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ABSTRACT
The principle of least action in its original form á la Maupertuis is used to explain geodetic
and frame-dragging precessions which are customarily accounted for a curved space–time in
general relativity. The least-time equations of motion agree with observations and are also in
concert with general relativity. Yet according to the least-time principle, gravitation does not
relate to the mathematical metric of space–time, but to a tangible energy density embodied by
photons. The density of free space is in balance with the total mass of the Universein accord
with the Planck law. Likewise, a local photon density and its phase distribution are in balance
with the mass and charge distribution of a local body. Here gravitational force is understood
as an energy density difference that will diminish when the oppositely polarized pairs of
photons co-propagate from the energy-dense system of bodies to the energy-sparse system of
the surrounding free space. Thus when the body changes its state of motion, the surrounding
energy density must accommodate the change. The concurrent resistance in restructuring the
surroundings, ultimately involving the entire Universe, is known as inertia. The all-around
propagating energy density couples everything with everything else in accord with Mach’s
principle.

Key words: gravitation – celestial mechanics – proper motions – cosmology: theory – large-
scale structure of Universe.

1 IN T RO D U C T I O N

The Science of Mechanics written by Ernst Mach (Mach 1883)
inspired Albert Einstein to question the notion of absolute space and
time. Einstein reasoned that when everything depends on everything
else, the overall distribution of matter in the Universe defines a
metric tensor known as space–time (Weinberg 1972; Berry 1974;
Wheeler 1990). This fabric of cosmos is pictured to govern motions
of bodies and trajectories of light. Notably the curved space–time
manifests itself also in rotational motion that does not appertain to
the system itself. For example, the anomalous part of the perihelion
precession of a planet does not ascribe to the solar system. Likewise,
the axis of an onboard gyroscope of a satellite does not stay aligned
with a distant star but will gradually precess in the orbital plane as
well as in the equatorial plane of a revolving central body. These
geodetic and frame-dragging drift rates were recently measured by
Gravity Probe B (GP-B) orbiting the Earth (Everitt et al. 2011).

The GP-B data are in agreement with rotating-frame solutions
of the Einstein field equations (Einstein 1916). Yet, the space–time
as a mathematical model is reticent in revealing the physical cause
that imposes torque on the axis of a gyroscope. Also in general,
one remains puzzled out what exactly is the mechanism by which
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distant stars exert effects on local motions. To illuminate imprints of
inertia (Sciama 1953; Heaviside 1893), we will examine perihelion,
geodetic and frame-dragging precessions by the principle of least
action in its original form (Maupertuis 1744). When the universal
law of nature is formulated as an equation of motion, its solutions are
geodesics along which flows of energy propagate in the least time.
This physical portrayal of space and time embodied by quanta on
bound and free trajectories also provides a perspective to solutions
of the Einstein field equations.

2 THE LEAST-ACTI ON PRI NCI PLE

The variational principle in its original form states the conservation
of total action so that a change in kinetic energy dt2K balances
changes in the scalar ∂tU and vector ∂tQ potentials (Maupertuis
1744; Sharma & Annila 2007; Annila 2009). For example, when
considering celestial mechanics the balance

dt2K = −∂tU + ∂tQ

⇒ ∂tmv2 = −∂t

GmM⊕
r

+ ∂tmc2
(1)

says that along the geodesic a change in the kinetic energy of a
probe with mass m in motion with velocity v balances the changes
(∂t = v · ∇)in the local gravitational potential due to a central
mass M⊕ as well as in the universal gravitational potential. The
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squared speed of light c2 = GM/2R characterizes the potential due
to the total mass M = ∫ ρ4πr2 drof the Universe, where ρ =
1/2πGt2 is the average density of matter and G is the constant
of gravitation (Sciama 1953; Unsöld & Baschek 2002; Koskela &
Annila 2011). According to equation (1) the release of quanta that
are bound in matter to freely propagating photons at the lowest group
of symmetry U(1) (Griffiths 1999; Annila 2010, 2011b) has been
powering the spontaneous breaking of densities at higher symmetry
groups for the past t = T ≈ 13.7 billion years. This ongoing dilution
of densities produces the expanding Universe of radius R = cT .

When equation (1) is re-expressed using the mass–energy equiv-
alence mc2 = hf , the energy density around the local body M⊕
can be placed relative to the universal surroundings in terms of the
refractive index n = c/v,

n2 =
(

1 − GM⊕
c2r

)−1

= (1 − φ)−1 ≈ 1 + GM⊕
c2r

. (2)

The irrotational scalar potential φ due to the local density con-
tributes to the density of free space defined as n = 1. Likewise, the
surrounding density would adjust to any other local source, either
still or in motion. For example, the energy density of space would
revolve next to a rotationally flattened spheroid and adjust its phase
density next to a charged body. Also a density that is confined by
bodies would depart from the free, universal density.

3 MA N I F E S TATI O N S O F L O C A L D E N S I T Y

The local density at a radius r from the body of mass M⊕ can be
probed, e.g., by an orbiter with mass m. The local excess in density
relative to the free space will be displayed in the orbiter’s motions
relative to distant stars. For example, the orbiter’s path of radius r
will be longer by an arc rϕ in the excess density than that in the free
space. The added angle ϕ per orbital period ω−1 can be determined
from the least time, i.e. stationary condition,

dt n
2 = 0 ⇒ dt

(
r2ω2

c2
+ GM⊕

c2r

)
= 0 ⇒ ω2 = GM⊕

r3
. (3)

The resulting Kepler’s third law can be used in the kinematic equa-
tion to express the excess �θ = θf (t) − θi(0) between the initial
θi(0) and final θf (t) angular positions,

�θ = 1

2
αt2 = 1

2

GM⊕
r3

t2 = 1

2

GM⊕
c2r

mc2

mv2
= 1

2

GM⊕
c2r

n2

= (2π)2

2

GM⊕
c2r

ω−2 mc2

mr2
= (2π)2 M⊕

M

R

r

mc2

Iω2
= ϕ

mc2

Iω2
, (4)

where the angular acceleration α = GM⊕/r3 is used to give the
advancing angle ϕ of the orbital axis as a fraction of the ratio of the
universal potential mc2 to the kinetic energy in the orbital motion
Iω2 (Koskela & Annila 2011). The approximation of equation (2)
implies that the advancing arc rϕ of the orbital axis will render itself
measurable after the probe has completed numerous orbits. For ex-
ample, the peritellus precession of GP-B can be calculated to be 13.8
arcsec per sidereal year (NASA Solar System Bodies 2011). How-
ever, this would be difficult to determine precisely since the GP-B
orbit is almost circular. The corresponding value of ϕ for Mercury
shows that it will take a century to advance 43.1 arcsec (Koskela &
Annila 2011) in agreement with measurements (Clemence 1947).
Despite the numerical consent the functional form of geodesic ob-
tained by the principle of least action is distinct from that derived
from general relativity (Shapiro et al. 1968).

According to equation (4) the satellite will sense, due to its orbital
motion, an excess of density GM⊕/2c2r relative to the free space.

The total excess of density relative to the universal potential mc2 in
terms of the refractive index

n2 =
(

1 − GM⊕
c2r

− GM⊕
2c2r

)−1

≈ 1 + 3

2

GM⊕
c2r

= 1 + mr2α

mc2
(5)

yields the torque τ = Iα in terms of the total angular accel-
eration α = 3GM⊕/2r3 and inertia I = mr2. Consequently,
the angular momentum L of an onboard gyroscope will change
τ = dt L = −L × �gso that the geodetic precession in the orbital
plane accumulates at the rate (de Sitter 1916; Straumann 1984)

�g = −3

2
v × ∇φ = −3

2
ωr · ∇φ = −3

2

GM⊕
c2r

ω. (6)

The final functional form (equation 6) is in concert with general
relativity. Accordingly the axis of an onboard gyroscope is calcu-
lated to turn in the orbital plane by −6606.3 mas per sidereal year
in agreement with measurements −6601.8 ± 18.3 mas yr−1 (Everitt
et al. 2011). During one sidereal year GP-B completes 5383.4 or-
bits at r = 7027.4 km corresponding to the period ω−1 = 97.7 min
(NASA GP-B Fact Sheet 2005).

The orbiter will sense further excess in energy density due to
the revolving Earth whose angular momentum L⊕ = I⊕ω⊕,
where I⊕ is inertia and ω⊕ is angular frequency. The excess
density relative to the free space stems from the divergence-free
part of the gravitational potential, i.e. vector potential A⊕ =
GL⊕ × r/c2r3 (Straumann 1984). It generates a rotational field
B⊕ = ∇ × A⊕, whose cross product with L will cause a torque
τ = dt L = −L × (∇ × A⊕) = −L × �fr that will turn the on-
board gyroscope away from an initial sighting to a distant star. This
frame-dragging precession, also familiar from gravitomagnetism
(Ciufolini & Wheeler 1995; Ruggiero & Tartaglia 2002; Veto 2010),
accumulates in the equatorial plane of Earth at the rate (Lense &
Thirring 1918; Schiff 1960; Straumann 1984)

�fr = −∇ × A⊕ = −GI⊕
c2r3

∇ × (
r × ω⊕

)

= −GI⊕
c2r3

(
ω⊕ − 3r

r2
r · ω⊕

)
(7)

obtained in the same way as a dipole field (Feynman, Leighton &
Sands 1964). The functional form is also in concert with general
relativity. Accordingly the calculated average rate of precession for
a GP-B gyroscope −37.4 mas away from the initial sighting to IM
Pegasi during one sidereal year is in agreement with observations
(Everitt et al. 2011). The actual readings of an onboard array of
superconducting gyroscopes are: (I) −41.3 ± 24.6, (II) −16.1 ±
29.7, (III) −25 ± 12.1 and (IV) −49.3 ± 11.4 mas yr−1 whose
average is −37.2 ± 7.2 mas yr−1. Since GP-B orbits over the poles,
its gyroscopes will turn in the equatorial plane at the average rate
〈
fr〉 = −GI⊕ cos(δ)/2c2r3 away from the initial direction point-
ing to a star at a declination δ.

4 O B S E RVAT I O NA L I M P L I C AT I O N S

A local excess of density relative to the universal energy density
manifests itself, e.g. as perihelion, geodetic and Lense–Thirring pre-
cessions. These effects are, in general, small. Thus high-precession
measurements, such as those performed with GP-B, are required
for their quantification. However, in the vicinity of a supermassive
black hole the effects are expected to be significant. On the other
hand, these systems are difficult to observe. Also results are mostly
implicit as they depend on an elected theory and a chosen model.
For example, the precession of a companion in a binary black hole
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system has been reported to be as much as 39◦ per orbit (Valtonen
et al. 2006). Likewise quasi-periodic oscillations of low-mass X-
ray binaries with an accreting neutron star (Stella & Vietri 1998) as
well as of black hole binaries (Cui et al. 1998) have been ascribed to
the frame-dragging effect. Although these observations have been
accounted for by general relativity, it is worth to realize that also
the least-action principle yields values in agreement with observa-
tions as shown here for the GP-B probed precessions as well as
earlier for the anomalous perihelion precession of planets and aster-
oids (Koskela & Annila 2011). Moreover, the least-time equation
of motion given in terms of refractive index bears resemblance to
the mathematical models of space–time referred to as the metrics
(Reissner 1916; Schwarzschild 1916; Nordström 1918; Kerr 1963).
This outcome is of course anticipated because both the least-action
principle and general relativity give geodesics as solutions to their
respective equations of motions.

The least-time principle in its original form, despite the agreement
with observations, may appear obsolete since the obtained stationary
paths parallel those given by general relativity. However, the old
principle provides a physical portrayal of precession relative to
distant stars by ascribing the effects to stem from a difference in
density relative to the free space. Thus the interpretation is the same
that relates a frequency to a potential in general (Pancharatnam
1956; Berry 1984). Obviously the refractive index is a familiar
concept of optics but it was also early on used to relate diverse
densities to the density of free space (Mahoney 1994). As usual, the
refractive index as a complex number may also be used to express
the emission of bound quanta as well as the absorption of free
quanta (Feynman et al. 1964). In this way the refractive index may
also denote the system’s evolution as a result of net efflux or influx
of quanta to its surroundings.

Although the results for the stationary systems by the least-action
principle do not deviate unambiguously from those of general rel-
ativity, unmistakable differences will accumulate along evolution-
ary trajectories. The least-action principle can cope with changes
in density, i.e. evolution (Kaila & Annila 2008; Annila & Salthe
2010), whereas general relativity and other metric theories that
comply with a group of symmetry (e.g. the Poincaré group) are
constrained to invariance according to Noether’s theorem, i.e. to
account only for stationary states (Noether 1918; Birkhoff 1924;
Weinberg 1995). Many evolutionary trajectories have become vis-
ible by modern means. For example, when light from a distant
supernova propagates through the expanding, hence diluting Uni-
verse, the intensity of the explosion will fall inversely proportional
to the square of the increasing luminosity distance and propor-
tional to the frequency that shifts to red due to the dilution. These
two factors will not yield one straight line but a curve, when the
magnitude versus logarithm of redshift is plotted (Annila 2011a).
Likewise, light will not merely bend by gravitational attraction but
curve more because the photon will shift its frequency to sweep
equal arcs in equal intervals of time when passing from the density
of free space through a local density (Annila 2011a). Accordingly,
also a space probe or comet will change its momentum during a
flyby of a local density. In other words the measure of a position r is
physical. Moreover, the density will change substantially when an
orbit extends from enclosing a local mass Mo at a radius r = 1

2 aot
2,

where ao = GMo/r
2, to a cosmic perimeter where the acceleration

a = GM/R2 = 2c2/R results from the total mass M of the Universe
of radius R (Annila 2009). Therefore, the density experienced by
orbiters, such as gas molecules well beyond the luminous edge of a
galaxy, will govern their velocity v = r/t according to the balance
mv2/r = GMo/r

2 that transcribes by the insertion of r = 1
2 at2

into the Tully–Fisher relation v4 = aGMo/2 = cHGMo, where
the Hubble parameter H = 1/T (Hubble 1929; Weinberg 1972). In
other words, the S-shaped rotation curve of a galaxy levels off at
the precession in the universal curvature. These results demonstrate
that the principle of least time presents a general account of natural
processes whereas the principle of equivalence provides a particular
relation between gravitation and acceleration.

5 D I SCUSSI ON

The principle of least action á la Maupertuis was recognized early
on as a powerful imperative, but it was soon shunned, presum-
ably because it delineates not only computable stationary paths but
also intractable path-dependent processes from one state to another
(Annila 2011c, Annila & Salthe 2012). The non-holonomic charac-
ter of nature does not appeal to one who prefers certainty. It turns
out that only deterministic processes, i.e. those without alternative
trajectories, or stationary motions on closed orbits can be calcu-
lated. In other words, the future can be ‘predicted’ when there are
no alternatives or when the process is reversible, i.e. without the
notion of time’s arrow.

The principle of least action regards everything in tangible forms
of quanta. Hence also a flow of time is embodied by a flow of quanta
from the system to its surroundings or vice versa (Tuisku, Pernu &
Annila 2009; Annila 2010). Accordingly for a spatial coordinate (r)
to exist, it must embody the non-vanishing density of quanta. This
thermodynamic tenet means e.g. that a clock ticks faster in the free
space than in a higher potential because the local density cannot as
readily accept the dissipated quanta. Accordingly, the clock ticks
slower when in prograde motion with a revolving density because
the experienced field generated by the vector potential is higher
and hence the surroundings cannot as readily accept dissipation as
when the clock is in retrograde motion (Mashhoon et al. 1999). The
thermodynamic tenet assigns dissipation to non-inertial motions
and thereby implies that no body with mass can accelerate up to the
speed of light.

It is not a new thought that photons embody the vacuum. The
similar functional forms of Coulomb potential and gravitational
scalar potential φ prompted already Oliver Heaviside to consider a
gravitational vector potential A as the generator of a rotational field
(Heaviside 1893). Also conservation in a form of free space gauge
∂t φ+c2∇ · A = 0 implies gravity with scalar and vector characters.
When sources are present, the balance is given by equation (1). In
the context of electromagnetism the least-time balance between
changes in the kinetic energy and scalar and vector potentials is
usually known as Poynting’s theorem (Tuisku et al. 2009). As usual,
differentials of the scalar and vector potentials give rise to electric
and magnetic fields. However, we emphasize that the gravitational
scalar and vector potentials were not invoked here by analogy with
electromagnetism but resulted from the principle of least action.

The maximum entropy partition of photons in balance with
matter manifests itself in cosmic background radiation that com-
plies with the Planck law. Also the electromagnetic characteris-
tics of the free space εo and μo in the mass–energy equivalence
E = mc2 = m/εoμo suggest that photons embody not only the
electromagnetic field but also the density of space when propagat-
ing on average in pairs of opposite polarizations. Moreover, the
vacuum’s non-zero energy density manifests itself in the Casimir
effect (Casimir & Polder 1948). Indeed the vacuum is physical as it
ejects photons in the dynamic Casimir effect (Wilson et al. 2011).
Also the double-slit experiment is easily comprehensible when
a projectile is understood to induce perturbations to the vacuum
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density which will subsequently go through the slits as well, and
interfere with the particle in propagation to produce an interference
pattern. The Aharonov–Bohm variant of the double-slit experiment,
in turn, demonstrates how an applied vector potential will increase
the vacuum density and thereby affect the propagation of induced
perturbations (Aharonov & Bohm 1959).

Today, the idea of luminiferous ether as a medium for light has
been discarded, but it is still worth considering that the photons
themselves embody the vacuum. At first sight this proposed form of
a physical vacuum may appear absurd because we do not observe
light when an object falls down whereas an accelerating charge
will unmistakably emit photons. On the other hand, to restore the
fallen object up in its initial state, we will have to consume free
energy that ultimately originates from insolation. Could it be that
the net neutral body, when changing from one state to another, i.e.
accelerating, is emitting (or absorbing) not one but two photons
of opposite polarization? Whence so, no light can be seen, but the
photon pair will still carry energy density to the surrounding free
space from the contracting space that is confined between the object
and its attracting target.

Surely, the notion of vacuum embodied by photons is also con-
tained in modern physics, however, only when the photons are
deemed as virtual. For example, the clearly perceptible electric and
magnetic fields are currently considered as being composed of vir-
tual photons. Curiously, in certain experiments the virtual photons
are pictured as ‘transforming’ to the real photons (Wilson et al.
2011) although such an account would seem to question the con-
servation of quanta. Conservation laws are obeyed not only by
fermions but also by force carriers such as the composite bosons
comprising the oppositely polarized pair of photons. Photons may
seem to emerge from nothing when they are in fact released to free
propagation from interactions confined in the diminishing scalar
potential differences. Here we ask ourselves, why resort to virtual
rather than real photons when describing how electromagnetic and
gravitational potentials come about? A charged particle will induce
the photons of the surrounding vacuum to depart from their ran-
dom phase distribution as well as from their uniform distribution of
density. Accordingly, a net neutral body will induce in its vicinity
a density gradient of photons but without mutual phase coherence,
and hence without electromagnetic field character. Thus the photon-
embodied vacuum will raise a real-time response to any local pertur-
bation by re-adjusting its density and phase. The photon-embodied
vacuum communicates gravitational effects due to the entire Uni-
verse. These inertial forces are real but often deemed as fictitious
forces (Sciama 1953; Veto 2011).

Admittedly, the photon-embodied vacuum has been disdained
due to difficulties in understanding how the mass and charge of a
particle relate to each other. For example, the proton and neutron
have nearly equal masses but their charges and magnetic moments
differ largely. This particular puzzle, however, can be solved when
particles are described as actions (Annila 2010, 2011b). Then the
mass of a particle can be understood to relate to the projection
of the corresponding curved geodesic on the straight contours of
freely propagating surrounding actions. The sign and magnitude
of a charge and magnetic moment, in turn, accumulate from the
geodesic’s sense and degree of chirality.

The proposed photon-embodied physical vacuum that gives rise
to both gravitational and electromagnetic fields sheds light also
on recent experiments where inertial effects come into sight when
a superconducting ring is accelerated (Tajmar et al. 2007). The
superconducting characteristics imply a highly stationary state that
entrains also the density of surrounding photons which are here

understood to embody both the electromagnetic and gravitational
potentials (Lano 1996). The ring in a normal state does not trap
the surrounding vacuum of photons; hence, its inertia is not sensed
to the same degree by probes in the vicinity. Moreover, the innate
relation between electromagnetic and gravitational fields via the
photon-embodied physical vacuum may clarify the experimental
tribulations encountered with the array of superconducting GP-B
gyroscopes considering their conceivable interactions.

When a system changes its state for another, for example by
accelerating, at least one quantum must either be absorbed or emit-
ted. Hence also the surrounding energy density must restructure to
supply the absorbed quanta or to accommodate the emitted quanta
to satisfy conservation. The resistance in restructuring, ultimately
involving the entire Universe, is known as inertia. The all-around
propagating energy density couples everything with everything else
in accord with Mach’s principle (Einstein 1923; Bondi & Samuel
1997). The local motions are affected via the physical vacuum that
tends by means of photon propagation to be in balance with the
entire Universe. To ascribe inertia to the photon-embodied physi-
cal vacuum may seem incompatible with general relativity. Yet, a
refusal by such reasoning may not be compelling because observa-
tions, as exemplified here, can also be rationalized by the least-time
principle. The portrayal of vacuum as physical is not against Ein-
stein’s thoughts either. On the contrary, he reasoned that inertia
originates in a kind of interaction between bodies (Einstein 1923)
and wrote (Einstein 1920): ‘To deny the ether is ultimately to as-
sume that empty space has no physical qualities whatever. The
fundamental facts of mechanics do not harmonize with this view.’

AC K N OW L E D G M E N T

I thank Mikael Koskela for insightful comments and corrections.

R E F E R E N C E S

Aharonov Y., Bohm D., 1959, Phys. Rev., 115, 485
Annila A., Int. J. Theor. Math. Phys., in press (arXiv:0910.2629)
Annila A., 2010, Entropy, 12, 2333
Annila A., 2011a, MNRAS, 416, 2944
Annila A., 2011b, The meaning of mass. Proceedings of the 46th Annual

Meeting of the Finnish Physical Society 2012, Joensuu, Finland
Annila A., 2011c, The physical portrayal of computational complexity. ISRN

Comput. Math., 321372, 1
Annila A., Salthe S. N., 2010, J. Non-Equilib. Thermodyn., 35, 301
Annila A., Salthe S. N., 2012, Phys. Essays, 25, 232
Berry M., 1974, Principles of Cosmology and Gravitation. Cambridge Univ.

Press, Cambridge
Berry M. V., 1984, Proc. R. Soc. A, 392, 45
Birkhoff G. D., 1924, Relativity and Modern Physics. Harvard Univ. Press,

Cambridge, MA
Bondi H., Samuel J., 1997, Phys. Lett. A, 228, 121
Casimir H. B. G., Polder D., 1948, Phys. Rev., 73, 360
Ciufolini I., Wheeler J. A., 1995, Gravitation and Inertia, Princeton Physics

Series. Princeton Univ. Press, Princeton, NJ
Clemence G. M., 1947, Rev. Modern Phys., 19, 361
Cui W., Zhang S. N., Chen W., 1998, ApJ, 492, L53
de Sitter W., 1916, MNRAS, 77, 155
Einstein A., 1916, Ann. Phys., Lpz., 49, 769
Einstein A., 1920, Ether and the Theory of Relativity, the inaugural address

for Einstein’s visiting professorship in Leiden. Reprint in Einstein A.,
2002, in Janssen M. et al., eds, The Collected Papers of Albert Einstein.
Vol. 7, The Berlin Years: Writings, 1918–1921. Princeton University
Press, Princeton, NJ, p. 305

C© 2012 The Author, MNRAS 423, 1973–1977
Monthly Notices of the Royal Astronomical Society C© 2012 RAS



Probing Mach’s principle 1977

Einstein A., 1923, Letter to Ernst Mach, Zürich, 1923 June 25, in Misner
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