
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16 Scalar-Tensor Theories

Scalar-tensor theories are an important class of Modified Gravity theories. They start from an
action

S = /d4:v\/—g [éf(w)R — 39"V oV = V(9) + Lmat | (16.1)

where R is the scalar curvature, ¢ a scalar field, and Ly, represents the rest of physics, of
which we are now not so interested in. We get ordinary General Relativity with a scalar field,
if f(p) = const, since then the first term gives the Hilbert action. This constant determines the
strength of gravity, i.e., the gravitational constant G, by f(p) = 1/(87G) = M2, where

Mp, = = 2.4353 x 10'® GeV (16.2)

1
- \V/8rG

is the (reduced) Planck mass.?3

These theories are called scalar-tensor theories, since with the % f(¢)R in the action the
scalar field ¢ affects gravity in additional ways besides contributing to the energy tensor. One
way to look at this is to think of f(y) representing a “gravitational constant” that is not a
constant. The “tensor” in “scalar-tensor” is the metric g, .

Consider now a Weyl transformation g,, = LUQQW/ with

2 f(®)
w? = . (16.3)
Mg,
Using (15.3) and (15.14) we have (exercise)
: "9 (Y ) [
V=9l (@R = /=33 sMjR+ JME 37 -3 (f) 7" VeV + M = 79 7" ViV
— 1 e &
—3V=99"VupVup = /=g {—éM%fg“ Vp,sovyw}
V) = v (16.0)

so that
5 f// f/ 1 B 5
S = /d4x,/—§{§M§1R+ M3 [3)“ ) (f) - 5 3" NV,upVp
I Mg, 5
M2, f g vuvygp— 7 Ply (e )+£mat}. (16.5)

The term with @“@ch can be converted to 15 derivatives by partial integration
4 ~f/~,uy~ v _ 3 f/~,uu v 4 ~ UV f/ v
d x\/—g7g Vo = - VIvld 079 n, Vi — | d*x\/—gg"'V, 7 Vo,

where we can ignore the boundary term, since its variation vanishes??, and

/ " I\ 2

A [ A

f f f
Znttps://physics.nist.gov/cgi-bin/cuu/Value?plkmc2gev|search_for=Planck+mass gives

mp; = 1/vV/G = (1.220890 + 0.000014) x 10'° GeV. (2018 CODATA recommended value.)
24Should argue this more carefully.
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so that we end up with

I\ 2
L A :

- M4 N
7" VupVio — 2V (9) + Linat ¢ - (16.7)

The result of the Weyl transformation was that the gravitational part of the action has now
the form of the standard Hilbert action, so that the conformal metric g, will obey the standard
Einstein equation! The price of this was that the other parts of the action were modified. In
particular, the canonical kinetic term —%ngu@va was replaced by a non-canonical term.
We get back to the canonical form by defining a transformed field ¢ with

. [37f\% 1 2f +3(f)?
dp = Mp 5 (f) —l—? dp = Mp 2f2() dp . (16.8)

We also define for it a transformed potential

-~ M}
Vip) = f—glV(np). (16.9)
The integration constant for (16.8), which defines when ¢ = 0, can be chosen as convenient.
Thus we finally have

S = /d4x —g{;Mglﬁe — 19"V - V(P) + Emat} . (16.10)

We have converted the scalar-tensor theory into ordinary Einstein gravity with a canonical
minimally coupled scalar field, but for new variables g,, and ¢, which are not the observed?®
metric and field (if we assume that the original formulation of the theory (16.1) holds for those).
Thus any solution in terms of g, and ¢ should in the end be converted into g,, and ¢ — or into
whatever observable quantities we are looking for.

Standard terminology is to call the description in terms of g,, and ¢ the Jordan®® frame
and in terms of g,, and ¢ the Einstein frame. They describe the same physics, but in terms of
different variables.

As an example, we discuss Higgs inflation in Sec. 17.

17 Higgs Inflation

In the Standard Model of particle physics, Higgs is the only fundamental scalar field. Could Higgs
be the inflaton? With standard General Relativity and minimal coupling of Higgs to gravity,
we do not get viable inflation (the potential is not sufficiently flat). However, by introducing a
non-minimal coupling, we get a promising inflation candidate, Higgs inflation [24].

In the Standard Model, Higgs field ¢ is an SU(2) doublet and has two complex components

_ L pitipe

25This is loose talk. One should consider what are the true observables, and how they are affected by modified
gravity. In cosmology observables are, e.g., redshifts, apparent positions, and apparent luminosities of galaxies.
These are related to the metric; but one should also consider whether the motions of light and massive particles
are affected otherwise in the theory. In Higgs inflation this is not an issue, as we will see in Sec. 17.

26Pascual Jordan (1902-1980), German theoretical physicist.
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The potential is
4

2
V(o) = 15 —uslo+ A (ele) (17.2)
where

oTo=181> =3 (b1 + ©3 + 95+ ¢3) - (17.3)

The situation is spherically symmetric in the internal 4D space (¢1, v2, ¢3,¢4). The potential

has a minimum V' (¢) = 0 at
2

7]
|p|? = o = 1o?. (17.4)

For inflation dynamics, only the radial degree of freedom in ¢ is important. Rotate the
coordinates in the internal space so that only one of the ¢; is nonzero, and call it . Then

4
I 2
V(p) = 17 — 2"+ 0 = A (¢ - 07 (17.5)
After the EW transition, the Higgs field has settled at the minimum, ¢ = o, and the Higgs
mass is given by
m3 =V" (o) =2u?. (17.6)

The coupling of the Higgs with the W and Z bosons gives rise to their masses and thus the
strength of the weak interaction, which is described by the Fermi constant Grp. We do not
review this part of electroweak theory, but the result is [26]

Gp = \/;‘2 . (17.7)
From the experimental measurements [26],
mp =125.10+£0.14GeV ~ and  Gp = 1.16638 x 107> GeV?, (17.8)
we get
p= M g8 46GeV, o= 94622GeV, A= (ﬁ>2 —0.129. (17.9)
V2 (\/§G17)1/2 g

We get Higgs inflation by letting the Higgs couple non-minimally to gravity so that the action
is

S = /d4rv\/—g [éMZR + 380° R — 39"V, — V() + cSM} : (17.10)

where Lgy is the standard model Lagrangian except for the —%g“”vﬂgovycp — V(¢) part for
the radial component of the Higgs field. The term %fcsz is the nonminimal coupling of Higgs
to gravity.?” For £ = 0 we get the minimal coupling. We will find that for Higgs inflation we
need & = O(10%). To begin, we first assume 1 < £ < (Mp1/o)? ~ 103 (later we adopt a tighter
bound 1 < & < Mpj/o ~ 10'9).

We see that the action has the form (16.1) of scalar-tensor gravity, with

fle) = M? +¢¢°. (17.11)

After the EW transition, ¢ = o, so that f(¢) = M? + £0% = const, which gives the observed
strength of gravity, i.e.,
M3, = M? + ¢0°. (17.12)



17 HIGGS INFLATION 81
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Figure 12: Higgs potential f/(gb) in the Einstein frame. From [24]; here x, U, v stand for our ¢, V,o.
For ¢ = @ena = 0 (end of inflation) (17.18) gives AMp,/(16£2). There is a range where neither the small-
field nor the large-field approximation is valid and we did not make any effort to match then integration
constants for dp/dp between these two regimes; matching them would make @eng > 0 as in this figure.

Since we assumed ¢ < (Mpi/c)?, the difference between M and Mp is negligible; for & = O(10%)
it is less than 1eV.?®
We now transform to the Einstein frame. From (16.8) and (17.11),

VI P67
M? + £p?

dp = Mp

do. (17.13)

This is difficult to integrate exactly,?? but we can consider various limits.
For small field values ¢ < M/¢, we have £@? < 662p? < M?, so that dp ~ (Mp/M)dp ~
dy, and we can take ¢ =~ . For the Einstein frame potential we get
4
3 Mp,

V(@) = 1A (07— 0)" & A (@ 07" (17.15)

(M? +&p?)
so that there is no difference between the Einstein frame and the Jordan frame, except that the
coupling %§<p2R has disappeared (its effect is negligible at these small field values).

We now assume that & < Mpy/o ~ 10'6, so that we are in this small-field limit when
¢ = O(o) and the non-minimal coupling will not affect the physics of the EW transition.
Results from collider experiments at LHC provide an upper limit ¢ < 10'° [28, 29].

Inflation will happen at large field values where the Einstein and Jordan frames are quite
different, but as inflation ends, ¢ moves to small field values, and any results we calculated in
the Einstein frame will apply as such in the Jordan frame as long as they are about these late
times when ¢ is already small.

2"This can be motivated by quantum effects: Even if such a coupling would not exist in the classical level,
quantum corrections would introduce such a term.

280ne could drop the distinction between M and Mp; at this point. When preparing these notes I kept the
distinction to be prepared for the possibility that it might have some role. Anyway, the distinction serves to

remind us that we are dealing with modified gravity where the Higgs field affects the observed gravitational
constant (in principle, although in practice the effect is negligible).
2With help from WolframAlpha, I get

P 6841 arsinh (\/65 + 1\/5Mi) — V6 arsinh [\/W + const . (17.14)
Pl

Mp) 3 E(p/M)2 +1

(WolframAlpha gives a formula in terms of In and artanh, but I converted it into arsinh to facilitate comparison
to Eq. (2.20) of [27].) One can get the same limits from this.
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For large field values ¢ > M/\/€ > o, we have £p? > M?, so that

. 1 d d -
dgp ~ 1+ *\/6Mp1£ ~ \/6Mp1£ = Y = \/6Mp1 In £
6¢ @ @ )

= @ = poe?/ VoM (17.16)

where ¢y is an integration constant. We will find it convenient to choose pg = M /€ = (@ =
M?, so that

M \/EM
o = —eP/ViMe1 17.17

Now ¢ > M/+/€, so that ¢?/VBMp1 5, 1. For the Einstein frame potential we get (exercise)

N M3 9 M3
V(G — Pl l)\ 2 2 ~ Pl l)\ 4
() (M2 + £p2)2 4 (¢* —0?) (M2 + £p2)2 4 ¥
_ AME, e/ VB)(3/Me) _ MM, <1 N €—2¢/x/5Mp1)_2 . a718)

4¢? [1 + e<2/¢6)(¢/Mpl)} ? 4

There is a temptation here to approximate M? + £¢? ~ £¢?; but this would lead to V(cﬁ) R
)‘M1§1/4§2 = const; although e~ 28/VBMp1 1, it will be important: it gives the small slope for
slow-roll inflation. See Fig. 12.

In the Einstein frame, physics behaves just as in the standard treatment of inflation, so all
our old results apply in it. We can follow ¢ slowly rolling down the potential V and generating
primordial perturbations as different scales exit the horizon, all concepts defined in the Einstein

frame. We find for the slow-roll parameters?” (exercise)
-\ 2
= Mlgl (V/> 4 1 4 1 4 © —4
o M () B B
- —23/V/6M; —23//6M; 2
goapl L ACUR(a ) e 10RE ey
a 3 <1+e—2¢’/\/5MP1)2 38p? (1+§4—§)2 36 \M
©
: vy ap 16 o\~
= Mhy—r ~ Fe 4p/VEMp1 oy @(H) (17.20)

expressed both in terms of the transformed ¢ and original ¢. We see that inflation ends (at
least one of the slow-roll parameters becomes O(1)), when ¢ ~ M/+/E, i.e., when our large-field
approximation breaks down.

30For the calculation of € we made first a further approximation in (17.18),

AMp, —23/VEMp | T2 AM, —23/V/BM,
e (14 e2e/Vore) = i (1 2em2e/vorer) (17.19)
(I was too lazy to do the third derivative of the original form.) This approximation will also lead directly to the
final approximate forms for £ and 7 we give in (17.20). This is not such a good approximation, since during the

“observable” part of inflation e~ ?/V8Mr1 ig not that small; it leads to O(10%) errors in the slow-roll parameters
and N.
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The number of remaining e-foldings of inflation is given (Cosmology II) by (exercise)

o 1 [PV
N(SD) N Mfg’l/ﬁ dﬁd@
§ 2¢/v/6Mp) 2¢end/\/5MP1> @ 1 =
< (e e R T R
~ § 2¢/V6Mp1 § R 2
~ e ~ 4§(M) (17.21)

so that we have (do not confuse the slow-roll parameter € with the coupling €)

3 . 1 ~ 1
—_— N~ ——=, Er — .
4N2 N N2

The Einstein and Jordan frame scale factors are related by a = wa, so the numbers of e-
foldings will be related by N = N +1n@opq /@ (where @ is the background value of the conformal
factor). (Exercise: find N for N = 60.) However, we don’t care here about N — we haven’t even
considered whether we have inflation in the Jordan frame.3! The point is that the physics of
the Einstein frame is the familiar inflation physics, where we produce a spectrum of primordial
perturbations, and once this Einstein frame inflation is over the difference between the two
frames disappears and we are left with primordial scalar and tensor perturbation spectra

£~

(17.22)

1 1V _ AN?

kY = ——F— & ——
Pr(k) 24m? ME & 721262
2 .
Prk) = ——V, 17.23
1) = sy (17.23)
whose spectral indices and ratio are given by
- - - 2
ng = 1—68+2n%1+27}:1—ﬁ
3
ny = —26 = ————
g 2N?2
Pr - 12
r Pr € 2
dns 6z oaz? 2 ~ —2 = 2 (17.24)
dink T ~ T TN '

to lowest order in slow-roll parameters.
The observed magnitude of primordial perturbations, Pr ~ 2.1 x 107Y [13] requires

€ ~ 816VAN ~ 293N . (17.25)

For N = 50-60 this means & ~ 1.47-1.76 x 10%. Since this is the standard model, reheating
physics is known: interactions between the Higgs and other particles after end of inflation are
strong so that reheating is not delayed®?, which means that the scales observable in the CMB
correspond to N ~ 60, which gives

ns ~ 0.967, ny ~ —0.00042, r =~ 0.0033,

dng
Tk~ —0.00056, (17.26)

31'We must have; the coupling of Higgs to gravity does not affect, e.g., the “horizon problem”, which inflation
solves. The above exercise will show that the difference between N and N is not that large.

32Citing[25]: “the Higgs-inflaton field rapidly produces weak bosons, which subsequently decay into all other
standard model particles and reheat the Universe, leading to a . ..temperature Tien &~ 6 X 102 GeV, with uncer-
tainty factor about two”. [25] gives N = 57.66 for the WMAP pivot scale k = 0.002/ Mpc.
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which are all in agreement with observations [13]

dns
Us . _0.004+0.013. (17.27)

ny=0.965+0.004, r<0065, o=

There is no observation for np, since primordial tensor perturbations have not been observed.
A future CMB satellite optimized for polarization observations should be able to detect tensor
perturbations corresponding to this value of r, verifying this r prediction (the accuracy of nyp
measurement would still be poor).

The non-minimal coupling of Higgs to R can be motivated by quantum effects, i.e., even if it
did not exist at the classical level, quantum effects would introduce such coupling. There would
be also other quantum effects that could modify the above “tree-level” calculation.

More accurate spectral index. We noted already in the footnote that e=%/ VBMe1 g not that
small during the part of inflation that generates the perturbations at observable scales. One sees the

results (17.22) given in literature, but they are not that accurate. We can perhaps do better by using the
second-to-last forms for € and 7 in (17.20) and not dropping the §#m¢ in (17.21). The contribution
from the lower limit of the integral in (17.21) is an approximation, since the large-field limit breaks down
there, but if we take it at face value and define end of inflation to correspond to ¢ ~ M/+/€, then this

gives Qena ~ 0 and the lower-limit contribution is O(1), which we keep ignoring. Thus we have

o3[ g 20 3 ? ?
N = . 62<P/\/5Mp1_|_\/6;@m] =1 lg (]\L) —|—ln§(]\<jpl> ] = 3(z+Inz). (17.28)

For a given N, we can solve z = %N — Inz by iteration. For N = 60,
r = 80—Ilnx = 75.62, 75.67, 75.67. (17.29)
With &(¢/M)? = 75.67, we get £ = 0.000227, 7 = —0.017610, and
ng = 1—66+21n = 0.9634. (17.30)

One should not take all the digits seriously; there is room for further improvement in the accuracy of
d@/dy towards the end of inflation. In particular, we have still used the £p? > M? approximation in
going from (17.13) to (17.16). This might cause an error of similar order of magnitude so it is not clear
that (17.30) is better than (17.26). For more accurate results one should use (17.14). [25] says “Using
exact formulas gives numerically ...ngs = 0.967, r = 0.0032”. Also it is possible that quantum corrections
change these results further.
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18 Palatini Variation

In General Relativity the metric defines the connection (2.9). We call this the Christoffel or
Levi-Civita connection. In the Palatini formalism one assumes that the metric g,, and the
connection I‘g7 are independent degrees of freedom and one uses the action principle to derive
field equations for both.

What does it mean that the metric and connection are independent?

The metric defines (infinitesimal) distances; it determines the length of spacelike curves and
proper time of timelike curves. It defines the light cone, i.e., separates timelike, spacelike, and
lightlike directions and separates past from the future. We can use the metric to define a geodesic
between two spacetime events as the path that extremises the path length or proper time.

The connection defines the covariant derivative Vgv® = dgv® + I'g w7 and parallel transport

B o B
%vo‘ = %nga = % + F%‘,ydiv”’ = 0. (18.1)
It defines the Riemann and Ricci curvature tensors (2.3). We can use the connection to define a
geodesic as a curve that parallel transports its tangent vector, i.e., satisfies the geodesic equation

D dx* d?z® o dxP dxY

D az™ _ artar’ _ 18.2
d\ dX oz g an =° (18.2)

For the definition of the scalar (Ricci) curvature
R=g¢"R (18.3)

both the metric and the connection are needed.

If the connection is the Christoffel connection, the metric and parallel transport definitions
of geodesics agree. But if the connection is something else, they do not. This leaves open the
question, which geodesics give the paths of freely falling particles. In GR we don’t face this
question, since the field equation one finds for the connection when one applies the Palatini
formalism to the action (2.1) is exactly the one that makes it equal to the Christoffel connection
(see Sec. 18.1). But if the action is something else (modified gravity) the Palatini formalism
typically leads to a non-Christoffel connection.

Thus for a given modified gravity action we have the possibility for two different modified
gravity theories; the one obtained when the connection is assumed to be the Christoffel one
(metric formalism) and the one where the connection is an independent dynamical variable
(Palatini formalism).

The Riemann tensor is by definition antisymmetric in the last two indices. If the connection
is Christoffel, then there are additional symmetries in Riemann, and from these follow that the
Ricci tensor is symmetric. Metric compatibility and the Stokes theorem are true only for the
Christoffel connection.

18.1 Palatini formulation of GR

(This was done first by Einstein, in 1925. The association with Palatini comes from the use of
the Palatini identity, which Palatini derived in 1919.) The Palatini—Hilbert action for empty
spacetime is

S = / d*r\/—gg"" R (1), (18.4)

where R, (I') signifies that R, is defined by the independent connection, not by the metric. We
assume the connection is torsion-free, i.e., symmetric in the lower indices, F;\W = I‘,))H. Varying
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the metric gives
S = /d4m\/—gRW5gW + /d4xR(5\/—g = /d4x\/—g (Ruw — 39wR) 6g" (18.5)
where R = g"”R,,,(I'), leading to the field equation for the metric

Ry — igwR = 0. (18.6)

Varying the connection will lead to the Christoffel connection. This is easiest to show by
writing the connection as
A A A
I = T + 07, (18.7)

where f‘ﬁu is the Christoffel connection (sorry about using notation I elsewhere use for Weyl-

transformed quantities). Being a difference between two connections, C')‘W is a tensor field. We
get, using the Palatini identity (2.7),

58S = / d*z\/—gg" SR, = / da/—gg"” [va(argﬂ)—vy((srﬁu) , (18.8)
where now

Vo(0T9,) = V,(T7,)+ C%\0T;, — cﬁ,yargu —C%, 0T,
~V,(0ry,) = =V,(0T3,) — C, 0I5, + C%0T0, + C%,0T %, , (18.9)

where V is the covariant derivative defined by the Christoffel connection. The part of the
variation with V vanishes as before. Noting that two terms with C' cancel and that other two
become equal after contracting with g"”, we are left with the condition

5S = / diz/=gg" (C"U,\él“ﬁ# + (9,07, — 2ckug5rgu)
= /d4x\/—g (9" C 5 + g7 ok C",, — 2¢M7C7, ) 5F2V =0 (18.10)

for any variation 5F/’>y. Noting that by assumption 5Fﬁy is symmetric in pv, this leads to the

condition that the symmetric part of the expression in parenthesis must vanish, i.e., that
29" CC, 4 KCVT, 4 65CHT — 207K — 20" = 0. (18.11)

Multiplying this with 6, gives C* = 0, eliminating two terms. Multiplying then with Guv gives
C7 , = 0. We are left with the field equation

c+C = 0. (18.12)

Since this is a tensor equation, we can lower the indices. The rank 3 tensor C, is thus
antisymmetric in the first two indices and symmetric in the last two indices. Such a tensor must
vanish. To see this, subtract the equation Cp,\ + Cypuxn = 0 twice from itself, with different
naming of indices:

CMVA + CVH)\ — CV)\H — C)\,,“ — CAW — C;LAV = —QC)\#V = 0. (18.13)
Therefore the connection is the Christoffel connection,

Fi\w = ff\w = %g)\p (a,ugup + 8l/gup - 8pg/w) . (18.14)
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The matter Lagrangian, at least the kind based on scalar fields that we have discussed,
involves the metric and partial derivatives of the scalar fields. For scalar fields there is no
difference between the partial and covariant derivative; in derivation of the field equations we
replace the partial derivatives with the Christoffel covariant derivatives so that we can use the
Stokes theorem. Thus the independent connection has no role in the matter Lagrangian, so
that matter will not affect the field equation for the connection. We get the contribution of the
matter Lagrangian to the field equation of the metric (the Einstein equation) and the effect of
the metric on the field equations of the matter fields the same way as before.

Thus if the gravity part of the Lagrangian is R, we get the same field equations, i.e., we get
General Relativity, both using the metric and using the Palatini formalism.

Palatini f(R) gravity. Consider now the Palatini version of f(R) gravity. The (vacuum) action is
S = /\/—gd‘le(f{), where R = g"R,,(T), (18.15)

I is a connection independent, of the metric, and le(f) is the Ricci tensor obtained from this connection.
We write I' and R, since in the following discussion we will have a role also for the Christoffel connection
associated with the metric g,,, and the curvature tensors obtained from it, which we will write as I" and
R.

Varying g"¥ gives the condition

55 = [ V=gt [FUD R — 51(Rgu] 09" = 0. (18.16)
where .
o df(R)

F(R) = 22, (18.17)

leading to the field equation o .
F(R)Ry — %f(R)g;w =0 (18.18)

for the metric. We still need to relate R;w and R to the metric.
Varying I' — T 4 0I" gives the condition

58 = / d*z\/—gF(R)g" 6 R, = / dz/=gF(R)g"™ m((srgﬂ)—%((srﬁu)] =0, (18.19)

The trick of (18.7) does not work as such, since the presence of F(R) prevents the conversion of the
Christoffel part of the covariant derivates into a total derivative.
However, if we introduce a conformal metric

Guw =F(R)g = ¢ =F§" and —g=F?/-§ (18.20)

the variation becomes

5S = / da/ 53 [Vo(0T5,) ~ V. (T3,)] . (18.21)
and if we write
nA _ A A
M, =TI+, (18.22)

where f‘f;y is the Christoffel connection for g,,, then the same calculation as we did for the Palatini-
Hilbert action shows that C*,, = 0. Thus
. S\ . .
r,, =rT = R, =R’

1224 opv

Ry, =R, and R=g"R,, (18.23)

and we can use the results from Sec. 15 to relate them to the I'*

wws B2, Ry and R associated with the
metric g,,,. Note that R = F'R, not R.
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If the matter Lagrangian involves just the metric, not the independent connection, then adding matter
just adds the energy tensor in the field equation for the metric in the usual way,

F(R)Ryu, — 3f(R)gu = 87GTp, . (18.24)

Compared to (2.28) we got rid of the term (V,V, — g, 0)F(R), which contains fourth derivatives of
the metric. However, as we see from (15.10), now R, will contain first and second derivatives of the

conformal factor F (or vF).
Taking the trace of (18.24), i.e., multiplying it with g*” gives

F(R)R —2f(R) = 8xGT, (18.25)

which gives an algebraic relation betweenAR and 7. For example, if f (R) = ¢R™ and the matter is
nonrelativistic so that T = —p, we get R = [87Gp/c(2 — )]/, f(R) = 87Gp/(2 — ), and F =
cea[8nGp/(2 — )M for o # 2.

18.2 Palatini Scalar-Tensor Theories

The Palatini action for scalar-tensor theories is
S = [aov=g [0 Bun(D) — 10,00% ~ V(@) + L] . (1820)

where Ruy(f) is the Ricci tensor obtained from the independent connection I'. We will write
@“ for the covariant derivative defined by the independent connection, and V, for the covariant
derivative defined by the Christoffel connection compatible with the metric g,,. Since ¢ is a
scalar field, its covariant derivative is just the partial derivative and does not depend on the
connection, so

10u00" 0 = 29" 0,000 = 19"V 1oV = S9NV oV 0. (18.27)

We assume here that L;,,; does not depend on the connection.
Varying g"¥ — g" + dg"¥ gives the condition

68 = /\/fgd“z {%f(w) (RIW - %guuP») — 10,00,0 + 290 [20,0070 + V()] } 59" + 3Smar = 0
(18.28)
leading to the field equation

F@) Ry = 3F (@) R = 0,000 — g 3050070 + V()] + Tiit. (18.29)

We still need to relate }A%W and R to the metric.
Varying I' — I' 4+ 61" gives the condition

38 = [ dtev=gh(0)g"ih = [ dov=aiiele™ [9a0T5,) - V.6ry)] = o.
(18.30)
The trick of (18.7) does not work as such, since the presence of f(¢) prevents the conversion of
the Christoffel part of the covariant derivates into a total derivative.
However, if we introduce a conformal metric

Juv = WQ.g,uua where w? = Lﬁ) (18.31)
MPI
we have .
M
# = if((p)é“” and =g =—"2./-3 (18.32)
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and the variation becomes
88 = L1mp / d*z\/—g g™ [? (oT9,) — ?y(arﬁﬂ)] , (18.33)

and if we write

fw)\ _ FA —i—C/\

w9 (18.34)

where f‘ﬁy is the Christoffel connection for g,,, then the same calculation as we did for the
Palatini-Hilbert action shows that C)‘W = 0. Thus

rm,=I, = R,,=R,, Rw=R., ad R=g¢g"R, (18.35)
and we can use the results from Sec. 15 to relate them to the I'} e R’ v, Ry and R associated
with the metric g,,,. This also means that the Riemann tensor has all its usual symmetries and
the Ricci tensor is symmetric, as they are derived from a Christoffel connection of some metric.
Note that R = w?R, not R.

Now the connection is not the Christoffel connection and we have the issue of two different
definitions of geodesics. (We could also say that the theory has two metrics, g, and g,
and two different connections T’ and I'.) That freely falling particles follow geodesics is not
an independent assumption in GR, but can be derived from the Einstein equation. Thus the
behavior of test particles in this theory should also be determined by the field equation we
derived (but we will not try to do this here). The answer may also depend on whether Lt
depends on the connection (we assumed here that it does not), and if it does, which of the two
connections appears there.

The field equation (18.29) is likely to be difficult to handle because of the complicated ¢-
dependent relation RW has with the metric g,,,. It will be easier in the Einstein frame. To rewrite
(18.26) in the Einstein frame the other parts go as in Sec. 16, except the %\/jgf(cp)g“”f%w,
where ]:ZW is now independent of the metric at this stage and is not affected by the Weyl
transformation. Instead we just convert the factor

v 1 ~~ UV
W99 = %M&? —33" . (18.36)
The Einstein frame action is thus
" l_ e < M4 N
= /d4l’\/ [ My Ry (1) — %MI%I?QH Ve Ve — f§‘V( ©) + Liat| - (18.37)

The kinetic term is now simpler than in the metric formalism (16.7) and to convert it to the
canonical form requires the simpler field transformation

dp = ""ldp. (18.38)

Finally we have
— /d4x\/ { MEG" Ry, (1) — ;gﬂ”%@%@—wcﬁwﬁmt}, (18.39)

where .

- M

Vi) = ?? () - (18.40)
This is the Palatini-Hilbert action with a scalar field and matter. Varying I gives f;/\w = f‘fw
and varying g"” and ¢ give the Einstein equation for g,, and the usual field equation for ¢.
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18.3 Palatini Higgs Inflation
The Palatini version of Higgs inflation has the action (18.26) with

flo)=M2+€0°  and  V(p) = 1A (p* - 0?)”. (18.41)

Again ¢ = o after the EW transition, so that M3, = M? + £o? and we assume & < (Mp)/0)?
so that M =~ Mp, although the distinction between them is kept in the following. Compared to
Sec. 17 the difference is that the transformed field ¢ is obtained from (18.38) instead of (16.8).
We have now

. Mp do M %
dp = p = —=sinh \/{—— 18.42
M \/1+&(p/M)? Ve \[Mpl ( )
and A )
(7 (%) — 1 )\MPI M2 : 2 95 2

For small field values ¢ < M/+\/€, we have ¢ =~ ¢ and V ~ V and the difference between
the Einstein and Jordan frame (and the coupling of Higgs to curvature scalar) disappears. Since
we assumed ¢ < (Mp)/o)?, we are already in this small-field limit at the EW transition. (Note
that compared to the metric version of Higgs inflation, 1/€ appears here instead of £.)

In the large-field limit, ¢ > Mp;//€ we can ignore the o2 term in the potential, so that

- )\Mf,ll sinh® \/€(3/Mpy) )‘leél

V(@) ~ = tanh* \/€(@/Mpy) . 18.44
S T A < o
Approximating
. - - M 5
sinh \/g(cp/Mpl) ~ %exp {\/g(cp/Mpl)} or RS 2\/gex/gg0/Mp1 7 (18.45)
we have
MR 1 AMz, ~2VE(@/Mp)
Vig) ~ 462 1 4 8e—2VE(B/Mp1) 4 16e—4VE(R/Mp1)  4€2 [1 - 8¢ } - (18.46)

From this we get the slow-roll parameters (exercise)

4 2 4
~ 8<M> . i~ -8 <M> . &~ 64 <M> : (18.47)
E\yp P @

For the remaining number of inflation e-foldings we get(exercise)
N 1 2
N(¢) ~ < (ﬁ) (18.48)

(ignoring the contribution from @enq) so that

1 1
8EN2 N N2

—_
!

The results for 7 and € in terms of N are the same as in the metric Higgs inflation, but € is
smaller by the factor 1/6¢. The same factor (or its square for £) appears in (18.47) and (18.48)
compared to the metric case and it can be traced to the 1/6¢ difference in the exponent in
(18.45).
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For the primordial power spectrum we get

1 1V _ AN?

— o 2 18.50
PR = G4 ML E T 12n% (18.50)
The observed value Pr ~ 2.1 x 1079 requires
¢ ~ A N2 = 4.0 x 105AN? ~ 52 x 10°N? ~ 1.9 x 10° (18.51)
1272 2.1 x 1079 ’ ’ ’ ’ '
where the last number is for N = 60. The spectral indices and tensor/scalar ratio are
- ~ - 2
ng = 1—-65+2n ~ 1427 = 1_ﬁ ~ 0.967
1
np = -2 = ———— ~ 4x107"
4EN?
-6
ro= 2T gpe = 20 2 38X g
Pr EN2 N4
dn . 9 ~ ~ 2
=1 — 2467 -2 =~ -2 = —— ~ —0. 18.52
Tk 6 3 13 13 7 0.00056 , (18.52)

where the last numbers are for N = 60. The main difference from metric Higgs inflation is the
much smaller amplitude of tensor perturbations (primordial gravitational waves). For metric
Higgs inflation they should be observable with a future polarization-optimized CMB satellite;
for Palatini Higgs inflation they are completely unobservable.
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19 f(R) gravity in the Einstein frame

Consider a theory given by the action

S = / /=g {3 [F0) + F OO (R = X)] + L} . (19.1)

where the degrees of freedom are the metric g,,, a scalar field x, and matter of degrees of
freedom in L,,; R = g"” Ry, is the curvature scalar; and f(x) is a scalar function of x, which
is at this point unspecified. We require f”(x) # 0, because otherwise f(x) o x and the x-
dependence disappears in (19.1) leaving just the Hilbert action. The following discussion puts
some additional constraints on the form of f(x). We now find the field equations for this theory
using the principle of stationary action.

Varying y,

5 = [ d'ay=g {41100+ £"0(R=x) = F00] }ox. (19.2)
the stationary requirement 6.5 = 0 gives the field equation for Yy,
x = R. (19.3)
Varying g"”,

55 = / /gL 1 (09" 6 Ry + / a2/ ~gL f () Ry 5"

+ / d'z {3 [f(X) + ()R = X))} 6v/=g + 65m
= 051+ 65+053+05,,. (19.4)

We did similar variations in Sec. 2.2 on f(R) gravity. Following this example, we get
381 = [ d'ey=g} [5u VAV 00 - V.V (0] 89
582 = [ d'ey=gh (0 Ruwbs™

555 = — / a2/ =51 [£0) + /() (R = X)] gubgh” - (19.5)

The stationary requirement gives the field equation for g,

0Sm
N
where we identify the rhs as the energy tensor T}, due to matter degrees of freedom. Solving x
from (19.3) this becomes

f/(R)R;w - %g,uuf(R) = (v,uvzz - g,uzzD) f,(R) + Tw/ ) (19'7)

which is the same equation as (2.28) (where we denoted F(R) = f/'(R); I need to decide where
I want to put the 87G = 1/M3)).

Thus the theory (19.1) is equivalent to f(R) gravity®® (in the metric formalism; one could
also do a similar operation in the Palatini formalism).

S OORw — 59w [FOX) + FO0O)R = x)] = VuVuf (x) + 90 (x) = (19.6)

331 haven’t seen a pedagogical discussion about how one comes up with the idea of trying out (19.1) to attack
f(R) gravity. I traced the idea in literature back to [30]. See also [31]. Somewhere I saw the (19.1) Lagrangian
referred to as the Legendre transform of the f(R) Lagrangian, but I have lost the reference. One may wonder how
a theory with just the metric as a variable is equivalent to a theory with both metric and a scalar field. But note
that f(R) gravity has a fourth-order field equation and therefore it has more degrees of freedom than Einstein
gravity: to specify initial conditions one must specify also second and third derivatives. Now these additional
degrees of freedom are transferred into the scalar field.
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Go back to (19.1). Define

¢ = fx)
W) = x(p)e — fx(v))- (19.8)

Here we have to assume that f’() is monotonic, so that we can invert it to x(y). With these
definitions, (19.1) becomes

S = /d4$\/7—g{é [pR— W (@) + L} - (19.9)
This looks like a scalar-tensor theory, except that the kinetic term is missing.

Consider now a Weyl transformation g,, = ngW with

2 '
we = —. (19.10)
Mg,

Following Sec. 16,

= . 9 /1\?
3V—9pR = v—g{%MglR"‘%Mgl [3'0—2 <¢>

4
SR = I RW (). (19.11)

S = 1 ., =
glwvu‘:ovuﬁp + gMFZ’l(pgNVVMVV‘P}

so that, after partial integration of the term with @u@wp,

= -3 1 e = M2 .
S = /d4f€ —g{éMglR—ler%l@gQ“ VM¢VV¢—$£W(¢)+£m} : (19.12)

We see that a kinetic term has appeared! We convert it to the canonical form by defining a
transformed field ¢ by

dp = MPI\/gd;O = = eV2/BE/Mp) (19.13)

(with a convenient choice of integration constant). We also define a transformed potential

o _ 1 MB
Vi(g) = §?W(90)7 (19.14)
and we have the action in the Einstein frame,
S = /d433 3 {%ME,IR — 1gNLeNLe — V() + Em} . (19.15)

Thus, by going to the Einstein frame, we have converted f(R) gravity to ordinary Einstein
gravity with a scalar field. The question is what is the Einstein frame potential V(@). It
depends on f(x), i.e. of the function f(R) defining the f(R) gravity theory.
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19.1 Starobinsky inflation

Starobinsky inflation[1], also known as R? inflation, was already introduced in Sec. 2.2. For

_ 1 2
f(R) = R+ 7 nR (19.16)
we get
o= f(x) :1+3XW = x=3M?*(p—-1) (19.17)
and (exercise)
W(p) = §M*(p—1)
~ - 2
V(g) = SM2M3, (1 _ e—\/2/3<¢/Mpl>) ' (19.18)

We note that the potential f/(@) is approximately the same as in Higgs inflation, if we replace

A M \?
— = 33— . 19.19
&2 <MP1> ( )
Thus the inflation predictions are the same,
2 12
ns - 1 ~ ﬁ 5 T ~ ﬁ (19.20)

and comparing the predicted scalar perturbation spectrum to its observed magnitude,

1 M \? oy -9
Pr(k) ~ 31 <Mp1) N? ~ 21x107°, (19.21)

we get, for N = 50-60,

1
6M?

M=1214x10"Mp = a= =8.3-11.9 x 108Mp 2, (19.22)
a somewhat small M and large o compared to our natural expectation M = O(Mpy).

From the literature[25], where reheating is discussed in Higgs and R? inflation, the latter
has a lower reheating temperature, Tre, =~ 109 GeV, leading to a smaller N =~ 55 and thus a
slightly smaller (redder) spectral index and higher tensor/scalar ratio. [25] gives N = 54.37
for the WMAP pivot scale k = 0.002/ Mpc and says: “Using exact formulas gives numerically
...ns = 0.965, r = 0.0036”. Both Higgs and R? inflation are consistent with Planck data ([16],
p. 15) but could be distinguished from each other by a more accurate future CMB experiment.
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A  Rules to Convert between Different Time Coordinates

The cosmic time ¢ and the conformal time 7 are related by

d 1d 1
dt = ad - = —— = () "= ’ Al
adp = go= = (= L0 e (Y =a() (A
For any two functions of time, f and g, we have

d : '
G _f_ 1 a2
dg g g
The ordinary Hubble parameter H and the conformal (or comoving) Hubble parameter are
related by

a/

Sometimes it is convenient to use the scale factor a or its logarithm In a as the time coordinate.
We have the following relations between the derivatives wrt these time coordinates:

H'f = H'f = a% = di{a (A.4)
M = HEfHT = a2g+ 1_23%% - <dlcrl1a>2f_ 1+23wdﬁa(A'5)
In many equations the combination
H2f o1 = H2f+3H'f (A.6)
appears. We also have that
H = ai = d? <H+H2> . (A7)
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