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H} Motivation: why lattice field theory at finite density?
B Lattice QCD at finite quark density, sign problem.
B Isospin QCD at finite density.

@A Lattice SU(2) principal chiral model at finite density.
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Why lattice field theory at finite density?
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Why lattice field theory at finite density?

— Conjectured QCD phase diagram:

quark-gluon plasma,

hadronic

neutron stars 12

color-superconducting

nuclear superfluid
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Why lattice field theory at finite density?

— Conjectured QCD phase diagram:
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_/’_o quark-gluon plasma
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Why lattice field theory at finite density?

— Conjectured QCD phase diagram:

Perturbation theory
(high dens./temp. — asympt.
freedom)

Lattice QCD & heavy ion col. exp. —/
unknown/"educated guess” —/

(eff. theories, toy models, etc.)

quark-gluon plasma,
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hadronic

color-superconducting
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Why lattice field theory at finite density?

— Conjectured QCD phase diagram:

Perturbation theory
(high dens./temp. — asympt.
freedom)

Lattice QCD & heavy ion col. exp. ]
unknown/"educated guess” —/

(eff. theories, toy models, etc.)

quark-gluon plasma

| —m

hadronic

color-superconducting

— Need first-principles method to verify conjectures!

— Non-perturbative phenomena!
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1. Lattice QCD: sign problem at finite u

m Why lattice QCD fails at finite chemical potential:

Zoeo = [ D[ 9] exp(~Se[p,p,U] = S[u]) = [ DUIDer(M[u]) e~SclU]
Fermions need to be integrated out analytically — fermion determinant
— Monte Carlo: integrand (incl. measure) needs to be real and non-negative!
— Itholds: 75 Myy (1) 15 = My .(—p*) = Det(M(p)) = Det(M(—p*))" .

m [fRe(p) =0:

— Det(M(p)) € R,

— Det(M(p))*> >0 = even numbers of mass-degenerate flavors can be simulated!

m IfRe(p) #0:

— Det(M(p)) € C = "sign problem"!
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1. Lattice QCD: sign problem at finite p

m Partition function for full QCD:

Zaco = [ Dlu) Der(M{u]) e %1t = [Dju) DL IDet([u])| el

Yl tDer(m[t])
N————

R[UJeU(1)
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1. Lattice QCD: sign problem at finite p

m Partition function for full QCD:
—Sglu
Zgocp = /D[u] Det(M[U]) e 56U = Z 5cp - (R) gep
with:
m partition function for "phase quenched" theory:
Zoep) = [ DIU) Det(M[U])] e 56!V
m expectation value of observable O in "phase quenched" QCD:

(O)acn = 7o [ PIUIOLU] Petcuu]) e ol
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1. Lattice QCD: sign problem at finite p

m Partition function for full QCD:
Zocp = /D[U} Det(M[U]) e 56Ul = 7,0 - (R)|acp)
— Expectation value of observable O w.r.t. full QCD ("reweighting"):

0y _ I PWOM Det({u])e-Selt]_ (OR)jacp
QCD ZQCD <R> laco|
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1. Lattice QCD: sign problem at finite p

m Partition function for full QCD:
Zocp = /D[U} Det(M[U]) e 56Ul = 7,0 - (R)|acp)
— Expectation value of observable O w.r.t. full QCD ("reweighting"):

0y _ I PWOM Det({u])e-Selt]_ (OR)jacp
QCD ZQCD <R> laco|

— Problem: R[ U] highly oscillatory

ZQCD _13
(R igepy = Zioep, e "N, Af = foep — figen
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1. Lattice QCD: sign problem at finite u

m Partition function for full QCD:
Zocp = /D[U} Det(M[U]) e 56Ul = 7,0 - (R)|acp)
— Expectation value of observable O w.r.t. full QCD ("reweighting"):

(Ohon — [Dlujo[U] Det(M[U]) e SclU] (OR)oep)
Qep Zocp ~ (R)jacp

— Problem: R[ U] highly oscillatory

ZQCD _13
(R igepy = Zioep, e "N, Af = foep — figen

—» decays exponentially with system size V = L3 N; | (it Af # 0)
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1. Lattice QCD: sign problem at finite p

m Partition function for full QCD:
Zocp = /D[U} Det(M[U]) e 56Ul = 7,0 - (R)|acp)
— Expectation value of observable O w.r.t. full QCD ("reweighting"):

0y _ I PWOM Det({u])e-Selt]_ (OR)jacp
QCD ZQCD <R> laco|

— Problem: R[ U] highly oscillatory

Zacp 13
R)jacp| = Zioco) =e BN Af = focp — fiacp -

— decays exponentially with system size V = L3 N; | (if Af #0)

— Exponential growth of error €y = /var{ O’ } « el Ni&f where o'lu)=0[Uu] <RR>\[(ZQJC]D\ .
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1. Lattice QCD: sign problem at finite u

m Partition function for full QCD:
Zocp = /D[U} Det(M[U]) e 56Ul = 7,0 - (R)|acp)
— Expectation value of observable O w.r.t. full QCD ("reweighting"):

0y _ I PWOM Det({u])e-Selt]_ (OR)jacp
QCD ZQCD <R> laco|

— Problem: R[ U] highly oscillatory

ZQCD _13
(R igepy = Zioep, e "N, Af = foep — figen

— decays exponentially with system size V = L3 N; | (if Af #0)

— Exponential growth of error €y = /var{ O’ } « el Ni&f where o'lu)=0[Uu] <RR>\[(ZQJC]D\ .

1
V# meas.

— Monte Carlo error goes like: err. «

. .. 3
= required statistics for equal accuracy o 2L NiAf
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1. Lattice QCD: sign problem at finite p

m Whyis Af # 0? Consider two-flavor QCD with deg. quark masses.

— "phase quenched two-flavor QCD" = "isospin QCD": |Det(M (4))|* = Det(M()) Det(M(—u))
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1. Lattice QCD: sign problem at finite p

m Whyis Af # 0? Consider two-flavor QCD with deg. quark masses.
— "phase quenched two-flavor QCD" = "isospin QCD": |Det(M (4))|* = Det(M()) Det(M(—u))

Isospin system:

— effective pion masses: m =m, —2uQ,Q=0,%+1,
(for sufficiently small )

0 mpl2

U

(assuming p < m,/2)
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1. Lattice QCD: sign problem at finite u

m Whyis Af # 0? Consider two-flavor QCD with deg. quark masses.

— "phase quenched two-flavor QCD" = "isospin QCD": |Det(M (4))|* = Det(M()) Det(M(—u))

Isospin system:

— effective pion masses: m =m, —2uQ,Q=0,%+1,
(for sufficiently small )

— iy >mg/2:

ny

—> non-zero isospin density,

6 mr‘rr’Z
u
(assuming p < m,/2)
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1. Lattice QCD: sign problem at finite p

m Whyis Af # 0? Consider two-flavor QCD with deg. quark masses.

— "phase quenched two-flavor QCD" = "isospin QCD": |Det(M (4))|* = Det(M()) Det(M(—u))

Isospin system: .. . .
. . N<Py> T
— effective pion masses: m =m, —2uQ,Q=0,%+1, N L
(for sufficiently small ) ‘,’\
AN
’ N\,
— iy >mg/2: B ! .
© I’ <tl™s s N
—> non-zero isospin density, ,‘ \'*\_
1
— chiral condensates rotates into pion condensate. ,' <0
0 L
0 mpl2
14

(assuming pu < m,/2)
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1. Lattice QCD: sign problem at finite p

m Whyis Af # 0? Consider two-flavor QCD with deg. quark masses.
— "phase quenched two-flavor QCD" = "isospin QCD": |Det(M (4))|* = Det(M()) Det(M(—u))

Isospin system: [ R
o NSOy =TT
— effective pion masses: m =m, —2uQ,Q=0,%+1, \ /"
(for sufficiently small ) ,\/\
RN
— iy >mg/2: B ! .
© Ioptl=s s,
. . . H S
—» non-zero isospin density, T Sl
1
— chiral condensates rotates into pion condensate. ,' <0
0 L
0 mpl2
14

(assuming pu < m,/2)

— aslong 1 < my /2 so that vacuum at () # 0, (=) =0:

can (approx.) identify: | QCD: (u,d), (ii,d) ‘H‘ |QCD|: (u,d), (i,d) ‘ = | Afsmall|.
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1. Lattice QCD: sign problem at finite p

m Whyis Af # 0? Consider two-flavor QCD with deg. quark masses.
— "phase quenched two-flavor QCD" = "isospin QCD": |Det(M (4))|* = Det(M()) Det(M(—u))

Isospin system: .. . .
. . N<Py> T
— effective pion masses: m =m, —2uQ,Q=0,%+1, N L
(for sufficiently small ) ‘,’\
AN
’ N\,
— iy >mg/2: B ! .
© I’ <tl™s "o
—> non-zero isospin density, ,‘ \'*\_
1
— chiral condensates rotates into pion condensate. ,' <0
0 L
0 mpl2
14

(assuming pu < m,/2)

— aslong 1 < my /2 so that vacuum at () # 0, (=) =0:

can (approx.) identify: | QCD: (u,d), (ii,d) ‘H‘ |QCD|: (u,d), (i,d) ‘ = | Afsmall|.

— identification breaks down when (%) £0 = | Af large |!
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1. Lattice QCD: sign problem at finite u

— Behaviour of (R)|qcp) (1)

average sign <R>‘QCD‘ vs. nyvs. i

4, =5.0, k=015

— V=5555, f=5.3, k=0.175

— V=4444, =50, k=0.15

—— V=5566, =53, k=0.175. ok

0.0 5 0 5 20 25 30

average sign (R} ocp) vs- 11

— V=4444, =50, k=015
— V=5555, f=5.3, k=075

— | Average sign drops dramatically as soon as 7; becomes non-zero.
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1. Lattice QCD: sign problem at finite p

m Attempts to overcome sign problem in finite density lattice QCD?

—

complexification and deformation of path integral’s domain of integration:

— hol. gradient flow (with/without neural network), Basar's talk, or [Alexandru et al., 2017] ,
— path optimization (with/without neural network), [Mori et al., 2017]
cluster decomposition, [Wenger et al., 2017]
strong coupling and/or (spatial) hopping expansion, [Forcrand et al.],[Philipsen et al.]

spatial hopping/loop expansion + mean field.
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1. Lattice QCD: effective model [T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Circumventing the finite density sign problem in QCD:

Single flavor LQCD partition function,
Z:/D[U} Det(D[U]) eSU]
with Wilson’s lattice gauge action,

Se[U] = ZZReTr (1 =Up (%), Uw(x) = Uu(x)Uy (x + DU (x + D) U (x),

X pu<v
and Wilson’s lattice Dirac operator,

Dxla,y]b[u] = 5Xy51]5ab

3
—k 1 (Busmy (1= 1)Ut (%) + by (147 Uy (x = 7))
v=1

lea,}/]b
—K <5x+z,y(]1 — ) Ua,i(x) e +0, 5 (1 +7) U 1y (x — 1)67”) .

Txlﬂ,y/b
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1. Lattice QCD: effective model [T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Rewrite single flavor partition function:

Z= /D[u] Det(D[U]) eS¢ Y]
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1. Lattice QCD: effective model

[T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Rewrite single flavor partition function:

Z:/D[u] Det(1 —«T) (H [T detea; ﬂ—xSUMQO)>H{1+Zd,a,(ﬁ)x,(up)}

S0 {C§ r r#0
"spatial loop" expansion of Det(D[ U ]) character expansion of eSglU]
with sp—1
MCsD H qux (i+1) mod s) (1 - KT) X((i+1) mod sg) "
XIGCSO

X4e /
(MC4 ) u,I,X4,5;br]rx4,e /

X4,5
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1. Lattice QCD: effective model [T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Rewrite single flavor partition function:

Z:/D[u] Det(1 —«T) (H [T detea; ﬂ—xSUMQO)>H{1+Zd,a,(ﬁ)x,(up)}

S0 {Csp ) P 40

"spatial loop" expansion of Det(D[ U ]) character expansion of eSglU]

m Effective nearest-neighbor Polyakov loop model obtained by truncating:

m 5o < 2 (loops spanned by no more than two neighboring spatial sites)
m p € P; (P;: set of time-like plaquettes only)
m 1 = f (fundamental plaquettes only)

—Z = /D U] Det(1 — «T) < H detqq,(1 KfM;/y)) H {1 +3as(B) tl‘c(up)}

(xy) pEP;
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1. Lattice QCD: effective model [T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Rewrite single flavor partition function:

Z:/D[u] Det(1 —«T) (H [T deteq (1 — K:UMCSO)> H{l +Y d,a,(ﬁ)x,(up)}

S0 {Cey } [4 720

"spatial loop" expansion of Det(D[ U ]) character expansion of eSglU]

m Effective nearest-neighbor Polyakov loop model obtained by truncating:

m 5o < 2 (loops spanned by no more than two neighboring spatial sites)
m p € P; (P;: set of time-like plaquettes only)

m 1 = f (fundamental plaquettes only)

7~ /D[U] Det(1 — «xT) < [ ] deteq: (1 - K?M;/ﬂ) I {1 + 3a¢(B) trC(LIp)}

x) peP:

m Take terms up to order O (x? a;'(ﬁ)) and integrate out spatial links:

= [ DIP] (T[T el (1-+ (2ret)" bs) e (1-+ (2ee )" p2) ) & Soresbi 227
X
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1. Lattice QCD: effective model [T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Rewrite single flavor partition function:

Z:/D[u] Det(1 —«T) (H [T deteq (1 — K:UMCSO)> H{l +Y d,a,(ﬁ)x,(up)}

S0 {Cey } [4 720

"spatial loop" expansion of Det(D[ U ]) character expansion of eS8l

uj

m Effective nearest-neighbor Polyakov loop model obtained by truncating:

m 5o < 2 (loops spanned by no more than two neighboring spatial sites)
m p € P; (P;: set of time-like plaquettes only)
m 1 = f (fundamental plaquettes only)
—Z = /D[U] Det(1 —«T) < H dete g (1 — K?M;/ﬂ) H {1 +3as(B) trC(LIp)}
) pEP:

(ﬁ))

m Take terms up to order (’)(Ks2 a;' and integrate out spatial links:

= [ DIP] (T[T el (1-+ (2ret)" bs) e (1-+ (2ee )" p2) ) & Soresbi 227
X

— can be expressed entirely in terms of Ly = tr. (Py) and L, = trc (P{) .
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. Lattice QCD: effective model [T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Full set of nearest neighbor hoppings:
detcrd,f(]l — KEME,]}) =1- Kf trc,d,t (M?,?)

+

12ny

= Z K C12n, y)
where for a n X n matrix A, the ¢, (A) are defined by,
X, (M) = det(1A — A) ZAkck
m For simplicity, start with leading terms up to quadratic order in x5 and require
Zypp= / D[P <Hdet§ (1+ (2cce")" P;) det? (1 + (2Ke”‘)”‘P§)> e Srafs (MmBA) Sgers (moF)
%

to coincide with Z up to order O (k2 a;’ (B) = Sper(ni,x,B,p)and Sgrs(ni, B)
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1. Lattice QCD: effective model [T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Effective gauge action:

— Integrate out spatial links in O (x?) piece of Z:

/D[US] IT {1 + 3a¢(B) trc(Up)}

peb

- <H>{1 + af (B) (tre(Pe) tre(PY) + tre(PT) tre(Py) ) 3,
Xy

o oo
[ LI
I L]
[ ; L]
X ¥y x y X v o x y
=SB =R L (tre(Pe) tre(PY) + tre(P) tre(Py) ),
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. Lattice QCD: effective model [T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Effective fermion action (interaction part):

—  Integrate out spatial links in O (x2) - O (k2 a (B)) pieces of Z:

- /D[Us] (Z) tre s (Sxy (1—xT);" S35 (1 —xT)7") HP (1+ 3ag(B) tre(Uy))
XY pel

= —Sperr(ne,x,B1) = — Sperro(ne s, )
— ——
o(2a(p))
= Steppa(nex,Bou)
——
o(2akp) -0 (2d ™ (p)
= Sfefa(ne K, B p),
—
o(x2d(p)
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1. Lattice QCD: effective model

[T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m For example the contribution at order O (2 a?,(ﬁ)) :

T T | n - ‘ | |
I I I | ! | ‘ ‘
| | | | ! | ‘ |
| | | | ! | ‘ ‘
X4 ﬁ": : x4?ﬁﬂ: : x4§*): : . *): :
- ‘ 1 - 1 ‘ - h ‘ |
| | | | ! ‘ ‘ ‘
I | I | ‘ | ‘ |
I I v | | ! ' :
X ¥y x oy Xy Xy 7 %y C L
2x2n
— *Sf,gff,o(nt,;(’y) — 7Tt
. E <trc((]l + (ZKeﬂ)”rPg)’l) _ trc((]l + (ZKeﬂ,)n,Pg),l))
(x)

(e (1 + (2xe!)" Py) 1) — tre (1 + (2xe )" PH) 7)),
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1. Lattice QCD: effective model

[T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m For example the contribution at order O (2 a?,(ﬁ)) :

T T | n - ‘ | |
I I I | ! | ‘ ‘
| | | | ! | ‘ |
| | | | ! | ‘ ‘
X4 ﬁ": : x4?ﬁﬂ: : x4§*): : . *): :
- ‘ 1 - 1 ‘ - h ‘ |
| | | | ! ‘ ‘ ‘
I | I | ‘ | ‘ |
I I v | | ! ' :
X ¥y x oy Xy Xy 7 %y C L
2x2n
— *Sf,gff,o(nt,;(’y) — 7Tt
. E <trc((]l + (ZKeﬂ)”rPg)’l) _ trc((]l + (ZKeﬂ,)n,Pg),l))
(x)

(e (1 + (2xe!)" Py) 1) — tre (1 + (2xe )" PH) 7)),

m Higher orders ...
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1. Lattice QCD: effective model [T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Partition function for effective model:

Zogs = /D[p] (Hdetf(n + (2xel)" ;) det?(1 + (zKe—V)"fp;)> e Sesfaot (e )
X

where
—Seff,mt(”t/K,ﬂ,,H) = - Sg,eff(nt/,B)
—
o(xa ()
— Stefro(ne i, p)
~——— ——
o(2a%(p))
= Stefra (%, Bi)
S ——
o(2al(p)-0(2a ™ (p)
= Stepra(nex,B,u)
——— —
o(x2dt(p))

depends only on L; = tr.(Pg,) and L} = tr(P).

i
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1. Lattice QCD: effective model [T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Mean field action for effective nearest-neighbor Polyakov loop model:

BS Ly,...,Ly,Ly,..., L}
Smf(L L* LL _ Z{ efftot( 1 aLV 1 V)
i

aseff,tor(Llr- . .,Lv,Li‘,. . -/L*V)

(1)
1

Complex fermion determinant — L = (L) # (L*) = L*.
To avoid subtleties (c.f. [Fukushima & Hidaka 2007, arXiv:hep-ph/0610323]) :

m define mean field in phase quenched system:

g

L= (Uq(f) = 7 1( //d91d92{ (61,6) H(61,6,)
: Det(D(el,ez))e*SmﬂL(el,ez),m }
where
qu( / /d91d92{ (61,62) |Det(D(61,62)) efsmf(L(el/Gz)l) },
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1. Lattice QCD: effective model

Saariselka, April 7, 2018 T. Rindlisbacher

m Mean field action for effective nearest-neighbor Polyakov loop model:

14 BS (Ly,...,Ly,L5,...,L})
S L L*LL ef f tot - s by )
m 2{ oL L=
! L¥=L*
+ (L* - E*) aseff,tor(Llf--~rLV/LI/~--/L*V)
“ aL;‘ =L [’
L¥=L*
Complex fermion determinant — L = (L) # (L*) = L*.
To avoid subtleties (c.f. [Fukushima & Hidaka 2007, arXiv:hep-ph/0610323]) :
m define mean field in phase quenched system:
B use reweighting (exact for spatially localized observables):
1 T _
WO = w7/ 6162 { L(By 02) H(6r,02) Dex(D(6n 62)) (1200},
s nn
where
7'{ T —
z(L) = / /d@ldBZ{H(Bl,Gz) Det(D(6y,6,)) e s H(0142):D) }
—7T =7

Finite Density on the Lattice: problems and (some) solutions

[T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]



1. Lattice QCD: effective model

[T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Comparison of mean-field result with Monte Carlo and Complex Langevin [Langelage et. al.
2014, arXiv:1403.4162]:

ariselka, April 7, 2018
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1. Lattice QCD: effective model

[T. Rindlisbacher & P. de Forcrand, JHEP 51 (2016)]

m Comparison of mean-field result with Monte Carlo and Complex Langevin [Langelage et. al.
2014, arXiv:1403.4162]:

0.8

0.6

0.4

0.2

(= 0.01, N; =200 and B = 5.7)

<z

< (L) > MC 1
<(L)> CL

11.7

1 1 1
1171 1172 11.73 1174 11.75 11.76 11.77

HB

m Mean-field results agree very well with Monte Carlo estimates!
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2. Isospin QCD at finite density

m Mass-degenerate two-flavor isospin QCD:
+ no sign problem: Det(M(j)) Det(M(—u)) = Det(M(u)) Det(M(p))* = |Det(M(u))[* € R* .

— but: other difficulties after pion condensation at y > m, /2 :
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2. Isospin QCD at finite density

m Mass-degenerate two-flavor isospin QCD:
+ no sign problem: Det(M(j)) Det(M(—u)) = Det(M(u)) Det(M(p))* = |Det(M(u))[* € R* .
— but: other difficulties after pion condensation at y > m, /2 :

- Lattice saturation effects become relevant quickly.

average sign <R>‘QCD‘ vs. 1]

O[§ — v=a44a,p=50, k=015

—— V=5555, =5.3, x=0.175
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2. Isospin QCD at finite density

m Mass-degenerate two-flavor isospin QCD:
+ no sign problem: Det(M(j)) Det(M(—u)) = Det(M(u)) Det(M(p))* = |Det(M(u))[* € R* .
— but: other difficulties after pion condensation at y > m, /2 :

- Lattice saturation effects become relevant quickly.

- Measuring mass spectra vs. y difficult.

SU(2) principal chiral model lattice isospin QCD
[Son & Stephanov, 2001]

R
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2. Isospin QCD at finite density

m Mass-degenerate two-flavor isospin QCD:
+ no sign problem: Det(M(j)) Det(M(—u)) = Det(M(u)) Det(M(p))* = |Det(M(u))[* € R* .
— but: other difficulties after pion condensation at y > m, /2 :

- Lattice saturation effects become relevant quickly.

- Measuring mass spectra vs. y difficult.

SU(2) principal chiral model lattice isospin QCD
[Son & Stephanov, 2001]

]

R

— | Why no agreement for m, /2 < p < mp/Z ?
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Isospin QCD at finite density
m Effective Lagrangian cf. [Son & Stephanov, 2001]

2
Lof = ff—tr[( —ipdyo(mE — L13)) g (E)VZ+ —iudyp

(mZf - Z'm))]
1
4

tr[STE + £75]
with:

— ) — H”Hz T
L=y =11 +igE

S=1s'+it-5  (s*=f2mE ~2my).
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Isospin QCD at finite density

m Effective Lagrangian cf. [Son & Stephanov, 2001]

2
Lor = DX e[(32

—ipdyo(mE — L13)) g (E)VZ+ —iudyp

with:
oy — HﬂHz e
L =%(7) =1,/1- 2 tig
S=1s'+it-5  (s*=f2mE ~2my)

m Saddle point approximation:

— write 7T = 7o + 7(7T0, 7T (X)) ,

Saariselka, April 7, 2018

T. Rindlisbacher

(T3Z
1
4

_ i _ 3
7' (7o, ) = ' — %l";d(no)nk L

'+ O((x())
rip(m) = ) (2 + 0 o

i () = %u[m m)}

om! ol
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2. Isospin QCD at finite density

m Effective Lagrangian cf. [Son & Stephanov, 2001]

2
Lop = L2 e[(0,% — 10,0 (BT — T1)) g (3,2 — ipdup(nT! — E'ry))]
1 ret +
- g t[s'E + 27]
with:

—_y(7) — H‘sz T
L=x(m =1 \/ 1- B Tl g (70, 7) = 7 — 1T, (700) i el + O(((x))°)
S=1st+iT-5  (s'=f2mE ~2m,). | (@) = %hrmm(—a’gif) Ll —ah;;,‘?))

m Saddle point approximation:

i () = %u[m m)}

om! ol

— write 7T = 7o + 7(7T0, 7T (X)) ,

— 7t(x) = 0 — effective potential: | Vys¢(7To) |, min. — vacuum 7 ,

— Euler-Lagrange eqn. for 77(x) + Fourier trans. — e.o.m.: Mi]-(?rg,p) 7l (7o, p) = 0

- det M(7to, p) = 0 — 3 dispersion relations: p° 77)()( p),i=1,2,3.

zero-eigenvector of M(ﬁg,(p?l.) (p),p)) — state vector corresp. to i dispersion relation;
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2. Isospin QCD at finite density

vacuum: =0

_ 7 cos(¢g)
vacuum: mp = (Frb .sin(gi)g))
0

E2—||p|[P—m% +4p? 4iEp 0
—4iEp E2—||p|>—m% +4pu? 0
0 0 E2— ||l —mi%

M(0,p) = (

)

. 0 it p<mgp/2
with 7 = R )
fry[1= g i w>mr/
= & iEm2
B |pP -4+ 55— 0
(7T, = 2
M (7, p) ‘E”;’ﬂ E2— 5|2 0
0 0 E2-||p|-4p?

state vectors and dispersion relations:
7l 0
pe — i — 2 B2
(Z) =) w e=xym+ipl
7l 1
P : i — 2 712
(B)=()  e=symtr i 2
7l 1 ) —
(gi) = (Bi) itt E==4y/m% + |p|>—2u

state vectors and dispersion relations:

—1
-
2 itf E=4/|p|?+4u2
<A> VIPIZ -+ 4

_ 2ipE
el V7md 164
i 2(2c_@)-nk) it E==+/]Ipl*+Cy(p)
s m2 /T 164
0
__4ipE
el 1
22 = | a(Pcim-nk) itt E=44/[p|>+ C-(p)
sl 1604 -
0

. _ Diy/Drieink 2[5
Ci(p) = ———F=——.
D =3m +16p*
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2. Isospin QCD at finite density

vacuum: =0

_ 7 cos(¢g)
vacuum: mp = (Frb .sin(gi)g))
0

E2—||p|[P—m% +4p? 4iEp 0
M(0,p)= —4iEp E2— |2 —m2+4p? 0
0 0 E2— ||l —mi%

)

. 0 it p<mgp/2
with 7 = R )
fry[1= g i w>mr/
= & iEm2
B |pP -4+ 55— 0
(7T, = 2
M (7, p) ‘E”;’ﬂ E2— 5|2 0
0 0 E2-||p|-4p?

state vectors and dispersion relations:
7l 0
pe — i — 2 B2
(Z) =) w e=xym+ipl
7l 1
P : i — 2 712
(B)=()  e=symtr i 2
7l 1 ) —
(gi) = (Bi) itt E==4y/m% + |p|>—2u

state vectors and dispersion relations:
—~1
-
(;Ez it E=-+\/|p|? +4p2
—~3
=
" 2iuE
V716t
= | 2(c_p)-nk) itt E==24/|P]?>+ C+(p)

it E==+y/]Ipl*+C-(p)

C:(p) = - v

ity
D =3m¥ +16p*
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2. Isospin QCD at finite density

state vectors and effective masses: state vectors and effective masses:
7l ) T 0
B2 ) = (0) ift m=—Lm;, (m) = <n> ifft & m=+2pu
73 1 i 1
7l 1 7
(;Z) = ((n]) iff m=tmy;+2p + j”’?{ .
3 R tlen /3m4 +16u*
IO (@): i m= Y2 100
(ﬁl> = (—i) ifft m=xtmy—2u 3 s
73 0

/N
RN
<8
N
Il
—~
Smo
~
3
Il
=)
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2. Isospin QCD at finite density

state vectors and effective masses: state vectors and effective masses:
7l 0 ) Tl 0
B2 ) = (0) ift m=—Lm;, (m) = <n> ifft & m=+2pu
3 1 73 1
7l 1 ) —
72 ) = (1) ift - m=Lm;+2pu
73 0 Tl

V3mk + 16t

iff ==
ift m 2

- (%)~
(ﬁz>:(6i> iff m=tmy—2p =

T 0
(w):(l) itt m =
73 0
non-orthogonal!

1.r
0.8F
Re
A 06
S
Tk 04f
v
0.2f
Im
0. fm———————— e
0 myl2
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2. Isospin QCD at finite density

state vectors and screening masses: state vectors and screening masses:
7l 0 ) T 0
<ﬁ2> = (0) ifft  mse, = tmy Ry <0> ifft sy =42
73 1 7ts 1
7l 1 / 5 = T
= _ P _ 2 2 Tl 1 / 4
(;ﬁ) =(3) i ma =y - ep) (ﬂw) (8) i mer = [u) ~
~1 L 3 0 \ (2n)
us
72| = —i) i g = £1/m2 — (2p)? T 0
(gg) (0 ser Z—(2p) (T:QP) _ ((1)) iff gy =0
3
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2. Isospin QCD at finite density

state vectors and screening masses: state vectors and screening masses:
7l 0 ) T 0
72| = (0) iff  msey = £y Ry | = <0> iff  mger = £21
73 1 s 1 !
) - (! iff -+ o2 21)2 T /1 m4
=) (('1) - mser = /i = (24) (@) =(0) i me=+/@p’ - —5
7] N0 ! (2n)

(
@%):(%) it iy = /2 — (2p)° (2}):(9) it ey =0

orthogonal!
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3. Lattice SU(2) principal chiral model at finite density

m Lattice action:

1 a ;
S = 1 E{ —x Z tr[ZI ety e HBoa 43 e IOy o el30u ]
X v=1
—tr[zts + S+Zx]} + const.
where
f2a%2 -k
ap—p

'S+ S=1-s*+it-5
T fa =, st Ty =X(F) = mEL + 17, - T, with (8)? + |2 =1.
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3. Lattice SU(2) principal chiral model at finite density

m Lattice action:

1 a ;
S = 1 E{ —x Z tr[ZI ety e HBoa 43 e IOy o el30u ]
X v=1
—tr[zts + S+Zx]} + const.
where
f2a%2 -k
ap—p

'S —+S=1-s*+iT-5

T fa =, st Ty =X(F) = mEL + 17, - T, with (8)? + |2 =1.
m action in general complex for non-zero values of .
— partition function Z = [ D[Z] e~5[*! has sign problem!

— can be overcome by changing to dual, so-called "flux variable" representation.
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3. Lattice SU(2) principal chiral model at finite density

m Lattice action:

1 a ;
S = 1 E{ —x Z tr[ZI ety e HBoa 43 e IOy o el30u ]
X v=1
—tr[zts + S+Zx]} + const.
where
f2a%2 -k
ap—p

'S+ S=1-s*+it-5
T fa =, st Ty =X(F) = mEL + 17, - T, with (8)? + |2 =1.

m action in general complex for non-zero values of .
— partition function Z = [ D[Z] e~5[*! has sign problem!
— can be overcome by changing to dual, so-called "flux variable" representation.

m Toy model for testing methods to extract mass spectrum in isospin lattice QCD (symmetry.
integrated out analytically, need for source terms, ...).
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3. Lattice SU(2) principal chiral model at finite density

m Basics of "flux-variable" dualization:
— Boltzmann factor: e Ly PxPxio 5 Exfx |

— factorize: (1, e*#¥x+7) ([T, &%),

)nx

\oxv
— Taylorexpand: e*#¥x+v = Y2 _, % e =310 o &

— expand product of sums:

T WIS i NN
Z H(l:[ CX,V!> nx! (Px

{en} x

— integrate out the original variables ¢:

z= zn(nit) W (1t S+ Ea)

{gm} x
— flux variable: &y, ,

— monomer number: 1y .
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3. Lattice SU(2) principal chiral model at finite density

m Dual rep. of SU(Z) principal chiral model: cf. [Bruckmann et al., 2015],[Forcand & Rindlisbacher, 2015]

Z H ‘kxlf‘+21xp+):N3Xx1
& { )
N)} (i)'

N
{k1ED x,pgn®, Y ([ |+ Lew) et TT X!
i=3

. N
ez.“kx,d elfPs,xPx S‘PXH'Z‘?X H(s’)"i"

i=3

lN ) PerZ \v*xyy)
x 2(“"“+2‘7‘)/2(|Px‘ +QX)IQX' H?’ly((l :

i=3

WA+ Il 200,00 2, )}

(I)V + X(izm) and

X

with Ay = E(‘kx,v| + |kx—17,v‘ + z(lx,v + lx—V,v)) > CJ(ci> = Z(
v v

r(25) T 0T raag?)
W(A,CO,...,c0N) i

2(2+A)/2r(
— | No sign problem!

m Gauss constraint for k-variables and Evenness constraints for x-variables!

N+A+EN, )
)
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3. Lattice SU(2) principal chiral model at finite density

m Variables I, and gy not subject to constraint: can be sampled by ordinary local Metropolis .
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3. Lattice SU(2) principal chiral model at finite density

m Variables I, and gy not subject to constraint: can be sampled by ordinary local Metropolis .

m Due to constraints: cannot use ordinary local Metropolis to sample ky ., px and Xi’{ ny)

variables.
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3. Lattice SU(2) principal chiral model at finite density

m Variables I, and gy not subject to constraint: can be sampled by ordinary local Metropolis .
m Due to constraints: cannot use ordinary local Metropolis to sample ky ., px and Xi’{ ny)
variables.

— Instead of looking at Z only,

K‘k(vl+21rv+):, 3Xxu
7= ¥ {nn —}
|

k . 4 i
(kLx D pgn®y SV (Jkey | + Loy ! TS0
i=3

. 4
e2hked oitpsx px glpx|+24x II (5’)"%

1=34 B pX+Z J\V_ xX— 1/1/)
¥ 2 [+ g)tge! T
i=3

W (Ax+ x| +245,C + Y, Y +n£N))}
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3. Lattice SU(2) principal chiral model at finite density

m Variables I, and gy not subject to constraint: can be sampled by ordinary local Metropolis .
m Due to constraints: cannot use ordinary local Metropolis to sample ky ., px and Xi’{ ny)
variables.

— Instead of looking at Z only,

— look also ate.g. Z3(x,y) = aiazs =Z - (mt(x)m (y))
bx Y

aZZ {H K‘ksz'zl*t‘*'Z, 3?(z1/ }
(

dsZosT )
oy V(Ko | + L)t LAY
i=3

{kLx® pgn}
p=1+20z _igy kg (i )
Sy e¢>,xl’z e“Hhzd H(sz) 2
o )
{ 1 T O(pators: F oy + Z(kz,v —k—py))
2 (|p,| 4 g2) gt Tl v
i=3

W<Az + |p2‘ + 2qZ+JX,Z + 5.\‘,:/ Cgs) + Hf),Cw + ”gl)) }
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

-1 x ij=1 Xy
with the a priori weights { c; };_; , and { ¢;; }f/i=1/2 and :

ij 2 i~
= Z{(ey) = 2L =2 (R ),
Sx Sy

" Zi() =% =2 (7)),

Y
95}

heE (o 3 4 N 34
with §x = (s5,s7,8%,s%) and 7ty = (my, i, 73, 71y

Saariselka, April 7, 2018

T. Rindlisbacher

Finite Density on the Lattice: problems and (some) solutions



3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zg., : config. weight W[C] :
WICTo [ (5K ~ k)
4
W/\ (Z(lkz,vl + ‘kz—f/,vl + 2(lz,v + Iz—f/,t'))))
3 z
Ax

2

1

0

0o 1 2 3 4

]
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zgey, : insert source/sink pair at x to obtain config. C’ ?
— Accept and set C = C’ with probability P,,e = min(1,r),
where:
pe 21 Wi (2+ Ay)
4 ps(C—C")  Wy(Ax)
3
?
2
T (x), [t (x)
1
0

0o 1 2 3 4

]
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zg., : config. weight W[C] :
0vz

w(C] «H(s(’—«sz,\- oo+ Y ke — ke 0))

4 z v
W\(‘S;’,.\' + (5;’,.\' + Ax))
? T e
2
(%), (%)

1
0

0o 1 2 3 4

]
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zgey, : obtain new config. C’ by moving worms head from
xtoy?
— Accept and set C = C’ with probability P,ee = min(1,7),
where:
4
Alky,
3 L (O = C) ()™ (K] + 1)t
- ” ps(C—=C") (\kw\ + Alkyy ‘+Iw)!
2 — WA (1 + Ak | + Ar) Wa (14 Alkyy| + Ay)
(X)) (y) Wi (2+ Ay) Wi (4y)
1 1
0
0 1 2 3 4 5
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zg., : config. weight W[C] :

W[C] e H(é( =0+ 0y + Z(kz,v — ke o4))

z

W (6o + 6.y + Ax))

0o 1 2 3 4

]
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zgey, : and soon ...

0o 1 2 3 4

]
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zgey, : and soon ...
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zgey, : and soon ...
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zgey, : and soon ...
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zgey, : and soon ...
?

4 C

7 (y)
3
2

T (x)

1
0

0o 1 2 3 4

]
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3. Lattice SU(2) principal chiral model at finite density

m Define generalized partition function ng:

4 ) 4 .
Zeen =Z+ Y iy Zi(x)+ Y cij Y ZJ (xy) (+...)

i1 x ij=1 = xy

m Sample configurations for Ze.,, with generalized worm algorithm . [Prokof'ev & Svistunov, 2001]

config. C contributing to Zgey, : and soon ...
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3. Lattice SU(2) principal chiral model at finite density

— Example results:

pion condensates vs. pion masses vs. K
(s* =0.02) (s* =0.02)
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4. Conclusions

m First principles method for QCD at finite baryon density needed to verify conjectured phase
diagram. Intermediate density region inaccessible in lattice QCD due to sign problem.

m So far no reliable method to overcome sign problem advanced enough to be applicable to
QCD at finite density.

m No sign problem in isospin QCD but lattice saturation and symmetry breaking can also cause
problems.

m Introduction of chemical potential also leads to sign problem in bosonic models. But this can
often be overcome by changing to flux variable representation.

Thank you!
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