QUASICONFORMAL EXTENSION FIELDS

PEKKA PANKKA AND KAI RAJALA

ABSTRACT. We consider extensions of differential fields of mappings
and obtain a lower bound for energy of quasiconformal extension fields
in terms of the topological degree. We also consider the related mini-
mization problem for the g-harmonic energy, and show that the energy
minimizers admit higher integrability.

1. INTRODUCTION

A continuous mapping f: R" \ A — R", where A is an open annulus
in R™, can be extended, by classical methods, to a continuous mapping
f: R* — R™. Although orientation preserving mappings do not need to
admit orientation preserving extension in general, for homeomorphisms this
extension problem has a solution in the form of the annulus theorem; see
e.g. [7] and [8] for detailed discussions.

In the quasiconformal category the annulus theorem is due to Sullivan
[13] and it yields that given a quasiconformal embedding f: R™ \ A — R",
where A is an annulus, there exists a quasiconformal mapping f: R” — R"
so that f|R™\ A’ = f, where A C intA’; the distortion of the extension
is quantitatively controlled. We refer to Tukia-Véisila [15] for a detailed
discussion on the annulus theorem in the quasiconformal category. A simple
consequence of the annulus theorem is that a mapping f: R”\ A — R", that
is quasiconformal embedding in the components of R™\ A, can be extended
to a quasiconformal mapping R™ — R" if we are allowed to precompose f
with a Euclidean similarity in one of the components of R" \ A. For more
general non-injective mappings of quasiconformal type, i.e., for quasiregular
mappings, extension results of this type are not known. We refer to [11]
and [12] for the theory of quasiregular mappings. In this article, we dis-
cuss quantitative estimates, in terms of the degree, for the non-existence of
extensions.

If we focus on matrix fields instead of the differential fields of mappings,
it is easy to see that the extension problem admits an orientation preserving
solution in the sense that the differential of an orientation preserving C'-
mapping f: R"\ A — R"™ admits an extension to a continuous matrix field
M on R"™ having non-negative determinant. This matrix field is not, in
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general, a differential field of a mapping, but we can obtain a C'-mapping
f: R™ — R™ by using e.g. a Poincaré homotopy operator, so that f — f has
bounded image. Then the difference M — D f can be viewed to measure the
non-exactness of the extension field M; see Section 3 or [5, Section 4].

We estimate the non-exactness of extensions for differential fields in the
context of quasiconformal geometry, i.e. we consider matrix fields satisfying
the quasiconformality condition

(1.1) |M(x)|" < Kdet M(z) a.e.in A,

where |M ()| is the operator norm of the matrix M (z). Our main theorem
gives a quantitative estimate for the non-exactness of the extension in terms
of the degree information on the underlying mappings. For the statement,
we introduce some notation. Let B"™(r) be a Euclidean ball of radius r > 0
about the origin. We denote A(r, R) = B*(R) \ B"(r) for 0 <r < R.

For notational convenience, we consider 1-forms and 1-(co)frames instead
of vectors and matrix fields. We say that an n-tuple p = (p1,...,pp) of
measurable 1-forms on a domain 2 is a measurable frame. Moreover, for
p > 1 and ¢ > 1, we say that p is a W) 4-frame if p; € Lp(/\1 Q) and
dpi € LYN\*Q) for every i = 1,...,n. The local space W;?qc of frames is
defined similarly.

A frame p is said to be K-quasiconformal in A(r, R) if

(QC) p|" < Kx(pr A=+ App) ae in A(r, R),

where |p| is the operator norm of p, see Section 2. After the natural iden-
tification of frames and matrix fields, the two conditions (1.1) and (QC)
coincide.

Let 0 < r < R, and let pp and p; be frames defined on B™(r) and
R™ \ B"(R), respectively. We say that a frame p K -quasiconformally con-
nects pp and p1 in A(r, R) if p is K-quasiconformal in A(r, R) and satisfies
p|B"(r) = po|B"(r) and p|(R™ \ B"(R)) = p1. In our main theorem we as-
sume that pg and p; are (the restrictions of) dfy and dx, respectively, where
fo: R™ — R™ is a continuous W'I})’:—mapping and dx is the standard frame
dx = (dzq,...,dz,).

Theorem 1.1. Let fy € VVli’C"(R",]R") be a continuous mapping, 0 < r < 0o,
p > mn, and n > 3. Suppose that a W, ,, /o-frame p K-quasiconformally
connects dfy and dx in A(r/2,r). Then

(1.2) . max{deg(y, fo, B"(r/2)) — 1,0} dy < Clldp|l; 2,

where C' = C(n,K) > 0.

Similar results also hold in the plane, but with the L™/2-norm replaced
by other norms.

We would like to emphasize the role of the degree in Theorem 1.1 as a
global obstruction for the boundary value problem related to the equation
df = p. This is different in nature from the obstructions that arise in the
recent works on approximative local solutions, see [14], [4], and [1].

The estimate (1.2) can be interpreted as a lower bound for the minimal
energy of the extension frame. For the statement of our next result, let A
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be an open annulus in R™. Given W}L?g—frames po and p; in R™, we denote

by &4,k (po, p1; A) the set of W}L?g—frames p K-quasiconformally connecting
po and pp in A.

Theorem 1.2. Let ¢ > n/2, n > 2, A an annulus in R™, and let py and
p1 be K-quasiconformal W,ll‘fg—fmmes in R™ that can be K -quasiconformally

connected in A. Then there exists a W,ll?(‘;—fmme p € Eq.kx(po, p1; A) so that

(1.3) [ 1antg =nt [ 1ao's
A P A

where the infimum is taken over p' € & k(po, p1;A), and the norm |- |z is
the Hilbert-Schmidt norm in /\2 R™. Moreover, there exists p=p(n, K) >n
so that p € L (\' A).

loc

This paper is organized as follows. In Section 3, we discuss the LP-
Poincaré homotopy operator 7 of Iwaniec and Lutoborski. This operator
plays a crucial role in both of our theorems by providing a Sobolev-Poincaré
inequality for W), ,-frames. The interplay between degree of the potential
T p and the energy of p is then discussed in Section 4. A continuity estimate
for 7 p is proven in Section 5, and the proof of Theorem 1.1 is given in Sec-
tion 6. In Section 7 we consider the variational problem for the energy and
prove Theorem 1.2.

2. PRELIMINARIES

The open ball in R™ about z¢ with radius > 0 is denoted by B"(xo, ).
For zy = 0 we abbreviate B"(r) = B"(0,7) and B" = B"(1). The corre-
sponding closed balls are denoted by B™(xq,7), B"(r), and B"™. The sphere
of radius r about the origin is denoted by S™~!(r) and the unit sphere in
R™ by S"~1. Given a ball B = B"(x,r) we commonly use also notation A\B
to denote the ball B™(z, A\r) for A > 0.

Given a frame p, we denote by |p| the operator norm

lpl = sup |(p1(viy..cy0n)y oy pr(ve, . yo0))l,
(V1 yeeesVn)
where the supremum is taken over n-tuples (vq, ..., v,) satisfying >, |v;|* =
1. We abuse the common terminology slightly and call J, = %(p1 A--- A pp)
the Jacobian of p, although we also write J; = det(Df) when f is mapping.
Let © be a domain in R™. The weak exterior differential of an ¢-form
we L (/\é ) is the unique form dw € L] (/\é+1 Q), if exists, that satisfies

loc loc

/dw/\gO:(—l)“l/w/\d(p
Q Q

for every ¢ € C’(‘)’O(/\n_z_1 Q). Given 1 <p < oo and 1 < ¢ < 0o, we denote
by Wp,q(/\z Q) the (p,q)-partial Sobolev space of the (-forms w € LP(A\' Q)
having dw € LA Q). We will also say that a measurable ¢-form w in
Q belongs to the Sobolev space WYP(ALQ) if w; € WP(Q), where w =
> ywrdxr. Here dop = dxy, A--- Ndxy, for I = (iy, ..., ).



4 PEKKA PANKKA AND KAI RAJALA

We call an n-tuple p = (p1,...,pn) of (Borel) measurable 1-forms on 2 a
measurable frame. We say that a measurable frame is a W), ;-frame if the
forms p;, i = 1,...,n, belong to W), ;. We then denote

dp = (dp1, ..., dpn).

2.1. Topological degree. Let f: B"(r) — R™ be a continuous mapping
and y € R™\ fS" !(r). Then the local degree deg(y, f, B"(r)) of f at y
with respect to B™(r) is the mapping degree of g: S~ — §"~1,

_ flro) —y
9@ = 1fra) — g

If f: Q - R"is C, and if G C Q is a domain compactly contained in
), then the local degree satisfies the change of variables formula

(21) Lnts@)ista) de = [ a)dests. £.6) dy

for every non-negative n € L'(G). In fact, the degree can be defined by
using (2.1) and the property that deg(y, f,G) = deg(z, f,G) whenever y
and z lie in the same component of R™ \ f(9€2). We will use the fact that
(2.1) remains valid for mappings f € W5HP(Q,R™) when p > n; see e.g. [9].

We will use the following properties of the local degree; see e.g. [12, 1.4.2].
Suppose that f;: @ — R", ¢ = 0,1, are continuous, G CC ) is a domain,
and y € R™. If there exists a homotopy H : [0,1] x G — R" so that
y ¢ H([0,1] x 0G), H(0,x) = fo(x), and H(1,z) = fi(x) for every z € G,
then

(22) deg(yanaG) = deg(ya flaG)'
Also, if U C G is open, and if y ¢ fo(OU U IG), then
(23) deg(y7 fO’ G) = deg(ya f07 U) + deg(ya f07 G \ U)

3. AVERAGED POINCARE HOMOTOPY OPERATOR

Iwaniec and Lutoborski introduced the LP-averaged Poincaré homotopy
operator in [5].

Given y € R", we denote by ICy: C®(A'R™) — C®(A\TIRY), ¢ =
1,...,n — 1, the Poincaré homotopy operator (at y)

1
Kpolason,evn) = [0l + e =g = yon, o) di
0

As in [5] we define an averaged Poincaré homotopy operator T as follows.
Let ¢ € C§°(B"(1/4)) be non-negative with integral one. From now on we
consider ¢ to be fixed.

We set 7 : Llloc(/\e R™) — Llloc(/\gf1 R™) by

(3.1) Tw(x;vr,...,v0-1) = / o(y)Kyw(z;v1, ..., v-1) dy;

7 is well-defined by [5, (4.15)].
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For all p > 1, we can consider 7 as a bounded operator 7: LP(\* B") —
Wie(\*~! B"); see [5, Proposition 4.1]. Both operators K and 7 satisfy a
chain homotopy condition, which for 7 reads as

(3.2) id = dT + Td,

where id: W (A" B") — Wi,(A"B"). The chain homotopy condition to-
gether with the Sobolev embedding theorem then give the Sobolev-Poincaré
inequality

(3-3) [T dwllps,pr < C(n, p)|dwl|p, B,

where w € Wl,p(/\eB"), 1 <p<mn, ¢ >1,and p* = np/(n — p) is the
Sobolev exponent; see [5, Corollary 4.2].

The formula (3.1) naturally defines an averaged homotopy operator on
LP(A\* B™(r)) for all r > 0 if the function ¢ is scaled properly. To avoid
such technicalities, we define for all > 0 the Poincaré homotopy operator
by 7, = Xl*/r o7 o X\f, where A,.: R" — R" is the mapping \.(z) = rzx.
By scale invariance of (3.3), operators 7, satisfy the same Sobolev-Poincaré
inequality as 7. Moreover, due to condition spt ¢ C B™(1/4), they satisfy

T.df = f+c
on B"(r/4) for functions f € WhH1(B"(r)).
Given a frame p, we extend the notation 7 p to denote the mapping 7 p =

(Tp1y.- - Tpn): @ —R™

We end this section with an application of the isoperimetric inequality

n/(n-1)
B [ @) <o) ( [ prr dH“@))

in balls B compactly contained in 2; see e.g. [11, Chapter II, p.81] or [10,
Section 6].

Lemma 3.1. Letr > 0, n > 3, and let p be a W}LOTCL/Q—fmme i R™. Then
there exists C = C(n) > 0 so that

Lo 197 S € (olhtean + doluga )"

Proof. By the isoperimetric inequality (3.4),

n

w1
/ |J77~p| <C (/ |dﬂp|n_1>
Bn(t) dB™ (t)
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for almost every r < ¢t < 2r. Thus the Sobolev-Poincaré inequality (3.3)
gives

n—1

2r n 2r
([ mt) o e [T amor)
r B (t) r oB"(t)

< of pmertzc | (ol +Tdp
A(r,2r) A(r,2r)
n—1
< C (||pHn—1,A(r,2r) + ||Z“dp||n—1,A(r,2r))
1 1 n—1
< C (Tn_l ”p||n,A(7',2r) +rn-t ||dp”n/2,B"(2r))
n—1
< Cr(llpln,ag2ry + Idpllnsz,pn@r)” -
Therefore,
n=l n-1
n 1 2r n
(/ |J7;p|> <1 (/ rJ:rrp> at
™ (r) rJr B (t)
n—1
< C(lIpln,a@ary + ldpllnj2,prem)”
The claim follows. O

4. ENERGY AND LOCAL DEGREE

In this section we prove an integral estimate which relates the degree of
the mapping 7 p and the energy of the frame p. Given a continuous mapping
f: A(r, R) — R™ we denote by Q_(f) the set

Q_(f) ={y € R": deg(y, f, A(r, R)) < 0}.

The main result of this section reads as follows.

Proposition 4.1. Let 0 <r < R < oo, p > n, and n > 3. Suppose that p
s a W;OTS/Q—fmme on R™ such that p is K-quasiconformal in A(r, R). Then

(4.1) —/ deg(y, Trp. A(r, R)) dy < C|ldp]7 .
Q—(Trp)

where C' = C(n, K,¢) > 0.
Proof. Set G = (Trp)~ (Q_(Tgp)) N A(r, R) and

I= —/ deg(y, Trp, A(r, R)) dy.
Q—(Trp)

Since Tgrp € VVli’Cp with p > n, we have, by the change of variables (2.1) and
by (3.2), that

-1 > /~ dTgp1 N ... NdTRpy,
G

= /(Pl — Tdel) VAN (pn — Tden).
G
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The last integrand can be estimated from below by

Tp(x) = C Y [Trdp(x)[*|p(x)[**
k=1

almost everywhere. Here C' = C(n).
Then, by Hoélder’s inequality and the Sobolev-Poincaré inequality (3.3),
we obtain

I /G Tz )dx—COZHTRdPHan il
(4.2)

> [ 1) dx—coZHdpun/m ol

where Cp = Cy(n) > 1
Since p is K-quasiconformal,

K / ) do > [loll” 4

Thus
1 .
(4.3) EHPH =+ 1< Co ZHden/Q Br(w)llPl nék

We show that
(4.4) o/l < KConlldplln/2,pn(r)-
To obtain a contradiction suppose that (4.4) does not hold. Then, by (4.3),

loll” < ooKZudpnn/an wlell 2

k
1 _
< coxkz (coren) 1ol alloll e <ol
=1
This is a contradiction. Thus (4.4) holds.
We may now estimate I using (4.3) and (4.4) to obtain
I < (2KCon)"||dplly, /2, 5n(r)-

This concludes the proof. O

5. A DIFFERENCE ESTIMATE

The second main ingredient in the proof of Theorem 1.1 is the following
difference estimate for 7 p.

Lemma 5.1. Let u € VVli)’Cl(]R"), n > 2, and let p be a Wloc -form in R™ s
that p = du in R™ \ B"™. Then there exists C = C(n) so that

(5.1) 1 Tp(z) = Tp(y) — (u(z) —uly)| < Clldplh
for almost every x and y € R™\ B™(2)
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For the proof of this lemma, we introduce some notation. Given points
x and y in R™ we denote the (oriented) line segment from z to y by [z, y].
Given points z, y, and z in R"™ we denote by [z, y, z] the (oriented) 2-simplex
that is the convex hull of {x,y, z}. Similarly, for affinely independent points,
we define L(x,y) and P(z,y, z) to be the (unique) line and plane containing
{z,y} and {z,y, z}, respectively.

Proof. By the density of smooth frames in Wi, we may assume that p is
smooth. We assume that n > 3, the simpler planar case is left for the reader.
Let a and b € R" \ B"(2). We may assume that |a| < |b| and that
L(a,b)N B™ = (). Otherwise, we consider an additional point ¢ € S"~1(2) so
that ([a,c] U [c,b]) N B™ = (). Indeed, we can take ¢ € S"~1(2) so that [0, |
bisects the angle between [0, a] and [0,b] in the plane P(0, a,b).
Then, since p = du outside B",

Kuplb) — Kypla) = /[b]p—/[ ]p—/[ ) —u(@
Y, y,a a,
= / dp + u(b) — u(a)
[y,b,a]

for all y € R". Thus
Tpb) —Tpla) — (u(b) — u(a d d
ITo(b) — To(a) — (ulb) — u(a))| < /n”y)(/})(w,b)'po y

< Hsouoo/ (/ |dpr>d
Bn P(y,a,b)

Let ¢ be a Euclidean isometry so that ¢(0) = a and ¥ L(0,e,) = L(a,b).
Then B =~ 1(B") is a ball in A(|a| — 1, |a] + 1).
Since 9 is an isometry, we have

62 [ ( / (y@,b)\dp\) ay= [ ( / " \dw*m) ALY

where W: R™ — R is defined by

Va)= [l
P(z,0,en)

To estimate the integral in (5.2), we observe first that, given x € R" \
L(0,e,), we have ¥(x) = ¥(y) for y € P(z,0,e,). Then, writing x =
(s, ¢, xy,) in cylindrical coordinates, we see that W(x) = ¥(¢). We denote
p=(p1,...,pn) =¥ 0). Then

pn+1 |a|+1
/\I/(a:) de < / / §"2W(p) ds dep da,
B pn—1 JS"=2 J|a|-1

Cla" [ w@) do.
Sn—2
We write P(x,0,e,) = P(¢). Then, as

W(g) = /P el = / Z / Z A pls, 6, 20)] ds dan,

IN
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another application of cylindrical coordinates yields

n—2 n—2 |dy* p(z)]
U(p)dp < C d
o /S (9)d¢ < Clal /Bdist (@, L(0, en) )72 &
< Cldpll.
The claim follows by combining the estimates. U

6. DEGREE ESTIMATE AND PROOF OF THEOREM 1.1

Lemma 6.1. There exists ¢ = e(n) > 0 so that if p is a W, o-frame,
p>n, n >3, satisfying ||dp|l1 < e, and if p = dx in R™\ B™, then
deg(y, Tp, B"(2)) < 1
for all y € R™*\ TpS" 1(2).
Proof. We apply first Lemma 5.1 to p; and the coordinate functions of the
identity map v = id to obtain
Tp(z) — Tp(2e1) — (x — 2e1)

< Z T pi(x) = Tpi(2e1) = ((u(zi) — u(2e1)) |

<Y Clidpill < Clidp|x
i=1

for x € S"~1(2). Suppose from now on that C||dp|; < 1/8.
Let f: R™ — R™ be the mapping f(z) = Tp(x) + (2e1 — Tp(2¢1)). We
denote v = 2e; — 7 p(2e;). Since
deg(y + v, f, B"(2)) = deg(y, 7 p, B"(2))
for ally & TpS™~1(2), the claim of the lemma holds if and only if deg(z, f, B*(2)) <
1 for all z ¢ fS"1(2).
Since

(6.1) [f(z) — 2| =T p(x) — Tp(2e1) — (z — 2e1)| < Cl|dp[1 <1/8

for 2 € S"~1(2), we have, by a homotopy argument,

(6.2) deg(y, f, B"(2)) = deg(y,id, B"(2))
for y ¢ A(15/8,17/8). Moreover,
(6.3) 1f(x)] =2 < Clldplly < 1/8
on S"71(2).
Suppose now that there exists y € A(15/8,17/8) so that
(6.4) deg(y, f, B"(2)) > 2.

By continuity, we can fix » > 0 so that deg(y/, f, B"(2)) > 2 for every
y' € B"(y,r).

By density of smooth frames in W), ;, and continuity of 7 : LP( A B"(2)) —
WLP(B"™(2)), we may fix a smooth frame j so that f = 7 j satisfies (6.1), and
hence also (6.3), in place of f and deg(y/, f, B"(2)) > 2 for y/ € B"(y,r/2).
We may also assume that p = p = dz on R" \ B".
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By (6.1), the mapping g: S"~! — Sn=1

f2)
Fo)

g(z) =

is well-defined and smooth.

We show that J, > 0 almost everywhere on 57— This contradicts
deg(y, f,B(2)) > 2 and the claim follows. Indeed, since g is homotopic
toid: S" 1 — S"~! we have, by the degree theory,

[ 9= derlo)ls™ ! = 157

Since deg(y/, f, B"(2)) > 2 for y/ € B™(y,r/2), there exists a set E C §"!
of positive H" !-measure so that # (g_l(z)) > 2 for z € E. Hence, by the
change of variables,

/ T, = N(z,g) dH™(2)
Snfl Snfl

:/ N(z,9) dH"'(2) /Nzgd’H"l()
Sn—1\E

s = / Jy.
Sn—l

This contradicts the non-negativity of .Jj.
It remains to show the non-negativity of J,. We denote

V

n n
_ v+l T i _ Lj A
wo = ]Zl( 1) FE dey Ao . ANdzj Ao N dxy, = Z: |x‘n(*dx]).
Here x is the Hodge star operator. Then we have

n

1=l = 0= gl = |3 (g o7 (2 ) )
= 13 (aday) = (F3/ 1T F (xly) )
j=1
< z\ = Fi/lFI") x day+ (311" (xday = F* ()|
< n(M+ M),
where ~
fi
M; = max |z; — =—
A AT
and

My = max |f‘]~c| ’*da:j f*(*dyj)‘ .
J
To estimate M; we observe that, by (6.3) and (6.1),

fi lzj = fil

zj — < C|ldplhx
Tfm TE

b el
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on S"1(2), where C = C(n).
To estimate My, we observe first that, on R™ \ B", we have

wdj — f*(*dyj)‘ < |z —df| = |dz — dTp| = |dz — p + Tdj|
— |Tdj.

Since

Tdp(z)| =

[ et dita) ay

IN

1
c/‘ /!@@+ﬂx—wM&dH"%w
Sn=1(z,4) JO

< C/ [dp(y)| :
Re [T =y

.
o P4 < opap),
Bn | —y|"

for x € S"71(2), we have that
Ma < Clldpll,

where C' = C(n). We choose € = g(n) > 0 so that M; + My < 1/(2n) for
|ldp|l1 < e. Then Jy > 1/2. The claim follows. O

Proof of Theorem 1.1. Suppose first that » = 1. For brevity, we denote
f=Tp: R" - R™.

Since f = Tp = fo+c, where ¢ € R, on B"(1/2), we have deg(y, f, B"(1/2)) =
deg(y — ¢, fo, B"(1/2)) for y & fS™"1(1/2). Then, by Lemma 3.1,

- max{deg(y, fo, B"(1/2)) — 1,0} dy

(6.5) = /o max{deg(y, f, B"(1/2)) — 1,0} dy

s/ ) < C (14 dpllyz)"
n(1/2)

where C' = C(n) > 0.

If ||dpll,,j2 = €, where ¢ = €(n,K) is the constant in Lemma 6.1, the
claim follows. Thus we may assume that [[dp||,/2 < €. Since, for every
e > 0, the n-measure |fS"1(2(1+t))| = |fS"1((1 +t)/2)| = 0 for almost
every t € (—¢,¢), we may assume that |fS"1(2)| = [fS"1(1/2)] = 0 by
applying a rescaling to p if necessary.

Since
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fory ¢ £S"1(1/2)UfS"1(2), we have, by Lemma 6.1, deg(y, f, B*(2)) < 1
for all y € R™\ fS™1(2). Thus, by Proposition 4.1,

. max{deg(y, fo, B"(1/2)) — 1,0} dy

(6.6) = I max{deg(y, f, B"(1/2)) — 1,0} dy

- /Q deg(y, f, A(1/2,2)) dy < Clldp|? s,

where C' = C(n) > 0 and Q_ = {y € R": deg(y, f,A(1/2,2)) < 0}, as in
Section 4.

For general r > 0 the argument above can be applied to p’' = (\fp) /r and
1 = (foo Ar)/r. The proof is complete. O

7. QUASICONFORMAL ENERGY MINIMIZERS

In this section we consider the minimization problem for the g-energy of
extension frames. We obtain Theorem 1.2 in two parts. The existence of
minimizers is shown in Theorem 7.2. For the higher integrability of minimiz-
ers, we derive an Euler-Lagrange equation (Lemma 7.4) and a Caccioppoli
type inequality (Corollary 7.6) for this variational problem. We then es-
tablish a reverse Holder inequality (Theorem 7.7) which yields the higher
integrability by Gehring’s lemma.

We denote by (-, ) the inner product

(X,Y) = %tr (X'Y)

for (k x m)-matrices and by | - |2 the (normalized) Hilbert-Schmidt norm

X[3 = (X, X) ZZ

=1 j=1
In this section, we identify frames with matrix fields, and use the inner
product (-,-) and the norm | - |2 also for frames.

Let ¢ >n/2 and 0 < r < R < co. Let pg and p; be W}L‘?g—frames in B™(r)
and R™ \ B"(R), respectively. The following lemma shows that py and p;
can be quasiconformally connected if they have quasiconformal extensions
to the neighborhoods of S"~!(r) and S"!(R), respectively.

Lemma 7.1. Let 0 < r <7 < R < R < oo and let pg and py be W#?};-
frames in B"(r') and R"\ B"(R'), respectively, so that pg is K -quasiconformal
in A(r,r") and py is K-quasiconformal in A(R',R). Then there exists a
Wi, q-frame p so that p € € K(po,pl, A(r, R)), where K = IN((n,K, r,r’',R,R).

Proof. Let ro = (r'+ R')/2. We define mappings \o: A(r,79) — A(r,r’) and
A1t A(ro, R) — A(R', R) by

No(z) = (

r/_r(|x]—r)+r> s

]

ro—rTr

M) = (el =)+ )

and

R— Jae]
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Let also #: [0,00) — [0, 1] be a smooth function so that 6(t) = 1 for t < 7’
and t > R/, 0(t) = 0 in a neighborhood of ry, and that |df| < 3/(R' —1').
We set p to be the frame

p07 €T € Bn(T‘)

p(x) = O(|z|)(Nypo)(z), x € A(r,ro)
0(‘37‘)()\%1)(37), T E A(TO,R)
o v R\ B'(R).

Since pg and p; are K-quasiconformal in A(r,7’) and A(R’, R), respectively,
frames A\ p; are K-quasiconformal for K = f((n, K,r,v',R,R') for i =0, 1.
Since |dp(z)| < |dO(|z|)||Xfpi(z)| + |0(x)||Afdpi(z)| for i = 0,1 in A(r, 7o)
and A(ro, R), respectively, we have that dp € LI(A*R"). Thus p is a W, 4
frame. (]

In what follows, we assume that &, x(po, p1; A(r, R)) is non-empty and
we consider the minimization problem

7.1 I, x(po,p1,A(r,R)) = inf / dp|?,
(7-1) ok . R)) PEEG, K (p0,p13A(T,R)) J A(r,R) oz
g > n/2. In the forthcoming discussion, we use the observation that for
every frame p € & k(po, p1; A(r, R)) there exists an affine subspace of frames
conformally equivalent to p; more precisely, (1 + h)p € & k(po, p1; A(r, R))
for all p € & k(po, p1; A(r,R)) and all h € C§°(A(r, R)) satisfying h > —1.

Theorem 7.2. The minimization problem (7.1) admits a minimizer p €
&k (po, p1; A(r, R)), i.e., there exists p € ik (po, p1; A(r, R)) so that

/ 1dpld = I, 5c(po. p1, A(r, R)).
A(r,R)

To this end, we would like to note that, since the minimization problem
is considered in &, i (po, p1; A(r, R)), standard convexity arguments are not
at our disposal and the uniqueness of the minimizer is not guaranteed.

We begin the proof of Theorem 7.2 with the following lemma. We assume
in what follows that 0 < r < R < o0.

Lemma 7.3. Let ¢ > n/2, n > 2, and let p be a W,ll‘fg—fmme i R™ so that
p is K-quasiconformal in A(r, R). Then

1o, ar) < C (I0lln,ar2R) + ldollq.Br2R)) »

where C = C(n, K, q, R) > 0.
Proof. Let A= A(R,2R) and B = B"(2R). We set
w=Y (1) Tarp; dTorpr A+ NdTagp; A+ A dTagrpp.
j=1

As in the proof of Proposition 4.1, we obtain

1 . _
g om0 A T 2 ol gy~ € S Tl o
"t k=1

for R <t < 2R, where C = C(n).
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On the other hand,

2R 2R
/ (/ w)dt:/ (/ dw)dt
R Sn—1(¢) R n(t)
2R
:/ (/ dTQRPlA'--/\d?éRPn) dt
R n(t)

(L)

and

IN

/ |w| < n/ | Tarpl|dTzrp" "
A A

IN

2| Torplin,alldTorol2
Thus

n H 2R pHnB
Rloll2 a¢r.r) ( OZ <
k=1

There exists ¢ = e(n) > 0 so that either

(7.2) ellplln.p < 172rdplln 5
or
(7.3) Rlplly arry < ClTarpllnalldTorplly 4

where C' = C(n, K).
Suppose first that (7.2) holds. Then

1
Pl aery < llollns < 2 .8 < ClldpllyB;

where C = C(n, q, R). Here we used the Sobolev-Poincaré inequality (3.3).
Suppose now that (7.3) holds. The Sobolev-Poincaré inequality applies
to the mapping Zorp in A, so

172rplln.a < ClldTarpln.a-

Therefore, another application of (3.3) gives
olln.a¢ry < ClldT2rplna < C(llplln,a + [ 72rdplln,a)
< Clpllna+ lldpllg,B) ;
where C' = C(n, K, q, R). O

Having Lemma 7.3 at our disposal, the standard methods in non-linear
potential theory can be used to prove Theorem 7.2; see [2, Chapter 5].

Proof of Theorem 7.2. Suppose (p) is a minimizing sequence for (7.1). Then
(dpy) is a bounded sequence in LI(A*R"). Since j coincides with py in
B"(r) and with p; in R™ \ B"(R) for every k, we have, by Lemma 7.3, that
(pr) is a bounded sequence in L™(A' B"(R)). By passing to a subsequence
if necessary, we may assume that pr — poo weakly and dpp — dpo, weakly
as k — oo, where jo, € L"(A\' B"(R)) with djs € LI(A* B"(R)). By the
weak lower semi-continuity of norms, we obtain

ldpoollg, a(r,r) < g, (po, p1, A(r, R)).
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Since ¢ > n/2, the K-quasiconformality of p is a consequence of com-
pensated compactness [5, Theorem 5.1]; see also [3, Proposition 4.5].

Finally, the boundary conditions pso|B"(r) = po and pe|R™\ B"(R) = p1
follow from weak convergence of the sequence (pr) to poo. Thus ps €
gq,K(p(], P13 A(ﬁ R)) and

Hd/}OOHq,A(r,R) = Iq,K(va 1, A(Tv R))
This completes the proof. U

Following the standard arguments in the elliptic theory we can show that
minimizers satisfy an Euler-Lagrange equation; we refer to [2, 5.13] for de-
tails.

Lemma 7.4. A minimizer p of the problem (7.1) satisfies the equation

(7.4) / o ol . )y = o

for every h € C°(A(r, R)).

Having the Euler-Lagrange equation at our disposal, we find an Euler-
Lagrange equation for the minimizers of (7.1).

Lemma 7.5. Let p be a minimizer of the problem (7.1). Then

1/q 1/q
(7.5) </ Idplghq> <q (/ Ipléldhlq)
A(r,R) A(r,R)

for every non-negative h € C§°(A(r, R)).

Proof. By the Euler-Lagrange equation (7.4),
0 = [ {doltdp,d(ntp)
A(r,R)

= [ (dpltdpaht ™ o+ ).
A(r,R)

Thus

/ hildpld < g / (dpl3~he ] o
A(r,R) A(r,R)

)

(g—1)/q
q < / |dp|ghq) ( / dh|Q|p|%>
A(r,R) A(r,R)

The claim follows. U

1/q

IN

Caccioppoli’s inequality (7.5) readily yields the following corollary.
Corollary 7.6. Let B = B"(xq,s) be a ball so that 2B C A(r,R). Then

2q
Y dpllg,s < . ¥ pllg2B-
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Here, and in what follows, we denote the integral average

Holba = (f 18) "

whenever € is a bounded domain in R™ and w is an n-tuple of forms in €.
The main result in this section is the following reverse Holder’s inequality.

Theorem 7.7. Let pg be a minimizer of the problem (7.1). Then there
exists C' = C(n) > 0 so that

(76) 'H/pOHZ,B < C’Hponglax{n—l,q},QB
for balls B = B™(xq,s) satisfying 2B C A(r, R).

Gehring’s lemma now yields the higher integrability of pg; see e.g. [6,
Corollary 14.3.1].

Corollary 7.8. Let py be a minimizer of the problem (7.1). Then there
exists p > n and Cy = Cy(p,n) > 0 so that

¥ pollp,B < Co 4 polln2B
whenever B = B"™(x,s) is a ball satisfying 2B C A(r, R).

Proof of Theorem 7.7. For the purpose of this proof, we define 7;, to be
the averaged Poincaré homotopy operator centered at zo, that is, 7, =
(171)* o Ts o 7%, where 7 is the translation x +— z + zo. Naturally, the
properties of 7 discussed in Section 3 hold also for 7.

Let p = (p1,...,pn). By quasiconformality of p in A(r, R), we obtain, as
in the proof of Proposition 4.1, that

n—1

ol < Cllhs < CllIzpllis +C D | Tydpl
k=0

—k
Tki,B 14 Z,B
- Il +I27

where C' = C(n,K). We estimate the integral I; first. Since 7,,p €
W.'™(2B),R"), we have by the isoperimetric inequality (3.4),

loc

[ T ndTgpl <0 ATz pl"
B (z0,t) Sn=1(zo,t)

for almost every r <t < 2r. Thus
(n—=1)/n 2r .
</ ’d,]-xopl /\"'/\d,]-xopno Cf / ’d%op‘ni

B r Sn=1(zg,t)
C n—
NG
T JoB

ATz plln—1.28 < |lplln-1,28 + [ Tzodp|ln-128B,

n/(n-1)

IN

IN

Since
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we have, by the Sobolev-Poincaré and Caccioppoli’s inequality,

L < e O ol ap + Cr i Toydplln-1.28
< Cr VO pllpo 28 + C Y dpllg2s
< CTHPHn—l,zB + Cr }f pllg.2B
< CTHpHmax{nfl,q},ZB-

To estimate Iy we use first the Sobolev-Poincaré inequality and then Cac-
cioppoli’s inequality to obtain

o< Yk Tudoll slolli < O3 kol ol
k=1 k=1

< CZ b HPH%BHPH <Cr" Z ’HpHmax{n 1,4},2B ¥ ol Z?Bk

Combining estimates for I; and I we have

tplap < Cr(L + I)

(7.7)
SCHPH 123+CZHpHmax{n l,q}QBHp‘nB’

where C = C(n, K, ¢).
Suppose that (7.6) does not hold with Cy = 1/(2+ 2nC). Then, by (7.7),

folans < Clolli-r2s+1/2) 4 pllns
and (7.7) holds with Cy = 2C. The proof is complete. O

REFERENCES

[1] J. Heinonen and S. Keith. Flat forms, bi-lipschitz parametrizations, and smoothability
of manifolds. ArXiv e-prints, Sept. 2009.

[2] J. Heinonen, T. Kilpelidinen, and O. Martio. Nonlinear potential theory of degenerate
elliptic equations. Oxford Mathematical Monographs. The Clarendon Press Oxford
University Press, New York, 1993. Oxford Science Publications.

[3] J. Heinonen, P. Pankka, and K. Rajala. Quasiconformal frames. Arch. Rational Mech.
Anal., 196(3):839-866, 2010.

[4] J. Heinonen and D. Sullivan. On the locally branched Euclidean metric gauge. Duke
Math. J., 114(1):15-41, 2002.

[5] T.Iwaniec and A. Lutoborski. Integral estimates for null Lagrangians. Arch. Rational
Mech. Anal., 125(1):25-79, 1993.

[6] T.Iwaniec and G. Martin. Geometric function theory and non-linear analysis. Oxford
Mathematical Monographs. The Clarendon Press Oxford University Press, New York,
2001.

[7] R. C. Kirby. Stable homeomorphisms and the annulus conjecture. Ann. of Math. (2),
89:575-582, 1969.

[8] R. C. Kirby and L. C. Siebenmann. Foundational essays on topological manifolds,
smoothings, and triangulations. Princeton University Press, Princeton, N.J., 1977.
With notes by John Milnor and Michael Atiyah, Annals of Mathematics Studies, No.
88.

[9] O. Martio and W. P. Ziemer. Lusin’s condition (N) and mappings with nonnegative
Jacobians. Michigan Math. J., 39(3):495-508, 1992.

[10] Y. G. Reshetnyak. Some geometric properties of functions and mappings with gener-
alized derivatives. Sibirsk. Mat. Zh., 7:886-919, 1966.



18

(11]

(12]

(13]

(14]

(15]

PEKKA PANKKA AND KAI RAJALA

Y. G. Reshetnyak. Space mappings with bounded distortion, volume 73 of Translations
of Mathematical Monographs. American Mathematical Society, Providence, RI, 1989.
Translated from the Russian by H. H. McFaden.

S. Rickman. Quasiregular mappings, volume 26 of Ergebnisse der Mathematik und
threr Grenzgebiete (8) [Results in Mathematics and Related Areas (8)]. Springer-
Verlag, Berlin, 1993.

D. Sullivan. Hyperbolic geometry and homeomorphisms. In Geometric topology (Proc.
Georgia Topology Conf., Athens, Ga., 1977), pages 543-555. Academic Press, New
York, 1979.

D. Sullivan. Exterior d, the local degree, and smoothability. In Prospects in topology
(Princeton, NJ, 199/), volume 138 of Ann. of Math. Stud., pages 328-338. Princeton
Univ. Press, Princeton, NJ, 1995.

P. Tukia and J. Vaiséla. Lipschitz and quasiconformal approximation and extension.
Ann. Acad. Sci. Fenn. Ser. A I Math., 6(2):303-342 (1982), 1981.

P.P. Department of Mathematics and Statistics (P.O. Box 68), FI-00014
University of Helsinki, Finland. e-mail: pekka.pankka@helsinki.fi

K.R. Department of Mathematics and Statistics (P.O. Box 35), FI-40014
University of Jyvéskyld, Finland. e-mail: kai.i.rajala@jyu.fi



