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Definition
A continuous mapping f: M — N between oriented Riemannian
n-manifolds is K-quasiregular if

o f e WE'(M,N), and

ocC

e ||Df||" < K det Df almost everywhere.

<M

In this terminology

quasiconformal = quasiregular homeomorphism.

Examples
@ holomorphic maps C — C
@ conformal maps R" — R”

@ PL branched covers M — N between closed manifolds.
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Example: Zorich map R — R3\ {0}

Let A: R?2 — S? be

-

Define Z: R3 — R3\ {0} by (x,y,t A(x,y).
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Definition
A continuous mapping f: M — N between oriented Riemannian
n-manifolds is K-quasiregular if

o f e WE'(M,N), and

ocC

e ||Df||" < K det Df almost everywhere.

<M TN

n = 2: Quasiregular maps between Riemann surfaces
e f is quasiregular < 0sf = pud,f (Beltrami equation).

e f = (holomorphic) o (quasiconformal) (Stoilow's theorem)

n>3:
o f quasiregular < J-%(Df)T Df = G (Beltrami equation)

@ Reshetnyak: A non-constant qr-map is discrete, open, and Jr > 0 a.e.
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Picard theorems

Theorem (Rickman'’s Picard theorem)

For a non-constant K-quasiregular map f: R" — §",

#(S"\ fFR") < C(n, K).

Theorem (Prywes's theorem)

If N is closed and there exists a non-constant quasiregular map R" — N,
then

dim HX(N) < dim H¥(T™).
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Picard theorems

Theorem (Rickman'’s Picard theorem)

For a non-constant K-quasiregular map f: R" — §",

#(S"\ fFR") < C(n, K).

Theorem (Prywes's theorem)

If N is closed and there exists a non-constant quasiregular map R" — N,
then

dim HX(N) < dim H¥(T™).

Methods: Elliptic PDE's of n-Laplace type

Anu = div(|Vu|"2Vu) = 0 = div(A(uo f)) = 0.
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Main question of the talk:

How to define quasiregularity if dim M < dim N?

Pekka Pankka (University of Helsinki) 6/15



Main question of the talk:

How to define quasiregularity if dim M < dim N?

Motivating questions:

Local topological results, like discreteness?

Analytical results, like higher integrability?
Picard type theorems?

Connection to holomorphic curves?
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Issues

Definition of quasiregularity uses Jacobian

Idea: Replace Jacobian condition with a ratio condition on semi-axes.

@ Lose the sign of the Jacobian = lose orientation.

o Low regularity = folding is allowed (i.e. (x,y) — (|x|,y)).

Jacobian = local degree theory
Local degree is given by generators of the cohomology in the top
dimension.

@ No local degree = no Reshetnyak's theorem (?)
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Idea: Compensate the lack of topology by an additional structure
Suppose n = dimM < dim N = m. An n-form w € Q"(N) on N is an
n-volume form if w is closed and non-vanishing, that is, w, # 0 for each
peN.
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Idea: Compensate the lack of topology by an additional structure
Suppose n = dimM < dim N = m. An n-form w € Q"(N) on N is an
n-volume form if w is closed and non-vanishing, that is, w, # 0 for each
peN.

Let M be an n-dimensional oriented Riemannian manifold, let N be an
m-dimensional Riemannian manifold for m > n.

Definition

A continuous mapping f: M — N is a K-quasiregular w-curve with respect
to an n-volume form w € Q"(N) if

o f e W-"(M,N), and

loc

o (||w]|l o f)||Df||" < K(*f*w) almost everywhere.
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Idea: Compensate the lack of topology by an additional structure
Suppose n = dimM < dim N = m. An n-form w € Q"(N) on N is an
n-volume form if w is closed and non-vanishing, that is, w, # 0 for each
peN.

Let M be an n-dimensional oriented Riemannian manifold, let N be an
m-dimensional Riemannian manifold for m > n.

Definition

A continuous mapping f: M — N is a K-quasiregular w-curve with respect
to an n-volume form w € Q"(N) if

o f e W-"(M,N), and

loc

o (||w]|l o f)||Df||" < K(*f*w) almost everywhere.

Here the norms are the operator norm and comass:
I1Df [[x = max{[(Df )x(v)|: [v| =1}

|wllp = max{wp(vi,...,va): vi,...,vp € TpN, |lvj|| =1}

Pekka Pankka (University of Helsinki) 8/15




Geometric interpretation (an example)

Suppose
o wissimple, e.g. w=dx Ady € A>R3, and
e f: R? — R3 a quasiregular w-curve.

TxR? /
(Df)x
(DF)x(TxR?)
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Geometric interpretation (an example)

Suppose
o wissimple, e.g. w=dx Ady € A>R3, and
e f: R? — R3 a quasiregular w-curve.

TxR? /
(Df)x
(DF)x(TxR?)

T R?
(DF). l
a L7 wyplane C TR
In this case:
Distortion K of f is given by the eccentricity of the ellipsoid E.
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|
Examples

Quasiregular mappings are quasiregular curves

Suppose m = n and take w = voly. Then a K-quasiregular mapping
f: M — N is a K-quasiregular w-curve.

Holomorphic curves are 1-quasiregular curves

A holomorphic curve h = (hy, ..., hy): C — CK is a 1-quasiregular curve
with respect to wg = dxg A dys + - - - + dxp A dy,.
Reason: Since ||wo|| = 1 and each Dh; is conformal, we have

DAY = | Dha|f? + - - + || Dbyl = Jiy + - + I, = h*wo.

Pseudoholomorphic curves are quasiregular curves (at least locally) J
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Examples

Quasiregular mappings are quasiregular curves

Suppose m = n and take w = voly. Then a K-quasiregular mapping
f: M — N is a K-quasiregular w-curve.

Holomorphic curves are 1-quasiregular curves

A holomorphic curve h = (hy, ..., hs): C — CK is a 1-quasiregular curve

with respect to wg = dxg A dys + - -+ + dxp A dy,.
Reason: Since ||wo|| = 1 and each Dh; is conformal, we have

D)2 = | Dha|f? + - - - + || Dbyl = Jiy + - + I, = h*wo.

Open question:

Does there exists a non-constant quasiregular curve f: R?> — R3 with
respect to w = @y = x(dt — 3(xdy — ydx))?
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Properties of quasiregular curves

Theorem (Locally uniform limits are in the same class)

Let (fx) be a sequence of K-quasiregular w-curves fy: M — N converging
locally uniformly toa map f: M — N. Then f is a K-quasiregular w-curve.

Theorem (Liouville's theorem)

Let N be a complete Riemannian manifold and w € Q"(N) an exact
n-volume form. Then bounded quasiregular w-curves R" — N are
constant.

Method:

Both proofs are (partly) based on a simple Caccioppoli inequality: if
w = d7 then, for f: M — N and ¢ € C5°(M), we have

nex, < C Kn—l v n HTHnTnl of.
| wrrwz ekt [ vl ( ol
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Liouville theorems for conformal curves

Theorem (Two dimensional 1-quasiregular curves are holomorphic)

Let Q C R? be a domain and let f = (f1,...,f): Q — (R?)X be a
1-quasiregular curve with respect to the standard symplectic form
wo = dxy Adys + -+ dx, Ady,. Then f is a holomorphic curve Q — Ck.

Theorem (Higher dimensional 1-quasiregular curves)

Let Q C R" be a domain for n >3 and let f: Q — (R™)* be a

1-quasiregular w-curve with respect to w = ijl w}‘voan € N"R". Then

coordinate maps of f = (fi,...,f): Q — (R™)¥ are conformal.
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Gromov's quasiminimality condition

Definition
A mapping f: M — N is C-quasiminimal if for each compact submanifold
W & M with boundary and each competing map h: M — N we have

/ IN"Df|| < C/ |A"Dh||.
w w

Theorem
A K-quasiregular w-curve f: M — N is KR(w)-quasiminimal, where

max||w||

R(w) =

min|jw||

13/15
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Failure of Reshetnyak’s theorem

Reshetnyak's theorem for quasiregular mappings:

A non-constant quasiregular mapping is discrete and open.

Theorem (Iwaniec—Verchota—Vogel, 2002)

There exists a Lipschitz map F = (fi, f;): C — C? having the following
properties:

o Jy+Jr, =10nC, and

e F=0onC_.

The map F = (f1, f2) in strip R x (1/2,1):

A(xy) = aly)e ™ + B(y)e ™
H(xy) = —a(y)e " + B(y)e ™

Pekka Pankka (University of Helsinki)

14 /15



Failure of Reshetnyak’s theorem

Reshetnyak’s theorem for quasiregular mappings:
A non-constant quasiregular mapping is discrete and open.

Theorem (Iwaniec—Verchota—Vogel, 2002)
There exists a Lipschitz map F = (f, f): C — C? having the following
properties:

o Js+J, =10nC, and

o F=0o0onC_.

Consequence:

F is a quasiregular curve with respect to the symplectic form wy
= Reshetnyak’s theorem fails for quasiregular curves in general.
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Curves over simple forms

Theorem

Let Q C R" be a domain and f: Q — R™ be a quasiregular w-curve with
respect to a simple form w € Q"(R™). Then, locally, f is a graph over a
quasiregular mapping: for each x € Q there exists a neighborhood D, an
isometry L: R™ — R™, and a quasiregular map f: D — R”" for which

Lof=(f,u): D—=R"xR™",

where u € W"(D,R™").

loc

Corollary
o f is discrete

@ xf*w >0 a.e.

o (higher integrability) exists p > n for which f € W-P(Q,R™).

C
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